ON GENERIC QUADRATIC FORMS
IN A POWER OF THE FUNDAMENTAL IDEAL
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ABSTRACT. We work with non-degenerate quadratic forms over fields of characteristic
# 2 and write I for the fundamental ideal in the Witt ring of quadratic forms. For given
n >4and d > 2"+2""1 a construction of a generic d-dimensional quadratic form ¢ € I™
is not available. To remedy this issue, we introduce a sequence of d-dimensional quadratic
forms in I™, approximating ¢. It allows us to define and study certain invariants of ¢
including the reduced Chow ring and the indexes of its grassmannians as well as the
J-invariant of q. An extension of the results to characteristic 2 is also provided.
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1. INTRODUCTION

We work with non-degenerate quadratic forms over fields of characteristic different from
2 and write [ for the fundamental ideal in the Witt ring of quadratic forms. For given
n >4 and d > 2"+ 2" a construction of a generic d-dimensional quadratic form ¢ € I™
is not available. To remedy this issue, we introduce in §2 a sequence of d-dimensional
quadratic forms in ™, approximating ¢. It allows us to define and study certain invariants
of ¢ including the reduced Chow ring (see §3) and the indezes of its grassmannians as well
as the J-invariant of q (see §4).
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In §5, we formulate Conjecture 5.3 on the exact value of the J-invariant of ¢, derived
from some expectations concerning the possible value of the J-invariant on arbitrary
quadratic forms. Theorem 6.2 — another of our main highlights — proves this conjecture in
some important initial range. One of the steps in the proof is Proposition 6.3, detecting
the J-invariant of an anisotropic difference of pure parts of two n-fold Pfister forms.

In §7, we perform a brief study of the index of the highest grassmannian of ¢. The
upper bound on it, provided in Corollary 7.2, generalizes to arbitrary n a classical bound
for n = 3 available since the seventies.

All results extend to characteristic 2 as explained in §8.

2. GENERIC SEQUENCES

Let Iy be a field of characteristic # 2. We work with finite-dimensional non-degenerate
quadratic forms over extension fields of Fy. A quadratic form ¢ with some given properties
is generic, if every quadratic form ¢’ with the same properties is a specialization of ¢
meaning that there is a smooth geometrically integral Fy-variety X and a quadratic form
@) over X such that g is the generic fiber of () (and thus a quadratic form over the function
field of X)) whereas ¢’ is the fiber of ) over a point of X in the base field of ¢'.

Our interest in generic objects comes from the observation that they are usually easier
to study and, at the same time, information on them delivers some information on the
arbitrary ones.

Let I be the fundamental ideal in the Witt ring of classes of quadratic forms and let d be
a positive even integer. There are two different ways to construct a generic d-dimensional
quadratic form ¢ whose class belongs to I2. One of them, which works “from inside”,
is based on the fact that the d-dimensional quadratic forms in I? over a field FF O Fj
are classified by torsors under the split spin group Spin(d) over F. Thus a generic g is
delivered by a generic Spin(d)-torsor, which can be obtained as the generic fiber of the
quotient morphism

GL(N) — X := GL(N)/ Spin(d)

for an embedding of Spin(d) into a general linear group GL(N) over Fp, see [14, §5.3].
This generic torsor (and therefore the corresponding generic form ¢) is defined over the
function field Fo(X) of the smooth and geometrically integral quotient variety X.

The second way of getting ¢ works “from outside”: we start with a generic d-dimensional
quadratic form in 12, or, more specifically, with the quadratic form

q = {ai,...,aq1, (—=1)%%qy - (d-1)

over the field F' := Fy(ay,...,aq-1) of rational functions over Fy in variables ay, ..., aq_1.
The form ¢ is then obtained from ¢’ by extending the base field of the latter to the function
field F(SB(C(q’))) of the Severi-Brauer variety X := SB(C(¢')) of the Clifford algebra
C(q') of ¢'. So, this second way of getting ¢ is based on the fact that X is a generic
splitting variety for the Clifford invariant of ¢’. The value of this invariant is an element
in the 2nd Galois cohomology group H?(F,Z/27Z). Following [15, Definition 1.8], we say
that a smooth F-variety X is a generic splitting variety of an element o« € H"(F,7/27),
provided that for any field extension K/F, ax = 0 if and only if X (K) # 0.
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Now let’s fix any n > 4. Since by [19, Theorem 6.4] and the Arason-Pfister Hauptsatz,
for d < 2" 427! any d-dimensional quadratic form in I” is Witt-equivalent to a nonzero
scalar multiple of an n-fold Pfister form (such a scalar multiple is traditionally called a
general n-fold Pfister form), it is easy to construct a d-dimensional generic quadratic form
in I™ for such d. For d = 2", for example, one can take ¢ = a - (a1, ..., a,)) over the field
of rational functions Fy(a,ay,...,a,).

For d > 2™ + 2"~ however, a construction of ¢ is not available. Nevertheless, one can
produce a sequence of forms in I™ “approximating ¢”. Again, this can be done “from
inside” as well as “from outside” of ™.

The “from inside” way works as follows. One employs that any d-dimensional quadratic
form in I"™ is Witt-equivalent to an orthogonal sum of several general n-fold Pfister forms.
Unlike the case with I3, we do not know if there exists some N such that N general Pfister
forms always suffice. So, instead of just one generic form, we are constructing a sequence
of forms, none of which being actually generic, but each next of which becoming “more
and more generic” in a sense. Namely, for any ¢ > 1, we take the orthogonal sum ¢ of, say,
d+1 generic general n-fold Pfister forms (defined as above, using disjoint sets of variables).
To obtain a d-dimensional form out of ¢}, we partially split the latter in a generic way.
More precisely, we let the ith form ¢; in our final sequence to be a d-dimensional form
Witt equivalent to ¢} viewed over the function field of its grassmannian of totally isotropic
((2"(d + i) — d)/2)-planes.

The sequence ¢, ¢, . .. of quadratic forms in I™, we obtained, has the following prop-
erty: every d-dimensional quadratic form in I" is a specialization of the form ¢; for some
(sufficiently large) i. Moreover, for any 7, the form ¢; is a specialization of ¢;1.

The “from outside” way to get a sequence with the same properties is based on [2,
Theorem 0.1], providing a generic splitting ind-variety for any element in the Galois
cohomology of a field with coefficients in Z/27Z. More precisely, for any n > 3, any
F D Fy, and any element o« € H"(F,7Z/27), there is a sequence of smooth geometrically
integral closed F-subvarieties X; C Xy C ... such that for any field extension K/F, the
element o vanishes if and only if X;(K) # () for some (sufficiently large) i.

For simplicity, let’s take n = 4. In order to get our sequence ¢y, qs,..., we start
with a generic d-dimensional quadratic form ¢ € I3, consider a splitting ind-variety
X1 C X, C ... of the element o € H3(F,Z/2Z) given by the 3d cohomological invariant
of ¢/, and we set ¢; := q%(Xi).

This second construction, being very different from the first one, may have advantages
for some future applications; but we rely on the first construction in the sequel here.

3. THE REDUCED CHOW RING

Let G be the standard split special orthogonal group SO(d) over the field Fy and let
P C G be a standard parabolic subgroup in G. Any d-dimensional quadratic form ¢ € I*
over a field F' D Fj yields a G-torsor E, over F' and the F-variety X, := E,/P. There is a
canonical homomorphism of Chow rings CH(X,) — CH(X) with X := G/P, defined, e.g.,
in [7, §4]. (Since in contrast to [7, §4], the group G here is split, not just quasisplit, the
regularity assumption on F/F,, made in [7, §4], can be omitted.) We define the reduced
Chow ring CH(X,) of X, as the image of CH(X,) in CH(X); it is isomorphic to the ring
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CH(X,) modulo its ideal of elements of finite order, but the embedding CH(X,) — CH(X)
is also of importance for us. Note that the additive group of CH(X) is finitely generated;
besides, 24/271 CH(X) C CH(X,) by the transfer argument and because ¢ splits over a
finite base field extension of degree dividing this 2-power. It follows that only finitely
many subrings in CH(X) can be of the form CH(X,) for some q.

By [7, Lemma 4.3], if ¢’ is a specialization of ¢, then CH(X,) C CH(X). It follows for
a generic sequence ¢, ¢o, ... of d-dimensional quadratic forms in I™, constructed in §2,
that the sequence of the corresponding reduced Chow rings stabilizes, i.e.,

C_H<qu') - C_H(X‘h'+l) =

for some i. The subring R C CH(X) thus obtained is called the reduced Chow ring of
a generic d-dimensional quadratic form in I™. It is characterized by the two following
properties:

(1) R c CH(X,) for any d-dimensional quadratic form ¢ € I" over any extension field

of Fb7
(2) R = CH(X,) for some d-dimensional quadratic form ¢ € I™ over some extension
field of Fy.
Moreover, given the generic sequence qi,qs,... of d-dimensional quadratic forms in I™

from §2, property (2) holds for ¢ = ¢; with some (sufficiently large) 7.

4. INVARIANTS DERIVED FROM THE REDUCED CHOW RING

A lot of interesting invariants of a quadratic form ¢ are determined by the reduced
Chow ring(s) CH(X,,). Below we recall definitions for two of them.

The index i(Y') of a variety Y is the g.c.d. of degrees of its closed points. The index of
X, is a 2-power which coincides with the index of the subgroup of reduced 0-cycle classes

CHo(X,) C CHy(X) = Z.

The value given by the ring R from §3 is the maximum of i(X,) when ¢ runs over d-
dimensional quadratic forms in I™ over extension fields of F. In the case of n = 3, this
maximal value has been extensively studied for arbitrary P in [3], [8], and [6]; for P being
the Borel subgroup, the integer i(X,) coincides with the torsion index of the spin group
Spin(d) and has been computed in [17].

Now let us take a standard parabolic subgroup P C G such that X = G/P is a
component of the highest grassmannian of the standard split d-dimensional quadratic
form over Fp, and let us consider the standard generators ey, ..., ¢ of the ring CH(X),
defined in [4, §86], where [ := d/2 — 1. The J-invariant of a d-dimensional quadratic form
q is originally defined in [20] as the set of those ¢ for which the class of e; is in the image
Ch(X,) of the composition

CH(X,) — CH(X) — Ch(X) := CH(X)/2 CH(X).

(For the sake of convenience, the complement in {1,...,[} of this set is considered instead
in [4].) Note that by [20] (see also [4]), the J-invariant of ¢ determines the entire reduced

(modulo 2) Chow ring Ch(X,).
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Example 4.1. Let us fix some n > 2 and let ¢ € I? be a quadratic form of dimension
> 2" One has ¢ € I" if and only if the J-invariant of ¢ contains all positive integers
< 2"t — 1. Indeed, the split form ¢ satisfies the condition on the J-invariant. If ¢ € I™
is non-split, the leading form of q (see [4, §25]) is a general Pfister form of foldness
m > n. The complement of the J-invariant of a general m-fold Pfister form is the
singleton {27! — 1}, see, e.g., [4, Example 88.10]. It follows by [4, Corollary 88.6] that
J(q) D{1,...,2m -2} > {1,...,2"1—2}. Conversely, if ¢ & I"™, then by the J-filtration
congecture, proved in [11, Theorem 4.3] (see also [4, Theorem 40.10]), the leading form of
q is a general Pfister form of foldness m < n and so 2™~ 1 — 1 & J(q).

The value of the J-invariant given by R is the smallest (in the sense of inclusions) value
of the J-invariant of a d-dimensional quadratic form in I™ over an extension field of Fj.
We call it the J-invariant of a generic d-dimensional quadratic form in I™ and use the
notation J} for it.

5. THE J-INVARIANT OF A GENERIC QUADRATIC FORM IN ["

It follows by [4, Corollary 88.6] that J} = J}., N {1,... I} with, as in §4, 21 + 2 = d.
Therefore J7 is just the < [ part of the union J" := |, JJ which we call the J-invariant of
(an infinite-dimensional) generic quadratic form in I". Note that the inclusion " D "1
yields the inclusion J"» C J»

It is known (see, e.g., [17]) that the set J? consists of the 2-powers:

JP=1{1,2,4,8,...}.

It would be interesting to determine J™ for n > 4.

The set J" satisfies the restriction given by the action of the modulo 2 (reduced)
Steenrod algebra on Ch(X). Namely, by [20, Proposition 5.12] (see also [4, 89.1]), if
1 € J" and the binomial coefficient (;) is odd for some j > 1, then i + j € J" as well.

In particular, according to Example 4.1, J" contains the set S™ Steenrod-generated by all
2m — 1 with m <n — 2.
The set S™ has the following nice description:

Lemma 5.1. The set S™ of integers Steenrod-generated by all 2™ —1 with 1 <m <n—2
consists of the positive integers with at most n — 2 units in their 2-expansion.

Proof. By [4, Lemma 78.6], a binomial coefficient (;) is odd if and only if the set of
positions of units in the 2-expansion of j is contained in the similar set for . In particular,

the inclusion 2™ — 1 € S™ yields 2™,...,2™"1 —2 € S™ and so all integers < 2”1 — 1 are
in S™. ,
Let T™ be the set of positive integers with at most n — 2 units in the 2-expansion. If (;)

is odd, then the number of units in the 2-expansion of 7+ j is at most the similar number
for i. It follows that S™ C T".

Conversely, for j € T", we prove that 7 € S™ by induction on the number of all digits
in the 2-expansion of j. If this number is at most n — 2, then j < 2"~! —1 and so j € S™.
If this number is at least n — 1, the 2-expansion of i contains at least one zero. Erasing
the most left zero, we get an integer ¢ < 7 which is in S™ by the induction hypothesis.
Since the binomial coefficient (Jiz) is odd, we conclude that j = (j — ) +1i € S™. U
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Remark 5.2. Let ¢ be a quadratic form in I™. For i € J(q) with i < 2" 42" — 2, one
can show by induction that e; € CH'(X,). Indeed, a priori ¢; € CH'(X,) +2 CH'(X). But
since the two smallest positive integers outside of S™ are 2"~! — 1 and 27! + 272 — 1,

any product f € CHi(X ) of distinct generators e, eg,... contains at most one e; with
J & S". Since 2e; € CH(X,), it follows by the induction hypothesis that 2 f € CH(X,).

The positive answer to [20, Question 5.13] implies’

Conjecture 5.3. The set J" coincides with the set S™ Steenrod-generated by all 2™ — 1
with m <n — 2.

Conjecture 5.3 holds for n = 2: J? = () = S?, the first equality follows, e.g., from [17,
Theorem 3.2]. Since S? is the set of 2-powers, Conjecture 5.3 holds for n = 3 as well. It
is however open for every n > 4.

Remark 5.4. A priori, the set J" depends on the initial field Fy. If Fy C Ky, then J"
based on Fy is contained in J™ based on K. One can show that J™ is the same for all Iy
containing a given algebraically closed field; in particular, it suffices to prove Conjecture
5.3 for algebraic closures of prime fields. This follows from the observation made in [18,
Page 211] that, as a particular case of [16, Corollary 2.3.3], for any smooth scheme X over
an algebraically closed field F' and any algebraically closed field K D F', Chow groups of
X with finite coefficients map isomorphically onto the Chow groups of Xx.

6. CONJECTURE 5.3 IN THE RANGE < 2" — 1
In the range < 2™ — 1, Conjecture 5.3 translates as
(6.1) JUF2—2 —1fori=n—1,...,1,0.

Indeed, all positive integers in this range have at most n — 1 units in their 2-expansion
and the integers of (6.1) are exactly the ones with n — 1 units.

It follows from [5, Theorem 4] that J" Z 2"—2—1 for the two initial values i = n—1,n—2
of 7 in (6.1).

Theorem 6.2. For any n, Conjecture 5.3 holds in the range < 2™ — 1.

Note that through the inclusions J* C J"*! C ..., Theorem 6.2 excludes more values
from J™ than just the values listed in (6.1).

Proof of Theorem 6.2. By [4, Lemma 82.6], the difference
(ay,...,an) L —{by,...,byY
of pure parts of two generic n-fold Pfister forms over the field of rational functions
Folat, ... an,b1,...,0,)

is anisotropic. Therefore, Theorem 6.2 follows from Proposition 6.3 below, computing
the J-invariant of an arbitrary anisotropic difference of pure parts of two n-fold Pfister
forms. 0

!An example with the negative answer for a generalization of [20, Question 5.13] has been obtained in
[13, §6]. However, no example with the negative answer for the original question is available so far.
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Proposition 6.3. Let q be the difference of pure parts of two n-fold Pfister forms over
some field F'. If q is anisotropic, then the complement of its J-invariant consists of the
integers 2" —2'—1, ¢ =n—1,...,1,0.

Proof. We only need to show that J(q) # 2" — 2" — 1 for i € {0,1,...,n — 1}. Applying
the Steenrod operation of the appropriate degree to the element e;n_gi_; € CH(X), we
get the element egn o € CH(X). Therefore it is enough to prove that J(q) # 2™ — 2.

Assume the contrary: J(g) 3 2" — 2. Let Y, be the projective quadric of ¢. By Lemma
6.4 below, the subring CH(X,)r, C CH(X) is generated by CH(X,) C CH(X) and
ean 5 € CH(X). Since 2" — 2 € J(q), we have ean_» € CH(X,) (see Remark 5.2) and
therefore

CH(Xg)rvy) = CH(X,).

In particular, the varieties (X;)r(y,) and X, have the same index. The two n-fold Pfister
forms giving ¢, considered over the field F(Y;), are 1-linked (see [4, §24]) and therefore
i(Xy)r(yv,) = 2. So, i(X,) = 2 implying that there is an odd degree field extension K/F
such that qg splits over a quadratic field extension of K. On the other hand, the form ¢k
is still anisotropic (see [4, Corollary 18.5]), of dimension congruent to 2 modulo 4, and of
trivial discriminant; therefore, by [4, Corollary 22.12], it does not split over a quadratic
extension. U

The following lemma is an enhanced version of [4, Corollary 88.6]:

Lemma 6.4. Let q be a quadratic form in I? of dimension d = 21 +2 > 4 over some field
F. Let X, be a component of the highest grassmannian of q and let Yy be the projective
quadric of q. Then the CH(X,)-algebra CH(X,)r(v,) is generated by e;.

Proof. We apply [21, Statement 2.13] to the projection X,xY, — X, and B C CH(X,xY,)
defined as follows. The variety (Y;)p(x,) is a split quadric so that the ring CH(Y;)p(x,) is
generated by the codimension 1 class of a hyperplane section and a codimension [ class
of a linear subspace ([4, Proposition 68.1]). We let B be the subring generated by certain
lifts of these two generators with respect to the surjective pull-back ring homomorphism

CH(X, x Yg) = CH(Y)) r(x,)

obtained from the morphism of schemes (Y;)p(x,) — X4 x Y, given by the generic point
of X,. Namely, we take an arbitrary homogeneous lift of the hyperplane section and we
take the Chow class ¢ of the incident subvariety in X, x Y, (c.f. [4, §86]) for the second
lift.

As the result of the application of [21, Statement 2.13], we obtain that the CH(X,)-
algebra CH(X, x Y,) is generated by an element of codimension 1 and the element €. The
pull-back with respect to the morphism (X;)py,) — Xg X Yg, given by the generic point
of Yy, yields a surjective homomorphism of CH(X,)-algebras

CH(Xq X YZ]) — CH(XQ)F(yq)

showing that the CH(X,)-algebra CH(X,)p(y,) is generated by certain element of codi-
mension 1 and the image of €. By [4, Corollary 88.6], the change of field homomorphism
CH'(X,) — CH'(X,)r(y,) is surjective for [ > 2 so that the codimension 1 generator can
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be skipped. Passing to the reduced Chow rings, we get the desired statement because the
image of ¢ in CH(X) is equal to ;. O

7. BOUNDING THE INDEX OF A GENERIC QUADRATIC FORM IN ["

Let X, be a component of the highest grassmannian of a d-dimensional generic quadratic
form g € I". Like in [4, Proposition 88.11], the index i(X,) has an upper bound in terms
of the complement J} of J} C {1,...,d/2 —1}:

Proposition 7.1. The index i(X,) divides 217!,

Proof. By definition of the J-invariant, for every i € J7}, we have e; + 2z; € CHi(Xq) for
some z; € CH(X). By [4, Proposition 86.13], for every j € {1,...,d/2 — 1}, we have
2¢; € CH/(X,). The product
[T (e +2z;)2e;
ieJn, jeJn
is a reduced 0O-cycle class on X, of degree congruent to 21731 modulo 27¢H1. The product
Hje{l,‘..,d/Q—l} 2e; is a reduced 0O-cycle class on X, of degree a 2-power. It follows that

i(X,) is a 2-power dividing 27!, O

Since the J-invariant J} contains the < d/2 part S} of the set S™ from Lemma 5.1,
we get a (weaker but computable) upper bound in terms of the complement S% O J7 of

St {l,...,d/2 —1}:
Corollary 7.2. log,i(X,) < |S7|. O

Remark 7.3. For n = 3, the bound of Proposition 7.1 coincides with the bound of
Corollary 7.2 and is the bound of [17, Lemma 3.4], originally obtained in [10].

8. CHARACTERISTIC 2

All above results extend to the characteristic 2. We briefly discuss the particularities
showing up in this extension.

In [4], all the basics for the characteristic 2 case are provided with the exception of the
Steenrod operations on the modulo 2 Chow groups, for which our reference is [12].

Instead of the Witt ring of quadratic forms we referred to in characteristic # 2, in arbi-
trary characteristic we only have the additive group I of even-dimensional non-degenerate
quadratic forms, called the quadratic Witt group, which is a module over the Witt ring of
non-degenerate symmetric bilinear forms. For n > 2, the subgroup I™ C [ is defined as
the product of I by the (n — 1)st power of the fundamental ideal of the Witt ring, see [4,
§8.B].

The “from inside” way of constructing a generic ¢ € I3, described in §2, works in
characteristic 2 as well. We can skip discussion of the “from outside” way, which requires
a modified construction of a generic quadratic form in I2.

With the correct definition of (general) quadratic n-fold Pfister forms, as in [4, §9.B],
their classes still generate I"™. As a result, the “from inside” way of constructing a sequence
of forms approximating a generic form in I™ for n > 4, described in §2, is also valid in
arbitrary characteristic. The same is true for the observations on the reduced Chow ring,
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indexes of grassmannians, and the J-invariant made in §3 and §4. Note that the proof of
[4, Theorem 40.10], used in Example 4.1, is based in characteristic 2 on [9] instead of [22]
and [11].

After the explanations already made, §6 and §7 go through without any further change
everywhere with only one exception: the end of the proof of Proposition 6.3, where we
use the fact that an anisotropic quadratic form of dimension congruent to 2 modulo 4 and
of trivial discriminant does not split over a quadratic field extension. In characteristic 2,
this fact still holds. However the reference [4, Corollary 22.12] used for characteristic # 2
case covers the case of a separable quadratic field extension only. The reference for the
inseparable one is [1].
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