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�ILQLWH�GHIRUPDWLRQ�HODVWLFLW\�E\�H[SUHVVLQJ�WKH�ZDYH�VSHHG�F�DV�D�SDUWLFXODU�IXQFWLRQ
�RI�SU�DQG�;��0RRGLH�DQG�+DGGRZ�>�@�ILUVW�LQWURGXFHG�WKH�WZR�GLPHQVLRQDO�VWUDLQ
�HQHUJ\�IXQFWLRQ�WR�DFFRXQW�IRU�QRQOLQHDU�HODVWLF�GHIRUPDWLRQ�RI�WKH�WXEH�ZDOO�LQ�D
�FRQVLVWHQW�IDVKLRQ��&RZOH\��LQ�D�SDLU�RI�UHFHQW�SDSHUV�>�@��>�@��DJDLQ�GHSOR\HG�WKH
�WZR�GLPHQVLRQDO�VWUDLQ�HQHUJ\�IXQFWLRQ�WR�VWXG\�HODVWLF�MXPSV�RQ�IOXLG�ILOOHG�WXEHV
�DQG�WKHLU�DVVRFLDWHG�GLVSHUVLYH�ZDYH�WUDLQV��6ZDWHUV�>��@�KDV�GHYHORSHG�D�WKHRU\
�GHVFULELQJ�UHVRQDQWO\�LQWHUDFWLQJ�ZDYH�WULDGV�LQ�K\SHUHODVWLF�IOXLG�ILOOHG�WXEHV��7DLW
�DQG�0RRGLH�>��@��IROORZLQJ�>�@��VWXGLHG�ZDYH�SURSDJDWLRQ�DQG�VKRFN�IRUPDWLRQ�LQ
�QRQOLQHDUO\�HODVWLF�DQG�YLVFRHODVWLF�IOXLG�ILOOHG�WXEHV�DQG�ZHUH�DEOH�WR�H[KLELW�DQ�H[DFW
�VROXWLRQ�IRU�D�WXEH�FRPSRVHG�RI�D�0RRQH\�5LYOLQ�PDWHULDO�
�,Q�WKLV�SDSHU�ZH�HPSOR\�D�PRGHO�IRU�IOXLG�ILOOHG�HODVWLF�WXEHV�ZKLFK�LV�EDVHG�XSRQ

�WKH�WKHRU\�RI�ILQLWH�HODVWLF�GHIRUPDWLRQV��7KHVH�WXEHV�DUH�WKLQ�ZDOOHG�DQG�WHWKHUHG�E\
�D[LDO�IRUFHV�WKDW�SUHYHQW�DOO�D[LDO�PRWLRQ�>�@��:H�HPSOR\�ERWK�WKH�PHWKRG�RI�FKDU�
�DFWHULVWLFV��ZKLFK�LV�DQ�H[DFW�PHWKRG��DQG�WKH�WKHRU\�RI�UHODWLYHO\�XQGLVWRUWHG�ZDYHV
��>��@��>��@���D�V\VWHPDWLF�SHUWXUEDWLRQ�H[SDQVLRQ�SURFHGXUH��WR�VWXG\�LQLWLDO�ERXQGDU\
�YDOXH�SUREOHPV�DQG�FRPSXWH�WKH�WLPH�DQG�ORFDWLRQ�RI�ILUVW�VKRFN�IRUPDWLRQ�7KH�ODWWHU
�DSSURDFK�PD\�EH�XVHG�WR�\LHOG�UHVXOWV�IRU�WXEHV�ZLWK�YDULDEOH�SURSHUWLHV�ZKHQ�VKRFNV
�IRUP�HLWKHU�RQ�RU�EDFN�RI�WKH�IURQW��7KLV�LV�LQ�FRQWUDVW�WR�WKH�DFFHOHUDWLRQ�ZDYH�DQDO\�
�VLV�RI�>�@�ZKLFK�LV�FDSDEOH�RI�SUHGLFWLQJ�VKRFN�IRUPDWLRQ�RQO\�ZKHQ�VXFK�VKRFNV�IRUP
�XSRQ�WKH�OHDG�FKDUDFWHULVWLF��5HVXOWV�REWDLQHG�E\�WKH�WZR�PHWKRGV�DUH�FRPSDUHG�IRU
�D�SDUWLFXODU�FKRLFH�RI�VWUDLQ�HQHUJ\�IXQFWLRQ�DQG�VKRZQ�WR�EH�LQ�H[FHOOHQW�DJUHHPHQW�
�7KH�PHWKRG�RI�UHODWLYHO\�XQGLVWRUWHG�ZDYHV�LV�WKHP�HPSOR\HG�WR�H[DPLQH�WKH�HIIHFW
�WKDW�FKDQJHV�LQ�ZDOO�WKLFNQHVV�KDYH�XSRQ�WKH�GHYHORSPHQW�RI�VKRFNV��%RWK�PHWKRGV
�DUH�FDSDEOH�RI�\LHOGLQJ�WKH�UHVXOW�WKDW�IRU�DUELWUDU\�VWUDLQ�HQHUJ\�IXQFWLRQV�DQG�DQ\
�DPRXQW�RI�D[LDO�VWUDLQ��ZDYHV�ZLOO�QRW�ILUVW�EUHDN�RQ�WKH�OHDG�FKDUDFWHULVWLF�ZKHQ�WKH
�WUDQVPXUDO�SUHVVXUH�DKHDG�RI�WKH�ZDYH�LV�]HUR�

����(TXDWLRQV��7KH�QRQOLQHDU�GLPHQVLRQDO�JRYHUQLQJ�HTXDWLRQV�GHVFULELQJ�WKH�IOXLG
�G\QDPLFV�DUH�WKH�FRQVHUYDWLRQ�RI�PDVV�HTXDWLRQ�JLYHQ�E\
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�ZKHUH�S�LV�WKH�FRQVWDQW�IOXLG�GHQVLW\��,Q�DGGLWLRQ��ZH�UHTXLUH�D�UHODWLRQVKLS�EHWZHHQ
�$��SQ�DQG�[�DSSURSULDWH�WR�WKH�QRQOLQHDU�HODVWLF�PRGHO�IRU�WKH�WXEH�ZDOO�
�:H�FRQVLGHU�D[LV\PPHWULF�GHIRUPDWLRQV�RI�DQ�LQFRPSUHVVLEOH�K\SHUHODVWLF�IOXLG�

�ILOOHG�WXEH�DQG�DVVXPH�WKDW�WKH�LQHUWLD�RI�WKH�ZDOO�LV�DOZD\V�VXIILFLHQWO\�VPDOO�WR�DOORZ
�WKH�HODVWLFLW\�WR�EH�EDVHG�XSRQ�D�TXDVL�VWHDG\�WKHRU\��&RZOH\�>�@��>�@��KDV�VKRZQ�WKDW

This content downloaded from 
            129.128.216.34 on Sat, 14 May 2022 01:34:33 UTC              

All use subject to https://about.jstor.org/terms



�+<3(5(/$67,&�)/8,'�),//('�78%(6����

�WKLV�DSSUR[LPDWLRQ�LV�YDOLG�HYHQ�LI�WKH�IOXLG�ZLWKLQ�WKH�WXEH�LV�XQVWHDG\��SURYLGHG

�3X
.�ᒵ��
�3D�

�ZKHUH�SZ��½T��DQG�Kþ�DUH�WKH�ZDOO�PHPEUDQH�GHQVLW\��DQG�XQGHIRUPHG�ZDOO�UDGLXV
�DQG�WKLFNQHVV��UHVSHFWLYHO\�

�6LQFH�WKH�ZDOO�PDWHULDO�LV�LQFRPSUHVVLEOH��LW�FDQ�EH�GHVFULEHG�E\�D�VWUDLQ�HQHUJ\
�IXQFWLRQ��>�@��>��@�

�:� �:^K�K�[��������

�RI�WKH�ILUVW�DQG�VHFRQG�LQYDULDQWV��@�DQG�K�RI�WKH�WHQVRU��))U��RU�)U)���ZKHUH�)�LV
�WKH�GHIRUPDWLRQ�JUDGLHQW�WHQVRU�DQG�WKH�VXSHUVFULSW�7�GHQRWHV�WKH�WUDQVSRVH��7KH
�YDULDEOH�[�DSSHDULQJ�LQ�������DOORZV�IRU�WKH�HODVWLF�SURSHUWLHV�WR�YDU\�IURP�SRLQW
�WR�SRLQW�DORQJ�WKH�WXEH��7KH�LQYDULDQWV�����DQG�K��ZKHQ�H[SUHVVHG�LQ�WHUPV�RI�WKH
�SULQFLSDO�VWUHWFKHV�$_�DQG�;þ��DUH�JLYHQ�E\

�,
� �$I���;
���-�-��
�����D�

�K� �WL����M����M�������E�
�6LQFH�$L��$��UHSUHVHQW�SULQFLSDO�VWUHWFKHV�LQ�WKH�D]LPXWKDO�DQG�ORQJLWXGLQDO�GLUHFWLRQV�
�UHVSHFWLYHO\��ZH�KDYH�IRU�D�WXEH�VXEMHFWHG�WR�D�XQLIRUP�D[LDO�VWUDLQ�H�WKDW

�$�� �A���� ��O�H��O����IAU����
������
�ZKHUH�D�LV�WKH�ORFDO�GHIRUPHG��L�H���WLPH�GHSHQGHQW��WXEH�UDGLXV�

�)URP�WKH�JHQHUDO�WKHRU\�RI�WKLQ�ZDOOHG�F\OLQGULFDO�K\SHUHODVWLF�VKHOOV�ZH�KDYH

�K��G:�,�G�,�D��GD�G[�K��G:���
�3�U�D�
�H��G;
�D
G[��>�����^GD��G[���A��GO�



�9HUVLRQV�RI�WKLV�IRUPXOD�KDYH�EHHQ�SUHVHQWHG�LQ�>�@��>�@��>��@��DQG�>��@��&RPELQLQJ
�������������DQG�LQYRNLQJ�WKH�ORQJ�ZDYHOHQJWK�DSSUR[LPDWLRQ�ZH�DUULYH�DW

�����>����OU
�,�/���,�UI�
���0O�����������
�S����-����H�������I�������,�HL��-���,�UI�
�
$��������������

�ZKHUH

�
�����:7Ně����!�H`�����
�D�
����O�A����ì7�)����
�E�

�DQG

�$� �Q^D����$�� �Q�D����������
�:H�REVHUYH�WKDW�DW�]HUR�WUDQVPXUDO�SUHVVXUH�ZH�PXVW�KDYH�$� �$T������H���1RWH�WKDW
�WKHUH�LV�DQ�DFFRPSDQ\LQJ�DUHD�UHGXFWLRQ�LQ�WKH�SUHVHQFH�RI�D�QRQ]HUR�D[LDO�VWUDLQ�

This content downloaded from 
            129.128.216.34 on Sat, 14 May 2022 01:34:33 UTC              

All use subject to https://about.jstor.org/terms



�����7��%5<$17�022',(�DQG�*25'21�%��6:$7(56

�,W�LV�LPSRUWDQW�WR�DGG�WKDW���$�SU�[��LQ�������FDQQRW�EH�FRPSOHWHO\�DUELWUDU\
�EXW�PXVW�WDNH�WKH�IRUP�LPSRVHG�E\�������LI�WKH�PHFKDQLFDO�SURSHUWLHV�RI�WKH�WXEH
�ZDOO�DUH�WR�EH�EDVHG�XSRQ�D�UDWLRQDO�WKHRU\�RI�ILQLWH�HODVWLFLW\��,Q�DGGLWLRQ��WKH�ZHOO�
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�DQG�WKHVH�DUH�WKH�5LHPDQQ�LQYDULDQWV�DVVRFLDWHG�ZLWK�WKH�&s�FKDUDFWHULVWLFV��WKDW�LV�
�Us�DUH�FRQVWDQW�RQ�&s��UHVSHFWLYHO\�
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�WR�WKH�ULJKW��RI�WKLV�FKDUDFWHULVWLF�ZKHUHLQ�S� �X� ����DQG�,,�EHKLQG�LW��6LQFH�5HJLRQ
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�WKHUH�LPSO\LQJ�WKDW�WKHVH�PXVW�EH�VWUDLJKW�OLQHV�
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�&RPELQLQJ�������DQG�������WKHQ�HQDEOHV�XV�WR�GHWHUPLQH�WKH�FKDUDFWHULVWLF�WKURXJK
�DQ\�SRLQW���[���W��RI�5HJLRQ�,,��.QRZLQJ�WKH�SUHVVXUH�DW�WKLV�SRLQW�WKHQ�HQDEOHV�XV�WR
�ILQG�X�[��W��IURP�������DQG�WKH�DUHD�IURP�WKH�SUHVVXUH�DUHD�UHODWLRQ�
�7KH�HTXDWLRQ�RI�WKH�FKDUDFWHULVWLF�WKDW�LQWHUVHFWV�[� ���DW�W� �e��LV

�[� ��W����)�����)�W�� �I�3RLW����������

�7KH�FRQGLWLRQ�WKDW�WZR��QHLJKERXULQJ��FKDUDFWHULVWLFV�Î��DQG���¶��LQWHUVHFW�DW�D�SRLQW
��[��W��LV�WKDW��������DQG

�[� �^W�^=���¶±��)^=���¶OO�

�KROG�VLPXOWDQHRXVO\��,Q�WKH�OLPLW������!����WKHVH�JLYH

�[� ��W���)����������D�

��W�&�)
�^�� �)8���������E�

�IRU�WKH�LPSOLFLW�HTXDWLRQV�RQ�DQ�HQYHORSH��7RJHWKHU�WKHVH�HTXDWLRQV�VKRZ�WKDW�DQ
�HQYHORSH�LV�IRUPHG�LQ�W�!���E\�WKRVH�FKDUDFWHULVWLFV�IRU�ZKLFK

�;�2 W���A7iM!���������
�7KH�PLQLPXP�YDOXH�RI�W�RQ�WKH�HQYHORSH�RFFXUV�IRU�WKDW�YDOXH�RI�e�IRU�ZKLFK�WKH
�A�LA��LQ��������LV�D�PLQLPXP��,I�ZH�GHQRWH�WKLV�YDOXH�RI��^��E\�A�WKHQ�WKH�ZDYH�ILUVW
�EUHDNV�DW�WLPH�W¡��ZKHUH

�
r� ��
����:\������!
�DQG�WKH�EUHDNLQJ�GLVWDQFH�;E�LV�JLYHQ�E\

�;%������&�m}�����������������;%������)���c����������������
�ZKHUH�LV�WKDW�URRW�RI

���)
��������)^Ï��)�^þ�� ���������
�SURGXFLQJ�WKH�JOREDO�PLQLPXP�IRU���e��
�,Q�6HF����ZH�ZLOO�DQDO\]H�WKH�SURSDJDWLRQ�RI�ZHDNO\�QRQOLQHDU�ZDYHV�XVLQJ�WKH

�PHWKRG�RI�UHODWLYHO\�XQGLVWRUWHG�ZDYHV��)RU�WKHVH�FDOFXODWLRQV�ZH�ZLOO�DVVXPH�D
�ERXQGDU\�FRQGLWLRQ�LQ�ZKLFK�SR�W��LQ�������KDV�WKH�IRUP

�3R�2� �H���eA���������
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�ZKHUH�LW�ZLOO�EH�DVVXPHG�WKDW�����H�������7KH�H[DFW�UHVXOWV�RI�WKLV�VXEVHFWLRQ�ZLOO�EH

�XVHG�WR�WHVW�WKH�YDOLGLW\�RI�WKH�DV\PSWRWLF�H[SDQVLRQ�
������)URQW�EUHDNLQJ�ZDYHV��%HIRUH�SURFHHGLQJ�WR�DQDO\]H�WKH�ZHDNO\�QRQOLQHDU

�ZDYHV�ZH�H[DPLQH�WKH�SRVVLELOLW\�RI�ZDYHV�EUHDNLQJ�RQ�WKH�OHDG�FKDUDFWHULVWLF��7KHVH
�ZDYHV�DUH�LQLWLDWHG�LQ�D[LDOO\�VWUDLQHG�WXEHV�E\�WKH�DFWLRQ�RI�D�JHQHUDO�ERXQGDU\
�FRQGLWLRQ�RI�WKH�IRUP��������:H�PDNH�QR�UHVWULFWLRQ�RQ�WKH�VWUDLQ�HQHUJ\�IXQFWLRQ
�GHVFULELQJ�WKH�WXEH
V�HODVWLF�SURSHUWLHV�DSDUW�IURP�WKH�XVXDO�UHJXODULW\�DVVXPSWLRQ
�WKDW�LW�EH�FRQWLQXRXVO\�GLIIHUHQWLDEOH�>��@�
�)RU�D�ZDYH�WR�EUHDN�RQ�WKH�IURQW�LV�WDQWDPRXQW�WR� ���LQ��������RU�D�EUHDNLQJ

�WLPH�W¡�JLYHQ�E\

���U�I�3R�^��F�3Rm������P�[
�%�,�>����F�SR�¯��&�$�m��@S��¯��-¯ ��


�)URP��������ZH�VHH�WKDW�D�QHFHVVDU\�FRQGLWLRQ�IRU�EUHDNLQJ�WR�RFFXU�RQ�WKH�IURQW�LV
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�7KLV�SURYLGHV�D�VHFRQG�QHFHVVDU\�FRQGLWLRQ�IRU�ZDYHV�WR�EUHDN�RQ�WKH�OHDG�FKDUDFWHU�
�LVWLF��7KH�QHFHVVDU\�FRQGLWLRQ��������LV�HTXLYDOHQW�WR
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�ZKHUH

�:LY��LQ GA:OG,LU��G,LQ��������
�'LUHFW�FRPSXWDWLRQ�RI��������DQG��������ZLWK�WKH�IRUPV�IRU�,
�DQG�K�JLYHQ�LQ�������
�DQG��������LPSOLHV�WKDW�ZKHQ�S� ����L�H���$� �$R��DKHDG�RI�WKH�ZDYH�WKH�QHFHVVDU\
�FRQGLWLRQ��������RU��������IRU�EUHDNLQJ�RQ�WKH�IURQW�LV�DOZD\V�YLRODWHG��:DYHV�ZKLFK
�SURSDJDWH�LQWR�D�UHJLRQ�ZKHUH�WUDQVPXUDO�SUHVVXUH�LV�]HUR�PD\�QHYHU�EUHDN�RQ�WKH
�IURQW�

�,Q�WKH�QH[W�VHFWLRQ�ZH�GHYHORS�DQ�DV\PSWRWLF�WKHRU\�IRU�FRPSXWLQJ�VKRFN�LQLWLDWLRQ
�WLPHV�DQG�SRVLWLRQV�IRU�SXOVHV�SURSDJDWLQJ�LQ�IOXLG�ILOOHG�WXEHV�ZKRVH�SURSHUWLHV�PD\
�YDU\�ZLWK�SRVLWLRQ��:H�NQRZ�IURP�WKH�SUHYLRXV�JHQHUDO�GLVFXVVLRQ�WKDW�VXFK�VKRFNV
�FDQ�RQO\�IRUP�EHKLQG�WKH�IURQW��,QGHHG��VXEVHTXHQW�QXPHULFDO�VWXGLHV�RI�WKH�H[DFW
�VROXWLRQ�FRQILUP�WKLV�ILQGLQJ�

����6PDOO�EXW�ILQLWH�DPSOXWLGH�SXOVHV�LQ�LQKRPRJHQHRXV�WXEHV�
������3UREOHP�IRUPXODWLRQ��:KHQ�WKH�PHFKDQLFDO�RU�JHRPHWULFDO�SURSHUWLHV�RI�WKH

�WXEH�ZDOO��RU�IOXLG��YDU\�VSDWLDOO\�DKHDG�RI�WKH�SURSDJDWLQJ�SXOVH�WKH�H[LVWHQFH�RI
�5LHPDQQ�LQYDULDQWV�LV�SUHFOXGHG�DQG�WKH�PHWKRG�RI�FKDUDFWHULVWLFV�DV�GHYHORSHG�LQ
�6HF����FDQQRW�EH�DSSOLHG��,QGHHG��WKHUH�DUH�YHU\�IHZ�JHQHUDO�DQDO\WLFDO�SURFHGXUHV
�WKDW�FDQ�EH�XVHG�RQ�LQKRPRJHQHRXV�ZDYH�SUREOHPV�RI�WKH�W\SH�WR�EH�FRQVLGHUHG�KHUH
�>��@��2QH�PHWKRG�\LHOGLQJ�ERWK�TXDOLWDWLYHO\�DQG�TXDQWLWDWLYHO\�DFFXUDWH�SUHGLFWLRQV
�IRU�WKH�WLPH�DQG�ORFDWLRQ�RI�ILUVW�VKRFN�IRUPDWLRQ�LV�WKH�VR�FDOOHG�PHWKRG�RI�UHODWLYHO\
�XQGLVWRUWHG�ZDYHV��>�����@��>����@��ZKLFK�LV�D�VPDOO�DPSOLWXGH�QRQOLQHDU�JHRPHWULFDO�RSWLFV
�SHUWXUEDWLRQ�SURFHGXUH�ZKLFK�V\VWHPDWLFDOO\�JHQHUDOL]HV�
:KLWKDP
V�UXOH
��>��@��>��@�
�IRU�WKH�QRQOLQHDU�DPSOLWXGH�FRUUHFWLRQ�WR�WKH�SKDVH�LQ�WKH�OLQHDU�JHRPHWULFDO�RSWLFV
�VROXWLRQ��)URP�WKH�QRQOLQHDU�SKDVH�FRUUHFWLRQ�LW�ZLOO�EH�SRVVLEOH�WR�GHWHUPLQH�WKH
�WLPH�DQG�ORFDWLRQ�RI�LQLWLDO�VKRFN�IRUPDWLRQ�

�:H�WDNH�DV�WKH�VWDUWLQJ�SRLQW�LQ�WKH�DQDO\VLV�WKH�QRQGLPHQVLRQDO�SUREOHP�JLYHQ�E\
��������������������WRJHWKHU�ZLWK�WKH�ERXQGDU\�FRQGLWLRQ��������XQGHU�WKH�DVVXPSWLRQ����
�H�m����3K\VLFDOO\��WKH�SDUDPHWHU�H� �cA�&T7����ZKHUH�Ãþ�DQG�FM�DUH�JLYHQ�E\��������
�����������DQG�W�LV�DQ�DSSURSULDWH�WLPH�VFDOH�UHSUHVHQWLQJ�WKH�GXUDWLRQ�LQ�WLPH�RI�WKH
�ERXQGDU\�GDWD��&RQVHTXHQWO\��Va���LV�D�PHDVXUH�RI�WKH�QRQGLPHQVLRQDO�IUHTXHQF\�RI
�WKH�ERXQGDU\�SXOVH�UHODWLYH�WR�WKH�G\QDPLFDO�IUHTXHQF\�DVVRFLDWHG�ZLWK�WKH�HTXDWLRQV
�RI�PRWLRQ��&OHDUO\�H�������ZLOO�FRUUHVSRQG�WR�KLJK�IUHTXHQF\�ERXQGDU\�GDWD��,W�LV
�DVVXPHG�WKDW�J^W�H��a�������LQ���������,W�IROORZV��WKHUHIRUH��WKDW�J�a�H����"�F���
�ZKHUH�J��LV�WKH�GLPHQVLRQDO�VFDOLQJ�IRU�WKH�DPSOLWXGH�RI�WKH�ERXQGDU\�SXOVH�GDWD�DQG
�WKDW��������ZLOO�FRUUHVSRQG�WR�D�VPDOO�DPSOLWXGH��KLJK�IUHTXHQF\�ERXQGDU\�FRQGLWLRQ
�XQGHU�WKH�DVVXPSWLRQ�����H������

�,W�LV�LPSRUWDQW�WR�QRWH�WKDW�WKH�VFDOLQJ�IRU��������LPSOLHV�WKDW�WKH�RUGHU�RI�WKH
�QRQGLPHQVLRQDO�SHULRG�RI�WKH�ERXQGDU\�FRQGLWLRQ���������L�H���WKH�SHULRG�LV�2�H��
�LV�DQ�RUGHU�RI�PDJQLWXGH�VPDOOHU��ZLWK�UHVSHFW�WR�WKH�H[SDQVLRQ�SDUDPHWHU�HL���
�WKDQ�WKH�DPSOLWXGH��7KLV�VFDOLQJ�ZLOO�LPSO\�WKDW�WKH�DPSOLWXGH�FRUUHFWLRQ�WR�WKH
�OLQHDU�JHRPHWULFDO�RSWLFV�SKDVH�LV�D�VHFRQG�RUGHU�HIIHFW��:H�ZLOO�VHH�WKDW�LQ�WKH
�LQKRPRJHQHRXV���HL����HTXDWLRQV�LQ�WKH�SHUWXUEDWLRQ�H[SDQVLRQ�\HW�WR�EH�GHULYHG�
�WKH�UHTXLUHG�FRPSDWLELOLW\�FRQGLWLRQ�RQ�WKH�LQKRPRJHQHLW\�LV�VDWLVILHG�IRU�DOO�VROXWLRQV
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�WR�WKH������SUREOHP�XQGHU�WKH�UHODWLYHO\�XQGLVWRUWHG�ZDYH�DQVDW]��7KXV�WKH�QRQOLQHDU
�HIIHFWV�LQ�WKH�SKDVH�WDNH�SODFH�DW�VHFRQG�RUGHU�
�7KH�VPDOO�DPSOLWXGH�VFDOLQJ�ZLOO�QHFHVVLWDWH�FRPSXWLQJ�D�7D\ORU�H[SDQVLRQ�IRU

��������RI�WKH�IRUP��ZH�FKRVH�WR�FRQVLGHU�$� �$�S�[��

�$� �$�^[�����3T^[�S����S
^[�S������S�^[�S�������S���������
�ZKHUH

���G^Q�L�$

��3Q^[� ��Q������GS}�L��3� ��![����� ���������������
�7HGLRXV�EXW�VWUDLJKWIRUZDUG�FDOFXODWLRQ�RI�WKH�Sᒵ
V�\LHOGV

�3R� �$O���[��>�KR�[��:"��O��H�����:���@������D�
��S
� ��!�S,^[�,�$�^[�������E�
��3L� �>��������¡^[�@�SO^[��$��^[�������F�

�ZKHUH

�¡�[�� �>:"[c������H����������H�:r��������H���^"	@�>}"��������H���:�r�@������G�
�ZKHUH�ZH�KDYH�LQWURGXFHG�WKH�QRWDWLRQ

�U��G^Q�:

� �}�r
K�HL�r
OQ�ᦔ���
�H��}�r
K�HL�r
OQ�$ $�

�7KH�ERXQGDU\�FRQGLWLRQ��������VXJJHVWV�WKDW�WKH�DSSURSULDWH�IRUP�RI�WKH�VROXWLRQ
�ZLOO�EH�JLYHQ�E\

�S�[�W�� �HO��S�[�G�������D�
�X�[��W����HL��½�[����������E�

�ZKHUH���LV�WKH�FKDUDFWHULVWLF�FRRUGLQDWH�JLYHQ�LPSOLFLWO\�E\�WKH�DUULYDO�WLPH�IRUPXOD

�W� �7�[����������

�7KH�DUULYDO�WLPH�7^[����ZLOO�GHSHQG�RQ�WKH�VROXWLRQV�S�[����DQG�½�[����DQG�KDV
�WR�EH�GHWHUPLQHG�DV�SDUW�RI�WKH�RYHUDOO�VROXWLRQ��:LWK�QR�ORVV�RI�JHQHUDOLW\�ZH�PD\
�LPSRVH�WKH�QDWXUDO�ERXQGDU\�FRQGLWLRQ

�7���G�� �H��������

�1RWH�WKDW�WKH�UHODWLRQVKLS�EHWZHHQ���DQG�WKH�FKDUDFWHULVWLF�SDUDPHWHU�Ï��RI�6HF����LV
�JLYHQ�E\�e� �HG�

�,W�IROORZV�IURP�������WKDW�IRU�WKH�FKDQJH�RI�YDULDEOHV��[��W��!���[�����GHULYDWLYHV
�ZLOO�PDS�DFFRUGLQJ�WR

�G�a^7H��[GH������D�
�G[aG[�^7[�7H�GH������E�

�6XEVWLWXWLRQ�RI���������������DQG�������LQWR�WKH�RULJLQDO�QRQGLPHQVLRQDO�SUREOHP�FRQ�
�VLVWLQJ�RI�������������������\LHOGV

��3Y!3H���7[$T8R� ���7H�$�X�[�����H[���SLSSH���HO��7[�S��SX�H���HO��7H��SRSX�[

���H7[�S
^S�X�H���H7J^WS
S�X�[�����HI�3�3H����^HL���������D�
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�:H���7[3H� ��7HS[���HL��7[XXH���HL��7JXX[������E�
�ZKHUH�ZH�KDYH�GURSSHG�WKH�FDUHWV�IURP�S�[�����DQG�X^�[������7KH�ERXQGDU\�FRQGLWLRQV
�RQ�WKH�VROXWLRQV�WR�������FDQ�EH�ZULWWHQ�DV

�S^[�G�
[ R� �J���������D�
�7�[���
[ R� �VG������E�

������7KH�DV\PSWRWLF�H[SDQVLRQ��)RU�WKH�OLPLW�H�������DQ�DV\PSWRWLF�VROXWLRQ�IRU
�������DQG�������FDQ�EH�IRXQG�LQ�WKH�IRUP

�22

��S�X�7�� �A�H�O��SA�XA@�7A���������
�Q �

�ZLWK�FRUUHVSRQGLQJ�ERXQGDU\�FRQGLWLRQV

�3^Q��[���
[ R� �J�H�¶QR�������D�
�7LQ��[���
[ R� �H6Q��������E�

�IRU�Q�!����ZKHUH�6QP�LV�WKH�XVXDO�.URQHFNHU�GHOWD�IXQFWLRQ�EHWZHHQ�Q�DQG�P�
�6XEVWLWXWLRQ�RI�WKH�DV\PSWRWLF�H[SDQVLRQ��������LQWR�WKH�JRYHUQLQJ�HTXDWLRQV������

�\LHOGV�WKH�KRPRJHQHRXV������SUREOHP

��SR3�H@���7���$�XI@� ���������D�
�7ASI���XI� ���������E�

�)RU�D�QRQWULYLDO�VROXWLRQ�LW�IROORZV�WKDW

�UL��� �s�AR0R�����������D�
�0�r�� �ULr9�������L�E�

�ZKHUH�LW�KDV�EHHQ�DVVXPHG�WKDW�P
���[�����DQG�S��
[�����KDYH�FRPSDFW�VXSSRUW�ZLWK
�UHVSHFW�WR����:H�UHVWULFW�DWWHQWLRQ�WR�SXOVHV�WUDYHOOLQJ�WR�WKH�ULJKW�E\�WDNLQJ�WKH
�SRVLWLYH�VLJQ�LQ������D���$OVR��DVVRFLDWHG�ZLWK�WKH�SRVLWLYH�HLJHQYDOXH��$R��SR�L���RI
�WKH�V\VWHP�RI�HTXDWLRQV��������LV�D�OHIW�HLJHQYHFWRU�/� ���7[�����WSR��
�7KH�LQKRPRJHQHRXV���H�����SUREOHP�LV�JLYHQ�E\

�QS
H����7�}$��m}�� �7��$RmI!���7�O
8}��
��

�����ScSPSI!�����r:���mP���

�}L��������9� �Uþ�}��m���7¯�9�
������9}mᕰ�������E�
�)RUPLQJ�WKH�LQQHU�SURGXFW�/���>�����D��������E�@�\LHOGV�WKH�FRPSDWLELOLW\�FRQGLWLRQ�RQ
�WKH������VROXWLRQV�JLYHQ�E\

���3R�7�[O�SI@���Uþ�>�Z�I���UL�����R�$S���@� ����������

�ZKHUH�WKH�UHODWLRQVKLS��S
� ��AT���A��� �������SR�7[�@���KDV�EHHQ�XVHG�
�1RWH�WKDW�WKHUH�LV�QR�TXDGUDWLF�QRQOLQHDU�WHUP�ZLWK�UHVSHFW�WR�S����LQ���������7KLV

�KDV�RFFXUUHG�EHFDXVH�RI�WKH�UHODWLRQVKLS�EHWZHHQ��SR^[��DQG��S
^[��DV�JLYHQ�E\�����E��
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�,W�LV�LPSRUWDQW�WR�UHDOL]H�WKDW�WKLV�UHODWLRQVKLS�ZLOO�KROG�LQGHSHQGHQWO\�RI�WKH�SDU�
�WLFXODU�VWUDLQ�HQHUJ\�IXQFWLRQ�DVVXPHG�IRU�WKH�WXEH�ZDOO��)XUWKHU��LW�LV�HDV\�WR�VKRZ
�WKDW�WKH�UHODWLRQVKLS�����E��LV�HTXLYDOHQW�WR�WKH�FRQGLWLRQ�GHULYHG�LQ�6HF�����XQGHU�D
�VPDOO�DPSOLWXGH�OLPLW��IRU�D�VKRFN�QRW�WR�IRUP�RQ�WKH�OHDG�FKDUDFWHULVWLF��L�H���������
�ZLWK�DQ�HTXDOV�VLJQ�UHSODFLQJ�WKH�QRW�HTXDOV���)LQDOO\��ZH�QRWH�WKDW�WKLV�UHODWLRQVKLS
�EHWZHHQ��SR�[��DQG��S
�[��ZLOO�DOVR�LPSO\�WKDW�WKH�QRQOLQHDU�DPSOLWXGH�FRUUHFWLRQV�WR
�WKH�SKDVH�DUH�GHWHUPLQHG�IURP�WKH���H��HTXDWLRQV�
�7KH���HO����FRPSDWLELOLW\�FRQGLWLRQ��������FRQWDLQV�WZR�XQNQRZQ�IXQFWLRQV��L�H��
�U�O��[�����DQG�S����[������,Q�RUGHU�WR�EH�DEOH�WR�PDNH�IXUWKHU�SURJUHVV�DQDO\WLFDOO\
�WKH�UHODWLYHO\�XQGLVWRUWHG�ZDYH�DQVDW]�LV�PDGH��QDPHO\�WKDW�IRU�HDFK�FRPSDWLELOLW\
�FRQGLWLRQ�LQ�WKH�DV\PSWRWLF�KLHUDUFK\�LW�LV�DVVXPHG�WKDW���GJSA���S
�
��}�G[��3K\VL�
�FDOO\��WKLV�ORFDO�FRQGLWLRQ�H[SUHVVHV�WKH�QRWLRQ�WKDW�WKH�FURVV�FKDUDFWHULVWLF�JUDGLHQWV
�YDU\�UDSLGO\�LQ�FRPSDULVRQ�WR�WKRVH�DORQJ�WKH�FKDUDFWHULVWLFV�ZKLFK�YDU\�UHODWLYHO\
�VORZO\��L�H���D�KLJK�IUHTXHQF\�SXOVH���&RQVHTXHQWO\��LW�IROORZV�IURP��������WKDW�WKH
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�ZLWK�\� ������1RWH�WKDW�DV�WKH�DPSOLWXGH�RI�WKH�WKLFNQHVV�DQRPDO\��L�H���¡��LQFUHDVHV
�WKH�SRVLWLRQ�DQG�WLPH�RI�ILUVW�VKRFN�IRUPDWLRQ�PRQRWRQLFDOO\�LQFUHDVHV�VR�WKDW�WKH
�VKRFN�LQLWLDWHV�IXUWKHU�GRZQ�WKH�WXEH�

����&RQFOXVLRQ��:H�KDYH�PRGHOOHG�DQG�DQDO\]HG�DQ�LPSRUWDQW�FODVV�RI�QRQOLQHDU
�ZDYH�SUREOHPV�LQ�OLTXLG�ILOOHG�GLVWHQVLEOH�WXEHV�DQG�IRXQG��LQ�FRQWUDVW�WR�HDUOLHU�VWXG�
�LHV��WKDW�ZDYHV�SURSDJDWLQJ�LQWR�D�UHJLRQ�ZKHUH�WKH�WUDQVPXUDO�SUHVVXUH�LV�]HUR�ZLOO
�QRW�EUHDN�RQ�WKH�OHDG�FKDUDFWHULVWLF�QR�PDWWHU�ZKDW�IRUP�WKH�VWUDLQ�HQHUJ\�IXQFWLRQ
�DVVXPHV�RU�WKH�GHJUHH�RI�D[LDO�VWUDLQ�WR�ZKLFK�WKH�WXEH�LV�VXEMHFWHG��7KHQ�ZLWK�WKH
�XOWLPDWH�JRDO�RI�DQDO\]LQJ�WKHVH�SUREOHPV�LQ�YDULDEOH�PHGLD�ZH�GHYHORSHG�DQ�DV\PS�
�WRWLF�SURFHGXUH�EDVHG�XSRQ�WKH�WKHRU\�RI�UHODWLYHO\�XQGLVWRUWHG�ZDYHV��%\�FRPSDULQJ
�UHVXOWV�GHULYHG�XVLQJ�WKLV�PHWKRG�ZLWK�WKRVH�EDVHG�XSRQ�DQ�H[DFW�SURFHGXUH�IRU�WKH
�UHVWULFWHG�FDVH�RI�D�KRPRJHQHRXV�PHGLXP�ZH�IRXQG�WKH�DV\PSWRWLF�PHWKRG�JDYH�YHU\
�JRRG�DJUHHPHQW�DQG��LQ�SDUWLFXODU��WKLV�DJUHHPHQW�LPSURYHG�ZLWK�LQFUHDVLQJ�YDOXHV�RI
�WKH�SXOVH�DPSOLWXGH�SDUDPHWHU��+DYLQJ�
HVWDEOLVKHG
�WKH�YDOLGLW\�RI�WKH�DSSUR[LPDWH
�SURFHGXUH�ZH�WKHQ�HPSOR\HG�LW�WR�LQYHVWLJDWH�WKH�LQIOXHQFH�RI�ZDOO�WKLFNQHVV�FKDQJHV
�XSRQ�VKRFN�LQLWLDWLRQ�WLPHV�DQG�GLVWDQFHV��:H�IRXQG�WKDW�ZDOO�WKLFNHQLQJ�UHWDUGV
�VKRFN�IRUPDWLRQ�ZKHUHDV�WKLQQLQJ�KDV�WKH�RSSRVLWH�HIIHFW�

�7KH��G«YHORSPHQW�RI�D�UDWLRQDO�WKHRU\�EDVHG�RQ�QRQOLQHDU�HODVWLFLW\�VKRZV�WKDW�WKH
�SUHVVXUH�DUHD�UHODWLRQ�PXVW�EH�RI�D�SDUWLFXODU�IRUP��L�H������������7KLV�IRUP�SUHFOXGHV
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