Solutions for Math 436 2014 Midterm

Question 1: The initial data curve is along the x-axis, which we may parame-
terize as x = 7 and t = 0. The characteristic equations are therefore

dt
== 1 subject to t|,_, =0,
X .
o T subject to z|,_, =T,
du
e 0 subject to ul|,_, = f (1),
dp .
s = PUa subject to pl,_, =g(7).
The equation for u can be integrated to yield

u=f(r),
which allows the equation for x to be integrated to yield
x=sf(r)+T,
and the solution for ¢ is given by
t=s.

In order to substitute into the characteristic equation for p we need to compute
ug (as a function of s and 7) which is given by

_ _ ')
Uy = f (T)Tz—m7

where prime means differentiation with respect to the argument. Thus,

dp __ pf'(n) _ [dp_ 1) g

ds — 1+sf'(7) P 14+ sf’(7)
g9(7)
T+sf(r)
Finally, eliminating s from the solution for x allows us to write 7 = x — ut, so
that we can write the implicit solution

= Inp—lng(r)=-In(1+sf (1) =p=

u= f(x—ut),

g (x —ut)

P Tt e —ut)



Question 2: The pde and initial condition, given by
a(z,y) ue +b(z,y)uy = c(z,y)utd(z,y),

u(z, h(zx)) = f(z),

where y = h(x) is a characteristic, where a,b,c and d are smooth functions.
Since y = h (z) is a characteristic, it follows that

dh(z)  b(z,h)

dr  a(z,h)’
It follows that of i
Ty b o)+ (o (@) 2
(o b(z,h)u o h(x :a(x,h)ux(x,h(a:))—|—b(:z:,h)uy(m,h(z))
— (2 () 0 0) g
_ c(x,h)u(x,h(x))+d(z,h) _ c(z,h) f+d(z,h)
a(z,h) a(z,h) '

Question 3: The pde and initial conditions are given by
Ugt — Uge = h(2,8), —00 < x <00, t>0,

u(z,0) = f(x) and w (2,0) =g (z), —oo <z < o0,

where h (z,t), f (z) and g (x) are smooth and spatially square-integrable func-
tions. To show uniqueness, we assume that there are two solutions, given by
uy (x,t) and us (x,t), i.e.,

(8tt_8zw)u1:h7 —oo<zr<oo,t>0,

uy (,0) = f and Qpuq (2,0) =g, — o0 <z < 00,

and
(04t — Opg) Uz = h, —o0 <z <o00,t>0,
ug (2,0) = f and Qyus (2,0) =g, —oo <z < o0.
Let @ (z,t) = vy (x,t) — ug (z,t). We will show that ® (z,t) = 0 for all ¢t > 0.
Hence u; (x,t) = us (z,t) and we have established uniqueness. It follows that
(Ot — O0pe) =0, —0c0 <z <00, t>0, (1)
® (z,0) =0 and P (2,0) =0, —oo <z < o0. (2)

The energy equation associated is obtained by multiplying (1) by ®; and re-
writing the resulting equation as a space-time divergence, i.e.,

B, (O — Day) ® = %at (@)% + (2,)°] -~ 0. (®i2,) =0



It therefore follows that

at/ (@) + (0,)° dz = 28,8, =0, (3)

— 00

since ®;®, — 0 as |z| — oo since ®,; are smooth square-integrable functions.
Thus, it follows from (3) that

/OO (@)% + (@,)° d = [/Oo @02 + (@) dz| =0, (1)

— 00 —0o0 t=0

since ® (z,0) =0 (= P, (x,0) = 0) and P, (x,0) = 0. Further, it then follows
from (4) that

O, (x,t) =P, (z,¢) =0 forall t > 0= ®(x,t) =0 for all t > 0.

Question 4: The pde can be written in the matrix form

Oy 1 0 -1
[&c Oy 8Z]A 0y | w=0 where A= 0 1 0
0, -1 0 1

The eigenvalues {)\i}?zl of A are given by

1—A 0 -1
A-M|=| 0 1-x 0 :(1—)\)[(1—/\)2—1}:0
-1 0 1—AX

:>/\1:1>O,)\2:2>0and/\320.

Hence, we conclude that the pde is parabolic. To map the pde into canonical
form we first need the orthonormal eigenbasis vectors, denoted by r; 23, and
determined from

We therefore obtain
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We now introduce the new coordinates (a, 3, 1) given by

r{ -x v
=——==[010]]|y|=y
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Consequently, derivatives map according to

[1 0 1]
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1 1
Uy = 5 (’UB =+ uu) = Ugy = 1 (uﬂﬂ + 27’1’,6# + uﬂ“) )

(—ugp + wpup)

=~ =

1

u, == (—ug +uy) = u,, = 1 (ugp — 2ug, + uyy) and ug, =
Uyy = Uaa-

Finally, substitution into the pde yields

Uaa +ugg = 0.



