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ALGEBRO-GEOMETRIC INVARIANTS OF QUADRATIC FORMS
N. A. KARPENKO

ABSTRACT. Let the characteristic of a field F be different from 2; let p be a
quadratic form of dimension n over the field F : and let X, be a quadric in
the projective space P} ' defined by the equation ¢ = 0. Two invariants of
the quadratic form ¢ are investigated: the Chow ring CH'X' of the quadric
X, and the graded ring G'KO(X'] associated with the topological filtration of
the Grothendieck ring K(X,). The ring CH'X, for every quadratic form
of dimension not greater than 6 and the ring G'KO(X') for forms of dimen-
sion < 7 and for 8-dimensional forms with determinant | are computed. The
components CHZX' and G”_ako(X') are computed for a quadratic form
of arbitrary dimension. An important role in obtaining these results is played
by Swan's computation of the K-theory of quadrics (R. G. Swan, K-theory of
quadratic hypersurfaces, Ann. of Math. (2) 122 (1985), no. 1, | 13-154)

At the beginning of the 80’s the American mathematician R. G. Swan stated
two problems concerning quadratic hypersurfaces in projective space: the first is
the computation of their X-theory, the second is the computation of the Chow
ring CH" (the graded ring of cycles modulo rational equivalence). The first
of these closely related problems was solved by Swan himself in 1985 [1]. In
the same paper he remarked that the second problem is still open. Meanwhile
the study of the norm residue homomorphism [2], [3]—a rapidly developing
trend in algebraic K-theory in recent times—required the execution of some
computations in the Chow groups of quadrics. This strengthened interest in
Swan'’s second problem and gave rise to the present paper.

Let X be a projective quadric over a field F (charF # 2), defined by a
nondegenerate quadratic form ¢ . Along with CH"X we will consider another
invariant of the form ¢, namely the graded ring G"K(X) associated with the
topological filtration on the Grothendieck group K(X) = Ky(X) = Ky(X) of
the quadric. The rings CH"X and G"K(X) are very similar (see, for example,
Corollary (4.5)), and we can consider the computation of the groups G°K(X)
as the first step in computing the groups CH” X .

Among the main results of this paper concerning the Chow ring is the com-
plete computation of this ring for any quadric of dimension not higher than 4
(§5) and the computation of the component CH? for an arbitrary quadric (§6).
As for results about G*K(X), it is worth noticing theorems in §3, which give,

in particular, a formula for the order of torsion in G'K(X); if ¢ ¢ II(F),
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this formula is most simple: the order of the torsion subgroup of G'K(X) is "
equal to 2°(P)=HP) op o s(p) is a number connected with the Clifford algebra
of the form (3.3) and i(p) denotes the Witt index. Moreover, in §8 the compu.-
tation of G K(X) is carried out for quadrics of dimension 5 and for 2 class of
6-dimensional quadrics; in §7 the component Gd"]K(X), where 4 = dim X,
Is computed for an arbitrary quadric,

We mention the maijp conventions and notation of the paper. For an alge-

braic variety X over an arbitrary field F we denote by K (X) and K, (X)
Quillen’s K-groups and K'-groups [4], K (F) = K,(Spec F). By a prime
cycle on X we mean an irreducible closed subset of X, and by a cycle we
mean an element of the free abelian group generated by the prime cycles. For
a point x € X we denote by F(x) the residue class field; the field of ra-
tional functions on X we denote by F(X). As a rule, we will work, with
irreducible and nonsingular varieties. But in the intermediate steps of some
computations singular quadrics (§§2 and 4) and even reducible ones (2.1) will
appear. Therefore the fundamental facts about K—cohOmology in §1 are quoted
for arbitrary varieties, Beginning with §2, the letter X stands, unless oth-

2, I(F) denotes the idea] of even-dimensional forms in the Wit ring W (F)
of quadratic forms over F; (a,, 3,-..,a,) stands for the quadratic form
ale + a‘,_)r’z2 + 4 a”){j; D(p) is the set of nonzero values of the form Q;
d oy = {—l)"{"'”ﬂ-dew , Where n = dimg, is the discriminant; i(p) denotes
the Witt index; (a,, ..., a.)) =11, —a)®---®(l, —a,) is an n-fold Pfister
form; for two quadratic forms ¢, and ¢, we write ?, ~ ¢, and say “ 9, is
proportional to o,"if g = cp, for some ¢ ¢ F* (proportional Quadratic
forms define the same quadric). Requisite definitions and facts from the theory
of quadratic forms can be found in [5].

1. X -cohomology

(1.1). The Bro“n—Gersten-QuiI!en Spectral sequence (spectral BGQ-sequence).

For an arbitrary variety X a canonical cohomology-type spectral sequence is
constructed in [4), called the spectral BGQ-sequence,

EFY) = II K_,_(F(x))= s

where by X7 is denoted the set of those points of the variety X which have
codimension p (by the dimension of a point one means the dimension of its
closure). The associated filtration on K[ (X) coincides with the filtration by the
codimension of the support (also called the topological filtration). We point out
that the spectral BGQ-sequence is contravariant with respect 1o flat morphism:s.
Moreover, if X = lim X,, where | X, is a directed projective system of
varieties together with flat affine morphisms, then the spectral sequence for ¥
is the inductive limit of the spectral Sequences for X, .
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For an arbitrary variety X we denote by H”(X, K) the group

H JI X ,aFeN= T] K@= T KepoolFlah
i xex?-! xeXx? xex?!
= B YK}
2 Let d = dim X . We will call the group H?(X, K,) the Chow group of codi-
_ mension p (of dimension d—p) and we will denote it by CH? X (or CHd_pX);
CH X = U§=0 CH’ X is the graded Chow group.

(1.2). Functorial properties. Any flat morphism f: X — Y induces a mor-
phism of spectral BGQ-sequences, and consequently a group homomorphism
£ 80007, K,)— HP(X, K,). Nowlet f: X — Y be a proper morphism. We

-~ obtain a homomorphism of complexes (where n = dimY — dim X)

- I K_,(F&x)) -1 X,_, (F(x) —--

T ol
= 1 K, FO) = 1 K, ((FO) =
},Eyﬂﬂ' yeyp-rnd-l

which sends elements of the group K, ,(F(x)) into K,_ (F(f(x)) by the norm
function Nexyp(siay i dimx = dim f(x), and to zero otherwise. This homo-
morphism of complexes defines the group homomorphism f,: H?(X, K.}~
;i N R

In particular, let E/F be an arbitrary extension, Xy =X@ E and f: Xp—
X be the projection. The morphism f is flat; the induced homomorphism [~
is denoted by TeSg/F - If the extension E/F is finite, then the morphism f is
proper (more precisely, it is finite); the homomorphism f, that arises is denoted
bg_ ﬁﬁﬁ. The composition NE}_,oresE,F coincides with multiplication by
[ (1.3). Two exast sequences, which will be constructed now, are the main tools

of computation.
(1.3.1). Excision. Let i: Y — X be a closed imbedding of codimension »

and let j: U = X\Y — X. For any p, the set X? is a disjoint union of the
sets U? and Y?™". The exact sequence of complexes
! ! !
0= I K y(F) = 1 Ko p(FO) = 1K, (F(x) =0
1

xgy?=" xel?”
| |

that arises induces the exact sequence of cohomology groups

St £ .op . p—n+1 [
= HUUY K, )SHA(X, K) B H (U, K,)~H (¥ o Kyepn) =57

In particular, for the Chow groups we get CH?~"Y % CH? X £, CH’U — 0.
(1.3.2). Fibering over a curve. Let n: X — Y be a flat morphism of varieties
with dimY = 1. Let us denote by € the generic point of the curve Y. For
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any p the set X”? is a disjoint union of the sets (X,)? and = - (Xy)""‘ (X,

denotes the fiber of m over the point y). The resulting short exact sequence of
complexes

i Ay

.

.

I !

0= O L K ,F&)| -1 K_Fx) - I K, (Fx)-0,
yey! x€(X,y-! x€X? XE(X,Y
i !

.

[
5
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-
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where the left term is a direct sum of complexes, gives the exact cohomology
sequence

2y (5], i
o= T8, Kq_l)z—f» H(X,K)) & H(X,, K,)
yey!
= I H (X, Ky_y) = ee
yey!
where iy denotes the closed imbedding X}, — X and j: Xy — X denotes the

natural morphism from the fiber over the generic point, a flat morphism. In
particular, for the Chow groups we obtain an exact sequence

[I cv*™'x, - cH’ x — cH’ X, — 0.
yey!

(1.4). Homotopy invariance. Let 7: X — Y be a vector bundle. Then the
mapping n": H’(Y, K)— H(X, K,) is an isomorphism. In particular, for
the affine space A} we obtain

0 ifp>0
Pran ~ 7P = '
H (AF,KG)_H(SpecF,Kq) {Kq(F) if p =0,
(1.5). Smooth varieties. Let JZ’; = .X;(X ) be the sheaf on the variety X

associated with the presheaf U + K ¢(U). If X is nonsingular, then for any p
the cohomology group H?(X, %,) of the sheaf %, is canonically isomorphic
to the group H?(X, K,).

(1.5.1). Multiplicative structure. The product operation in K-theory defines
a pairing of the sheaves 55; X ﬁ’;r — %, and consequently a pairing of

the cohomology groups H”(X, Z,) x H? (X, Zy) = P (X, Z,.,)- This
pairing defines the structure of a bigraded (commutative and associative) ring on
the group L1, o0 (X, %,) . In particular, the Chow group CH'X becomes
a graded ring.

(1.5.2). The inverse image homomorphism constructed in (1.2) for a flat
morphism can be defined for an arbitrary morphism f: X = Y in the case
of smooth varieties f*: H’(Y, Z,) — H?(X, %,) is induced by the natural
morphism of sheaves T, (Y) — J.(Z,(X)). In addition, f°: H(Y,Z) —
H*(X, %) is a ring homomorphism. If the morphism f is proper, then f,
and f~ are linked by the projection formula.

: = e 2R N Al L g e T P R e
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(1.6). K-cohomology of the projective space P" can easily be computed using
the exact sequence (1.3.1) for the triple P! — P" — A". We present a
description of the Chow ring; the ring homomorphism Z[h]/(h"') — CH'P"
sending h to the class of a hyperplane is an isomorphism.

2. Elementary information about Chow groups
of projective quadrics

Henceforth we will consider only fields of characteristic different from 2. Let
¢ be a nondegenerate quadratic form of dimension d +2 (d > 1) over a field
F, and let m be the integral part of the number (d +1)/2. In the sequel
(unless otherwise stipulated) the letter X will always denote a quadric in the
projective space E":—“ , determined by a form ¢ (in particular, dimX = d).
The variety X is nonsingular, since ¢ is nondegenerate; CH’X = Z - [X]
because X is irreducible. Let h € CH'X be the class of a hyperplane section
(more precisely, & be the inverse image of a hyperplane with respect to the
imbedding X — P*™)

(2.1). Computation of the Chow groups in case of a maximally splitting form.
Let ¢ = X X, +---,and Y be the section of X by the hyperplane X, =0.
Then Y is a singular quadric of dimension d —1 and U = X\Y = A?. The
exact excision sequence reduces the question of the Chow groups of X to the
question of the Chow groups of Y. Continuing in this manner, we reduce the
problem to the computation of Chow groups of a projective space (see (1.6)).
We present the final result. First suppose d is odd; then ¢ = XX, + -+
X, X+ Xjﬂ . The quadric X contains the (m — 1)-dimensional projective
space P™~' (which is defined, say, by equations X, = X, = X,==X;,=
0} ; consequently it contains projective spaces of every smaller dimension. Let
[, € CH X be the class of P ¢ X ; then CH X = Z-#* and CH X =Z.[, for
p < m. Butif d isevenand hence ¢ = XX, +---+X,;_, X, +X; Xy, , then
the cycles X0=X2:X4=---=Xd=0 and X, =X, =X, =-=X,=0
are not equivalent; let [, l'm € CH, X denote the classes of these cycles. Then
CH X =21, ®Z- [, and for p <m we have as before CH’X =Z-h" and
CH, X = Z-1,. Multiplication in CH'X is described by the formulas

.

[ +0 ifdiseven,
hl =1 1 A" = m .
PPt 2l if d is odd.
(2.2). Reduction to the anisotropic case. Computation of the Chow groups
for arbitrary quadrics reduces to the anisotropic case in the following way.
Let ¢ = w L nH, where y is the anisotropic part of ¢ and n is the

Witt index of ¢; let ¥ denote the nonsingular quadric corresponding to the
form w (dimY = d — 2n). We will denote the quadric X ® E by X,

where E/F is a field extension which completely splits ¢ . Then CH’ X ’{3
CH’X and CH,X = CH, X for p <n; CH’X 2 CH’™"Y for p=n,n+

m—1

l,...,d —n. Weﬁdevelop the construction of the last isomorphism. Let
0=, ..., Yy p )+ X, X +-+ X, X, ,and i1 Z — X be the closed
subvariety defined by the equations X, = X; = --- = X, = 0. The singu-

lar quadric Z is a cone over Y with vertex P~ If we throw the vertex
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out, we obtain a vector bundle x: Z\TP“_l — Y. The chain of morphisms

YE2zwrtd z & x gives achain of isomorphisms

CH™"Y & CH ™ (Z\P" ) L e’ "z & cw x.

The isomorphism thus constructed sends a prime cycle on Y, defined, say, by
equations f (Y;) = 0, to a prime cycle on X, namely, the cycle defined by
equations f,(¥)=0, X{=X,=--=X. =0,

For the computation of the divisor class group CH'X we need

(2.3). LemMa. Let E/F be a Galois extension with Galois group G. There

exists an exact sequence 0 — CH' X — (CH'XE)G — Br(E/F), where Br(E/F)
denotes the relative Brauer group.

PROOF. We have two exact sequences of G-modules
0— E" — E(X;)" - P.DivX, -0, (1)
0 — P.Div X, — DivX; — CH'X; -0, (2)

where Div and P.Div denote the divisor group and the principal divisor group,
respectively. Consider the commutative diagram with exact rows

0 - E¢ o Ex)° - (P.DivX,) — HY(G,E")
1 |
0 - F' - FX) = PDivX - 0

The top row of the diagram is the beginning of the long exact sequence of

Galois cohomology groups for (1). By Hilbert’s Theorem 90 H'(G, E*)=0

Consequently, (P.Div XE)G = P.DivX. From (2) we obtain

0 — (PDivX,)° — (Divx,)° — (CH'X;)° — HY(G,P.DivX,)
I I

0 - PDivY¥Y - Div¥ - CHY o 0

and this gives us the exact sequence

0— CH'X — (CH'X,)° - H'(G, P.Div X,).
It remains to use the injection H'(G, P.DivX,) — HXG, E*) = Br(E/F),
which arises from (1), since H'(G, E(Xg)')=0.

According to (2.2) it is sufficient to describe CH'X in the anisotropic case
only.

(2.4). PROPOSITION. Let ¢ be anisotropic. The divisor class group CH'X is
equal to Z - h for every quadric, unless it is two-dimensional and defined by a
Jform of determinant 1. In that exceptional case ¢ has, up to scalar multiple, the

form ((a, b)), and the homomorphism res: CH'X — CH'X,. = ZoZ identifies
CH'X with the subgroup of Z & Z generated by the elements (1, 1) =h and
(2,0). If say, ¢ = Xy — aX} — bX? + abX?, then (2,0) = [Z], where
Z: X;—aX] =0, X,X, - aX, X, =0.

Proor. We apply Lemma (2.3) to a quadratic extension E/F splitting ¢ .
If d >3 orif d=2,but detp # 1, then CH'XE = Z- h, and it follows
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immediately that CH'X = Z-k. If ¢ ~ ((a, b)), then CHIXE =Z8Z, G acts
trivially on CH'Xx , the images of the elements (1, 0) and (0, 1) in Br(E/F)
coincide and are equal to the class of the quaternion algebra (%;%). Since a

quaternion algebra has exponent 2 we conclude that CH'X is the subgroup
of elements of Z @ Z with even sum of coordinates. Finally, if d = 2 and
¢ ~ (1, —a, -b), then CH'XE = (CH'XE)G —Z -1, and the image of [; in
Br(E/F) is again equal to [(",;.b)]. Consequently, CH'X is generated by the
element 2[ , whichis equalto 2. ®

In the sequel a fact about Chow groups of an arbitrary variety will be needed.

(2.5). LEMMA. Let X be an arbitrary variety over ', Z be a prime cycle on
X .,and E/F be a finite field extension with E C F(Z). Then [Z] = N, p(IT])

. for some prime cycle T on Xg.

PRrOOF. First let X = SpecA. Let us denote by p the prime ideal of A4
corresponding to Z. The morphism X, — X is induced by the injection
A— B =A@, E. B is finitely generated as an A-module; in particular,
A — B 1is an integral ring extension, and therefore p = qN A for some prime
ideal ¢ C B. Let T be a prime cycle on X, corresponding to q. Then
N([T])=[E(T): F(Z)]-[Z]. The ring B 1is generated over 4 by elements of
E; therefore E(T) is also generated over F(Z) by elements of E, but here
E c F(Z). Consequently, E(T) = F(Z) and N([T]) = [Z]. In the general
case let U be an open affine set intersecting Z and let 7 be a prime cycle on
Ug such that N([T]) = [ZNn U], where T is the closure of T in Xg . Then
N(T]) =[Z]. e

Again let X be a projective quadric defined by a nondegenerate quadratic
form ¢ . We give a computation of the zero-dimensional Chow group.

(2.6). ProPOSITION. The degree homomorphism deg: CH X — Z is injective.
Consequently, if ¢ is isotropic, then CH, X = Z -1, = Z - [x], where X is an
arbitrary closed rational point; if ¢ is anisotropic, then CH X = Z-h = Z-[x],
where x is an arbitrary closed point of degree 2.

Proof is required in the anisotropic case only. We develop it first under the
assumption that the field F has no extension of odd degree. For d =1 the
statement is a particular case of (2.4). Let d > 2. We take two closed points
x,y € X of degree two and show that [x] = [y]. Any two closed points of
degree 2 in P?*! lie in the same 3-dimensional linear subvariety P° ¢ P**!.
Taking the intersection of X with this P’ we reduce the problem to the case
d = 2. Let us pass a plane through x and a plane through y. As planes in P’ ;
they intersect in a line. This line cuts out from the quadric a point z of degree 2.
Consequently, the two planes cut out from the quadric two conics intersecting at
the point z ; moreover, one of the conics contains x and the other contains y.
Hence [x] = [2z] = [¥]. Now let the degree of y be arbitrary, say, 2k . We prove
that [y] = k[x]. Since [F(y): F] is a power of two (see the assumption on F),
there exists an intermediate extension F C E C F(y) such that [F(y): E]= 2.
Let ¥ be a point of X, for which NHF([}I’]) = [y] (by Lemma (2.5) such

a point exists) and let @ = res; -([x]). Then degy’ = 2 = dega; therefore
[»'] = @ and hence [y] = NE;F(D'f]) = 'E},F(a) =JE: Fl-[X]=k:Ixl.
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In the case of an arbitrary base field, let ¥’ be the compositum of all finite ex-
tensions E/F of odd degree, Every homomorphism resg p: CHy X — CHyX
Is injective, since the composition fof © IeSg r is multiplication by an odd

number; CHy X, = li'll}fﬂ.- CHyXg, by (1.1). Therefore resgp: CH X —

CHy X, isalso a monomorphism, which completes the proof, e

(2.7). Some remarks about Chow groups of arbitrary codimension in the case
of an anisotropic quadric. Forany p let TCH? C CH” be the torsion subgroup,
CH’ = CH?/TCH” . For P # d/2 the computation of CH’ js trivial: CH’ =
Z-h?, in other words,

ﬁpz{z .ifp<d/2,
2Z ifp>d)2,

. 5 —==p . == —=d /2
where we identify CH’ x with a subgroup of CH’Y . The group CH"“x
CH’”z}’_ =Z®Z (where d is even) is generated by the element (1,1)= B2 2
if p ¢ IE(F). In the contrary case EﬁdﬁX has the two generators (1,1) and
(2", 0) for some r 2 1, and a method of computing r = r(p) is unknown; it is
clear only that 2" divides [E: F], where E /F is an arbitrary extension which
completely splits ¢, in particular, r < m. The group TCH? is a 2-torsion
group. For the proof, it suffices to take an extension E/F which completely
splits ¢, such that [E - F] = 2%, The composition CH? X * cy*y -~
CH’X coincides with multiplication by 2%, and TCH’X = 0. In the rest, the
structure of the group TCH* 1s very enigmatic; one may give an example of a
quadric for which this group is infinite.

3. The topological filtration on the Grothendieck group

Let K(X) be the Grothendieck group of the quadric X . The variety X is
nonsingular and therefore K(X) = Ky(X) = Ky(X). The tensor product of
locally free sheaves induces a ring structure on K,(X), and the group KS(X)
admits so-called topological filtration [4]. Therefore K,(X) is a filtered ring
and the two structures ar¢ compatible. We introduce notation for the filtration:
0 =K ¢ gl ck® = g K, = KW Moreover, we put
G’K = Gd_pK = K“’)/K{‘””, and let TG’K ¢ GPK be the torsion subgroup,
with G°K = G’K/TG?k |

(3.1). Connection with the Chosw groups. The natural epimorphism CH” X -
G K(X), [Z])~ [£,], coincides with the edge homomorphism of the spectral
BGQ-structure £2:9(x) = K,..(X). The kernel of this epimorphism is con-
tained in TCH?X for each p and is equal to zero if p=0,1,2,3,4 (for
p =0, 1 there is in the spectral sequence no differential ending in CH?X : for
p =2 the only differential from E0'~! = g0y K|) =F" 1o CHX is obvi-
ously the zero differential; the case P =3 is examined in §4; finally, the group
CH X is torsion-free by (2.6)). Note that the mapping CH" X — G'K(X) isa
graded ring homomorphism. In this section we obtain some information about
G"K(X) with the help of the paper [1], devoted to the K-theory of quadrics.

(3.2). The case of completely splitting form. If the form ¢ , which defines the
quadric, is completely splitting, then TCH? X = 0 by (2.1), whence CH .Y —
G°K(X) isan isomorphism for every p. Consequently, if 4 is odd, then K (.X)
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is a free abelian group of rank d+1 with generators 1, A, By ves T VT i
[,_3s---5 1y (where h denotes the class in K(X) of the structurc sheaf of a
hyperplane section and [, denotes the class of the structure sheaf of the space
P’ C X). Butif d iseven, then K(X) isa free abelian group of rank d+2: the
generators [ and l'm must be added. The filtration on K(X) is natural in both
cases: the group K(”}(X) is generated by those generators whose codimension
is not less than p (codim [, = d — p). Note that

hi =1

i ! 2, ,—1,, foroddd.

n

mz{lm-{-fm-—[m_] for even d,

(3.3). The Clifford algebra. Now let the Witt index of ¢ be arbitrary, and
Co(p) be the even component of the Clifford algebra C(¢). Note that

dim; Cy(p) = 291 We define the number s = s(p) in the following way.

If 9 ¢ I*(F), then C,(p) is a simple algebra; hence by the Wedderburn
therem C (qp} = M,.(D) for some skew field D and a nonnegative integer s.

Butif p e P (F), then C,(p)= Ax A, where 4 is a simple algebra (it can be
proved that A is determined by the condition C(g) = M,(A)); in this case let
s be a number such that 4 = M,,(D). The invariant s satisfies the inequality
i(p) < s(¢) < m, where i(p) denotes the Witt index.

(3.4). As always let X = X ®, E, where E/F is an extension which com-
ple{ely splits ¢ . The group K(X) is torsion-free [1]; therefore the ring homo-
morphism res: K(X) — K(X) is injective. Let us identify K(X) witha subnng

of K(X). Note that K (X) c KV (X). Let H=Z-16Z-h®---0Z-h’C
K(X) be the subring generated by 4. The equality &k = 1 —¢, where { =
[€4(—=1)], shows that H coincides with the subgroup generated by all [eﬁ (n)]
(n € Z). Observe that the two filtrations induced from K(X) and K (X) coin-

cide: H” is generated by the element A°, AL L
(3.5). PROPOSITION. Suppose ¢ & IZ(F). Then
—3
KX)=H+Z-|_,=H+2Z-2""1,_,
(s = s(p) is the splitting index; it is assumed that |_, = 0); in particular, if
s=0, then K(X)=H. Butif ¢ € I’(F), then
-_— m—
KX)=H+Z-2"1_+2-2"7°(,.

(3.6). LEMMA. Let % denote the Swan sheaf of the quadric X [1). Then
#(d)] =k + 2k 4 429 "R+ 27 in the group K(X).

ProOE. The sheaf % admits a resolution composed of the sheaves
G l—d+1), ... Gf=1), 68y, (1), and this resolution gives us the following
equality in K(X):

d=— - d-
+Cd "+C:+l]: l_((‘-:gﬂ"'C;H'}"”ﬂ}”c‘j-:-ll)f ’
0 1 2
1) # C # Can X
F 0 1 d ~0 -1
HCuy + Capp) + (1) Capié

[Zf] ( d+l

+{(~1)
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Hence

d+1 .4

d
A+ = @ = 1) + (-1 = 37 ¥, (—1ytikgket _ petgd.
k=1

since (1-&)™*! = 4! — 0. Therefore (148 (d)] = (1+&)[%]-&9 = 29+
On the other hand, 1+¢ =24 and (2 - A)(A® + 249" 5. ... 2% w gHL
Consequently, [#(d)] = k¢ + 249! +427 o

PROOF OF THE PROPOSITION. Let us examine the case when ¢ ¢ I*(F).

Thus Cy(g) is a simple algebra and hence there exists a unique (up to iso-
morphism) simple Co(@)-module; we will denote this module by J. We have

Ky(Colp)) =Z-[J] and [Co(p)] = 2°[J]). Further, if u = [Z ®c, J] € K(X),
then 2°w = [#] and hence, by [1], K(X) = H+Z-u. Let us replace u
by u¢™. Then 2°u = [%(d)] as before, and K(X) = H+Z - u, since
¢'H=H. Thus the assertion of the proposition results from the equality
2"+[[p =K 42497 4oy 2pdp (for any p < m). In the case p € I*(F)
the algebra Co(p) is isomorphic to 4 x A and hence there are two noniso-
morphic simple Co(p)-modules, say, J and J'; the group K;(Cy(@)) equals
Z-[J]®Z-[J']. Let us set

u=[Ze.J, u=[% &c, J'].
Then
KX)=H+Z -u+Z.4,
Let % and @ be the Swan generators of the group K(X). Then

1{(7)=H+z-ﬁ+z-a"=H+z-zm+z-(m;

2!?1—.7_!

-t !
2" T =y, 7 =u

Consequently,

-5t

KX)=H+Z u+Z - =H+2.-2"54+72.2"
=H+Z-2"71 +2.2"( o
(3.7). By the proposition l,_; € K(X), whence o = Al_,, b =
I [p, = Al, belong to K(X). Let P, = min{p|l, € Km(X)}. It is
clear that Py<p <--<p_, and P, 2 k. Moreover, if the form @ is
anisotropic, then P, >k, since the equality P, = k for some k would imply

that [, = hk[k belonged to K(O)(X) » Which is obviously not true for a quadric
without rational points,

(3.8). THEOREM. Let X be a quadric defined by an anisotropic form ¢ ¢

IZ(F); let py,Dyy.o.,p. . be the numbers defined above. Then
0 1 s—1
Z/2-1, ifp=p,,
Pbge) = { 0 otherwise.

In particular, |TGK(X)| = 2, if s(¢) =0, then the group GK(X) is torsion-
Jree.

-
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ALGEBRO-GEOMETRIC INVARIANTS OF QUADRATIC FORMS

(3.9). LEMMA. Under the assumptions of Theorem (3.8) the equality K,(X) =
Z-N + H,, holds for k, = max{k|l, € KU,}(X)}.

Proof. The inclusion D is evident. We prove the reverse inclusion. Let
x=al_,+Yyah € K, . Using the equality 2[; = pé— +1;_, , we represent X
in the form x = bl, + Eb,}z" with odd . If k < k;, then the first summand
belongs to K, 3 therefore the second belongs to K, N H=H,. Let k > k.
One may assume that k = k; + 1 (replacing x by xhk'k"“); hence b = 1
(since 20, , = RRT 4 lkﬂ). So lp .+ Y bh'e K, , whence Y bh'e K,
which contradicts the choice of the number k,. @

PROOF OF THE THEOREM. For p # p, the group GPK coincides, by the
lemma, with the torsion-free group H(P)/H(p_n. For p = p, the group GPK
is generated by the elements [, and A9~ . in addition I, #0,2(, =0, and
K" ¢ TG K. Therefore TG K =Z/2-1,. ®

The picture is more complicated in the case when ¢ € I*(F). Let r = r(o).
be a number such that (27, 0) is the second generator of CH X (see (2.7)).

- (3.10). THEOREM. Let X be a quadric defined by an anisotropic form ¢ €
I*(F). Then the graded group TGK(X) can be decomposed into a direct sum
T'o TV of graded subgroups (T" will be called “a torsion subgroup of the first
kind”, and T" “a torsion subgroup of the second kind™), so that

1) T' has the same properties as the torsion subgroup in the case ¢ i Iz(F),

namely .
T:_{Z/Z'[k ifp =Dy,
P 0 otherwise;
2) T;] =0 forp<m, |T"| = 2', where t is a nonnegative integer satisfying
the inequality r+s—-m <t <s, and T;l is a cyclic group for every p. In

particular, |TGK(X)| = 2**"; if s(p) = 0, then the group GK(X) is torsion-
free.

PROOF. According to the statement of the theorem it is clear that 7" is
the subgroup of TGK generated by the elements [, L, ..., L _,. We define

the group T". Let I = 2"t € K(X), t = min{f|2" -1 € K,y}, and
4 =min{q[2klEK(q}} for k=0,1,...,2—1.Itisclearthat g, 2¢, 2--- 2
g,., >m. If g is not equal to any of the numbers g, , then we put T;I = 0.
Otherwise let T;I be the subgroup of TGqK generated by the element 2"“[,
where k, = min{k|g = g, }. Note that in both cases |T;I| = pondikle=al o
that, in particular, 1T“[ = 2'. Proceeding as in the proof of Theorem (3.8), it

is easy to show that 7GK = T'er". o

(3.11). ExaMPLE. Let p be a natural pumber such that p < m if m is odd.
If the form ¢ is anisotropic and for some quadratic extension E/F the Witt
index of the form ¢, is greater than p, then TGPK(X) =2/2.

Proor. For p < m, applying the norm function N to the element [, €

K, (Xg), we obtain the element 2[, whence [,_, =2[, - = K, (X) and




p
)

consequently 7G,K(X) = Z/2-1,_,. For p = m (if m is even) we have
Ngp(Ly) =1, +0 ,whence [ _, = +[ —h"¢ K,(X). o
Note that if| say,

0 = by(Xg —a¥y) + b,(X] - a¥]) + -+ b,(X; — a¥}) + w(T)),

then, under the assumptions of the example, the nonzero torsion element of
the group G,K(X) is equal to [&,] - W , where Z denotes the prime cycle
defined by equations

XoX,-aY,¥;=0 (i=0,1,...,p), T,;=0

(Z 1s not a locally complete intersection).
We conclude this section with a description of the behavior of the group G*K
of a quadric under certain extensions of the base field.

(3.12). ProposSITION. Let E/F be an extension of one of the following types:

1) an algebraic (possibly infinite) extension of odd degree;
2) a purely transcendental extension.

Then the homomorphism TeSe/p ' GK(X)— GK(X) is an isomorphism.

Proor. By virtue of [1] the filtration-preserving homomorphism resg '
K(X) — K(Xg) is an isomorphism. Therefore, in order to prove that the in-
duced homomorphism of the associated graded groups is also an isomorphism,
it suffices to check that it is injective or surjective. If E/F is a finite exten-
sion of odd degree, then res; .: G"K(X) — G K(X;) is injective, since the
composition Ng,p oresp p is multiplication by the odd number [E : F]. For
an infinite odd algebraic extension the injectivity of res follows from the per-
mutability of G'K with projective limits (1.1). Now let E/F be a purely
transcendental extension. In this case we prove the surjectivity of TeSE /- We
may assume that E is the field of rational functions of an affine space A;,
First we prove that the homomorphism res, ypi CH X — CH" X, is surjective
on the Chow groups. In order to do this we decompose the homomorphism
into the composition CH*X — CH'(X x A") — CH'X, . The first arrow is
an isomorphism because of the homotopy invariance OF Chow groups (1.4).
The second arrow coincides with the last homomorphism in the exact sequence
(1.3.2) associated with the flat morphism pr: X x A" — A": therefore it is
surjective. The surjectivity of res on G"K now follows from the commutative
diagram

CH" - CHX;
| i
G'K(X) — GK(X;) e

4. The group H'(X, K,)

(4.1). THEOREM. For d > 3 the natural homomorphism F* = HD(X, K)®
CH'X — X, K,) is an isomorphism.

(4.2). LEMMA. Let X contain a rational point. Then

F'=H'(X,K;)), K(F) —~ H(X, K,).




LiY

(2]

ALGEBRO-GEOMETRIC INVARIANTS OF QUADRATIC FORMS 131

Proof. Let ¢ = X X, + -, Y be the hyperplane section X, = 0 of the
quadric X, and U=X\Y = A% . We obtain a diagram with exact row

0— HX,K,) 2 H'(U,Kp) —HY,K) —HEX, K) ~ H'(U, K)
gl I, I
K,(F) F 0
where a is the inverse image of the structure morphism. The triangle is com-

mutative; therefore the homomorphism £ is surjective and hence the sequence
decomposes into two isomorphisms. @

Now suppose X has no rational points and E/F is a quadratic extension
such that ¢, is isotropic. It follows from the commutative diagram

E" —— H'(Xg, K)

I =

F* L H'(X,K))

that f is an injection. Moreover, Imres C H' (X, KZ)G —ECS=F (G=
Gal(E/F)), so that the homomorphism res splits the monomorphism f, and
hence it suffices to prove

(4.3). PrOPOSITION. The homomorphism tesgp: H'(X, K,) — H*{XE, K,)
is injective for an arbitrary quadratic extension E = F(y/a).

PrROOF. We exploit two results about quadratic extensions. The first is Hil-
bert’s Theorem 90 for K, [2]. The second is the following description of
(KQE)G ([3], p. 16): any u € (KJE)G can be represented in the form ¢ +
{Va, c}, where £ € K,(F), c€ F, (F, denotes the algebraic closure in F of
the prime subfield), and {-1,¢c}=0¢€ K,(F,).

Consider the commutative diagram

K, F(X)% ey F(X)
L lr
0 — K,E = KE(X)S ey E(X)°

Let v € ]_IxexlF[x)‘, n =rv,and n = dp for some u € K,E(X). Itis
required to find ¢ € K,F(X) such that v = dé. Let o be a generator of
the Galois group G. The element 7 is g-invariant, consequently u— oy €
Kerd = K,E (Lemma (4.2)). Since u — ou € Ker(K,E X K,F), it follows
from Hilbert's Theorem 90 that there exists t € K,E such that u—ou=1t-ot.
Let us replace u by p— . Then as before du = n and, moreover, NOW 4 €
(K,E(X )€ . Using the description of (K,E(X )¢ for the quadratic extension
E(X)/F(X) and considering that F is algebraically closed in F(X), we obtain
a representation of u in the form u =r¢+ 8, where { € K,F(X), B € K,E.
Now rd& = dré = n =rv, whence d§ =v. The proposition and the theorem
are proved. ®

(4.4). CoroLLARY. For any quadric X all the differentials in the spectral
BGQ-sequence that come from the terms E: "2(X ) for r > 2, are equal to zero.




L 4
3
=7
433

PROOF. If d < 3, there is nothing to prove, Let 4 > 3. We have Kflm(X)
E;"YX) < E}¥x)

= H'(X, K,). It follows from the commutative dia-
gram

k") < By, K,)
N A
FQ
that E;;‘z = Ezl‘hz, which is equivalent to the assertion to be proved. e

Using in addition the fact that the differentials comin

g from the terms E°' !
for r > 2 are also zero, we obtain

(4.5). COROLLARY. The mapping CH*X — G*’k (X) is an isomorphism.

5. Quadrics of dimensions 3 and 4

The results of the preceding sections allow us to compute the Chow groups of
quadrics of dimension no higher than 4. For such quadrics CH? X — G’ K(X)
is an isomorphism for all P . We begin with auxiliary results.

(5.1). LEmMAa [5). For any odd-dimensional quadratic Jorm ¢ the equality

[Co(@)] =[C(p L (~d_ p))]
holds in the Brayer group BrF of the field F .

(5.2). CorOLLARY. For an odd.-
are equivalent:

1) [Colo)] is trivial in BrF,;
2) lpL(-d, p)el*F).

dimensional form ¢ the Jollowing statements

PROOF. Observe that lp L(-d, g)]e Iz(F) and the homomorphism 12/13
= BrF, [¥]—[C(y)] is an isomorphism [§]. o
Since the Chow groups of conics and of 2-dimensiona

1 quadrics are described
in §2, we begin with the case d =3,

(5.3). THEOREM. Let X be g three-dimensional guadric without rational
ponts. If ¢ ~ ((a, b)) L (c), then TCH*X = Z/2; otherwise TCH?X = 0.

ProoOF. Considering that TCH'x = 0, from Theorem (3.8) we obtain
TCH’Y = Z/2 if s(p) > 1; TCH*X =0 if $(p) = 0. The condition s > 1
means that [Cy(¢)] =0 in BrE for some quadratic extension E = F(y/a),
that is (Corollary (5.2)), [¢ L (~d,0)); € I’(E). Since the dimension of the
form ¢ L (~d,p) is equal 10 6 < 2, the last relation means that
([p L (—diqa)])E is hyperbolic [5), i.e., the Witt index of the fo

to 2, whence ¢ ~ ((a, b)) L (c) for some b,ceF*. o
We pass to the study of 4-dimensional quadrics,

the form
m ¢, is equal

(5.4). PROPOSITION. Let ¢ be a 6-dimensional anisotropic form.
LIfd ¢= —dety =1, then s(p)=0.
IL If —detp # 1, then

1) 5(9’)22 {fandonfyf)’;ar\-((a))@{l,b,c);
2) s(p)=1 fandonly if p~((a, b)) L{c, d), where cd €D(-a, -b, ab) ,

L}
3
Bie 2
¥
]
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3) s(p) =0 ifand only if ¢ contains no 4-dimensional subform of dis-
criminant 1.

PrOOF. Let ¢ = (—1) L y. Then Cy(p) = C(y) [5].

I Let —detyp = 1. Inthiscase C(y) = Colw)xCy(yw) , whence s(p) =s(y).
If s> 0, then, as shown in the proof of Theorem (5.3), the form ¥ contains
a 4-dimensional subform of determinant ] and consequently y represents —1
(since dety = —1), which contradicts the anisotropy of the form ¢.

II. Let —detg # 1. Then C(y) = C,(y) ® E, where E = F(+/—detg);

moreover, ¥, L (—det V) = @p -
1) The condition s = 2 means that the form ¢, is hyperbolic, that is,

@~ ({a))®(1, b, c), where a = —detgp.
2)If s = 1, then @, isisotropic and consequently ¢ contains a 4-dimension-
al subform of determinant 1. Statement 3) is an easy consequence of statements

l)and 2). ®
Using Proposition (5.4), Theorems (3.8) and (3.10), and Example (3.11), we

obtain the following theorem:
(5.5). THEOREM. Let X be a 4-dimensional quadric without rational points.
I. If —detg =1, then CH"'X is torsion-free and CH?X is the subgroup

of Z& L generated by the elements (1,1) = h* and (4,0).

L. If —dety # 1, then, in case 1) of Proposition (5.4), TCH’X = Z/2 =
TCH?X ; in case 2), TCH'X =0 and TCH’X =2/2; in case 3), the
group CH' X is torsion-free.

(5.6). SUPPLEMENT. If ¢ = aDX§+ -—-+a5X§ and aqa,---a; =—1 (case 1),
then CH*X contains (4, 0) =[Z], where Z is defined by

a, X + a X! =0, 0, X2 +a,X1=0, XX X, +aaaX XX =0.

6. The group CH*X
(6.1). THEOREM. Let X be a projective quadric defined by a nondegenerate
quadratic form ¢ . If ¢ Is anisotropic, proportional to a subform of a 3-fold
Pfister form, and dim¢ > 4, then TCH?X = Z/2. In other cases TCH’X =0.

(6.2). LEMMA. Let U be an affine quadric over a field F defined by the
equation ao+al]’12 4o +anYﬂ2 + IZJIXI2 + 0t bSXf =0 (n>1); let V be
the 4-dimensional quadric over the field F(y,, ..., y,) defined by the equation
(ao+a,1’f+- . -+any:)+b]X12+- . -+b5X52 — 0. Then the natural homomorphism

CH2U — CH?V is an isomorphism.
PrOOF. By virtue of (1.3.2), the morphism 7n: U = Al 5255 Yy

Xy Xg) ™ ¥y s gives the exact sequence [,y CHiUt — CHMU —~CH* T

— 0, where U, denotes the fiber of 7 over a closed point ¢ and U—the fiber
over the generic point—is the quadric over the field F(y,) defined by the equa-
tion (a, + alyf) + alY; o
an isomorphism CH’U — CH

result after n steps. @

= 0. Since CHIUr = 0 for each t, we obtain
277 Continuing in this manner, we obtain the
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PROOF OF THE THEOREM. In the isotropic case there is nothing to prove; in
the sequel ¢ is assumed to be anisotropic. For quadratic forms of dimension
not higher than 6 the statement follows from results of the preceding section.

Let p =a Y +a, Y7+ +a,Y 46X+ +bX? (n>1) and ¥ be the
hyperplane section Y, = 0 of the projective quadric” X . The exact sequence
CH'Y — CH2X — CHU — 0 allows us to obtain TCHX — CH’U ; Lemma
(6.2) gives us CH*U = CH2V and then CH2V = TCH X', where X' denotes
the 4-dimensional projective quadric over the field Ess 00 5 ¥,) correspond-
ing to the anisotropic form y = (ag+ayi+. .-+ aﬂy,f)Xg‘ +h X7 ko0t boX?.
The group TCH*X' was computed in §5. Since —dety # 1, it follows from
Theorem (5.5) that TCH*X' = Z/2 if y splits completely in some quadratic
extension, TCH*X' =0 otherwise. The last step in the proof of the theorem is

(6.3). LEMMA. The following statements are equivalent:
a) y splits completely in some quadratic extension;
b) ¢ is proportional to a subform of a 3-fold Pfister form.

Proor. We prove that a) implies b). Let L = By vy ;Y,) and E =
L(y/—dety). If a 6-dimensional anisotropic form splits completely in some
quadratic extension, then the form splits completely if /= det is adjoint. The

determinant of the form y = ] - N Bl wis bs) is equal to —1 and
Xg = Y is completely splitting. Consequently, y is isotropic, whence
(byy.ooyb) ~ ((a, b)) L (=¢). We may assume that y = {(a, + ley,2 +

e+ a,y,),1,-a,-b,ab, —c). The form ((a, b)) splits if we adjoin the
roots of —dety = c(a, + ::zly,2 + o anyj) to L; consequently, dety e
D/(-a, -b, ab),ie, ay+ayl+.. + ay’e D, (ac, bc, —abc) . The last re-
lation means [5] that (ay,a;,...,a,) is asubform of (ac, bc, —abc) , whence
¢ is a subform of ((a, b, c)). The converse implication b) = a) is trivial. e

(6.4). APPENDIX. Let ¢ = X;—a){f—bX§‘+abk’f—c(Y02-aY|2—bY22+ab}’32)
be an anisotropic 3-fold Pfister form. Passing through the isomorphisms used
in the proof of the theorem, one can show that the nonzero torsion element in
CHX is equal to [Z] — A%, where the cycle Z is defined by the equations:
Xy ~aX} - bX; +abX? =0, X,Y, - aX, Y, - bX,Y, +abX,Y, = 0, X,Y, -
XY, + XY, - X, Y, = 0. Removing the terms containing Y;, we obtain a
formula for a 7-dimensional subform of a 3-fold Pfister form.

7. The group G, K(X)

(7.1). We will say that a quadratic form @ has property R if dimg > 5 and
there exists a finite odd-dimensional extension E/F such that @p contains a

subform proportional to a 2-fold Pfister form (in other words, a 4-dimensional
subform of determinant 1y,

(7.2). REMARK. We say that a form ¢ of dimension not less than 5 satisfies
property R’ if ¢ contains a 4-dimensional subform of determinant 1. The
properties R and R’ are equivalent if dim @ equals 5 or 6. However, one can
give an example of a 7-dimensional form having R, but not R'.

R g

il A
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(7.3). THEOREM. Let X be a projective quadric defined by a nondegenerate
quadratic form ¢. If ¢ is anisotropic and has R, then TG, K(X)=12/2. In
other cases TG, K(X) =0

PROOF. By virtue of (3.12.1), we may assume that the base field has no odd
extension (replacing F by the compositum of all odd extensions). Then the
property R becomes R’ . If ¢ isanisotropic and has R', then TG K(X)=1Z/2
by (3.11). If ¢ is isotropic, then obviously TG K(X) =0

Let ¢ be anisotropic and TG K(X) = Z/2. It remains to prove that in
this case ¢ has R'. We carry out the proof by induction on dim ¢ . The first
step—the case of dim¢ = 5—is covered by Theorem (5.3). Let dimg¢ > 6
and Y be a hyperplane section of the quadric X . The section Y is a quadric
corresponding to a subform y of the form ¢, where dim W= dimg —1. If
TG K (}’} # 0, then by the induction assumption y has R', whence ¢ also
has R'. Next we assume that TG,K(Y) = 0. Let us set U X\Y. For
a quadric without rational points the exact sequence 0 — TGIK — G, K —
G K — 0 admits the canonical splitting G K — G\K, 79" — p97! | which
gives the canonical decomposition G\ K = TG K e G K. In the sequel the
arrow G K — TG K will always denote the correSpondlng projection. The
commmatlve dlagram with exact rows

CHY — CHX — CHU - 0

! l
G,K(Y) — GK(X) — TGK(X) — 0

gives an epimorphism a: CH,U - TG, K(X) (the bottom row is exact, since
G,K(Y) is torsion-free). Moreover, writing the exact sequence (1.3.2)

[I CH,U, — CHU— CHUg—0
XE(A'I)I

for the fibering U — A' and considering that CH Uy = 0, we obtain an
epimorphism f: I_IIE{MJT CH,U, - CH,U. The group [ICH, U, is generated
by all pairs (x, [Z]) where x is a closed point on A' and Z is a prime cycle
on U, . Therefore, for some of these pairs we obtain ao B(x,[Z]) #0. The
morphmm U, — U is a closed imbedding and B(x, [Z]) = [Z]. Let Z be

the closure of Z in X . Then f([Z]) # 0, where f denotes the composition
CH,X - G,K(X) - TG,K(X), as follows from the commutative diagram

CH,U, 3 [Z]
B Y.
[Z]eCH X — CHU > [Z]

| &. la
GK(X) - TGK(X)

If degx =1, then U, is a hyperplane section of the affine quadric. Let Y’ be
the projective closure of U, in X. Then Y’ is a hyperplane section of X and




Z c Y'. From the diagram

[ZJeCHY' - CHX 3[Z]
__ i 1
G K(X) — TG,K(X)

we obtain that TG, K(Y') # 0, whence (by the induction assumption) ¢ has
R'. It remains to examine the case of degx >2. We have F ¢ F(x) c F(Z).
Let E/F be a subextension of degree 2 of F(x)/F . We prove that i(pg) 2 2.
It follows from Lemma (2.5) that [Z] € Im(N': CH, X; — CH,X). The image
of [Z] in TG,K(X) is nonzero; therefore the image of (Z) in G,K(X) is
equal to [, + nh?! for some integer 7. From the commutative square

CH Xy, —— G K(X;)

J# v
CHX —— G,K(X)

_ we obtain that [, + nh“~ € Im(N: G,K(X,) — G,K(X)), ie., (2) + Dl +
nh®' € Im(N: Ki1)(Xg) = K (X)) for some ;. Suppose that I, €K, (Xp).
Then each element of K(”(XEJ is of the form aly, + bh*~'  and
N(aly +bh*"") = 2al; + 264%~" , whence (2 + Dl +nh%"" ¢ ImN. Conse-

quently, [, € K;)(X;), i, i(p;) > 2 and hence ¢ has R'. The theorem is
proved. e

8. Quadrics of dimension 5 and 6

Using Theorems (3.8), (6.1), and (7.1},

we obtain the computation of
G"K(X) for a 5-dimensional quadric,

(8.1). THEOREM. Let X be a S-dimensional projective quadric defined by an
anisotropic form ¢. Then the Jollowing distribution variants of the torsion in
G"K(X) are possible (the symbol = denotes Z/2):

Condition on ¢

£

(2N 1 e

ST

-

s(p)=1,
sp)=1, @ does not
codimension | s(p) = @ has R have R s(p)=2 | s(p)=13
2 0 0 0 0 .
3 0 0 . . B
3 0 . 0 . .
EXAMPLE. Let ¢ = aoon + -+ ‘15X52 + aﬁXE be an anisotropic

form and let a,a,---a

-]

-1.
cle defined by equations X, =0, aﬂXD: + ale‘
ﬁ'0X2X4 +a|a3a5_X1X3X5 = O.' Then [&,] = 4(,
1S @ nonzero torsion element if ¢ does not have R .

In conclusion we present the computation of G"K
dimensional quadrics.

€ G,K(X)

Then s(p) = 1. Let Z be the prime cy-
= 0, azXzz-f-aJX; =
, whence [69'21—21’13

(X) for a class of 6-
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(8.3). THEOREM. Let X be a 6-dimensional projective quadric defined by an

anisotropic form ¢ of determinant 1. The following distribution variants of the

torsion in G"K(X) are possible:

Condition on [

s(p)=1,
s(p)=1, @ does not
codimension slg)=0 @ has R have R slp)=2 s(p)=3
2 0 0 0 0
3 0 0 0 0
4 0 0 * -
5 0 " 0 ®

Note that torsion of the second kind appears only in the case s(¢) = 3.

Proor. If s(@) = 3, then ¢ is proportional to a 3-fold Pfister form and
hence it suffices to use Theorems (3.11) and (6.1). If s(¢) = 0, then there is
no torsion by virtue of (3.10). We split the remaining part of the proof into
several lemmas. We assume below that the base field admits no extension of

odd degree. ©
(8.3.1). LEMMA. If s(¢) =2, then ¢ has R'.

PrROOE. Let ¢ = (a) L v and Y be the projective quadric corresponding to
w . Since s(w) = s(g) = 2, it follows from Theorem (8.1) that 7G K(Y) # 0,

ie., v has R'. Consequently, ¢ also has R'. e
(8.3.2). LEMMA. If s(p) = 2, then ¢ is divisible by ((a)) for some a€ F~ .

Proor. It follows from (8.3.1) that ¢ = f-((b,, b,)) L g-{(c,, ¢,)) , whence

con-[('5%)e(57)]

Since s(g) = 2, this tensor product is not a skew field, i.e., the form (b, b,,
-b,b,, —c,, —¢,, ¢,c,) is isotropic. This fact means that there exists an ele-
ment a € F~ that is the common value of the pure subforms of the 2-fold
Pfister forms, whence ¢ is divisible by ({(@)). @

By virtue of (3.11), Lemma (8.3.2) proves the Theorem in the case s(¢) = 2.
The last remaining case 5(¢) = 1 is handled by Theorem (7.3) and the following

(8.3.3). LEMMA. If 5(p) = 1, then Iy € K 5(X).

Proor. If y is a 7-dimensional subform of ¢ and Y is the corresponding
hyperplane section, then s(y) =1 and hence, by Theorem (8.1), [j € K, (Y).

Using the mapping K, (Y) — K(ZJ(X), we obtain that [, € K{Z,(X). The
theorem is proved. ®
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