Solutions for Math 436 2017 Midterm

Question 1: The pde is given by

sin (z) u, + y cos (x) u, = — cos (z) u’.

Part (a). The characteristics are the level curves associated with the solution
to the ode
dyiycos:c /dy /cosx
dr  sinz sinx
sinx
y )

= lny+Iné=In(sinz) = £ =

for constant €.

Part (b). To find the general solution we transform from (z, y) to (£, 7) variables
where ¢ is the characteristic variable and 7 is any other independent variable,
say,

&= e and n = z.
Yy

It follows that
Ccos T
Uy = ugfcr + u’l’]na: = y U’E + Un,

sinx
Uy = ’ngfy + uyn, = _T/Q Ug.

Substitution into the pde yields

sin (x) cos (x) sin (m) cos ()

ue + sin () u, — ug = sin (z) u, = — cos (z) u?
1
Y I
1
= ln(51n7])+¢(§) — ul@y) = In (blnx)_i_(b(sulz).

where ¢ (§) is an arbitrary function of its argument.
Part (c). If u(z,1) = cscz, it follows from the general solution that

1
cSCT = Fnz) £ 6 (ma) = sinz = In (sinz) + ¢ (sinx)

= ¢ (x) =x—In(x),

and thus

1 1 Yy
“ (x,y) - : si i ~ sinw 1 = 1 . .
ln(51nx)+%—ln(%> =, Ty Yy ny+sinx




Question 2: The pde and initial condition are given by
a(z,y) ue +b(z,y)uy = c(z,y)u+d(z,y),
u(z,h(z)) = f(z),

where y = h(x) is a characteristic, where a,b,c and d are smooth functions.
Since y = h (z) is a characteristic, it follows that

dh(z) b(x,h)

dr  a(z,h)’

Differentiating the initial condition with respect to = leads to

df dh
g = Ue (z,h(2)) +uy (z,h(z)) e

but we also have, from the pde itself, that on y = h (z)
a(z,h)ug (z,h(x)) +b(x,h)uy (x,h(z)) =c(z,h) f(z)+d(z,h).
These two equations can be written as the 2 x 2 system

1 dh/dx ] [ ug (2, h (x)) ] _ { df /dx
a(z,h) b(z,h) Uy (z, h(z)) c(z,h) f(z)+d(x,h) |~

If uy (z,h(x)) and uy (x, h (z)) were uniquely determined, assuming a solution
exists at all, it would imply that the coefficient matrix

L ]

was invertible. But
dh

:b(x,h)—a(m,h)d—zo,
x

1 dhjda
a(x,h) bz, h)

so the inverse of the coefficient matrix doesn’t exist implying that u, (z, h (x))
and wuy, (z,h (z)) cannot be uniquely determined.

Question 3: The pde and (general) initial condition are given by
Uy 4+ uuy = 0 for — oo < < o0, t >0,
u(z,0) = f(x) for —oo <z < 0.
Part (a). The initial data curve may be written parametrically as
=71 with7 €R, and t = 0.

Thus, the characteristic equations can be written as

du .
it 0 with u|,_, = f(7),



dt :
T 1 with ¢|,_, =0,

dz
= u? with x| _, =7,

where s determines the parametric dependence along the characteristics. The
characteristic equations for u and ¢ can be immediately integrated with respect
to s to yield

u=f(7) and t = s,

which if substituted into the characteristic equation for x implies

dzx 2 .
i [f (7)]" with z|,_, =T,

and since s and 7 are independent variables, this can be integrated with respect
to s to yield

c=s[f(O+r=t[f(N]>+T.
Thus, the solution for u (z,t) can be written in the implicit coupled form
u=f(),
z=t [f (1) +r
Part (b). A shock will form when |u,| — co. From the solution we compute
Uy = f/ (T) Tz

1

L=[2tf(r) f' (1) + 7o = 70 = L+2tf(7) f'(7)

f(7)
L2t f(r) f'(r)’

> Uy, =
from which we conclude that

|tz| — oo for t = —

1
2 f(r) f'(7)
so that the first time that a shock can form, denoted as ts, will be given by

b
2f(r) f'(7)

ts = min [— } where t; > 0.
Part (c). For
0 for 7 < —1,
Flr) = 147 for —1<7<0,
l—7for0<7<1,
0 for 7 > 1,



we have
0 for 7 < —1,

1for -1 <7 <0,
—lfor0<7<1,
0 for 7 > 1.

fir) =

We see that f (7) > 0 so in order to have t; > 0 we will require f’ (7) < 0. But
/(1) < 0only for 0 < 7 <1 where f(7) =1— 7. Hence

1

ty= min |———
. 031331[2(1—7)

—nt
:| = Tmin = 0 ’
where 7,y 18 the minimizer, which in turn implies

1
ts = 5 = Ts = ts [f (Tmin)]2 + Tmin =

5.
Question 4: The pde is given by
Uzg — 22 Ugy — (1 + 22) uy,y = 0.

Part (a). To classify we consider the roots of

w? —2zw — (1+22) =0

20 + \/4x2 +4(1+2
e x2—|— (1+ x):a::t /(1+x)2

=zt|l+zl=zx(1+2),

without loss of generality. There are two real distinct roots if & # —1 and one
double real root if x = —1. Hence the pde is hyperbolic if x # —1 and parabolic
if x =—1.

Part (b). In the hyperbolic case where x # —1, the characteristic variables,
denoted by ¢ and 7, are determined by, respectively,

d
<dy> =—wr=—l-—=y=—2-04+=E=y+ax+27%
x

3

<dy> _
el = —w :1:>y:;1;—77:>77:$_y7
dx .

where, as it turns out, it is convenient to write the integration constant n with
a minus sign.

Part (c). To derive the H1 canonical form of the pde in the hyperbolic case
where x # —1, we introduce the characteristic variables

E=y+az+2tandn=1x—1y.

It follows that
Uy = Ueby + Upny = (1 +22) ug + uy,



Uze = (1 + 22) Ugy + Upz + 2ug
= (1+22) [(1 + 22) uge + une) + (1 4 22) ugy + upy + 2ue
= (1+2x)° Uge + 2 (1 + 22) ue yy + Uy + 2ug,
Uy = ey, + Uyn, = Ug — Uy,
Uyy = Uge — 2Ugy + Uy,
Upy = Ugg — Upg = (1 +22) wge + uey — (14 22) ugyy — wyy
= (1 4+ 22) uge — 22U ) — Ugpp-
Substitution into the pde yields

(1+22)° uge + 2 (1 + 22) ug ) + Uy + 2ue

—2x [(1 + 22) uge — 2xUg ) — Uy
— (14 22) [uge — 2ugy + uny] = 0,

which simplifies to
4(1+2x—|—x2)u5n+2u5 =0

1
— U i E—
214+
since 2 + 2x = £ +n. This is the H1 canonical form of the pde.
Part (d). It is possible to introduce an integrating factor with respect to n
differentiation that allows one to obtain a general solution. The integrating
factor is given by

’LLgZO,

d

Multiplication of the H1 canonical form through by the integrating factor leads

to
1
VI+tE+nuey+ ———=ue =

— (VI+€+nu) =0
n

= V1+E{+nue =6 (€)

—u=von+ [ 2O,
Vi+n+s
where ¢ and ¢ are arbitrary functions of their arguments. Hence it follows that
vrers ()
= - —ds.
w(ey) = (0 —y) + =



