
Mathematics 436 Final Examination Lecturer: Professor G. E. Swaters

17 December 2019

Instructions. Please answer all 4 questions. Each question is worth 25 points

1. Consider the pde
utt + 2uxt � � uxx = 0, x; � 2 R, t > 0:

(a) Determine the stability index 
 as a function of the parameter �.

(b) Determine the stability of the pde as a function of the parameter �.

(c) Determine the values of the parameter � for which the Cauchy problem is ill-posed.

2. Consider the linear partial di�erential operator L de�ned by

Lu = �r � (pru) + qu, for x 2 G � Rn;

where G is an open, simply-connected bounded region with smooth boundary @G, p = p (x) >
0 and q = q (x) � 0, with the boundary condition

� (x)u+ � (x)
@u

@n
= 0, where �; � � 0; �+ � > 0, x 2 @G;

and where the inner product is given by

(u;w) �
Z
G

� uw dx, where � = � (x) > 0:

(a) De�ne a self-adjoint operator, and show that
1

�
L is self-adjoint.

(b) De�ne a positive operator, and show that
1

�
L is positive.

(c) Show that the eigenvalues of
1

�
L are non-negative.

3. Let L be a positive, self-adjoint, real-valued partial di�erential operator de�ned for all smooth
square-integrable functions h (x) where x 2 G � Rn that satisfy the boundary condition

�h+ �
@h

@n
= 0, with �; � � 0 where �+ � > 0, for x 2 @G:

Show that the solution, assuming it exists, to

utt + Lu = F (x; t) , x 2 G, t > 0;

u (x; 0) = f (x) ; ut (x; 0) = g (x) for x 2 G;

and �u+ �
@u

@n
= B (x; t) for x 2 @G, t > 0;

is unique. HINT: Assume a unit density function in the inner product.
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4. Suppose f'k (x)g1k=1 is an orthonormal sequence of square-integrable functions de�ned on
x 2 G � Rn with the inner product

(u;w) �
Z
G

� uw dx, with � = � (x) > 0:

(a) If ' (x) is a square-integrable function for x 2 G, de�ne the Fourier Series for ' (x) with
respect to f'k (x)g1k=1.

(b) Beginning with the nth partial sum associated with the Fourier Series for ' (x), denoted
by  n (x), show that Bessel's Inequality holds, i.e.,

1X
k=1

('; 'k)
2 � k'k2 :

(c) De�ne what it means for a sequence of square-integrable functions f n (x)g1n=1 to con-
verge to a function ' (x) in the mean.

(d) Show that Convergence in the Mean is equivalent to Parseval's Identity.
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