Solutions for Math 436 2017 Final

1. The pde is
Utt + 2Ugt — B gy +u =0,

(a) To determine the stability index €, we substitute
u = aexp (ikz + At) + c.c.,
into the the pde to yield
(A\* + 2ikX + Bk* + 1) aexp (ikz + At) + c.c. = 0.
For non-trivial (a # 0) solutions
A+ 2ikA+ k> +1=0

= A A=—tkxt/-1—-(14+P0)k?=—ik£iv/1+ (1+03)k>
It therefore follows that

0if 8> —1

Q = luby Re [A (k)] = { +ooif B < —1.

(b) The pde is neutrally stable if 5 > —1 and is unstable if § < —1.
(¢) The Cauchy problem is ill-posed if 8 < —1.

2. The linear shallow water equations are given by

Ut — Vv = 7hq;, (1)
Ve +u = —hy, (2)
ht+um+vy:03 (3)

(a) It follows from (1) and (2) that
Ut — v = —hgy,

Vg + Up = —hy,

which if u; and v; are eliminated in these using (1) and (2) again
results in
Utt — (—U - hy) = —hgt,

Vit + (U - hw) = _hyt;
which simplifies to
(8tt + 1) u = _hy - hmh (4)

(8tt + 1) v = hw — hyt. (5)



(b)

It follows from (3) that
(O + 1) by + [(On + 1) ], + [(Oe + 1) 0], =0,
which if we substitute in the result from Part (a) implies that
(Ot + 1) hy — hay — hagt + hay — hyye =0,
which simplifies to
(O +1 — Ogy — Oyy) hy = 0. (6)

Substitution of the neutrally-stable along-channel propagating nor-
mal mode solution into (6)

h = asin (7y) exp (ikz — iwt) + c.c.,
leads to
—iw (—w® + 1+ k* 4+ 7°) asin (ry) exp (ikz — iwt) + c.c. = 0.
For a non-trivial solution it follows that
w (7w2+1+k2+7r2) =0,
which implies that for the w # 0 solutions
w=+vV1+72+ k2

The phase velocity c is given by

w V1+7aZ+k2 de 1+ 72
c:—:iiﬁiz:‘:—
k21 + 72 + k2

k k dk
Let f (x) and g (z) be smooth square-integrable functions that satisfy
the boundary condition associated with the differential operator L,
then L is said to be self-adjoint if

(fs Lg) = (g, Lf).

To show %L is self-adjoint, we will show that

p p
(f, 1Lg> - (g, lLf) = / fLg—gLf dx
p p

G

£0

‘We have



Z/f [-V - (pV9g) +q9] =g [-V - (V) + qf] dz

G

=/9V~(pr)—fV-(pVg) dx

G

=/gn-(pr)—fn~(pVg) dx+/p[Vf-Vg—Vg'Vf] dx

oG G

[ (.0f
= [ (o515 2=
oG
If =0, then f =g =0 for x € 9G so that

/p( gi—fag> dr = 0.

oG
If 8 # 0, then

8f af 89 _ag
i 29 ¢
and —— " or x € 0G

:‘/ <nf ) /Gp(azfagf)do

Thus we have shown that

(5= (1)
p p

(b) Let f(x) be a smooth square-integrable function that satisfies the
boundary condition associated with the differential operator £, then
L is said to be positive if

(f, £f) = 0.

To show %L is positive, we proceed directly:

(ﬁ Lf> /fo dw—/f V) +af] d

/pf fda:+/pr-Vf+qf2 dz.
oG G
If 5 =0, then f =0 for x € G so that

(f, Lf) /pr-Vf+qf2dxzo,
G



since p > 0 and ¢ > 0. If 3 # 0, then

8f——a—ffor3:68G

on  p

S (f, 1Lf) = “prdm/pr-Vqu? dz > 0,
p B ),

oG
since p>0,¢g>0,a>0and g > 0.
(¢) The eigenvalue problem is given by

1
—Lu=Mu, z € G,
p

with the boundary condition

a(x)u—&—ﬁ(x)g—;ﬁ:Ofoer@G.

Since %L is a positive operator
1 2
0<({u, —Lu ) =A(u, u) = Alul|” = A >0.
p
(a) The Fourier Series is defined as
Z 8078016
k=1
(b) The n*" partial sum is given by
=> (o, 1)
k=1

To show Bessel’s Inequality, we begin with

0 < llp (@) = (@) = (¢ = ¥y 0 = ) = (£,0)=2 (0, )+ (s ¥)

- 2<<p,2<p<pk >+<Z(<p,<pm om (@), (9, 00) @
k=1 k=1

m=1

n

—(00) =23 (00 (@ 20+ 303 (000) (980 (D 92)

k=1 m=1 k=1
n

=(2,0) =2 (o)’ + Y (2 0)° = (0,0) = >_ (0, 01.)°
k=1 k=1

k=1

)



=>Z e, 01)" < (0, 0).

Since the right-hand-side of this expression is independent of n, this
inequality must hold for all n regardless of large it is, and thus in the
limit n — oo, it follows

o0
D (900 < (pr9)
k=1

(¢) Mean square convergence is defined as

lim |l (z) — ¥, (z)[| = 0.

(d) We must show that
k=1

From Question 4b, we have

n

e () — ¢, (2)]? )= (o p)”
k=1

Thus, provided the limit exists,

lim ¢ (2) =, (2)|* = (¢, 9) = lim > (,94)"

n—o0
k=1

Hence

lim | (z) — ¢, (2)]° = Z 0, 01)° = (0,0),

n—oo

and

Y (o)’ = (p,90) = lim o (2) = ¥, (@)|I” = 0.
k=1



