MATH 436: Solutions for Problem Set 3

3.1.5: The pde is given by
Ugy + 2Ugy + Uyy + DUy + 3uy +u = 0.
The w (x,y) functions are determined by
W +2w41=0= (W41’ =0<=w=—1.

Since w = —1 is double root, the pde is parabolic.
To transform the pde into canonical form we first introduce the characteristic
variable &, as determined from

d
(y) =—w=1l=¢{=y—u,
d /¢

and introduce the additional (independent) variable, say, n = y + x. Thus,
introducing the coordinate transformation (x,y) — (§,n) leads to

Or = £,0¢ + 1,0 = —0¢ + Oy = Opx = Oge — 20¢y + Oy,
Oy = &,0¢ +1,,0n = Oc + Oy = Oyy = Oge + 20¢y + Oy,
Ony = —0Oge + Oy,
which, when substituted into the pde, yields

(Oce — 20gn + Opy) u + 2 (—0ge + Oyy) u + (Oge + 20y + Opy) u

+5(—0¢ + 0y)u+3 (0 + 0y) +u=0,
which simplifies to
1

1
Uy + 2uy — Sue + = 0. (1)

The u and u,, terms can be eliminated by introducing the dependent variable
transformation

u (57 77) = exp (af + 677) v (§7 77) ) (2)

where « and (8 are yet-to-be-determined constants. It follows from (2) that
ug = (aw + ve) exp (ag + Bn) , uy = (Bv + vy) exp (ag + Bn),

Unn = (627} + 2Bv, + ”nn) exp (€ + Bn) ,
which when substituted into (1), yields

vnn+2(5+1)vn+<52+253+i)v;u§0. (3)

Thus, if we set

3
:0(:>6:—1anda:—§,

a 1
1=824+28—=+-=
B+ B°+28 5T 1



it follows that (3) reduces to
Ve = 2Upy.
3.1.6: The pde is given by
Uzg — OUzy + 120y, + du, —u = sin (zy) .
The w (z,y) functions are determined by
w? — 6w +12 =0 = w* =3+iV3.

Since the solutions for w are complex, the pde is elliptic.
To transform the pde into canonical form we first introduce the characteristic
variables ¢ and 7, as determined by

(dy) :—w+:—3—z‘¢§=>§=y+(3+i\/§)x,
dx ¢

(dy) = v =3+iVI=t=y+ (3-V3)z,

dx . N
and then, finally, define the variables a and § given by

&+
o= —

:y+3xand,8:€_7_n=\/§x.
2 21

Thus, introducing the coordinate transformation (z,y) — («, 8) leads to
Dr = 300 + V303 = 0uw = e + 6V300p + 3033,

ay = 8@ = ayy = a(xaa 811/ = Saa(x + \/gaaﬁy
which, when substituted into the pde, yields

(9aw + 63005 + 3855) u—6 (3aaa + \/§aa5) u+ 12q
+4 (38a +\/§3/3) U —u = sin [6 (a — \/gﬁ) /\/5} ;
which simplifies to
uaa+uﬁg+4ua+%u5f%u: 1 sin [ﬂ (Oz*\/gﬁ) /\/5} . (1)

The u, and ug terms in (1) can be eliminated by introducing the dependent
variable transformation

u(a, f) = exp (A +yP)v(a, ), (2)
where A and v are yet-to-be-determined constants. It follows from (2) that

Uq = (AU +vo) exp (Aa +78) , ug = (yv + vg) exp (Aa +v3) ,



Uge = ()\Q’U 4+ 2\, + vaa) exp (Aa+v0),

ugs = ('yz'u + 2yvg + vﬁg) exp (Aa +~v0),
which when substituted into (1), yields

1
Vaa + Vpp + (2A 4+ 4) v + (2’7+4/\/§)v5+ <A2+72+4/\+47/xf—3>v

= §sin [B (o= v38) /v3] exp [ (e +18)]. (3)
Thus, if we set
A+4=2y+4/V3=0<= \=—2and y = —2/V3,

it follows that (3) reduces to

Vaa + Vg — v = Lsin [ﬁ (a— \/56) /\/3} exp [2a+2ﬂ/\/§} .

3.1.7: Note to the student: Tricomi’s equation is perhaps the simplest model
describing irrotational transonic aerodynamics. You can find a derivation in, for
example, the book Transonic Aerodynamics (North-Holland Series in Applied
Mathematics and Mechanics, Volume 30, 1986) by J. D. Cole and L. P. Cook.
(a) Tricomi’s pde is

Ugg + TUyy = 0. (1)

The w? roots are given by

V=4
wt =+ 2x:>w_:— —z and w = /—z.

The pde is hyperbolic, elliptic and parabolic for x < 0, z > 0 and along =z = 0,
respectively.
(b) In the hyperbolic region, the characteristic variables are determined by

WY __ gty —y—2(—g)?
(&) = =—v==e=y-icat,

d 3
<dz> =—w =vV-z=n=y+j(-2),
n

with the “inverse” relations

ve - [P9] sy

E+n
=

The derivatives will transform according to

Uz = Uffx +upn, = v-—1r (8& - a'/) u,



Upy = [ij (O — Oy) u]

x

1
2
=~ (0 = Op)"u— ﬁ(aﬁ — Op)u
1
= —1 (O¢g — 20¢, + 6,,,,) U — 9=z (0 — 6,,) Uu,
where care has been taken to appreciate that (\/—JJ)Q = |z| = —z since = < 0.

Uy = uek, + upn, = (O + Oy) u,

Uyy = (O + 8n)2 u = (Oge + 20¢y + Ony) u-
Thus (1) maps to

—x (6& — 28&»,] + (97]7]) U (85 — 8n) u—+x (855 + 2857, + 8,,,,) u =0,

1
_ ﬁ
which reduces to the H1 canonical form
1
6(n—¢)

It is not required that one derive the H2 canonical form.

Ugy + (O — Op)u=0.

Note: because of the confusion I created whether it was question 3.3.2 or
3.3.3 in this assignment, if the student’s assignment contains either 3.3.2 or
3.3.3, the question will be graded. If the student’s assignment contains both
questions, both will be graded and the higher of the two will be used to compute
the assignment final grade. Consequently, the solution to both 3.3.2 and 3.3.3
is included here.

3.3.2: (a) The pde

0%y
13 — A o — 0, 1
v s 8$18$3 ( )
may be written in the matrix form
00 1 Oa,
(Ouyy Opyy Ozg) | O 0 O Oz, |u=0.
1 0 0 Oy
For convenience let A be the matrix
0 0 1
A=10 0 0
1 0 0
The eigenvalues of A are determined by
-2 0 1
[A=M|=] 0 —-X 0 |[=X(1-X)=0=\={-1,0,1}.
1 0 =X



Since A = 0 is an eigenvalue, the pde is parabolic.

(b) To put the pde into canonical form we must first determine the normalized
right eigenvectors for each eigenvalue. Let rq, ro and r3 be the right eigenvectors
associated with A = —1, 0 and 1, respectively. Thus,

1 0 1 1 1
0 1 0 r=0=r;=— 0 s
1 0 1 V2 —1

0 01 0

0 0 0 |ro=0=ry= 1 s

1 00 0

|
—_
()
—
—

1
0 -1 0 rn=0—r=— 0
1 0 -1 V2 \
Thus, we introduce the new independent variables
Tr1 — I3

_ L _1). _
§1= 5 (L0, -1) - (21, 22, x3) = 75

62 = (05 170) : (1‘1, z2, $3) = T2,

T1+ X3
53 (1 0 1) ($1, Zo, 1‘3) = \/§ .

The derivatives map according to

23 3 23
Uz 5151+ 52872+ 5182=%(351+553)
0 0
Upy = Ug, 851 + ug, 552 +ug, 57 = gy,
43 %3 43
Uy 518 - tu 52672—'_ 518.]32 _%(—8&%—8&3)’&,
82

— Ou _1<32_>u
Oxi0zs 2 \oe2  9e2)

so that the pde (1) in canonical form is given by
P o _
o0&

One might think that the pde in (2) is hyperbolic. But it isn’t. The reason is
that the coefficient of the 9%u/ (%S term is 0, which makes it parabolic.

(2)

3.8.3: (a) The pde is given by

Ugg + 2Uy, + cos (z) u, — exp (y2) u = cosh (2),



which can be written in the matrix form

€T

B
[0, 9, 0.]1A4] 9, | u

-
o
+[0 0 cosz ] | Oy | u—exp(y®)u=cosh(z),
0-
where
1 0 0
A=10 0 1
0 1 0
The eigenvalues {)‘i}?:l of A are given by
1-X2 0 0
A=X|=| 0 =X 1 |=—A=-1)°A+1)=0
0 1 =X

:)\1,2:1>0,and)\3:—1<0.

Since two of the eigenvalues are positive and the third negative, we conclude
that the pde is hyperbolic.
(b) The pde is given by

Ugg + 2Ugy + Uyy + 2u,, — (1 +2y)u =0,

which can be written in the matrix form

Or
[0, 9y, 0. A| 8y | u=(1+zy)u,
0:

where

o

A:

e R
S =
N O

The eigenvalues {)\i}le of A are given by

1-X 1 0
JA—X|=| 1 1-Xx 0 |=x2-))>=0
0 1 2—A
- )\172 = 2, and )\3 =0.
Since one of the eigenvalues is zero, we conclude that the pde is parabolic.

(¢) The pde is given by

Tugy — 10Ugy — 22wy, + Uyy — 16Uy, — Su,, =0,



which can be written in the matrix form

0y
[&c Oy 8Z]A Oy | u=0,
0
where
7T -5 =8
A= =5 1 —11
-8 —-11 -5
The eigenvalues {)\i}?zl of A are given by
T—X =5 -8
A=M|=| =5 1-X =11 |=(9-X)(\*+6A—-189) =0,
-8 —11 —=5-=A
which implies
A1 =9>0,

A2 = —3+3v22 >0,
X3 =—3-3V22 <0,

Since two of the eigenvalues are positive and the third is negative, we conclude
that the pde is hyperbolic.
(d) The pde is given by

exp (2) Upy — Uy = log (2° + 3> + 2° + 1),

which can be written in the matrix form

B
[0, 0, 0.]A| 9y | u=log(a®+y*+2*>+1),
-
where
-1 exp(z)/2 0
A= | exp(z)/2 0 0
0 0 0

The eigenvalues {)‘i}?:l of A are given by

—1—-X exp(2)2 O
|[A— M| =] exp(z)/2 -2 0
0 0 -

=Aexp(22) /4—A(1+XN)]=0

—1++/1+exp(22)

= A1 =0, Ap3= 5




Since one of the eigenvalues is zero, we conclude that the pde is parabolic.

3.3.6: The pde is given by
Uge — 2$2uwz + Uy + Uz, = 07

which can be written in the matrix form

G
[0, 0, 0.4 8, |u=0,
)

where
1 0 —z?
A= 0 1 0
—z2 0 1
The eigenvalues {)\i}?zl of A are given by
1—X 0 —x2
JA=X|=| 0 1-Xx 0 |=@0=-XN[01=-X°=2*=0

—x? 0 1-—A
=M =1>0,=142?>0and \g =1—2%
Hence, we conclude that
If |x| < 1, the pde is elliptic,

If || =1, the pde is parabolic,
If |z| > 1, the pde is hyperbolic.



