Solutions for Math 436 2021 Midterm

Question 1: The pde is given by

sin (z) u, + y cos (x) u, = — cos (z) u’.

Part (a). The characteristics are the level curves associated with the solution
to the ode
dyiycos:c /dy /cosx
dr  sinz sinx
sinx
y )

= lny+Iné=In(sinz) = £ =

for constant €.

Part (b). To find the general solution we transform from (z, y) to (£, 7) variables
where ¢ is the characteristic variable and 7 is any other independent variable,
say,

&= e and n = z.
Yy

It follows that
Ccos T
Uy = ugfcr + u’l’]na: = y U’E + Un,

sinx
Uy = ’ngfy + uyn, = _T/Q Ug.

Substitution into the pde yields

sin (x) cos (x) sin (m) cos ()

ue + sin () u, — ug = sin (z) u, = — cos (z) u?
1
Y I
1
= ln(51n7])+¢(§) — ul@y) = In (blnx)_i_(b(sulz).

where ¢ (§) is an arbitrary function of its argument.
Part (c). If u(z,1) = cscz, it follows from the general solution that

1
cSCT = Fnz) £ 6 (ma) = sinz = In (sinz) + ¢ (sinx)

= ¢ (x) =x—In(x),

and thus

1 1 Yy
“ (x,y) - : si i ~ sinw 1 = 1 . .
ln(51nx)+%—ln(%> =, Ty Yy ny+sinx




Question 2: The pde and initial conditions are given by
Upt — Uge = h(2,1), —o00 < <00,t>0,

u(z,0) = f(x) and w (2,0) =g (z), —oo <z < 00,

where h (z,t), f (z) and g (x) are smooth and spatially square-integrable func-
tions. To show uniqueness, we assume that there are two solutions, given by
uy (x,t) and us (x,t), i.e.,

(04 = Opz)ur = h, —oo <z <00,1>0,

uy (2,0) = f and duy (2,0) =g, — o0 <z < 00,

and
(O — Ozz)ua =h, —o0o <z <o00,t>0,
ug (2,0) = f and Qpug (2,0) =g, — o0 <z < 0.
Let @ (z,t) = vy (z,t) — uz (z,t). We will show that ® (x,t) = 0 for all ¢ > 0.
Hence uq (z,t) = ug (z,t) and we have established uniqueness. It follows that
(Ot — Opz) ® =0, —00 <z <00, t>0, (1)
® (z,0) =0 and P4 (2,0) =0, —oo <z < o0. (2)

The energy equation associated is obtained by multiplying (1) by ®; and re-
writing the resulting equation as a space-time divergence, i.e.,

B, (O — Dpu) ® = %at [(<1>,5)2 n (%)ﬂ — 8, (3,8,) = 0.

It therefore follows that
d o0
= (/ (@)% + (®,)° da;) = 29,9,|°_ =0, (3)

— 0o

since ®;P, — 0 as |z| — oo since ®,; are smooth square-integrable functions.
Thus, it follows from (3) that

[ @it @rierel 0w

— 00 —00 t=0

since ® (z,0) =0 (= P, (x,0) = 0) and P, (x,0) = 0. Further, it then follows
from (4) that

O, (z,t) = D, (x,t) =0forall t > 0= & (z,t) =0 for all t > 0.
So we have proved uniqueness.
Question 3: The pde and initial condition is given by

a(m,y)u£+b(a:,y)uyZC(x,y)u—Fd(x,y),



u(;zc,h (:13)) =f (.’L‘) )
where y = h(z) is a characteristic, where a,b,c and d are smooth functions.
Since y = h () is a characteristic, it follows that

dh(x) b(x,h)

dr  a(z,h)’

It follows that if i
oy = U (20 (2) +uy (2, h (@) o

o n e @R a@ ) (@ h (@) b (@ h) y (@, (@)
- ZE( ’h( ))+a(z,h) y( 7h( )) CL( h)

c(a?,h)u(a?,h(x))—i—d(x,h):c(a:,h)f( z)+d(z,h)
a(x,h) a(x,h) ’

Question 4: The initial-value problem associated with Euler’s equations for the
isentropic flow of a gas are given by

ur +uu, =0,

prtup, +pu, =0,

for —oo <z < 00, t > 0 (where w is the velocity and p is the density) with the
initial conditions

u(z,0) = f(x) and p(z,0) =g (z), for —oc0 <z < 0.

Part (a). The initial data curve is along the z-axis, which we may parameterize
as x =7 € R and ¢t = 0. The characteristic equations are therefore

dt
== 1 subject to t|,_, =0,
dx :
o U subject to z|,_, =T,
du
i 0 subject to ul|,_, = f (1),
d .
d—g = —puy subject to p|,_, =g (7).
The equation for u can be integrated to yield

u=f(7), ()

which allows the equation for x to be integrated to yield

x=sf(r)+T, (6)



and the solution for ¢ is given by
t=s.
Thus we may write the solution for u (x,t) in the implicit form
u=f(r) withT=2—1tf (1), (7
with 7 the characteristic variable or, equivalently, in the form
u=f(x—ut).

In order to solve for p we need to compute u, (as a function of s and 7) and
substitute into the characteristic equation for p. Thus, from (5) and (6) we have

o _ ()
Uy = f (T)Tx—m»

where prime means differentiation with respect to the argument. Substitution
into the characteristic equation for p leads to

dp __ _pf'(1) dp_ _ [_[1(1)
ds 1+ sf' (1) P L+sf' (1)
= lnp—Infg(r)] = —In[l+sf (7)] :pzlﬁs(;’)(f)'

Finally, substituting s = ¢ and 7 = x — ut into this expression allows us to write
the solution in the required form

gz —ut)

Lt f (- ut)

Part (b). To determine when and where |u,| — oo, we start from (7) from
which it follows that

p

/
_ g _f (1)
so that, assuming that f’ () is bounded for all 7, |u,| — oo requires
-1
14+tf (1) =0=t=——.
fr(r)
The first positive time that this happens, denoted by ts, is therefore given by
ty = min —— subject to f' (1) < 0. (8)
T f(7)
If we denote the minimizer associated with (8) as Tmin, then
fo=—— ' and by f (Tauin)
= — ana s = Tmin s Tmin ) -
* f/ (Tmin) B ’



Part (¢). In terms of the characteristic variable 7, the solution for p can be
written in the form

g(7)

:mwithrzx—tf(ﬂ.

p

Consequently along the characteristic 7 = Tyin, we have

— g (Tmin)
P 1+tf/ (Tmin)’
from which it follows that
: . |g (Tmin)| . 1
lim = lim —M——X = min)] Ilm ———————— =00,
P T Gl T ()

assuming |g (Tmin)| < 00.



