
Solutions for Math 436 2015 Final

Question 1a: Let f (x) and g (x) be smooth square-integrable functions that
satisfy the boundary condition associated with the di¤erential operator L, then
L is said to be self-adjoint if

(f; Lg) = (g; Lf) :

To show 1
�L is self-adjoint, we will show that�

f;
1

�
Lg

�
�
�
g;
1

�
Lf

�
= 0:

We have �
f;
1

�
Lg

�
�
�
g;
1

�
Lf

�
=

Z
G

f Lg � g Lf dx

=

Z
G

f [�r � (prg) + qg]� g [�r � (prf) + qf ] dx

=

Z
G

gr � (prf)� f r � (prg) dx

=

Z
@G

g n � (prf)� f n � (prg) dx+
Z
G

p [rf � rg �rg � rf ] dx

=

Z
@G

p

�
g
@f

@n
� f @g

@n

�
dx:

If � = 0, then f = g = 0 for x 2 @G so thatZ
@G

p

�
g
@f

@n
� f @g

@n

�
dx = 0.

If � 6= 0, then
@f

@n
= ��f

�
and

@g

@n
= ��g

�
for x 2 @G

=)
Z
@G

p

�
g
@f

@n
� f @g

@n

�
dx =

Z
@G

p

�
�gf

�
� �gf

�

�
dx = 0:

Thus we have shown that �
f;
1

�
Lg

�
=

�
g;
1

�
Lf

�
:

Question 1b: Let f (x) be a smooth square-integrable function that satis�es the
boundary condition associated with the di¤erential operator L, then L is said
to be positive if

(f; Lf) � 0:
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We proceed directly:�
f;
1

�
Lf

�
=

Z
G

f Lf dx =

Z
G

f [�r � (prf) + qf ] dx

= �
Z
@G

pf
@f

@n
dx+

Z
G

prf � rf + q f2 dx:

If � = 0, then f = 0 for x 2 @G so that�
f;
1

�
Lf

�
=

Z
G

prf � rf + q f2 dx � 0;

since p > 0 and q � 0. If � 6= 0, then

@f

@n
= ��f

�
for x 2 @G

=)
�
f;
1

�
Lf

�
=

Z
@G

�pf2

�
dx+

Z
G

prf � rf + q f2 dx � 0;

since p > 0, q � 0, � � 0 and � > 0.

Question 1c: The eigenvalue problem is given by

1

�
Lu = �u, x 2 G;

with the boundary condition

� (x)u+ � (x)
@u

@n
= 0 for x 2 @G:

Since 1
�L is a positive operator

0 �
�
u;
1

�
Lu

�
= � (u; u) = � kuk2 =) � � 0:

Question 2a: The Fourier Series is de�ned as

' (x) =
1X
k=1

(';'k) 'k (x) :

Question 2b: The nth partial sum is given by

 n (x) =
nX
k=1

(';'k) 'k (x) :
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To show Bessel�s Inequality, we begin with

0 � k' (x)�  n (x)k
2
= ('�  n; '�  n) = (';')� 2 ('; n) + ( n;  n)

= (';')�2
 
';

nX
k=1

(';'k) 'k (x)

!
+

 
nX

m=1

(';'m) 'm (x) ;
nX
k=1

(';'k) 'k (x)

!

= (';')� 2
nX
k=1

(';'k) ('; 'k) +
nX

m=1

nX
k=1

(';'k) (';'m) ('m; 'k)

= (';')� 2
nX
k=1

(';'k)
2
+

nX
k=1

(';'k)
2
= (';')�

nX
k=1

(';'k)
2

=)
nX
k=1

(';'k)
2 � (';') :

Since the right-hand-side of this expression is independent of n, this inequality
must hold for all n regardless of large it is, and thus in the limit n ! 1, it
follows

1X
k=1

(';'k)
2 � (';') .

Question 2c: Mean square convergence is de�ned as

lim
n!1

k' (x)�  n (x)k = 0:

Question 2d: We must show that

lim
n!1

k' (x)�  n (x)k = 0()
1X
k=1

(';'k)
2
= (';') :

From Question 2b, we have

k' (x)�  n (x)k
2
= (';')�

nX
k=1

(';'k)
2
:

Thus, provided the limit exists,

lim
n!1

k' (x)�  n (x)k
2
= (';')� lim

n!1

nX
k=1

(';'k)
2
:

Hence

lim
n!1

k' (x)�  n (x)k
2
= 0 =)

1X
k=1

(';'k)
2
= (';') ;

and
1X
k=1

(';'k)
2
= (';') =) lim

n!1
k' (x)�  n (x)k

2
= 0:
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Question 3 : Assume two solutions exist to the problem denoted by u1 (x; t) and
u2 (x; t), respectively, i.e.,

@ttu1 + Lu1 = F (x; t) , x 2 G, t > 0;

u1 (x; 0) = f (x) ; @tu1 (x; 0) = g (x) for x 2 G;

and �u1 + �
@u1
@n

= B (x; t) for x 2 @G, t > 0;

and
@ttu2 + Lu2 = F (x; t) , x 2 G, t > 0;

u2 (x; 0) = f (x) ; @tu2 (x; 0) = g (x) for x 2 G;

and �u2 + �
@u2
@n

= B (x; t) for x 2 @G, t > 0:

De�ne the di¤erence w = u1 � u2, it follows that w satis�es

wtt + Lw = 0, x 2 G, t > 0;

w (x; 0) = 0; wt (x; 0) = 0 for x 2 G;

and �w + �
@w

@n
= 0 for x 2 @G, t > 0:

We form the energy equation

wtwtt + wtLw = 0 =) @t kwtk2 + 2 (wt;Lw) = 0;

and since L is a self-adjoint operator it follows that (wt;Lw) = (w;Lwt), so
that the energy equation can be written in the form

@t kwtk2 + (wt;Lw) + (w;Lwt) = 0 =)
@

@t

h
kwtk2 + (w;Lw)

i
= 0

=) kwtk2 + (w;Lw) =
h
kwtk2 + (w;Lw)

i
t=0

= 0

=) kwtk2 = � (w;Lw) � 0;

since L is a positive operator, i.e., (w;Lw) � 0. Hence

kwtk = 0 =) wt = 0 =) w (x; t) = w (x; 0) = 0:

Question 4 : The eigenvalue problem is given by

�uxx = �2u for 0 < x < 1;

subject to
u (0) = u(1) = 0:
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The general solution is given by

u = A cos (�x) +B sin (�x) :

Application of the boundary conditions leads to

u (0) = 0 = A;

u (1) = 0 = B sin (�) =) � = n� for n = 1; 2; 3; :::

Thus, the orthonormalized eigenfunctions are given by

un (x) =
sin (n�x)hR 1

0
sin2 (n�x) dx

i 1
2

;

where Z 1

0

sin2 (n�x) dx =

Z 1

0

1� cos (2n�x)
2

dx =
1

2
:

Hence
un (x) =

p
2 sin (n�x) :
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