MATH 436: Solutions for Problem Set 2

2.2.19: The pde and initial condition are given by

tv, + vy = cv with v (z,z) = f ().
To begin, we determine the characteristics. These are the level curves associated
with the solutions to

dt =

de — t’
which are given by

22 — 1% = 3 (f is an arbitrary constant).

That is, the characteristics are hyperbolae. The initial data curve x = ¢ is
a characteristic associated with § = 0. Thus, indeed, we are considering a
potential characteristic initial value problem.

Hence, if a solution exists, then it necessarily follows that

df  dv(z,z) _ xvp+aUp C B .
= =t b= = = (1) = foa, (1)

where fy is an arbitrary constant.
To show that if f (x) satisfies (1) then there are infinitely many solutions we
find the general solution. We introduce the change of variables

f=z—t?andn=c<=t=n?2—¢and z =,

(we will assume ¢t > 0) into the pde. NOTE: 5 can be any variable that is
independent of & (we have chosen 1 = x out of convenience). It follows that

Vg = Ve&, + vgn, = 2xve + vy and vy = ve&y + vgny = —2tve
= tv, + v =t (22ve +vyy) + @ (=2tve) = tv, = vy n? =&,

which when substituted into the pde yields

Uy 772_§:cv=>iv=cC?gﬁln(%)zcln(n—i—m)

= v=09(¢ (77+\/772—£)C7

where ¢ (§) is an arbitrary function of the variable £. It therefore follows that
the general solution to the pde can be written in the form

v(z,t) =¢ (2> —?) (z+1)°. (2)
Observe that it follows from (2) that on the initial data curve =t

v(z,z) =6(0)(22)°,



which is precisely of the form (1). Since ¢ (§) is an arbitrary function of the
variable &, there are infinitely many solutions of the characteristic initial value
problem provided (1) holds (i.e., where fo = 2¢ (0)).

2.2.26: The pde and initial condition are given by
vy + vy + v, =0 with v (z,9,0) = f (z,y) .

This is a initial-value problem in R?® for which the initial data domain is R2.
Thus, the initial condition corresponds to a surface. In this case the initial data
surface is the plane z = 0. The Method of Characteristics proceeds as follows.
We parameterize the initial data “surface” by introducing the representation

r=Ay=7and z=0,

with (z,y) € R%. The characteristic equations will be given by

d
& subject to z|,_, = A,
s

dy .

= 1 subject to y|,_, =T,

dz .

Frie 1 subject to z|,_, =0,
dv .
o 0 subject to v|,_, = f (A, 7).

The solution of the characteristic equations is given by
z=s+Ny=s+r7andz=s=A=z—zand 7=y — 2,

v=f(\T)=v(z,y,2)=flx—2z,y—2).

2.3.3: The pde and initial condition are
Up + Uy = —cu, —o0 < x <00, t>0,

u(z,0) =ax, —oo <z <00,

where ¢ > 0. The initial data curve can be written parametrically in the form
x =7 and t = 0 with 7 € R. The characteristic equations are

dt
T 1 subject to t[,_, =0=t=s, (1)
s

du

1 = U subject to u|,_, = a7 = u = aTexp (—cs), (2)

dz .
o, S u=arexp (—cs) subject to z|,_, =7
s



:>x:r{1+a[1_e}(p(_cs)]}.

c
It follows from (1) and (3) that the “inverse relations” are

cx
c+all —exp(—ct)]’

s=tand 7 =

so that u (x,t) is given by

_ cxexp (—ct) . acr
u(z,t) = ctall —exp(—ct)]  (c+a)exp(ct) —a’

A shock will form the first time

(c+a)exp(ct) —a

|u| = — 00,

i.e., when
a—+c

exp (—ct) = =1+ <.
a

But 0 < exp (—ct) < 1 since ¢ > 0 and ¢t > 0, so that a shock will form only if
—1<c¢/a <0. And since ¢ > 0 this means that a shock will form only if a < —¢
and a shock will never form if a > —c. If a < —¢, the shock will form at the
time ¢t = t5 given by

1
exp(—cts)=a+cz>t5:1n< i >>0.
a c a+c

2.3.6: The pde and initial condition are given by

Uy + cuy = —u?, —co<z<oo, t>0, ceR,

u(z,0) =2, —oo <z < 00.

The initial data curve can be written in the parametric form z = 7 and t = 0
with 7 € R. The characteristic equations are given by

dt
— = 1 subject to t|,_, =0=1t=s,

ds
dx .
d—zcsubJect to z|,_y=T=2=T+cs (<=T=2—ct),
S P
du 9 .
7= U subject to u|,_, = T. (1)
The solution to (1) is given by
du 1 1 T
- =ds= -———=s=u=
u? u T 1+ s7
(@,4) T —ct
= u(z,t) = ———.
’ 1+t (x —ct)



