MATH 436: Solutions for Problem Set 4

3.8.12: (a) The 3 x 3 system of pdes is given by

1 0 1 -2 1 5
u, + Auy, =Cuwhere A=| 0 2 3 and C = 0 3 7
0 0 -1 1 -3 -10

We have to reduce this to normal form. The first thing we need to calculate is
w where

1—w? 0 1
I -wAl =0 |A-w | = 0 2—w? 3 =0
0 0 —1-w!

= (l-whH(l+w)(2-w')=0=w=-1,1/2and 1.

Since the w are real and distinct the system is totally hyperbolic. The charac-
teristic curves are the level surfaces determined by

de 7

which implies that they are the straight lines £ = y+z,n=y—z/2and ( = y—=x
for constant &, n and (.
(b) To reduce to normal form we need to compute the right eigenvectors asso-

ciated with each eigenvalue. For w = —1, we have
2 01 1
(A—w ™ )r;=[0 3 3 |n=0=r=| 2
0 00 -2
For w = 1/2, we have
-1 0 1 0
(A—w™Dry=| 0 0 3 |rp=0=ry=| 1
0 0 -3 0
For w = 1, we have
0 0 1 1
(A—w™Dr3=]0 1 3 |r3=0=r13=1[ 0
0 0 -1 0

Hence, introducing the matrix R whose columns are the eigenvectors, we have

10 10 1
R=|01 2 |=R'=]01 1
00 -2 00 —3



Thus, introducing the transformation of dependent variables defined by
u=Rv,
it follows from the pde that
(Rv), + A(Rv), = CRv — v, + R"'ARv, = R"'CRyv,

since R’s elements are all constants. And since

10 3 10 1 10 1 10 0
R'R=1|0 1 1 0 2 3 01 2 =020
00 -1 00 -1 00 -2 00 -1
10 3 -2 1 5 10 1 3 -2
R'CR=]0 1 1 0o 3 7 01 2 |=]1 0
00 —3 1 =3 -10 00 -2 -1 3
the normal form for the pde is
10 0 3 -3 3
vy+ |0 2 0 Vy = 1 0 7 V.
00 -1 -+ 3 ¥
3.8.19: (a) The 2 x 2 system of pdes is given by
1 2
uy—i-Augﬁ:OWhereA:{2 1]. (1)

If y = h (z) are the characteristics, then h (z) must satisfy

1—-n =21

/ —

=(1-h) —4() =0

1
—= 1-h=4+2=Hh ==0or —1

)

which implies that the characteristic curves are given by y = x/3 + C and
y=-x+ C , respectively. The specific characteristics given in the question have
C = C = 0. Note that 1/h’ is an “eigenvalue” of A.

(b) Suppose that u (z,h (x)) = f (z), i.e., u is specified on a characteristic curve,
so that this is potentially a characteristic initial value problem. It follows that

du(z,h(z))
dz

which when substituted into (1) leads to

=u, +hu, =f = u, = -h'u, + £,

(I—HWA)u, = —Af, (2)

\
rojot

w5



which is just (3.3.36) in the textbook (for the particular pde in this question).
Since the characteristic curves (i.e., y = h(x)) have been chosen by demanding
that det (I — h'A) = 0, then if we let 1 be a left eigenvector associated with the
eigenvalue 1/h/; i.e., I (I — h'A) =0, it follows from (2) that

1(I —h'A)u, =0=-1Af" = 1A' =0,
which is a compatibility condition on the allowed initial data f (z) on the char-

acteristic.
In component form, (2) is given by

1— h/ —2h U1 _ 1 2 fl (3)
—2h/ 1— h/ U2 y o 2 1 f2 z ’

where we have written u = (uy, ug)T and f = (fy, fg)T.

For ' = 1/3, (3) reduces to

ie.,1=(1,1)", so that it follows from (4) that

w5 T() —sthem 0= pe-—nwe

where C' is an arbitrary constant.
For b/ = —1, (3) reduces to

20, -l iR, ®
from which we immediately see that
a-n-[3 5 ]=0
ie.,1=(1,—1)", so that it follows from (5) that
0[5 () —chemmr= @ =hw e

where C' is an arbitrary constant.
(c) Perhaps the most direct way to get the general solution is to first reduce
the system (1) to normal form. The right eigenvectors of A associated with the



eigenvalues 1/h/, i.e., —1 and 3, and denoted by r_; and rjs, respectively, are
determined by

2 2 1
(I—|—A)r_1:{2 2:|I'_1:0$I'_1:<_1)7

2 2 1
(-1 5 5 |nmo—n=(]).

Note that r_; - r3 = 0. Thus, introducing the transformation

— _ U1 _ . 1 1
u:Rv—R<v2),WhereR_[r1 rg}—[_l 1}

11 -1
= R '=-
o]
into (1), leads to

v, + Dv, =0, where D = R"'AR = { _01 g},

or, in component form,
Oyv1 — Ozv1 = 0 and Oyva + 30,v2 = 0.
Therefore, using the method of characteristics, the general solution for v is given
by
v [ 9@+
h(z—3y) )’

where g (z + y) and h (z — 3y) are arbitrary functions of their arguments. Thus,
the general solution to (1) is given

om0 ] (262 ) -(CEZRSEN)

Hence, for the problem in which the initial data is specified along the charac-
teristic y = x/3, i.e.,

u%wa=<_%glc>23(g%%$)’

(as determined in Part (b)), it follows that
() \ _ p-1 f(3x/4)
(%m)>—R (f@M@+C)

AL R NCAR)- ()



from which we conclude
C =2h(0),

g(x) = f3z/4) —h(0).
It therefore follows that

( h(z—=3y)—h(0)+ fB(z+y)/4)
u(z,y) = ( h(x—3y)+h(0)— f(3(z+y)/4) )7

where h (x — 3y) is arbitrary, i.e., the solution is not unique.
Similarly, for the problem in which the initial data is specified along the char-
acteristic y = —x, i.e.,

u(z,—z) = ( f({c)(g?c ) :R( ’lg((‘loﬂz) >

(as determined in Part (b)), that

(28)- = (2572

=50 T8 e )= Cremrer )
from which we conclude that

h(z) = f(z/4) —g(0).

It therefore follows that

_( f(z—=3y)/4)+g(x+y)—g(0)
ul@y) = ( F(z—3y) /4) — gz +1) — g (0) )

where g (z + y) is arbitrary, i.e., the solution is not unique.

3.83.20: Euler’s equations for isentropic (i.e., constant entropy) flow are given
by
w4+ uug + (*/p) p, =0,

pt+upm+purzo?

where w and p are the velocity and density, respectively. This pair of equations
may be written as the 2 x 2 system

GG =]

which we have written in the form of (3.3.73) in the textbook.



(a) To reduce these equations to characteristic normal form we need to solve
the eigenvalue problem

[ u /p

P u

uU— A\ p

T
} r=J\r— 2lp u—A

‘ =0=A=uxc
The corresponding right eigenvectors are determined as follows. For A = u + ¢,

we have )
—c p _ _(r
_02/p C:|I‘+—O$I’+—<C).

For A = u — ¢, we have

Y _(»
_02/pc:|r_—0:>r_—(_c>.

Now, we left-multiply the original system by the transposed right eigenvectors.
For r,, we have

el G ()= ()

which reduces to

ef(3), e (3) )= (0)

and thus to
plue+ (u+c)ug] +clp, + (u+c)p,] =0, (1)
from which we conclude that
du dp dx
— — = — = . 2
P Teg T 0o g T ute @)

For r_, we have

ol 1) () ()

which reduces to

and thus to
plue+ (u—c)uz| —clp, + (u—c) p,], (3)
from we conclude that
du dp dzx
2L = —u—c. 4
TR T T )



Equations (1) and (3) or equations (2) and (4) are, equivalently, the character-
istic normal form for isentropic flow. Equations (2) and (4) may be summarized
in the form

du dp dx
g = —ute
Par = “at 0 on at ~ T

Dividing through by p > 0 and assuming c is constant allows us to write

d d
%(u:l:clnp)z()ond—fzu:l:c,

which can be integrated to yield the Riemann invariants

d
u £ cln p = constant, on d;: =uxtc

3.4.7: The backward heat equation is
Up = —PUgy, 0 <z <, t>0.

Let us consider the solution

exp (pn*t) sin (nz)

u(z,t) = ,n>0.

n

Direct substitution verifies that this is a solution. Clearly,

sin (nx)

1
u(x,0) = :>|u(x,0)|gﬁ,

can be made as “small” as we want by allowing n to be arbitrarily large. How-
ever, for all t > 0, u(x,t) will, generically, be exponentially large when n is
arbitrarily large. Thus “small” initial data does not necessarily lead to “small”
solutions. This violates Hadamard’s third condition. So the pde is not well-
posed.

8.5.4: The pde (1.1.15) is given by
vt + CUy = T0;, (Where r = D/2 > 0). (1)

We must compute the stability index. Assuming a normal mode solution in the
form
v = aexp (tkx + At) + c.c.,

where k € R (the wave number), A € C (the complex-valued “growth rate”) and
a is the amplitude coefficient, leads to the relation

A +ick = —rk® = X\ = —ick — rk>.
Thus,
Re [\ (k)] = —rk? and Q = lub{Re [\ (k)]} = lub {—rk2} =0.
]

Since Re[A (k)] < 0 for all & € R and Re[A (k)] = 0 only for & = 0, it follows
that the pde (1) is dissipative.



