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ABSTRACT. The wu-invariant of a field is the highest dimension of a non-degenerate
anisotropic quadratic form over this field. As known since the 50es, the set of pos-
sible finite values of the wu-invariant starts with 1, excludes 3, 5, 7, and includes all
2-powers. It was shown by Alexander Merkurjev in the end of the 80es that this set con-
tains 6 and — a couple of years later — all positive even integers. Oleg Izhboldin proved
by the end of the 90es that 9 is also there. In the second half of the 00s, this result has
been extended to all larger numbers of the form a 2-power plus 1 by Alexander Vishik.
Here we show that the value 11 is taken. The result still holds if we restrict to fields of
any fixed characteristic. We also provide somewhat simpler arguments concerning the
u-invariant 9.
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1. INTRODUCTION

The wu-invariant of a field is the highest dimension of a non-degenerate anisotropic
quadratic form over this field. As known since the 50es (see [5], raising the question),
the set of possible finite values of the wu-invariant starts with 1, excludes 3, 5, 7, and
includes all 2-powers (see [11, §6 of Chapter XI] for a modern exposition). It was shown
by Alexander Merkurjev in the end of the 80es (see [12]) that this set contains 6 and —
a couple of years later — all positive even integers (see [13] or [3, Theorem 38.4]). Oleg
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Izhboldin proved by the end of the 90es that 9 is also there (see [4]). In the second half
of the 00s, this result has been extended to all larger numbers of the form a 2-power plus
1 by Alexander Vishik (see [17]).

Here we show that the value 11 is taken. The result also holds if we restrict to fields of
any fixed characteristic or even to overfields of a fixed field:

Theorem 1.1. For any field Fy, there is an extension field F' = Fy satisfying u(F) = 11.
An overview of the proof and the proof itself are given in §5.

This a first and brief version of the paper. The future regular version will contain
statements, explanations, and other comments for the results we are referring to.

2. CHOW GROUPS AND QUADRICS

Let ¢ be a non-degenerate quadratic form over a field F'. We consider the projective
quadric X = X, defined by ¢ and write X for X over an algebraic closure F’ of F'. Recall
(see, e.g., [3, §68]) that the Chow group CH(X) is free with the basis

RO R s o,

where n is such that dim X = dim ¢ — 2 equals 2n or 2n + 1. The element h € CH'(X) is
the hyperplane section class, h* € CH(X) is its ith power, and [; € CH;(X) is the class of
an i-dimensional projective space lying on X. One has

hly =1; 1 and A" = 2lgimx n 1,

where [_1 := 0.
We are going to work with the modulo 2 Chow group

Ch(X) := CH(X)/2 CH(X)
and write Ch(X) < Ch(X) for the image of the change of field homomorphism
Ch(X) — Ch(X).

(This notation will be applied not for quadrics only.)
Note that I; € Ch(X) form some ¢ if and only if the Witt index ind(y) is at least i + 1
(see [3, Corollary 72.6]).

3. ORTHOGONAL GRASSMANNIANS

Let F be a field and let ¢ be a non-degenerate quadratic F'-form of dimension 2n + 1
with n = 1. For m € {1,...,n}, let X}, be the mth grassmannian of ¢, i.e., the variety of
its m-dimensional totally isotropic subspaces. In particular, X; is the projective quadric
¢ =0.

We write ¢q,...,con my1 € CH(X,,) for the Chern classes of the quotient of the rank
2n + 1 trivial vector bundle by the tautological (rank m) vector bundle on X,,. Since
Con—m+1 = 0, this last Chern class does not show up below.

We write X,, for the variety X,, over an algebraic closure F' of F.
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As shown in [17, §2] (see also [2]), the images of some of the above Chern classes in
CH(X,,) (for which we use the same notation)' are divisible by 2:
c; =2e forizn—m+1,

where the elements €, 11, . . ., €2n—m are images (respectively) of the elements [,,_1,...,lo €
CH(X,) (introduced in §2) under the composition

CH(X,) — CH(X,,,) — CH(X,,)
of the pullback followed by pushforward with respect to the projections
Xl <~ chm - Xmu

where X, € X; x X, is the variety of 2-flags.
Note that the elements

en-ms1 € CH™ (X)), ..., €an_m € CH" (X))
are indexed by their codimensions whereas the elements
ln—1 € CH,_1(X1),...,lo € CHo(X,)
— by their dimensions. For m = 1 we have
en=1Ilp_1,...,€,_1=Ip.
Recall that we are writing CH(X,,,) for the image of the change of field homomorphism
CH(X,,) — CH(X,,).
Note that the index of the even Clifford algebra Cy(yp) is 2" for some r € {0,...,n}.

Proposition 3.1. If ind Co(p) = 2", then CH(X,,) < CH(X,,) is contained in the
subring A, < CH(X,,) generated by

Cly-- 5 Con—m—r, €2n—m—r+15- -, €2n—m-

(For r = 0, this list consists of the Chern classes only; for r = 1, the list consists of the
single ea_m and the Chern classes.)

Proof. By Index Reduction Formula for quadrics [3, Theorem 30.5], we can find a field
extension L/F such that the Witt index of ¢y, is r and the index of the even Clifford
algebra Cy(py) is still 2", (Instead of taking for [ a chain of function fields of quadrics,
one may simply take the function field of the variety X, and apply the corresponding
Index Reduction Formula of [14].)

Since CH(X,,) € CH((X,)1.), where the groups CH((X,,)z) and CH((X,,)z) are iden-
tified by the change of field isomorphism, it suffices to show that A, = CH((X,,).). The
inclusion 4, = CH((X,,);) is obvious. We prove the equality by showing that the indexes
of the subgroups A, and CH((X,,)z) in their common overgroup CH(X,,) coincide.

Recall that by [15], the Grothendieck group K (X,,) is a direct sum of several copies of

K(F) = Z and several copies of K(Cy(p)) = 2""7Z. Moreover, the number ¢ of copies of

IThe abuse can be partially justified by [10, Theorem 2.1] affirming that these images satisfy the
exactly same relations as the original elements.
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Co(p) depends on dim ¢ only. We determine ¢ by taking a generic (2n + 1)-dimensional
¢, where r = 0 and the group CH(X,,) = Ay is free with a basis given by all products

Q2n—m
Gy

it
satisfying a; + -+ + agpm < mand o; < 1 for i =n —m+1 (see [10, Theorem 2.1]). A
basis of the group CH(X,,) is given by the similar products with ¢; replaced by e; for all

i1 =n—m + 1. It follows that
log,[CH(X,,) : CH(X,,)] = 1-(7) - f1 +2-(5) - fnz2 + -+ m- (") - fo,

where f; is the number of monomials ¢{*...c,""™ with a3 + -+ + @y, < 4. Since the
group CH(X,,) is free of torsion, the canonical surjective homomorphism of CH(X,,) to
the graded ring associated with the topological filtration on K(X,,) is an isomorphism.

Therefore
log,[CH(X,,) : CH(X,,,)] = log,[K (X,) : K(X,n)] = cn
(cf. [6, Proposition 2]), and we conclude that

¢ = %<1_(?) S 42 ()t (7) -fo) _
(") o+ () ez 4o+ (000) oo
For arbitrary (not necessarily generic) ¢ with r = 0, we have
cn = [CH(X,, : Ag)] = [CH(X,,) : CH(X,,)] = [K (X)) : K(X.n)] = en,

where the second inequality comes from [6, Proposition 2|. Therefore all the inequalities
in the chain are in fact equalities. In particular, Ay = CH(X,,) which is the statement of
Proposition 3.1 for r = 0.

For arbitrary 7, we have [K(X,,) : K(X,,)] = ¢c(n—r). For r > 1, a direct computation
of the index [A, : A,_1] yields ¢. Using this computation and inducting on r, we show

that c(n —r) = [CH(X,,) : 4,]. Thus
c(n—r) = [CH(Xy) + ] = [CH(X,) : CH((X,)1)] = [K(Xin) + K((Xin)r)] = c(n — 7).
Consequently, A, = CH((X,,)z). O

4. INDEX REDUCTION AND NOT ONLY

Let ¢ be a non-degenerate anisotropic quadratic form over a field F' of an odd dimen-
sion dim ¢ = 2n + 1 with some n > 3 and such that the index of its even Clifford algebra
Co(yp) is at least the “almost highest”: ind Cy(p) = 2"~!. We consider the “almost high-
est” grassmannian X,,_; of ¢ — the grassmannian of (n — 1)-dimensional totally isotropic
subspaces. Let 1) be an anisotropic quadratic F-form of dimension 2n+ 2 and of nontrivial
discriminant.

The restriction on n in following result is the main reason why we are not constructing
higher than 11 values of the u-invariant here:

Proposition 4.1. If n <5, then the Witt index ind(¢p(x,_,)) is at most n — 1.
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Proof. We assume the contrary:

(4.2) ind(¢p(x, 1) = n,

i.e., the form ¥p(x, ) is “almost split”. Then 9 p(x,_,) becomes split over its discrimi-
nant (quadratic) extension field E(X,_1)/F(X,_1), where E/F is the discriminant field
extension of . In particular, the central simple E(X,_;)-algebra Co(¢p(x,_,)) is split
and it follows from Index Reduction Formula (for the orthogonal grassmannian X,,_1) of
[14] that the central simple E-algebra Cy(1)) is split. (The application of Index Reduction
Formula for orthogonal grassmannian can be replaced by repeated application of Index
Reduction Formula for quadrics.)

Since the discriminant of ¢ is nontrivial, the highest Witt index ind,(¢)) of v is 1.
Assume that the almost highest Witt index ind, 1(1) is greater than 1. Then by [3,
Theorem 73.26(2)] the 1-primordial cycle for the almost leading form of 1), i.e., the almost
last quadratic form in the generic splitting tower of 1) — the one of dimension

2(indp—1 () + inds (),
is binary. It follows then by [3, Corollary 80.10] that the integer

2(indy, 1 (¢) + indp () — indp1(¢))
is a 2-power, i.e., ind,_1(¢)) = 2" — 2 for some r > 2. Since
2(ind;, () + indy_; (¥)) < dim e = 2n + 2 < 12,

we have r = 2.

We conclude that ind, 1(¢) is either 1 or 2 and we consider these two cases below
separately.

In the case with ind,_1(¢) = 1, replacing F' by the function field of the (n — 1)st
grassmannian Y, _; of ¢ and than replacing v by its anisotropic part, we come to the
situation with dim = 4 whereas the index of Cy(¢) is still at least 2" 1. Replacing ¢ by
its anisotropic part, we therefore get that dim ¢ > 2n — 1 for the new ¢ and all its higher
Witt indexes are 1.

Now we replace the current F' by F(p) and replace ¢ by its anisotropic part. By
[3, Theorem 76.1(1)], the 4-dimensional form ) is still anisotropic. We repeat the same
procedure until ¢ becomes 3-dimensional. At this point, anisotropy of 1 contradicts
assumption (4.2).

In the case with ind,_;(¢)) = 2, replacing F' by the function field of Y,,_5 and than
replacing 1) by its anisotropic part, we come to the situation with dim = 6 whereas the
index of Cy(yp) is still at least 2" 1. Replacing ¢ by its anisotropic part, we therefore get
once again that dim ¢ > 2n — 1 and all higher Witt indexes of ¢ are 1.

If dim ¢ > 7 for the current ¢, we replace the current F' by F'(¢) and replace ¢ by its
anisotropic part. By [3, Theorem 76.1(1)], the 6-dimensional form 1) is still anisotropic.
We repeat the same procedure until ¢ becomes 5-dimensional. At this point, the quadratic
forms ¢ and v satisfy hypotheses of Lemma 4.3 below and therefore 15 () is anisotropic,
contradicting (4.2). d
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Lemma 4.3. Let ¢ be a non-degenerate quadratic form over a field F' of an odd dimension
at least 5 and such that Co(p) is a division algebra. Let 1) be a non-degenerate anisotropic
quadratic form of dimension dimy = dim ¢ + 1 over F' and such that ind; (¢) = 2.

Then Yy is anisotropic.

Proof. Assume that 1p(,,) is isotropic. Then 2/13,(@ is isotropic for a codimension 1 non-
degenerate subform ¢’ < 1. It follows by [3, Theorem 76.1(2)] that the quadratic form
@y isotropic. By [8, Corollary 2.15], this implies that the upper motives U(X) and
U(Y’) of the quadrics X of ¢ and Y of ¢’ are isomorphic. Here we talk about the Chow
motives [3, §64] with coefficients Z/27Z. Since Cy(yp) is a division algebra, the total motive
M (X) of X is indecomposable (see, e.g., [7, Proposition 3.6]), i.e., U(X) = M(X). Since
ind; (¢) = 2, the total motive M (Y") of the quadric Y of ¢ contains the direct sum

U)oU) {1} ~ M(X)® M(X){1}
as a direct summand. This is however not possible because
dim Ch'(X) 4 dim Ch?(X) = 2 > 1 = dim Ch'(Y). O

Remark 4.4. We actually need Lemma 4.3 only in the case where dim = 6 here. In
this case it is easy to show that 1 is a Pfister neighbour. On the other hand, the condition
on Cy(p) ensures that the 5-dimensional ¢ is not and thus implies anisotropy of 15,

5. PROOF OF THEOREM 1.1

Recall that the construction of a field with even w-invariant 2n, provided in [13] (see
[3, Theorem 38.4] for a proof which includes characteristic 2), is based on the following
consequence of Index Reduction Formula for quadrics (discovered in [13] on the occasion):

let v be a non-degenerate 2n-dimensional quadratic form over a field F' such that the index
of Co() equals 2"1 (the highest possible value from the dimension prospective); then ¢
is anisotropic and for any (2n+ 1)-dimensional non-degenerate quadratic form 1 over the
same field, the index of Co(@p(y)) over the function field F(v) of the projective quadric
Y =0 is still the same (implying that @ remains anisotropic over F(1)).

(Here one may ask the discriminant of ¢ to be nontrivial to ensure that Cy(¢p) is a central
simple algebra (over the discriminant extension field).)

The similar statement for odd v = 2n + 1 is false: if ind Cy(¢) has its highest possible
value 27, it lowers to 2" ! over F(3) for ¢ of trivial discriminant containing ¢ as a
subform.

If we replace the condition on ¢ by

(5.1) ind Cy(p) = 271,

then it is preserved over F'(¢) for all (2n + 2)-dimensional ) — as we want — but the issue
is that this modified condition does not imply anisotropy of ¢ anymore. So, one looks
for another condition which ensures anisotropy and at the same time can be shown to be
preserved when going from F to F(1)).

The condition used in [17] included

(5.2) en+1 ¢ Ch(X,_1),
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where X,,_; is the almost maximal grassmannian of ¢ and e, 41 € Ch()_(n_l) is the element
defined in §3. Because of the relation with the rational point class ly € Ch(X;), condition
(5.2) alone already implies [y ¢ Ch(X,) meaning that the quadratic form ¢ is anisotropic.
However, (5.2) alone is not preserved under the passage to F'(¢).

The combination of (5.1) and (5.2) however leads to the success in the situation we are
treating:

Theorem 5.3. Let ¢ be a non-degenerate quadratic form over a field F of dimension
11. Let ¢ be a non-degenerate quadratic form over F of dimension 12. Assume that ¢
satisfies (5.1) and (5.2). Then @p(y) also satisfies (5.1) and (5.2).

Proof. We may assume that ¢ is anisotropic and we only need to check that ¢p(,) satisfies
(5.2). Assume that it doesn’t, i.e., eg € Ch((X4) p(v,), where Y] is the quadric of 1. Lifting

eg to the product Yy x Xy, we get some o € Ch(Y; x X;). We have
a = h0><€6+h1><()é1 + - +h5><Oé5 —|—l5><ﬁ+al4><[X4]
for some homogeneous o, ..., as, 3 € Ch(X,) and a € Z/27Z.

Here is the plan:

(i) Using Proposition 4.1, we reduce to the case with @ = 0. (As explained in [17,
Proof of Theorem 5.1], this is “the most delicate part of the proof”.)
(ii) Using Proposition 3.1, we narrow (even more) the shape of a.

(iii) Using the shape of «, obtained in (ii), and Proposition 5.5 below, we show that

eg € Ch(Xy) achieving a contradiction.

(i) For v of nontrivial discriminant, execution of (i) is instant: if a # 0 € Z/2Z, then
the image of o in Ch((Y?)p(x,) equals I4 so that ind(v)) p(x,) = 5 contradicting Proposition
4.1.

For ¢ of trivial discriminant, if a # 0, then the quadratic form ¢p(x,) is split, ie.,
ind(¢p(x,)) = 6, and we have 5 € Ch((Y1)p(x,). Lifting l5 to the group Ch(Y; x Xy), we
get some o' of the form

o =RhOxal + htxal + -+ bt xal, + 15 %< [Xy].
Subtracting from « the product
(W' x[X4]) - = h'xaf + h?xa) + -+ + h®xa} + Iy x [X4] € Ch(Y} x Xy),
we get rid of the term I, x [X,] in a.
(ii) By Index Reduction Formula,
ind Co((¢)revyy) =2°"" forie{l,...,5}

Viewing « as a correspondence Y; ~ Xy and applying it to [; € Ch((Y1)rvi,,)), we get

a; € Ch°7 ((Xa) rvisn)-
Therefore by Proposition 3.1 we may assume that «; = a;eq_; for some a; € Z/27.

We are going to show that oy = 0. For this, let us consider the anisotropic part ¢’
of the quadratic form ¢p(x,). We have dim¢’ = 9 and Cy(¢’') is a division algebra. Let
X! be the almost highest grassmannian of ¢', and let e} € Ch°(X}) be the corresponding
generator. Note that el ¢ @5()(5) by Proposition 3.1. It follows by Theorem 6.1 that
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et ¢ Ch((X})r(x.)(vs)- Since the motive of X} is a direct summand in the motive of
(X4)r(x,) (see [1]), the group Ch°(X}) is a direct summand in Ch’(X,); moreover, the
element e € Ch’(X}) corresponds to the element e5 € Ch°(X,). It follows that e ¢
Ch°((X4)r(x1)(va)) and, in particular, es ¢ Ch®((X4)p(y,)). Consequently, a; = 0 and
a1 = 0.

(iii) By Proposition 5.5, taking into account that ay = 0, we have
(54) eg + StQ(OéQ) € (ﬁl(le)

Recall that as is 0 or es. Since es € Ch((X4)p(x,)), the element St*(as) is also in
Ch((X4)r(x,)). Therefore, by Proposition 3.1, we are only interested in the coefficient
at eq in the decomposition of St*(ey) given in [17]. This coefficient is equal to (3) and is
even. It follows that eg € Ch(X}) as desired. O

The following proposition, applied in the above proof, is an analogue of [9, Proposition
5.3]. It makes use of cohomological Steenrod operations St* on the modulo 2 Chow groups,
see [3, Chapter XI] for characteristic not 2 and [16] for characteristic 2.

Proposition 5.5. Let Q be a smooth projective quadric of dimension 10 over a field F.
Let V be a projective homogeneous variety over F. Let o € Ch®(Q x V) be an element
such that in the decomposition

a=h"xag+htxa; + -+ R’ xas + s x B+ alyx[V]

of its image & € Ch®(Q x V) with a; € Ch® "(V), B e Ch'(V), and a € Z/27Z, the element
a 1s trivial. iy
Then ag + a1 8 + St*(as) € Ch” (V).

Proof. For every i = 0,1,...,5, let s' be the image in CH**(Q x V) of an element of
CH®™(Q x V) representing St*(a) € Ch®*(Q x V). We also set s* := 0 for i > 6 as well
as for i < 0. Finally, we define s° to be the square (s°)? of s° (related to St®(a) by [3,
Theorem 61.13]).

Note that we have

= h0xag + b s + -+ W% + 1y x B+ blyx [V] € CHY(Q x V)

with some o; € CH® (V) for i = 0,1,...,5, B € CH'(V), and an integer b. Since

s% mod 2 = a,
the integer b is even. Since the element 2I4 = 1S is in (TH6(Q) < CH®(Q), we remove the
last summand from the above decomposition of s°.

Let d be any integer with 4 < d < 10. For a d-dimensional smooth subquadric P of
@, writing in for the imbedding P x Y «— @ x Y and applying [3, Theorem 61.9 and
Proposition 61.10]), we have

d .
prE 3 ci(=Tp) in* St o = St prf in* o € Ché(V),
=

i 6
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where Tp is the tangent bundle on P and pr’ is the projection P x V' — V. The
summation on the left side is from d — 6 to d only because St?~* o = 0 for i outside of this
interval, see [3, Theorem 61.13]. The right side is actually zero since

St pr in* o e St Cho~4(V)
and St?Ch®~4(V') = 0 because d > 6 — d. Rewriting the left side with a help of the

projection formula [3, Proposition 56.9], we obtain the relation

d .
pr, in.(c;(—=Tp)) St* "o = 0 e Ch®(V),
i=d—6
where pr := prf oin is the projection Q x V' — V. By the computation [3, Lemma 78.1]
of the Chern classes of the tangent bundle, it follows that

d [/—d—29 4 , - -
(5.6) > ( , ) cpr (RO g7y e 2 CHO (V) < CHO(V).
i=d—6 t

We are going to use (5.6) for various values of d. Note that when d varies, the sum

showing up in (5.6) is a linear combination of always the same elements
pro(HAs%), pro(0Bs), ., pr.(hs%) e CHO(V).

However, the coefficients of this linear combination vary with d. ~

Let us compute the ith element pr,(h'9=4+ . s¢=") ¢ CH®(V) modulo 4 CH®(V'), where
ie{d—6,d—5, ..., d}. Foranyi>d—4, wehave 10 —d +i > 6 so that the factor
h10=d+i ¢ CH(Q) is divisible by 2. The other factor modulo 2 is St?~(a) and it follows
that "

for any i = d —4, pr, (0. s =2 )] ( , )sk (mod 4),
iso\d—1—k

where ¢, € CH®(V) is an integral representative of St*(ay,) € Ch®(V') which in the case
of k> 6 — k we choose to be 0 taking into account that St*(ay) = 0 for such k because
o € Ch*™%(Q x V). (So, the above sum over k > 0 runs up to k = 3 only.) Besides, we
choose ¢y = .

For 7 = d — 6, the ¢th summand is

pr(h*s®) = pr, (h4 c(R%x g + At <oy + -+ R X o+ 15 X [3)2)
= pr, (h4 (2(ht x o) - (Is < B) + (h* x oc3)2)) =204 B + 204,

where the congruence is modulo 4 CH®(V).

There is no need to compute the last remaining summand pr,(h°s®) which occurs for
t=d—>.

With the above computations in hand, we are going to use (5.6) for the following two
values of d: for d = 7 and for d = 5. For the first choice of d, since the binomial coefficient
(7?2) is odd for every ¢ = 0,1, ..., d (binomial coefficients modulo 2 are easy to compute
using [3, Lemma 78.6]), we get that

7 k _
2003 + 205 + pr(h°s°) +2 3, (7 , k) er =2a (mod 4 CH%(V))

i=3 k=0 — 1=



10 NIKITA A. KARPENKO

for some a € CT—I%V). For k < 3, the coefficient at ¢ is twice the sum of all binomial
coefficients (k) and therefore is divisible by 4 for 0 < k& < 3. The coefficient at ¢y is 2.
The coefficient at €3 is twice the sum of all binomial coefficients (3) except (g) =1 and

®) = 1 and so is congruent to 0 modulo 4. Therefore the congruence we get with the
first choice of d is

(5.7) 2003 + 203 + pr,(h°s°) + 2¢g = 2a  (mod 4 CHE(V)).

For the second choice of d (namely, d = 5), the binomial coefficient ( 52) with 7 €
{0,1,...,d} is odd for ¢ € {0, 1} and is even for i € {2, 3, 4, 5}. Since d — 6 = —1, we
get that

pro(1°s°) +2 Z (4 k k:) ex =20 (mod 4CH(V))

for some b € CT—IG(‘_/). Therefore the congruence we get with our second choice of d is
(5.8) pro(hs%) + 2e9 + 263 =2b  (mod 4 CH®(V)).
Adding together (5.7) with (5.8) and taking into account that
o =e3 (mod 2CH(V)),
we get
200 B + 2 pr,(h°s®) + 2e¢ 4+ 2e5 = 2(a + b)  (mod 4 CH(V)).
Dividing by 2 (we have the right to do so because the group CH®(V') is free of torsion),
we obtain the congruence
(5.9) P +egt+er=a+b—pr,(h’s°) (mod 2CHE(V))
giving the statement of Proposition 5.5 because a + b — pr,(h°s®) € C?T—IG(V). O

Remark 5.10. The term pr,(h°s) in (5.9) can be omitted because it belongs to 2 CH®(V)
as follows from (5.7) as well as from (5.8).

6. ON THE u-INVARIANT 9

Existence of fields of u-invariant 9, proved originally in [4] and reproved later in [17],
follows from Theorem 6.1 here below also used here above in the proof of Theorem 5.3.
In characteristic 0 Theorem 6.1 can be deduced from [17, Theorem 5.1}, where the reason
for the characteristic 0 assumption is [17, Proposition 3.5] whose proof makes use of the
symmetric operations in algebraic cobordism and thus requires resolution of singularities.
Proposition 6.3 below is the same statement with a modified proof, which only makes use
of Steenrod operations on modulo 2 Chow groups (available in any characteristic: see [3,

Chapter XI| and [16]).

Theorem 6.1. Let ¢ be a non-degenerate quadratic form over a field F of dimension
9. Let ¥ be a non-degenerate quadratic form over F of dimension 10. Assume that ¢

satisfies (5.1) and (5.2) (with n = 4). Then @) also satisfies (5.1) and (5.2).
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Proof. We may assume that ¢ is anisotropic and we only need to check that ¢p(,) satisfies
(5.2). Assume that it doesn’t, i.e., e5 € Ch((X3) p(v,), where Y] is the quadric of 1. Lifting

es to the product Y; x X3, we get some o € Ch(Y; x X3). We have
a=h"%es +h'xa; + -+ htxay + I x B+ als x [ Xs]
for some ay, ..., ay, 8 € Ch(X3) and a € Z/27.

Here is the plan:

(i) Using Proposition 4.1, we reduce to the case with a = 0. (As explained in [17,
Proof of Theorem 5.1], this is “the most delicate part of the proof”.)
(ii) Using Proposition 3.1, we narrow the shape of a1, ..., ay.
(iii) Using the shape of a, obtained in (ii), along with Proposition 6.3, we show that
es € Ch(X3) achieving a contradiction.

(i) For ¢ of nontrivial discriminant, execution of (i) is instant: if a # 0 € Z/2Z, then
the image of o in Ch((Y1)p(x,) equals I3 so that ind(¢)) p(x,) = 4 contradicting Proposition
4.1.

For ¢ of trivial discriminant, if a # 0, we have Il € Ch((Y1)r(xs)- Lifting this element
to the group Ch(Y; x X3), we get some o' of the form

o =RhOxal + htxal + -+ B3 xah + 1y < [X3].
Subtracting from « the product
(W' x[X3]) - o/ = bt xaf + h®xa) + -+ + h*xah + I3 x [X3] € Ch(Y] x X3),

we get rid of the term I3 x [X3] in a.

(ii) By Index Reduction Formula,

ind Co((0)ryyy) = 27" forie{l, 2, 3, 4}.
Viewing o as a correspondence Y; ~» X3 and applying it to [; € Ch((Y}) F(Yis1)), We get
ai e C (V) roi ).

Therefore by Proposition 3.1 we may assume that «; = a;e5_; for a; € Z/27.

(iii) By Proposition 5.5 (in characteristic 0 one may refer to the original [17, Proposition
3.5]), we have

(62) es + Stl(Oél) + 0616 S @I(Xg)

By Proposition 3.1, aes € Ch(X3), where a is the coefficient at e5 in (6.2). The third
summand does not provide any contribution to a. (Note that ( is a multiple of ¢; because
¢ generates the group Ch'(X3) 2 8.) By [17, Proposition 2.9], the contribution of St*(e4)

is also trivial. Therefore a = 1 and e5 € Ch(X3) as desired. O

The following proposition, used in the above proof, can potentially be used to construct
fields of u-invariants congruent to 1 modulo 4. It is a remake of [17, Proposition 3.5] in
the spirit of [9, Proposition 5.3]:
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Proposition 6.3. Let ) be a smooth projective quadric of dimension 2n over a field F' for
some evenn = 2. LetV be a projective homogeneous variety over F'. Let a € Ch”“(Q xV)
be an element such that in the decomposition

a=h"xag+h'xa; + -+ A" xa, +l,xB+al, 1 x[V]

of its image & € Ch"*(Q x V) with a; € Ch"™ V), g e Ch'(V), and a € Z/2Z, the
element a is trivial. )
Then ag + St' (o) + ay 8 e Ch" ™ (V).

Proof. For every i = 0,1,...,n, let s° be the image in CH" """ (Q x V) of an element of
CH" ™ (Q x V) representing St‘(a) € Ch"™*(Q x V). We also set s* := 0 for i > n + 1
as well as for ¢ < 0. Finally, we set s"*! := (s°)2.

Note that we have

SO = hOXOC()—i-thOCl+“'+hn><(xn+lnxﬁ+bln71X[V]ECHn+1(QX‘_/)

with some o; € CH" ™ (V) for i = 0,1,...,n, p € CH'(V), and an integer b. Since

s% mod 2 = a,

the integer b is even. Since the element 2/, ; = A" is in C_HnH(Q) c CH""HQ), we
remove the last summand from the above decomposition of s°.

Let d be any integer with n < d < 2n. For a d-dimensional smooth subquadric P of
@), writing in for the imbedding P x Y < @ x Y and applying [3, Theorem 61.9 and
Proposition 61.10]), we have

d 4
prl ST i (=Tp) in* St a = St prlin* a e Ch"TH(V),
i=d—n—1
where Tp is the tangent bundle on P and prf is the projection P x V' — V. The
summation on the left side is from d —n — 1 to d only because St%~* o = 0 outside of this
interval, see [3, Theorem 61.13]. The right side is actually zero since

St? prfin* a e St Ch™ ™ ~4(V)
and St? Ch"™"4(V) = 0 because d > 1 = n + 1 — d. Rewriting the left side with a help

of the projection formula [3, Proposition 56.9], we obtain the relation

d .
pr. Y ing(ci(=Tp))St* o =0e Ch" ™ (V),
i=d—n—1
where pr := prf oin is the projection Q x V' — V. By the computation [3, Lemma 78.1]
of the Chern classes of the tangent bundle, it follows that

(6.4 5 (7)o a0 ) < )

i=d—n— t

We are going to use (6.4) for various values of d. Note that when d varies, the sum
showing up in (6.4) is a linear combination of always the same elements

pr (R" 1" pr (B, ..., pr.(h*s?) e CHnH(V)

However, the coefficients of this linear combination vary with d.
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Let us compute the ith element pr, (k>4 . s¢7") e CH"*'(V) modulo 4 CH""'(V).
For any i > d —n + 1, we have 2n —d +i = n + 1 so that the factor h**~ " e CH(Q) is
divisible by 2. The other factor modulo 2 is St*~*(a) and it follows that

forany i =d—n+1, pr (B> . s =2 ( k )sk (mod 4),
k=0 d—1—k
where ¢, € CH""'(V) is an integral representative of St*(ay) € Ch"™ (V) which in the
case of k > n 4+ 1 — k we choose to be 0 taking into account that St*(ay) = 0 for such &
because ap € Ch"™%(Q x V). So, the sum over k runs up to n/2 only (recall that n is
even). Besides, we choose g9 = .
For i = d —n — 1, the ith summand is

pr*(hn—lsn—i-l) = pr, (hn—l . (hOX(X() + thO(,l 4ot hnx% + lnXB)2>

= 2pr, (W1 (W xon) - (lx B)) = 2B,

where the congruence is modulo 4. Here we use the assumption that n is even: for odd n
the answer would be 203 + QOL?n L1/2)

There is no need to compute the last remaining summand pr,(h"s™) which occurs for
1=d—n.

With the above computations in hand, we are going to use (6.4) for the following two
values of d: for d = 2" — 1 and for d = 2", where 2" < 2n is the highest 2-power not
exceeding 2n. For the first choice of d, since the binomial coefficient (*‘?2) is odd for
every i =0,1,...,d (binomial coefficients modulo 2 are easy to compute using [3, Lemma

78.6]), we get that

d n/2 _
203 + pro(h"s")+2 > ] (d k k) er =2a (mod 4 CH""1(V))

i=d—n+1 k=0 — =

for some a € (THTLH(V). For k < n/2, the coefficient at ¢ is twice the sum of all binomial
coefficients (k) and therefore is divisible by 4 for 0 < k < n/2. The coefficient at ¢q is 2.

The coefficient at ¢, is twice the sum of all binomial coefficients ("/ 2) except (Zg) =1

and so is congruent to 2 modulo 4. Therefore the congruence we get with the first choice
of d is

n.n — n+1/y,
. 1 * n = .
(6.5) 2003 4 pro(h"s") + 2e0 + 2e,0 = 2a  (mod 4 CH"™(V))

For the second choice of d (namely, d = 27), the binomial coefficient (_di_Q) with
i€{0,1,...,d} is odd for even i < d and is even for the remaining 7. Since the integer
d —n —11is odd, we get that

d—2  n/2 k _
pro(h"s™)+2 >, > ( , >£k =2b (mod 4CH"**(V))
i—dn+2 oo \d — 1 —k

% is even

~tyn+1

for some be CH" (V).
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The coefficient at g is 0 here. Since for any k > 1, we have

= ()=>=5.0)

only the coefficients at ¢; and €,/ survive modulo 4 (the coeflicient at ¢,/ survives
n/2

. /2) is missing). Therefore the congruence we get with

because the binomial coefficient (
our second choice of d is

(6.6) pr (h"s™) + 2e1 + 2e,0 =2b  (mod 4 CH" (V).
Adding together (6.5) and (6.6), we get
2003 + 2 pr, (h"s™) + 2e0 + 261 =2(a +b) (mod 4 CH" (V).

Dividing by 2 (we have the right to do so because the group CH"**(V/) is free of torsion),
we obtain the congruence

(6.7) o +egt+er=a+b—pr,(h"s") (mod 2CH"™(V))
giving the statement of Proposition 5.5 because a + b — pr,(h"s") € CTInH(V). O

Remark 6.8. The term pr,(h"s") in (6.7) can be omitted because it belongs to 2 CH" ™ (V)
as follows from (6.5) as well as from (6.6).
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