Solutions for Math 436 2021 Final

Question 1: The pde, given by,
Uge — 2u:};z + uyy + Uyy = 0

can be written in the matrix form

Oy 1 0 -1
(835 Oy 5Z)A Oy u = 0 where A = 0 1 0
0, -1 0 1

To classify the pde we compute the eigenvalues {)\i}le of A as follows:

1—A 0 -1
A-M|=| 0 1-Xx 0 :(1—A)[(1—A)2—1}=o
-1 0 1—AX

:>/\1:1>0,)\2:2>0and/\3:0.

Since A3 = 0, the pde is parabolic.
To transform the pde into canonical form we first need to compute the ortho-
normal eigenvectors, denoted by r;, determined from

(A—)\ZI>I‘Z = 07

for i = 1, 2, 3, respectively. We obtain

0 0 -1 0
0 0 0 r1=0—r; = 1 s
-1 0 O 0
-1 0 -1 1 1
0 -1 0 1‘2:():>I‘2:7 0 s
-1 0 -1 V2
1 0 —17 1 1
0 1 0 r3=0—r3=— 0
10 1 | ZAW

We now introduce the new coordinates or independent variables («, 3, 1) given
by
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Consequently, the derivatives transform according to

1 1 1 1 1
Uy = ZUB + —F=Uy — Ugpy — —Uugg + —=Ugy —+ “Upps

2" T 1 /2 2

1 1 1 1 1 1 1
Uy = _5“5"'%“# = Uy, = Zuﬁﬁ_\ﬁuﬁu+§u“” and Uy, = —Zu@g—l—iuw,

Uyy = Uaa-
Finally, substitution into the pde yields

Uga T UBE = 0.
Question 2a: If y = h (z) are the characteristics, then h (x) must satisfy

1—-h —=2K 2 2
[T — R (x) A| = Con 1 =1-h)"—4(W)" =0

:>1—h’::|:2h’:>h’:%0r —1.

Since all of the b are real and distinct, the system is strictly or totally hyperbolic.
Question 2b: To reduce to normal or characteristic form we first need to compute
the right eigenvectors associated with 1/h’ as computed in Part a. The right
eigenvectors of A associated with the eigenvalues 1/h/, i.e., —1 and 3, and
denoted by r_; and r3, respectively, are determined by

2 2 1
(I+A)I‘_1|:2 2:|I‘_10:>r—1< _1)7

1 2 _2 1
( —3A)r3={_32 2? ]r3=0=>r3=(1>.

Note that r_; -r3 = 0. Thus, introducing the dependent variable transformation

UERV:R(U1>,WhereRE[I‘_1 r3}:[ 1 1}
V2

-1 1
111 -1
_1_7
— R _2[1 1},

into the pde, leads to
_ 1 -1 0
vy + Dv, =0, where D =R AR = 0 3|

or, in component form,

Oyv1 — Ozv1 = 0 and Oyva + 30,v2 = 0.



Question 3a: The pde is given by

Ugt + 2Ugp — B Uy = 0.
To determine the stability index 2, we substitute

u = aexp (ikz + \t) + c.c.,
into the the pde to yield
(A? + 2ikX + BE?) aexp (ikz + Mt) + c.c. =0.
For non-trivial (i.e., a # 0) solutions we must have
A 4 2ikN+ B2 =0

— A= —ik & /—k? — Bk2 = —ik i |k| /1 + 5.

It therefore follows that

0if 3> -1

Q =lubg Re [ (k)] = { +oo if f < —1.

Question 3b: The pde is neutrally stable if 5 > —1 and is unstable if g < —1.
Question 3c: The Cauchy problem is ill-posed if g < —1.

Question 4a: The linear shallow water equations are given by

U — v = —hy, (1)
U+ u = —hy, (2)
hi +ugy + v, =0, (3)

Taking the t-derivative of (1) and (2) yields, respectively,
U — vp = —hgy,

Vit + U = _hyt-

Now if u; and v; are eliminated in these two equations using (1) and (2) one
obtains, respectively,
Ut — (*U - hy) = —hg,

Vg + (U — hy) = —hy,

which simplifies to
(&gt + 1) u = —hy — hxh (4)

(&gt + 1) v = hT - hyt- (5)



Question 4b: Tt follows from (3) that
(O + 1) he + [(On + 1) ], + [(Or + 1) 0], = 0,
which if we substitute in (4) and (5) from Part (a) implies that
(Ot + 1) hy — hay — hagwt + hay — hyye =0,

which simplifies to
(8tt + 1-— 311 - 6yy) ht = 0 (6)

Question 4c: Substitution of the neutrally-stable along-channel propagating nor-
mal mode solution

h = asin (my) exp (ikx — iwt) + c.c.,
into (6) leads to
—iw (—w® + 1+ k* + %) asin (7y) exp (ikz — iwt) + c.c. = 0.
For a non-trivial solution (i.e., a # 0) it must follow that
w (—w?+ 14k +7%) =0,
which implies that for the w # 0 solutions
w==xV1+7r2+ k2

Question 4d: To show that the solution is dispersive we need to show that
dc/dk # 0, where c is the phase velocity. The phase velocity ¢ is given by

_ Vi m R de 1+ 72

o VITRRE de_ . liw g
3 ks k- RV e

Hence the normal modes are dispersive.
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