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$SSOLHG 0DWKHPDWLFV ,QVWLWXWH

8QLYHUVLW\ RI $OEHUWD
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�� ,QWURGXFWLRQ

7KH SXUSRVH RI WKLV FRQWULEXWLRQ LV WR YHU\ EULHc\ GHVFULEH VRPH VLPXODWLRQV
ZH KDYH GRQH FRQFHUQLQJ WKH HYROXWLRQ RI PRGDO GLVWXUEDQFHV WR D SODQDU
MHW LQ ZKLFK WKH SKDVH YHORFLW\ RI WKH SHUWXUEDWLRQ LV LQLWLDOO\ HTXDO WR WKH
PD[LPXP MHW YHORFLW\� )RU D PRUH FRPSOHWH GLVFXVVLRQ RI WKLV ZRUN VHH
6ZDWHUV ������ ������ $V LV ZHOO NQRZQ� WKH SHUWXUEDWLRQ VWUHDP IXQFWLRQ
IRU WKLV FRQzJXUDWLRQ LV DOJHEUDLFDOO\ VLQJXODU DW WKH MHW PD[LPXP XQOLNH
WKH ORJDULWKPLF VLQJXODULW\ RI D FULWLFDO OD\HU LQ D PRQRWRQLF VKHDU cRZ�

3HUKDSV VXUSULVLQJO\� RXU ZRUN FOHDUO\ VKRZV D ?ORQJ� WLPH VFDOH RVFLOOD�
WLRQ LQ WKH XQGHUO\LQJ PRGDO DPSOLWXGH HYHQ ZKHQ WKH QXPHULFDO VLPXODWLRQ
LV SURSHUO\ LQLWLDOL]HG ZLWK WKH OHDGLQJ RUGHU OLQHDU VROXWLRQ DQG zUVW KLJKHU
KDUPRQLF DV GHWHUPLQHG E\ ZHDNO\�QRQOLQHDU DV\PSWRWLFV� $ SURSHU WKHR�
UHWLFDO H[SODQDWLRQ IRU WKLV EHKDYLRU UHPDLQV WR EH GHYHORSHG�

2XU VLPXODWLRQV DUH LQLWLDOL]HG E\ SHUWXUELQJ D ZHOO�NQRZQ ?MHW�� WKH
%LFNOH\ MHW �%LFNOH\� ������ IRU ZKLFK WKHUH LV DQ H[SOLFLW VROXWLRQ IRU DQ
DOJHEUDLFDOO\ VLQJXODU SHUWXUEDWLRQ �+RZDUG DQG 'UD]LQ� ������

�� 3UREOHP IRUPXODWLRQ

7KH QRQGLPHQVLRQDO� LQYLVFLG� LQFRPSUHVVLEOH WZR�GLPHQVLRQDO 1DYLHU�6WRNHV
HTXDWLRQV FDQ EH ZULWWHQ LQ WKH IRUP
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ZKHUH WKH QRWDWLRQ LV VWDQGDUG�

7KH %LFNOH\ MHW VWUHDP IXQFWLRQ� JLYHQ E\�
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ZLWK FRUUHVSRQGLQJ YHORFLW\ zHOG
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LV DQ H[DFW VROXWLRQ WR ����
,I ZH DVVXPH D SHUWXUEHG %LFNOH\ MHW VROXWLRQ WR ��� RI WKH IRUP
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ZKHUH N DQG F DUH WKH [�GLUHFWLRQ ZDYHQXPEHU DQG FRPSOH[�YDOXHG SKDVH
YHORFLW\� UHVSHFWLYHO\� ZKHUH F�F� PHDQV FRPSOH[ FRQMXJDWH DQG QHJOHFW WKH
TXDGUDWLF SHUWXUEDWLRQ WHUPV� ZH REWDLQ WKH 5D\OHLJK VWDELOLW\ HTXDWLRQ
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ZKLFK LV VROYHG VXEMHFW WR M
M � � DV M\M � ��
+RZDUG DQG 'UD]LQ ������ IRXQG WKH VLQJXODU QHXWUDO PRGH VROXWLRQ IRU

��� JLYHQ E\
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ZKHUH ' LV D IUHH DPSOLWXGH FRQVWDQW� 2XU JRDO LV WR H[DPLQH WKH zQLWH�
DPSOLWXGH HYROXWLRQ RI D QHDU�VLQJXODU PRGH IRU ZKLFK

N  � DQG F  �r �� ZKHUH � � � �� ��

�� :HDNO\�QRQOLQHDU DV\PSWRWLFV

,W LV FRQYHQLHQW WR LQWURGXFH WKH IDVW SKDVH DQG VORZ VSDFH�WLPH YDULDEOHV�
JLYHQ E\� UHVSHFWLYHO\
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,Q WKH RXWHU UHJLRQV� ZKHUH M\M ) 2 ���� WKH VROXWLRQ WR ��� FDQ EH ZULWWHQ
LQ WKH IRUP
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ZLWK WKH VWUDLJKWIRUZDUG DV\PSWRWLF H[SDQVLRQ
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�� 1XPHULFDO VLPXODWLRQ

(TXDWLRQ ��� ZDV VROYHG QXPHULFDOO\ DV WKH V\VWHP

T| � - �u� T�  
�

5e

�T� ���

�u  T� ����

ZKHUH T LV WKH YRUWLFLW\ DQG 5e LV WKH 5H\QROGV QXPEHU� :H DVVXPH D
5H\QROGV QXPEHU RI 5e  ����� e ��H WR HhHFWLYHO\ VPRRWK RXW YHU\ KLJK
ZDYH QXPEHU IHDWXUHV ZLWKRXW VLJQLzFDQWO\ DOWHULQJ� RYHU WKH WLPH VFDOHV RI
LQWHUHVW KHUH� WKH cRZ HYROXWLRQ�
7KH QXPHULFDO SURFHGXUH ZH XVH LV D VHFRQG�RUGHU DFFXUDWH ��� e ���

zQLWH�GLhHUHQFH OHDS�IURJ WHFKQLTXH �VHH� H�J�� 6ZDWHUV� ����� ����� �����
LQ ZKLFK WKH -DFRELDQ WHUP LV zQLWH GLhHUHQFHG XVLQJ WKH $UDNDZD ������
VFKHPH� 7R VXSSUHVV WKH GHYHORSPHQW RI WKH FRPSXWDWLRQDO PRGH D 5REHUW
zOWHU �$VVHOLQ� ����� LV DSSOLHG DW HDFK WLPH VWHS ZLWK D FRHlFLHQW RI ������
7KH VWUHDP IXQFWLRQ ZDV REWDLQHG DW WKH HQG RI HDFK WLPH VWHS E\ LQYHUWLQJ
���� XVLQJ D GLUHFW VROYHU�
2XU VLPXODWLRQV DUH GRQH LQ D SHULRGLF FKDQQHO GRPDLQ� GHQRWHG DV }�

JLYHQ E\
}  I�[� \� M M[M � [u� M\M � \uJ �

LQ ZKLFK \u LV FKRVHQ VR DV WR KDYH QR QRWLFHDEOH HhHFW RQ WKH WUDQVYHUVH
HYROXWLRQ RI WKH SHUWXUEDWLRQ VWUHDP IXQFWLRQ� 7KH VWUHDP IXQFWLRQ VDWLVzHV
'LULFKOHW ERXQGDU\ FRQGLWLRQV RQ \  f\u DQG LV VPRRWKO\ SHULRGLF DORQJ
[  f[u� 7KH YDOXH RI WKH YRUWLFLW\ RQ \  f\u ZDV XSGDWHG XVLQJ VHFRQG�
RUGHU DFFXUDWH RQH�VLGHG LQWHULRU GRPDLQ GLhHUHQFHV�
7KH LQLWLDO FRQGLWLRQ LV D OLQHDU VXSHUSRVLWLRQ RI WKH OHDGLQJ RUGHU QHDU�

VLQJXODU N  � PRGH DQG WKH OHDGLQJ RUGHU N  � KDUPRQLF� DV GHWHUPLQHG
E\ ��� DQG ���� DQG FDQ EH ZULWWHQ DV
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ZLWK q  � RU �W DV QHHGHG� DQG ZKHUH 
� �\� LV WKH VSDWLDOO\ XQLIRUPO\
YDOLG OHDGLQJ RUGHU VROXWLRQ IRU WKH QHDU�VLQJXODU N  � PRGH JLYHQ E\
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:H DVVXPH $  l  ��� DQG �  ����� 7KXV F  ���� DQG WKH FULWLFDO
OHYHOV DUH ORFDWHG DW fS

� 
 ����� :H FKRRVH [u  \u  �� �� :LWK RXU
JULG VSDFLQJ ZH KDG DERXW �� JULG SRLQWV LQ EHWZHHQ WKH FULWLFDO OHYHOV� L�H��
LQ WKH UHJLRQ M\M � S

�� DW OHDVW LQLWLDOO\� IRU HDFK YDOXH RI [�
y 

- 
ax

is
   

  

x - axis     

t = 0.0     t = 56.7     

t = 113.3     t = 170.0     

)LJ� �� &RQWRXU SORWV RI WKH SHUWXUEDWLRQ VWUHDP IXQFWLRQ�

,Q )LJ� � ZH VKRZ IRXU FRQWRXU SORWV RI WKH SHUWXUEDWLRQ VWUHDP IXQFWLRQ
IRU W  ���� ����� ����� DQG ������ UHVSHFWLYHO\� 7KH VROLG DQG GDVKHG OLQHV
FRUUHVSRQG WR SRVLWLYH DQG QHJDWLYH VWUHDP IXQFWLRQ YDOXHV� UHVSHFWLYHO\�
7KH SHUWXUEDWLRQ VWUHDP IXQFWLRQ UHPDLQV UDWKHU VWDEOH RYHU WKH LQWHJUDWLRQ
DOWKRXJK WKHUH DSSHDUV WR EH VRPH GLODWLRQ LQ WKH LQGLYLGXDO KLJK DQG ORZV�

$V D PHDVXUH RI WKH ORQJ WLPH YDULDELOLW\ LQ WKH XQGHUO\LQJ PRGDO HQYH�
ORSH� ZH FRPSXWHG WKH DUHD�DYHUDJHG SHUWXUEDWLRQ NLQHWLF HQHUJ\ QRUPDO�
L]HG E\ LWV LQLWLDO YDOXH DQG WKHQ VXEWUDFWLQJ RXW WKH VOLJKW OLQHDU WUHQG�
JLYLQJ ZKDW ZH FDOO WKH ?UHVLGXDO� K.(L �VHH 6ZDWHUV� ����� ������
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,Q )LJ� �D ZH VKRZ WKH UHVLGXDO K.(L YHUVXV WLPH� 2QH FDQ VHH WKDW
WKHUH LV D GRPLQDQW FRQWULEXWLRQ ZLWK D SHULRG RI DERXW �� WLPH XQLWV� 7KLV
LV D ORQJHU WLPH VFDOH WKDQ WKH SHULRG DVVRFLDWHG ZLWK WKH XQGHUO\LQJ IDVW
SKDVH RVFLOODWLRQV ZKLFK LV DERXW �� �NF� � ��� WLPH XQLWV� ,Q )LJ� �E ZH
VKRZ WKH SRZHU VSHFWUXP DVVRFLDWHG ZLWK WKH UHVLGXDO K.(L� 7KH KLJKHVW
SHDN LV ORFDWHG DW D IUHTXHQF\ RI DERXW ���� ZKLFK FRUUHVSRQGV WR D SHULRG
RI DERXW �� WLPH XQLWV� 7KLV HQHUJ\ SHDN DSSHDUV WR EH VRPHZKDW EURDG
ZLWK D VHFRQGDU\ SHDN DW DERXW IUHTXHQF\ �����
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7R IXUWKHU H[DPLQH WKLV ORQJ WLPH YDULDELOLW\ ZH FRPSXWHG D ZDYH QXP�

EHU SRZHU VSHFWUXP IRU WKH SHUWXUEDWLRQ VWUHDP RYHU WLPH� %HFDXVH WKHUH
ZDV OLWWOH YDULDWLRQ DV D IXQFWLRQ RI \� LW ZDV FRQYHQLHQW WR DYHUDJH WKH UH�
VXOWLQJ VSHFWUD RYHU \ �VHH 6ZDWHUV� ����� ����� WR FRPH XS ZLWK D SRZHU
VSHFWUXP IRU WKH SHUWXUEDWLRQ VWUHDP IXQFWLRQ ZKLFK LV D IXQFWLRQ RI WKH
[�GLUHFWLRQ ZDYH QXPEHU DQG WLPH DORQH� GHQRWHG DV 6 �N� W��
,Q )LJ� � ZH SUHVHQW D FRQWRXU SORW RI 6 �N� W�� 7KH SHDN ORFDWHG DW N  �

FRUUHVSRQGV WR WKH FRQWULEXWLRQ IURP WKH WHUP SURSRUWLRQDO WR $ LQ �����
7KH SHDN ORFDWHG DW N  � FRUUHVSRQGV WR WKH FRQWULEXWLRQ DVVRFLDWHG ZLWK
WKH WHUP SURSRUWLRQDO WR $2 LQ ����� 2QH FDQ VHH WKH VORZ WLPH PRGXOD�
WLRQ RI WKH SHDNV� 7KH WLPH VFDOH RI WKLV PRGXODWLRQ LV FRQVLVWHQW ZLWK WKH
YDULDELOLW\ VHHQ LQ )LJ� �D�
,W LV LQWHUHVWLQJ� DQG SHUKDSV VRPHZKDW XQH[SHFWHG� WKDW RXU VLPXOD�

WLRQV VXJJHVW D UHODWLYHO\ VWDEOH ?VORZ� QHXWUDO RVFLOODWLRQ LQ WKH SHUWXUED�
WLRQ VWUHDP IXQFWLRQ DPSOLWXGH� $ UHPDLQLQJ FKDOOHQJH LV WR GHULYH QRQOLQ�
HDU DPSOLWXGH HYROXWLRQ HTXDWLRQV ZKLFK KDYH RVFLOODWRU\ VROXWLRQV IRU WKHVH
QHDU�VLQJXODU PRGHV�
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