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Abstract. The torsion index of an algebraic group G can be defined as the splitting
index of a generic G-torsor E. In the case of the spin group G = Spin(d), this is a 2-power
2t with an exponent t determined in 2005 by Burt Totaro. The critical exponent i(t)
of E is the exponent of the partial splitting index 2i(t) (also called isotropy index) of E
given by the tth vertex of the Dynkin diagram of G. It plays a central role in the theory
of all isotropy indexes of E, has been studied a lot, and was determined for many d in
the recent years. The subcritical exponent i(t− 1), corresponding to the (t− 1)st vertex
of the Dynkin diagram, was also successfully determined for many d (asymptotically for
100% of them) and always turned out to be equal to t − 1. Here we find the first d
(namely, d = 33) breaking this apparent rule. The result is based on several previous
joint and solo works of the author as well as on some general additions developed in the
present paper.

0. The introduction

Let us fix an arbitrary initial field F0 and work with its arbitrary extension fields
F ⊃ F0. Fixing an integer d ≥ 3, consider the split spin group G := Spin(d) defined over
the initial field F0. The index i(X) of an algebraic variety X is the g.c.d. of degrees of
its closed points. Recall that a G-torsor E over a field F is split if and only if it has a
rational point. The index i(E) is therefore the g.c.d. of degrees of finite field extensions
of F splitting E.

Given a parabolic subgroup P ⊂ G, the G-torsor E is P -isotropic (c.f. [15]) if it admits
reduction of structure to P , or, equivalently, the variety E/P admits a rational point (see
[15, Lemma 2.2]). Therefore the P -index iP (E) of E, defined as the index of E/P , equals
the g.c.d. of degrees of finite field extensions of F over which E becomes P -isotropic.

For instance, when plugging in a Borel subgroup B ⊂ G in place of P , B-isotropic
means split so that the B-isotropy index iB(E) of E is the same as the splitting index
i(E).

By [12, Theorem 6.4], when F and E vary (with fixed F0, d, and P ), the index iP (E)
is maximal in the case of generic E, obtained as the generic fiber of the quotient map
GL(N) → GL(N)/G given by an embedding G ↪→ GL(N) of G into the general linear
group GL(N) for some N ≥ 1 over F0. The field of definition for such E is the function
field F = F0(GL(N)/G).
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A lot of (partially successful) works have been consecrated to attempts to identify iP (E)
for all P and generic E. This paper provides another contribution to the area.

The index iB(E) = i(E) for generic E is the torsion index of G (see [8, Theorem A.2]
for this result in a most general framework), computed for the spinor group G in [16,
Theorem 0.1]. Noteworthily (and a priori not self-evidently), the answer does not depend
on F0.

Before concentrating on generic E, let us make some further remarks on an arbitrary
G-torsor E.

Since the torsion index of G is a 2-power, every index iP (E) is a 2-power too (whether
E is generic or not). We write iP (E) for the corresponding exponent so that

iP (E) = 2iP (E).

A G-torsor E is P -isotropic if and only if it is Pmax-isotropic for every maximal parabolic
subgroup Pmax ⊂ G containing the given parabolic P ⊂ G. Consequently, iP (E) is the
g.c.d. of iPmax(E) over all such Pmax. So, in order to determine the exponent iP (E) for
every parabolic subgroup P , we just need to know it for all maximal ones.

The index iP (E) does not change when P is moved inside its conjugacy class. The
conjugacy classes of maximal parabolic subgroups are in bijection with the vertices of the
Dynkin diagram of G standardly numbered by the integers from 1 to n, where n is the
integral part of d/2. This way, the problem of computing iP (E) for every P is reduced to
computation of the n exponents i1(E), . . . , in(E).

The exponent i1(E) can be defined using the standard maximal parabolic subgroup P1

corresponding to the 1st vertex of the Dynkin diagram. The variety G/P1 is the projective
quadric given by the split d-dimensional quadratic form used to construct the group G
itself. The G-torsor E yields a non-degenerate d-dimensional quadratic form q of trivial
discriminant and Clifford invariant. The variety E/P1 of the index

i(E/P1) = iP1(E) = 2i1(E)

is the projective quadric q = 0. The remaining standard maximal parabolic subgroups
P2, . . . , Pn can be used to define i2(E), . . . , in(E). The varieties G/Pi (resp., E/Pi) are
split orthogonal grassmannians (resp. orthogonal grassmannians given by q). Note that
for even d, the situation is somewhat “messed up” “in the end”: G/Pn and G/Pn−1
are the (isomorphic) components of the (highest) grassmannian of n-planes, whereas the
grassmannian of (n−1)-planes corresponds to the (non-maximal) parabolic subgroup Pn∩
Pn−1; however all varieties mentioned have the same index and thus can be interchanged
without any influence on the business.

Focusing now on a generic G-torsor E, let us write

i(1), . . . , i(n)

for the corresponding exponents i1(E), . . . , in(E). The following properties of this expo-
nent sequence have been established in the series of works [2], [6], [13].

Set t := i(n). Then the exponent sequence is very close to the simple sequence

1, 2, . . . , t−1, t, t, . . . , t

defined as the sequence of all integers from 1 to t in the natural order followed by the
constant sequence. (For d ≤ 6 one has t = 0 so that the exponent sequence coincides with
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the simple one and all terms of the sequences are 0.) Namely, if for some dimension d the
exponent sequence deviates from the simple one in some position, then the corresponding
value in the exponent sequence is 1 lower than in the simple one. Furthermore, all positions
with deviation form an interval which, if nonempty, contains t and starts not earlier than
at t− 1.

In particular, for d ≥ 7, the exponent sequence is simple if and only if i(t) = t. By this
reason, in [10], the exponent i(t) was given the name of critical exponent. And i(t − 1)
became (in [7, Remark 3.6]) the avant-critical, or the subcritical exponent from the title
of the present paper.

We say that the critical exponent is high (for a given dimension d), if i(t) = t; otherwise
i(t) = t−1 and we say that the critical exponent is low. Similarly, “the subcritical exponent
is high” means i(t−1) = t−1 and “the subcritical exponent is low” means i(t−1) = t−2.

Although, except for d = 10, the critical exponent is high for all d ≤ 16 (c.f. [13,
Appendix B]), it turned out that asymptotically, it is low for over 91% of d (see [7, Theorem
2.8]). On the contrary, the subcritical one turned out to be high for asymptotically 100%
of d: by [13, Proposition A.4 and Theorem 3.2 with Remark 3.3], the proportion of d < N
for which the subcritical exponent is high tends to 1 when N → ∞. And until now the
subcritical exponent was high for 100% of all d for which it was determined!

The situation is changed by the present paper, where we find the very first d (namely,
d = 33) with low subcritical exponent – see Theorem 5.1. We also treat all d ≤ 40 in
this respect and resolve some cases (notably d = 32) which were not accessible with the
previously existing methods.

Let us point out that there is an algorithm which, in principle, allows one to deter-
mine all generic exponents for every d by certain computer calculations. For odd d, the
algorithm, rephrased here in Theorem 4.4, has been established earlier in [7, Proposition
3.1] (based on several previous works). For even d the final algorithm is elaborated here
for the subcritical exponent in Theorem 4.7 based notably on [9], [11], and [14]. Some
important theoretical consequences are deduced from these algorithms. For instance, one
sees that the generic exponents do not depend on the initial field F0 ([11, Corollary 5.5]).
This result is even less self-evident than the one on the torsion index mentioned earlier.
Its proof is particularly hard for even d.

However, as to the determination of the actual values, when d grows, the computer
calculations become extremely heavy very quickly so that the results actually obtained
this way so far are reduced to d ≤ 20. It is unthinkable to get, say, Theorem 5.1 by
a direct computer calculation. Finding (sometimes pretty sophisticated) mathematical
arguments replacing (or simplifying) computer calculations seems to be of decisive value
in this business.

1. The ring C

Let C be the (associative commutative unital) graded ring, generated by homogeneous
elements {ci}i∈N with ci of degree i, subject for every i ∈ N to the degree 2i homogeneous
relation

c2i − 2ci−1ci+1 + 2ci−2ci+2 − · · ·+ (−1)i−12c1c2i−1 + (−1)i2c2i = 0,

where N is the set of natural numbers {1, 2, . . . }.
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Given some n ∈ N, the n-truncation of C is the graded ring Cn, obtained from C by
imposing the additional relations ci = 0 for i > n. It can be identified with the Chow
ring of the highest grassmannian of an alternating non-degenerate 2n-dimensional bilinear
form by mapping ci to the ith Chern class of the tautological vector bundle. The additive
group of Cn is free, a basis is given by the 2n products cI :=

∏
i∈I ci for I ⊂ {1, . . . , n},

(see, e.g., [1, Theorem 1.2]). Since the nth graded component of C maps isomorphically
onto the nth graded component of Cn, the additive group of C is also free and a basis is
given by the products cI for I ⊂ N.

The augmentation ideal AugC of C is the ideal generated by {ci}i∈N. In other terms,
AugC ⊂ C is the ideal, generated by all homogeneous elements of positive degree.

The square of any element in AugC is divisible by 2. This makes possible to define the
divided square operation

s : AugC → AugC, c 7→ c2/2.

Another consequence of the above observation is: for any c ∈ AugC and any a ∈ N,
the power c2

a
is divisible by 22a−1; namely, c2

a
= 22a−1sa(c), where sa := s ◦ . . . ◦ s is the

divided square operation s iterated a times. More generally, writing any given k ∈ N as
a sum 2a1 + · · ·+ 2ab of b distinct 2-powers (with b = b(k) ∈ N being the sum of the base
2 digits of k), we get that ck is divisible by 2k−b(k). More exactly,

(1.1) ck = 2k−b(k)s(k)(c),

where s(k)(c) is the product sa1(c) . . . sab(c).
Let us define degree of a set I ⊂ N as the sum of its elements whereas the order of I is

meant to be the number of elements in I. The following computation, made in [7, Lemma
3.4], generalizes [16, Lemma 5.4]:

Lemma 1.2 ([7, Lemma 3.4]). For any k ∈ N, s(k)(c1) modulo 2 is the sum of cI over
all degree k sets I ⊂ N that can be decomposed in a disjoint union of subsets of order at
most 2 and of degree a 2-power.

Lemma 1.3. For any k ∈ N, the highest 2-power divisor of ck1 is 2k−b(k).

Proof. By Lemma 1.2, s(k)(c1) from formula (1.1) is not divisible by 2 anymore: the
coordinate of s(k)(c1) modulo 2 at the basis element cI is nonzero for

I = {2a1 , . . . , 2ab(k)} = {2a1}
∐
. . .
∐
{2ab(k)}. �

2. The polynomial fl

For any integer l ≥ 0, we define a degree 2l homogeneous polynomial fl in l+1 variables
x, x1, . . . , xl over the integers Z:

(2.1) fl :=
∏

I⊂{1,...,l}
(x−

∑
i∈I
xi) ∈ Z[x, x1, . . . , xl].

These polynomials all together satisfy the inductive formula

(2.2) fl+1(x) = fl(x) · fl(x− xl+1).

Using it one proves
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Lemma 2.3 ([10, Remark 3.4]). For any l ≥ 0, each of the variables x, x1, . . . , xl appears
in the polynomial fl modulo 2 with a 2-power exponent only.1 Besides,

fl+1(x) ≡ fl(x)2 + fl(x) · fl(xl+1) modulo 2.

Proposition 2.4. For any k ∈ N, the coefficient at xk in the polynomial fl (viewed this
time as a polynomial in x over the ring Z[x1, . . . , xl]) is divisible by 2b(k)−1.

Proof. Mapping x to c1 ∈ C and xi to 2xi for i = 1, . . . , l, we embed the polynomial
ring Z[x, x1, . . . , xl] into the polynomial ring C[x1, . . . , xl]. By Lemma 1.3, it suffices to

show that fl, viewed as an element of the latter ring, is divisible by 22l−1. We show this
using induction on l, starting with the trivial case of l = 0, where fl = f0 = c1 and
22l−1 = 20 = 1.

Note that the divided square operation s, defined on AugC in §1, extends to the ideal
(2,AugC)[x1, . . . , xl] in C[x1, . . . , xl] generated by 2 and AugC.

Assuming that the statement holds for fl with some l ≥ 0, we prove that it holds for
fl+1 using inductive formula (2.2) which now reads as

fl+1(c1) = fl(c1) · fl(c1 − 2xl+1).

The quotient gl := fl/2
2l−1 is a linear combination of

s(1)(c1), s
(2)(c1), . . . , s

(2l)(c1) = sl(c1)

with coefficients in Z[x1, . . . , xl], where for each k ∈ N the coefficient at s(k)(c1) is the
divided by 2b(k)−1 coefficient at xk of the original polynomial

fl(x) ∈ (Z[x1, . . . , xl])[x]

from (2.1). All we need to do is to show that the product

gl(c1) · gl(c1 − 2xl+1)

is divisible by 2.
The point is that s(k)(c1 − 2xl+1) ≡ s(k)(c1) mod 2 for any k ∈ N simply because the

extended divided square operation

s : (2,AugC)[x1, . . . , xl]→ (2,AugC)[x1, . . . , xl], c 7→ c2/2

passes to the quotient (2,AugC)[x1, . . . , xl]/2C[x1, . . . , xl]. Therefore

gl(c1) · gl(c1 − 2xl+1) ≡ gl(c1)
2 = 2s(gl(c1)) ≡ 0. �

For l ≥ 1, the degree 2l homogeneous polynomial fl decomposes into the product

fl = f even
l · f odd

l

of two degree 2l−1 homogeneous polynomials f even
l and f odd

l , defined as

(2.5) f even
l :=

∏
even I⊂{1,...,l}

(x−
∑
i∈I
xi) and f odd

l :=
∏

odd I⊂{1,...,l}
(x−

∑
i∈I
xi),

where an even (resp., odd) set I ⊂ {1, . . . , l} is a set of even (resp., odd) order.
These polynomials satisfy the inductive formulas

(2.6) f even
l+1 (x) = f even

l (x) · f odd
l (x− xl+1) and f odd

l+1 (x) = f odd
l (x) · f even

l (x− xl+1).

1Appearing with exponent 0 is considered as non-appearing and is therefore allowed.
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Using them, similarly to [10, Remark 3.4], one proves

Lemma 2.7. For any l ≥ 1, each of the variables x, x1, . . . , xl appears in the polynomial
f even
l (resp., f odd

l ) modulo 2 with a 2-power exponent only.2 Besides,

f even
l+1 (x) ≡ fl(x) + f even

l (x) · f odd
l (xl+1) and f odd

l+1 (x) ≡ fl(x) + f odd
l (x) · f even

l (xl+1)

modulo 2. �

Proposition 2.8. For any l ≥ 1, Proposition 2.4 also holds for the polynomial f even
l as

well as for the polynomial f odd
l in place of fl: for any k ∈ N, the coefficient at xk in each

of these two polynomials is divisible by 2b(k)−1. Moreover, the sum of the two coefficients
is divisible by 2b(k).

Proof. As in the proof of Proposition 2.4, mapping x to c1 ∈ C and xi to 2xi for i = 1, . . . , l,
we embed the polynomial ring Z[x, x1, . . . , xl] into the polynomial ring C[x1, . . . , xl]. By
Lemma 1.3, to prove the first statement of Proposition 2.8, it suffices to show that f even

l

and f odd
l , viewed as elements of the latter ring, are divisible by 22l−1−1.

We prove the statement on both polynomials simultaneously by induction on l starting
with the trivial case of l = 1 and using inductive formulas (2.6) which now read as

f even
l+1 (c1) = f even

l (c1) · f odd
l (c1 − 2xl+1) and f odd

l+1 (c1) = f odd
l (c1) · f even

l (c1 − 2xl+1).

The quotients gevenl := f even
l /22l−1−1 and goddl := f odd

l /22l−1−1, viewed modulo 2, are linear
combinations of

s(1)(c1), s
(2)(c1), . . . , s

(2l−1)(c1) = sl−1(c1)

with coefficients in Z[x1, . . . , xl], where for each k ∈ N the coefficient at s(k)(c1) is the
divided by 2b(k)−1 and then viewed modulo 2 coefficient at xk of the original

f even
l (x) and f odd

l (x) ∈ (Z[x1, . . . , xl])[x].

(Note that unlike f even
l (x), the polynomial f odd

l (x) has a nonzero constant term; however
the resulting nonzero constant term of the polynomial goddl vanishes modulo 2.) All we
need to do is to show that the products

gevenl (c1) · goddl (c1 − 2xl+1) and goddl (c1) · gevenl (c1 − 2xl+1)

are divisible by 2.
Since s(k)(c1 − 2xl+1) ≡ s(k)(c1) mod 2 for any k, we have

gevenl (c1) · goddl (c1 − 2xl+1) ≡ gevenl (c1) · goddl (c1) = 2gl(c1) ≡ 0 and

goddl (c1) · gevenl (c1 − 2xl+1) ≡ goddl (c1) · gevenl (c1) = 2gl(c1) ≡ 0,

where, as in the proof of Proposition 2.4, gl stands for fl/(2
2l−1).

The second statement of Proposition 2.8 is equivalent to the congruence

(2.9) gevenl (c1) ≡ goddl (c1) modulo 2.

2Appearing with exponent 0 is considered as non-appearing and is therefore allowed.
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This congruence is also proved by induction on l. Assuming that it holds for some l ≥ 1,
we prove it for l + 1 via the formula

(2.10)

f even
l+1 (c1) + f odd

l+1 (c1) = (f even
l (c1) + f even

l (c1 − 2xl+1)) · (f odd
l (c1) + f odd

l (c1 − 2xl+1))−
(fl(c1) + fl(c1 − 2xl+1)).

For the first factor of the product on the right, we have

f even
l (c1) + f even

l (c1 − 2xl+1) = 22l−1−1(gevenl (c1) + gevenl (c1 − 2xl+1)).

The result is divisible by 22l−1
by (2.9) because gevenl (c1 − 2xl+1) ≡ gevenl (c1) modulo 2.

Similarly, the second factor of the product on the right in (2.10) is divisible by 22l−1

and so the product of the two factors, i.e., the first summand on the right in (2.10) is

divisible by 22l . As to the sum fl(c1) + fl(c1 − 2xl+1), it is divisible by 22l−1 and yields
gl(c1) + gl(c1− 2xl+1) ≡ 0 modulo 2 after the division. It follows that f even

l+1 (c1) + f odd
l+1 (c1)

is divisible by 22l which means that gevenl+1 (c1) ≡ goddl+1(c1) modulo 2 as desired. �

3. The ring E

Let E be the (associative commutative unital) graded ring, generated by homogeneous
elements {ei}i∈N with ei of degree i, subject for every i ∈ N to the degree 2i homogeneous
relation

e2i − 2ei−1ei+1 + 2ei−2ei+2 − · · ·+ (−1)i−12e1e2i−1 + (−1)ie2i = 0.

We view the ring C of §1 as a subring in E via the embedding ci 7→ 2ei, i ∈ N.
Given n ∈ N, the n-truncation of E is the graded ring En, obtained from E by imposing

the additional relations ei = 0 for i > n. By [3, Proposition 86.16], it can be identified
with the Chow ring of the highest grassmannian of a split (2n+ 1)-dimensional quadratic
form. The additive group of En is free, a basis is given by the products eI :=

∏
i∈I ei

for I ⊂ {1, . . . , n}, (see, e.g., [3, Theorem 86.12]). Since the nth graded component of E
maps isomorphically onto the nth graded component of En, the additive group of E is
also free and a basis is given by the products eI for I ⊂ N.

It follows from Lemma 1.3 that 2b(k)ek1 ∈ C for any integer k ≥ 0. More explicitly,

2b(k)ek1 = s(k)(c1).

Therefore, viewing the polynomial fl = fl(x) of (2.1) as a polynomial in the variable x
over the ring Z[x1, . . . , xl] and considering fl(e1) ∈ E[x1, . . . , xl], we get by Proposition
2.4 that 2fl(e1) ∈ C[x1, . . . , xl]. Moreover, 2fl(e1) ∈ (2,AugC)[x1, . . . , xl] so that

(3.1) 2b(k)fl(e1)
k ∈ (2,AugC)[x1, . . . , xl] ⊂ C[x1, . . . , xl] ⊂ E[x1, . . . , xl] for any k ∈ N.

Similarly, applying Proposition 2.8, we get that

2b(k)f even
l (e1)

k, 2b(k)f odd
l (e1)

k ∈ (2,AugC)[x1, . . . , xl] for any k ∈ N.

Moreover, these two elements are congruent modulo 2C[x1, . . . , xl] by (2.9) for k = 1 and
therefore for any k so that

2b(k)−1
(
f even
l (e1)

k + f odd
l (e1)

k
)
∈ C[x1, . . . , xl] for any k ∈ N.
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4. The general algorithm

Let C̃n be the Chow ring of the full flag variety of the tautological vector bundle T
on the highest grassmannian of a 2n-dimensional alternating bilinear form. As a Cn-
algebra, C̃n is generated by the n roots ξ1, . . . , ξn of T subject to the relations σi = ci for
i ∈ {1, . . . , n}, where σi is the ith elementary symmetric polynomial in ξ1, . . . , ξn. Note
that the roots ξ1, . . . , ξn generate C̃n as a ring whereas the relations are given by vanishing
of the elementary symmetric polynomials in the squares ξ21 , . . . , ξ

2
n.

As a Cn-module, C̃n is free; a basis is given by the products

(4.1) ξa11 . . . ξann

with the exponents satisfying ai ≤ n− i for i ∈ {1, . . . , n}. Note that

(4.2) ξni − c1 ·ξn−1i + . . .+ (−1)n−1cn−1 ·ξ + (−1)ncn = 0

for any i ∈ {1, . . . , n}.
We are going to consider the homomorphism

(4.3) C[x1, . . . , xl]→ C̃n,

induced by the truncation homomorphism C → Cn and mapping the variables x1, . . . , xl
to the roots ξ1, . . . , ξl, respectively.

Using the notation and terminology of §0, for any odd d, we will describe in Theorem
4.4 below the algorithm for the determination of the exponent sequence i(1), . . . , i(n).
For even d, we will describe in Theorem 4.7 the algorithm for the determination of the
subcritical exponent.

The last exponent t := i(n) is the exponent of the torsion index 2t of Spin(d), which
has been determined in [16, Theorem 0.1].

It has been shown in [13] (based on [2] and [6]) that i(m) = m for m < t− 1, i(t− 1) ∈
{t− 2, t− 1}, and i(m) ∈ {t− 1, t} for m ≥ t (cf. §0).

In the case of odd d = 2n + 1, the algorithm determining i(m) for m ≥ t − 1, worked
out in [7], reads as follows:

Theorem 4.4 ([7, Proposition 3.1]). Assume that d = 2n+ 1.
For m = t − 1, one has i(m) = t − 2 (i.e., the subcritical exponent is low) if and only

if the image in C̃n under (4.3) of 2fn−m(e1) ∈ C[x1, . . . , xn−m] (see (3.1)) is nontrivial
modulo 2.

For m ≥ t, one has i(m) = t− 1 if and only if the image of 2jfn−m(e1)
2j−1 in C̃n/2C̃n

is nontrivial, where j := m− t+ 1.
In particular, i(t) = t− 1 (i.e., the critical exponent is low) if and only if the image of

2fn−t(e1) in C̃n/2C̃n is nontrivial.

Remark 4.5. As already mentioned in the beginning of this section, the ring C̃n is
generated by the elements ξ1, . . . , ξn subject to the relations given by vanishing of all
elementary symmetric polynomials in ξ21 , . . . , ξ

2
n. To make the statement of Theorem 4.4

more straightforward, we notice that the image of 2n−mfn−m(e1) in C̃n equals∏
(±ξ1 ± · · · ± ξn−m + ξn−m+1 + · · ·+ ξn).
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As we know, this product is divisible by 2n−m−1 in C̃n. We also know that each of its
powers is always divisible by a certain higher 2-power. In each case listed in Theorem 4.4,
the algorithm asks about divisibility of a certain power of this element by the 2-power
directly following the one from the previous sentence.

Recall that C̃n/2C̃n is the modulo 2 Chow ring Ch(X) of the complete flag variety
X of the tautological vector bundle on the highest grassmannian of a 2n-dimensional
alternating bilinear form b. For every m ∈ {1, . . . , n}, the variety X projects to the mth
grassmannian Xm of b. The pull-back pr ∗ with respect to this projection pr : X → Xm

yields a ring homomorphism Ch(Xm)→ Ch(X).

Lemma 4.6. The image in C̃n/2C̃n of the element 2fn−m(e1), appearing in Theorem
4.4, lies in the image of pr ∗. The image in C̃n/2C̃n of the element f even

n−m(e1) + f odd
n−m(e1),

appearing in Theorem 4.7 below, also lies in the image of pr ∗. Multiplication by c1 . . . cn−m
is injective on the image of pr ∗.

Proof. The image of the pull-back homomorphism CH(Xm) → CH(X) of the integral
Chow rings is the subring in CH(X) generated by the elementary symmetric polynomials
in ξn−m+1, . . . , ξn. The symmetric polynomials in ξ21 , . . . , ξ

2
n−m are also in the image.

Therefore the product of Remark 4.5 is in the image of CH(Xm). By [2, Proof of Lemma
2.2], the additive homomorphism CH(Xm)→ CH(X) is a split injection. This proves the
first statement of Lemma 4.6. The second statement is proved similarly.

To prove the third statement, let us notice that multiplication by an appropriate mul-
tiple µ of c1 . . . cn−m followed by the push-forward pr∗ provides a splitting for pr ∗. The
described composition provides indeed a splitting by the projection formula [3, Propo-
sition 56.9] once pr ∗(µ) = 1. To achieve this equality, one chooses µ the way that its
pull-back to the generic fiber of pr yields the class of a rational point, c.f. [2, Proof of
Lemma 2.2]. Note that the generic fiber of pr is a flag variety over the highest grassman-
nian X ′ of an alternating non-degenerate 2(n −m)-dimensional bilinear form; therefore
the class of a rational point on the generic fiber is divisible by the class c1 . . . cn−m of a
rational point on X ′. �

In the case of even d = 2n, a similar to Theorem 4.4 algorithm, determining i(m) for
m ≥ t − 1, can be worked out from [11, Theorem 5.3] with a help of the duality result
[14, Theorem 1.2]. Since this current paper is centered around the subcritical exponent,
we formulate it for m = t− 1 only:

Theorem 4.7. Assume that d = 2n. For m = t − 1, one has i(m) = t − 2 (i.e.,
the subcritical exponent is low) if and only if the image of f even

n−m(e1) + f odd
n−m(e1) in C̃n

multiplied by ξ := ξn−m+1 . . . ξn ∈ C̃n is nontrivial modulo 2C̃n.

Proof. For m = t−1, let Ym be the mth grassmannian of the split d-dimensional quadratic
form q0, and let Y be the full flag variety of q0. In terms of the group G = Spin(d), Y
is the quotient G/B by the standard Borel subgroup B ⊂ G, whereas Ym is the quotient
G/Pm by the mth standard maximal parabolic subgroup Pm ⊂ G.

Let Ẽn be the En-algebra generated by elements ξ1, . . . , ξn subject to the relations
σi = ci for i ∈ {1, . . . , n}, where, as before, ci = 2ei and σi is the ith elementary
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symmetric polynomial in ξ1, . . . , ξn. By [3, Proposition 86.16], the integral Chow ring
CH(Yn) is identified with the ring En−1 which is the quotient En/(en) of the ring En by
the ideal (en) = enEn. Since Y is the full flag variety of the tautological vector bundle on
Yn, the integral Chow ring CH(Y ) is identified with the quotient Ẽn/(en) of the ring Ẽn
by the ideal (en) = enẼn. The pull-back with respect to the projection Y → Ym identifies
CH(Ym) with a subring in CH(Y ).

Let D be the subring in CH(Ym), generated by the Chern classes of the tautological
vector bundle on Ym. As a subring in CH(Y ), D is generated by the elementary symmetric
polynomials in ξn−m+1, . . . , ξn. The additive group of D is free of finite rank, see e.g. [4,
Theorem 2.1]. By [4, Theorem 6.1], the ring D can be viewed as the Chow ring of the
mth grassmannian of a generic d-dimensional quadratic form (without any restriction on
its discriminant or Clifford invariant).

By arguments as in the proof of Lemma 4.6, the image ϕ of f even
n−m(e1) in Ẽn/(en) =

CH(Y ), as well as the image of f odd
n−m(e1), belong to CH(Ym) ⊂ CH(Y ). If n ≤ 8, then

dimYm is smaller than the degree 2n−m−1 = 2n−t of these homogeneous elements of the
Chow ring. It follows that the two images (as well as their sum) vanish. In particular,
the condition of Theorem 4.7 dealing with the sum f even

n−m(e1) + f odd
n−m(e1) is not satisfied.

At the same time, the subcritical exponent is known to be high and therefore Theorem
4.7 holds for n ≤ 8.

So, we can assume (and we do from now on in this proof) that n ≥ 9. This implies
that n −m ≥ 6 (the difference increases with n and is 6 for n = 9). Therefore, by [11,
Theorem 5.3], the (additive) degree homomorphism

(4.8) deg : CH(Ym)→ Z,
given by the push-forward of the structure map of the variety Ym, maps the subring
D[ϕ] ⊂ CH(Ym) onto the ideal 2i(m)Z ⊂ Z. This is a “first approximation” of the algorithm
for the determination of i(m) which we are going to work out to eventually get Theorem
4.7.

Recall that the Chow ring CH(Ym) is graded by codimension. To distinguish the degree
of a homogeneous element in this graded ring from degree (4.8), let us refer as codimension
degree to the first one.

By Lemma 4.9 below, the codimension degree of ϕ2 exceeds dimYm. Consequently,
D[ϕ] = D + ϕD. Since deg(D) = 2mZ = 2t−1Z, the subcritical exponent i(t − 1) is
determined by deg(ϕD): it is low if and only if deg(ϕD) 3 2t−2.

The ring CH(Y ) possesses an involution τ changing the sign of ξ1 and leaving invariant
ξ2, . . . , ξn. Note that the involution is determined by its action on ξ1, . . . , ξn; in particular,
τ(e1) = e1 − ξ1. This involution leaves the subring CH(Ym) ⊂ CH(Y ) globally invariant;
moreover, the resulting involution on CH(Ym) is given by an involution on Ym. It follows
that the degree homomorphism (4.8) satisfies deg ◦τ = deg.

The involution τ acts as identity on D and changes the sign of the element

ε := ξ1 . . . ξn−m ∈ CH(Ym)

which is the image of the Euler class (defined as in [5]) under the homomorphism of [2,
Lemma 2.2]. It follows that D ∩ εD = 0 and deg(εD) = 0. By [13, Proposition 5.6], the
element 2ϕ belongs to the direct sum D⊕ εD ⊂ CH(Ym), and τ(ϕ) is given by the image
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of f odd
n−m(e1). The D-component ϕ+ τ(ϕ) of 2ϕ ∈ D ⊕ εD is therefore related to the sum

f even
n−m(e1) + f odd

n−m(e1) considered in Theorem 4.7.
Let q′0 be a (d+ 1)-dimensional non-degenerate quadratic form containing q0 as a sub-

form. The mth grassmannian Y ′m of q′0 contains Ym as a closed subvariety. As explained
in [14, §2], the push-forward homomorphism CH(Ym) → CH(Y ′m) maps D to the sub-
ring D′ ⊂ CH(Y ′m) generated by the Chern classes of the tautological vector bundle on
Y ′m. By [14, Proposition 2.2], the induced homomorphism D/2D → D′/2D′ is injective.
Furthermore, the pull-back homomorphism CH(Y ′m) → CH(Y ′) with respect to the pro-
jection Y ′ → Y ′m of the full flag variety Y ′ of q′0 yields a split injection D′ → C̃n. As a
consequence, the induced homomorphism D′/2D′ → C̃n/2C̃n is also injective.

The image of the element ϕ + τ(ϕ) ∈ D in C̃n coincides with the image of the sum
f even
n−m(e1) + f odd

n−m(e1) multiplied by ξ.
After all these preliminaries, we are now finally in position to directly proceed with

the proof of Theorem 4.7. Assume that the image of f even
n−m(e1) + f odd

n−m(e1) in C̃n/2C̃n
multiplied by ξ vanishes, where m = t− 1. Then ϕ+ τ(ϕ) ∈ 2D implying that

deg(ϕD) = deg

(
ϕ+ τ(ϕ)

2
D

)
⊂ deg(D) 63 2t−2

and yielding highness of the subcritical exponent.
To finish, let us now assume that the image of f even

n−m(e1)+f odd
n−m(e1) in C̃n/2C̃n multiplied

by ξ does not vanish. Then the element ϕ+ τ(ϕ) of D does not vanish modulo 2D and it
follows by the duality theorem [14, Theorem 1.2] (which is Theorem 1.3 in the preprint
version of [14]) that deg(ϕD) 3 2t−2 meaning lowness of the subcritical exponent. �

Here is the dimension estimation applied in the above proof:

Lemma 4.9. Let t be Totaro’s number for an even dimension d = 2n + 2. (We write
d in this form, not in the form d = 2n, in order to comply with the convention of [13,
Appendix A].) Then

dimYt−1 < 2n−t+2,

where Yt−1 is the subcritical grassmannian of a d-dimensional quadratic form.

Proof. By [13, Proposition A.1], one has dimYt < 3 · 2n−t, where Yt is the critical grass-
mannian of a d-dimensional quadratic form. Therefore it suffices to check that

dimYt−1 − dimYt ≤ 2n−t.

We have
dimYt−1 − dimYt = 3t− 3− 2n ≤ n

because t ≤ n. On the other hand,

2n−t+2 ≥ dimYn+1 = n(n+ 1)/2

by definition of t and so
2n−t ≥ n(n+ 1)/8.

Since n(n+ 1)/8 ≥ n for n ≥ 7, we are done for such n. For n ≤ 7, as already mentioned
in the proof of Theorem 4.7, even the stronger inequality dimYt−1 ≤ 2n−t+1 holds than
the one of Lemma 4.9 as one checks directly. �
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Remark 4.10. As already mentioned in the beginning of this section, the ring C̃n is
generated by the elements ξ1, . . . , ξn subject to the relations given by vanishing of all
elementary symmetric polynomials in ξ21 , . . . , ξ

2
n. Let us also recall that cn = ξ1 . . . ξn in

C̃n. To make the statement of Theorem 4.7 more straightforward, we notice that the
images of 2n−m−1f even

n−m(e1) and 2n−m−1f odd
n−m(e1) in C̃n equal respectively∏

even

(±ξ1 ± · · · ± ξn−m + ξn−m+1 + · · ·+ ξn) and∏
odd

(±ξ1 ± · · · ± ξn−m + ξn−m+1 + · · ·+ ξn),

where the first product is taken over the sums with even number of minuses whereas the
second product is taken over the sums with odd number of minuses.

Remark 4.11. Since the algorithm in the case of even d is more complicated (and requires
much more work to be obtained) than in the case of odd d, it is useful to take into account
a tight relationship between the exponent sequence for d = 2n + 1 and the exponent
sequence for d = 2n + 2 (rather than for d = 2n). First of all, Totaro’s number t is the
same for both d ∈ {2n+ 1, 2n+ 2}. And then, by [13, Lemma 2.3], the deviation interval
for the odd d is contained in the deviation interval for the even d. (In particular, if the
(sub)critical exponent is low for the odd d, then it is also low for the even d.) Moreover,
still by [13, Lemma 2.3], the end positions of the two deviation intervals differ at most by
1.

Let us also mention that the only pair {2n + 1, 2n + 2} for which the two deviation
intervals are not the same, known so far, is the pair {9, 10} (check it out with the table
of [13, Appendix B]!).

5. The main result

Theorem 5.1. The subcritical exponent is low for d ∈ {33, 34}. For all remaining d ≤ 40
(for which it is defined), the subcritical exponent is high.

Proof. Since t ≤ 1 for d ≤ 12, the subcritical exponent is defined for d ≥ 13 only.
For d = 2n+ 1 and d = 2n+ 2 (with n ≥ 6)), the subcritical exponent i(t− 1) is high

if the dimension

(t− 1)(t− 2)/2 + (t− 1)(d− 2(t− 1))

of the (t − 1)st orthogonal grassmannian of a d-dimensional quadratic form is less than
2n−(t−1), because the elements which determine the subcritical exponent in Theorems 4.4
and 4.7 have degree at least 2n−(t−1) and come by Lemma 4.6 from the Chow ring of the
grassmannian. This dimension condition is satisfied for all

d ∈ {13, . . . , 40} \ {17, 18, 31, 32, 33, 34}.

For d ∈ {17, 18} the subcritical exponent has been showed to be high in [6, §5 and §6]
by an argument specific to the low dimension.

It is shown below that the subcritical exponent is high for d ∈ {31, 32}. In fact, by
Remark 4.11, the case d = 31 is a consequence of the case d = 32; the proof for d = 31 is
included because it is simpler than the proof for d = 32.
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It is also shown below that the subcritical exponent is low for d = 33; therefore, by
Remark 4.11, it is low for d = 34 as well. �

The case of d = 31. The dimension d = 31 is of the form d = 2n + 1 with n = 15. By
[16], the corresponding Totaro’s number t is 9 so that n− (t− 1) = 7. By Theorem 4.4,
to show that the subcritical exponent i(8) is high, it suffices to show that

(5.2) 2f7(e1) vanishes in C̃15/2C̃15.

For this, by Lemma 4.6, it suffices to verify the vanishing of 2cf7(e1), where c := c1 . . . c7.
Recall that 2f7(e1) is a linear combination of s(k)(c1), k ∈ N, with coefficients in

Z[x1, . . . , x7], where the coefficient at s(k)(c1) is the divided by 2b(k)−1 coefficient at xk

of the polynomial f7(x) ∈ (Z[x1, . . . , x7])[x]. By Lemma 1.2, since c2i is 0 modulo 2, the
product cs(k)(c1) vanishes in C̃15/2C̃15 for k 6= 8. Moreover, the image of cs(8)(c1) is cc8.

Let a ∈ (Z/2Z)[x1, . . . , x7] be the coefficient modulo 2 of f7(x) at x8. This is a homoge-
neous polynomial of degree 27 − 8 = 120. By Lemma 2.3, the variables x1, . . . , x7 appear
in a with 2-power exponents only. Since 16 · 7 < 120, every monomial contains at least
one variable xi with an exponent ≥ 32 and therefore vanishes in C̃15/2C̃15 because

ξ30i = (ξ15i )2 = (c1ξ
14
i − c2ξ13i + · · · − c14ξi + c15)

2 ≡ 0 modulo 2

by (4.2). We conclude that the image of cs(8)(c1) · a in C̃15/2C̃15 vanishes. This implies
(5.2) and therefore shows that the subcritical exponent in dimension d = 31 is high. �

The case of d = 32. The dimension d = 32 is of the form d = 2n with n = 16. By [16],
the corresponding Totaro’s number t is 9 so that n − (t − 1) = 8. By Theorem 4.7,
to show that the subcritical exponent i(8) is high, it suffices to show that the image of
f even
8 (e1) +f odd

8 (e1) in C̃16/2C̃16 multiplied by ξ := ξ9 . . . ξ16 vanishes. For this, by Lemma
4.6, it suffices to prove vanishing of

(5.3) the image of f(e1) · c in C̃16/2C̃16 multiplied by ξ,

where c := c1 . . . c8 and f = f(x) := f even
8 (x) + f odd

8 (x).
The element f(e1) is a linear combination of s(k)(c1), k ≥ 0, with coefficients in

Z[x1, . . . , x8], where the coefficient ak at s(k)(c1) is the divided by 2b(k) coefficient at xk

of the polynomial f(x) ∈ (Z[x1, . . . , x8])[x]. (Here for k = 0 we have s(k)(c1) := 1 and
b(k) = 0.) By Lemma 1.2, the product cs(k)(c1) vanishes in C̃16/2C̃16 for all k ∈ N\{0, 16}.
So, to conclude, we need information on a16, a0 ∈ (Z/2Z)[x1, . . . , x8], where a16 is the mod-
ulo 2 one half of the coefficient at x16 for the polynomial f(x), and a0 is the modulo 2
constant term of f(x).

Note that, since the image of cs(16)(c1) is cc16 by Lemma 1.2, any divisible by x1 . . . x8
monomial in a16 will not contribute to the value of (5.3) because (ξ1 . . . ξ8)·ξ ·c16 = c216 = 0
in C̃16. Therefore we do not need to care about such monomials. Besides, a monomial
containing a variable in a power ≥ 32 will not contribute because

(5.4) ξ32i = (ξ16i )2 = (c1ξ
15
i − c2ξ14i + · · ·+ c15ξi − c16)2 ≡ 0 modulo 2

by (4.2).
Substituting −x1 for x1 and then x−x1 for x, one transforms the polynomial f even

8 (x) to
f odd
8 (x). Therefore the monomials in a16 without x1 are exactly the same as the monomials
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in the modulo 2 coefficient a′16 at x16 in f even
8 (x). Substituting 0 for x8, one transforms

f even
8 (x) to f7(x). By Lemma 5.5 below, the modulo 2 coefficient at x16 for f7(x) contains

the monomial (x1 . . . x7)
16. Therefore, a′16 also contains the monomial (x1 . . . x7)

16. By
symmetry in x1, . . . , x8 of f even

8 , we conclude that a′16 contains the monomial (x2 . . . x8)
16

and so, a16 also contains this monomial. By symmetry, we conclude that a16 contains all
the 8 monomials of the sum

8∑
i=1

(x1 . . . x8/xi)
16.

Moreover, these are the only “important” monomials of a16: any other is divisible by
x1 . . . x8 or contains a variable in a power ≥ 32 and therefore does not contribute to the
value of (5.3). So, taking (4.2) with n = 16 into account along with the relations c2i = 0,
we see that the contribution of a16 to (5.3) equals

c1 . . . c8c16ξ
8∑
i=1

(ξ1 . . . ξ8/ξi)
16 = c1 . . . c16

∑
σ

ξσ(1)ξ
2
σ(2) . . . ξ

7
σ(7)ξ,

where σ runs over all the 8! embeddings {1 . . . , 7} ↪→ {1, . . . , 8}.
As to a0, note that it coincides with the modulo 2 constant term of f odd

8 (x). In partic-
ular, the variables appear in a0 with 2-power exponents only. Any monomial other than
(x1 . . . x8)

16 therefore contains at least one variable in a power at least 32 and does not
contribute to (5.3). The monomial (x1 . . . x8)

16 is present: it appears in (xx2 . . . x8)
16 after

the substitution of x by x−x1 and, as we already know, (xx2 . . . x8)
16 appears in f even

8 (x)
whereas f odd

8 (x) ≡ f even
8 (x − x1) (mod 2). It follows that the contribution to (5.3) of a0

coincides with the contribution of a16 and so, both contributions cancel each other. �

The case of d = 33. The dimension d = 33 is of the form d = 2n + 1 with n = 16. By
[16], the corresponding Totaro’s number t is 10 so that n− (t− 1) = 7. By Theorem 4.4,
to show that the subcritical exponent i(9) is low, it suffices to show that 2f7(e1) does not
vanish in C̃16/2C̃16. To get this, we prove a stronger statement: 2cf7(e1) does not vanish,
where c := c1c2 . . . c8.

Recall that 2f7(e1) is a linear combination of s(k)(c1), k ∈ N, with coefficients in
Z[x1, . . . , x7], where the coefficient at s(k)(c1) is the divided by 2b(k)−1 coefficient at xk

of the polynomial f7(x) ∈ (Z[x1, . . . , x7])[x]. By Lemma 1.2, the product cs(k)(c1) van-
ishes in C̃16/2C̃16 for k 6= 16. Moreover, the image of cs(16)(c1) is cc16.

Let a ∈ (Z/2Z)[x1, . . . , x7] be the coefficient modulo 2 of f7(x) at x16. This is a
homogeneous polynomial of degree 27 − 16 = 112 = 16 · 7. By Lemma 2.3, the variables
x1, . . . , x7 appear in a with 2-power exponents only. By Lemma 5.5 below, the monomial
(x1 . . . x7)

16 is present. Any other monomial contains at least one variable xi with an
exponent ≥ 32 and therefore vanishes in C̃16/2C̃16 by (5.4). Using the relation

ξ16i = c1ξ
15
i − c2ξ14i + · · ·+ c15ξi − c16,

we conclude that the image of cs(16)(c1) · a in C̃16/2C̃16 equals

c1c2 . . . c15c16 ·
∑
σ

ξσ(1)ξ
2
σ(2) . . . ξ

7
σ(7),

where σ runs over the 7! permutations of the set {1, . . . , 7}. The result is nonzero because
the summands of the sum are basis elements from (4.1). �
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Here is the computation used in the above proof:

Lemma 5.5. The polynomial f7, viewed modulo 2 and as a polynomial in x, x1, . . . , x7,
contains the monomial µ := (xx1 . . . x7)

16.

Proof. The congruence of Lemma 2.3 with l = 6 tells us that f7(x) modulo 2 contains µ if
(and only if) f6(x)f6(x7) modulo 2 contains µ. The latter condition holds if (and only if)
the square a2 of the modulo 2 coefficient a ∈ (Z/2Z)[x1, . . . , x6] at x16 in f6(x) contains
(x1 . . . x6)

16, or, equivalently, a contains (x1 . . . x6)
8. A direct computer verification shows

that the very last condition is satisfied. �
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