Solutions for Math 436 2019 Final

Question 1: The pde is
Utt + 2Ugzp — BUze =0,

Part a: To determine the stability index €2, we substitute
u = aexp (ikz + At) + c.c.,
into the the pde to yield
(A\* + 2ikX + BE?) aexp (ikz + M\t) + c.c. =0.
For non-trivial (a # 0) solutions
M+ 2N+ B2 =0
— A= —ik+\/—k2 - Bk2 = —ik +i|k| /1+5.

It therefore follows that

0if B> —1

Q = lubg Re [A (k)] = { +oo if B < —1.

Part b: The pde is neutrally stable if 5 > —1 and is unstable if g < —1.

Part ¢: The Cauchy problem is ill-posed if g < —1.

Question 2a: Let f(z) and g (z) be smooth square-integrable functions that
satisfy the boundary condition associated with the differential operator £, then
L is said to be self-adjoint if

(f, Lg) = (9, Lf).

To show %L is self-adjoint, we will show that

p p
<f7 1Lg> - (g, 1Lf) = / fLg—gLf dx
p p ),

=/f =V - (pVg) +q9] =g [-V - 0V ) +qf] dz
G

We have

:/gV-(pr)—fV-(pVQ) dz
G

:/gnwpw)ffnwpw) dm+/p[Vf'ngVg~Vf] da
oG G
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Now for a given x € 9G, 8 =0 or 8 > 0. If 3 = 0 for some z € G, then
f =g =0 for those = € OG so that

(2 o) y
on on for those z€0G
If 5 # 0 for some = € G, then for those z € 0G

g = —a—f and @ —_% for those z € 0G

on B on B

0 0 Q «
:$<%f_ ;v :<5ﬁ_ﬂ> —0.
n "/ for those z€0G B ﬂ for those x€0G

Thus, regardless of whether g is zero or not for any specific € 9G, we have

shown 5 o ) )
(gf - g) =0= (f, Lg> = (g, Lf) .
on o) coc p p

Question 2b: Let f (x) be a smooth square-integrable function that satisfies the
boundary condition associated with the differential operator £, then L is said
to be positive if

(f, £f) = 0.

To show %L is positive, we proceed directly:
1
(r20r) = [ serae= [ 119690+ as] o
G G

:—/pf%dx+/pr'Vf+qf2 dz.

oG G
We note that since p > 0 and ¢ > 0

/pr~Vf+qf2deO.
G

Now for a given x € G, B =0or 5 > 0. If 3 =0 for some x € G, then f =0

for those x € 0G o7
<Pfa) =0.
"/ for those z€0G

If 5 # 0 for some x € JG, then for those x € 0G

of _ _of

an = B for those x € 0G



2
on for those x€0G ﬂ for those x€0G

since p > 0, ¢ > 0, a > 0 and 8 > 0. Thus, regardless of whether § is zero or
not for any specific x € G, we have shown

/pfa—f dr < 0.
on
oG

Thus, we have shown

(ﬂ;LQ::—/pﬁzdx+/}ﬂw-Vf+qﬂdxzo
G G

Question 2c¢: The eigenvalue problem is given by

1
—Lu=Mu, x € G,
P

with the boundary condition

ou

a(x)u—i—ﬂ(m)%—OforxG@G.

Since %L is a positive operator
1 2
0<|(u, —Lu ) =A(u, u) = Aljul|" = A>0.
P

Question 8: Assume two solutions exist to the problem denoted by u; (x,t) and
us (x,t), respectively, i.e.,
Opuy + Luy = F (z,t), x € G, t > 0,
w (2,0) = [ (), O (x,0) = g (z) for € G,
and oy +ﬁ% = B (z,t) for x € 0G, t > 0,

and
Opus + Lug = F (z,t), x € G, t > 0,

uz (2,0) = f (z), Orus (x,0) =g (x) for z € G,
and aus —l—ﬁ% = B(x,t) for z € 0G, t > 0.
Define the difference w = uq — uo, it follows that w satisfies
wg + Lw=0,zeqG, t>0,

w(z,0) =0, w; (x,0) =0 for z € G,



andaw+ﬁg—w:0forz€8G,t>0.
n
We form the energy equation
WiWy + wtﬁw =0= 8t ||'lUt||2 + 2 (’lUt, LU)) = 0,

and since £ is a self-adjoint operator it follows that (w;, Lw) = (w, Lwy), so
that the energy equation can be written in the form

0 o+ (e, ) + (w, L) = 0 = o [l + (w, L) = 0

— ol + (s ) = [l + G, L) =0
— [Jwi||* = = (w, Lw) <0,
since L is a positive operator, i.e., (w, Lw) > 0. Hence

|lwil =0 = w; =0 = w (z,t) = w(z,0) = 0.

Question 4a: The Fourier Series is defined as

oo
=> (p.0)
k=1

Question 4b: The n'" partial sum is given by

n

Uy, (2) = Z (@, er) or (2) -

k=1

To show Bessel’s Inequality, we begin with

0 < [lp (2) = vy @)II* = (¢ = Vs =) = (0,0) = 2(0,%) + (s ¥y,)

:(90790)_2<90a2(90790k)§0k( )>+<Z(<ﬂ Cm) P (), (0,01) @ )
k=1

k=1 m=1

n n
(9090*22 0,08) (9 01) + D Y (0:01) (0, 0m) (Prms )
k=1 m=1k=1

n n

=(2.0) = 2> (o)’ + D (001)" = (0.0) = D (0, 00)°
k=1 k=1 k=1

n
= (pe1)’ < (0,9).
k=1



Since the right-hand-side of this expression is independent of n, this inequality
must hold for all n regardless of large it is, and thus in the limit n — oo, it
follows

> (on)? < (0,9).
k=1
Question 4c: Mean square convergence is defined as
lim o () — b, ()] = 0.

Question 4d: We must show that

n—oo

lim [l (2) = ,, (@ = (o) =(99).
k=1

From Question 4b, we have

3

e (z) =¥, @)I° = (0,0) = Y (0, 00)°.
k=1

Thus, provided the limit exists,
n

lim [l () =¥, (@)II* = (¢, ) = lim > (0,04)"

n— o0
k=1

Hence
oo
lim o (2) — v, (@ = (pon)’ = (9,0),
k=1
and -
D (@)’ = (0,0) = tim o (2) =y, (@) = 0.
k=1



