Solutions for Math 436 2008 Midterm

Question 1: The pde and initial condition are
Up + ULy = —Cu, —00 < x <00, t>0,

u(z,0) =ax, —o0 <z < 00,

where ¢ > 0. The initial data curve can be written in the parametric form z = 7
and ¢t = 0 with 7 € R. The characteristic equations are

dt
T 1 subject to t[,_, =0=t = s, (1)
B :
du )
o= e subject to u|,_, = a7 = u = aTexp (—cs), (2)
S :
dz .
o, = u=arexp (—cs) subject to z|,_, =7
1— _
:>m7{1+a[exp(cs)]}' (3)
c

It follows from (1) and (3) that the “inverse relations” are

Cx

8 MET= [1 —exp(—ct)]’

so that u (x,t) is given by

acxr

u(@,t) = (c+a)exp(ct) —a’

A shock will form the first time

| ac
Ug| = — 00
* (c+a)exp(ct) —a ’
i.e., when
exp (—ct) = ate -1+ 5.
a

Note that this is independent of 2. But 0 < exp (—ct) < 1 since ¢ > 0 and ¢t > 0,
so that a shock will form only if —1 < ¢/a < 0. And since ¢ > 0 this means
that a shock will form only if a < —c and a shock will never form if a > —c. If
a < —c, the shock will form at the time ¢ = ¢, given by

1
exp(cts)—a+C:>ts—ln< j_ >>O.
a c a+c

And the shock forms everywhere, i.e., for all —co < x < 0.




Question 2: The pde and initial condition, given by
a(xay)ux +b(m,y)uy = c(x,y)u—i—d(x,y),
u(z, h(z) = f(z),

where y = h(x) is a characteristic, where a,b,c and d are smooth functions.
Since y = h (z) is a characteristic, it follows that

dh(z)  b(xz,h)
de  a(z,h)’ )

It follows that
dh

Uy (x, h(x)) + uy (2, h () e f(z),

and
a(z,h)ug (z,h(x)) +b(x,h)uy (z,h(z)) =c(z,h)u(z,h(z)) +d(z,h),
which can be written in the matrix form

e b%) IR = Lewmueh caten ©
But

e 1 dh(;) =b(z,h)—a(z dh(z) _
dt{a(m,h) b(g:,h)}b( ) —aleh) == =0,

on account of (4). Thus (5) cannot be inverted to uniquely determine u, (z, h (z))
and wuy (z, h (z)).
Question 8: The pde is given by

1
Upy + YUyy + §uy =0. (6)

The w (z,y) functions are determined by
Wy =0 wt =+/—y.
Thus for the classification, we find
If y > 0, the pde is elliptic.
If y = 0, the pde is parabolic.
If y < 0, the pde is hyperbolic.

To reduce to HI canonical form in the hyperbolic case, we introduce the char-
acteristic variables (§,7) as determined by

(dy) — ==tz -2/,
dz ¢



d
() = =vEi—=n=cr2vmm
n

with the “inverse” relations

It follows, therefore, that
Up = Ug + Uy = Uge = Uge + 2Ugy + Upp,

1 ( ) — 1

U — U Uyy =
— n w5 (—y)

Substitution into (6) yields

1
Uy = (ug —up) — g (uge — 2ugn + Upy) -

Nfw

1 1
u££ + 2u§77 + un'r, + y 3 (u§ - u"]) - - (u§5 - 2'LL§7—, + unﬂ)
2(-y)® 4
1 1

The pde (7) has the general solution
u=2e()+¥(n),

where ® and ¥ are arbitrary functions of their arguments. Thus, in terms of z
and y, the general solution to (6) is given by

u(z,y) =@ (az — 2\/fy) + U (az + 2\/7y) ,
when y < 0.
Question 4: The pde and initial conditions are given by

Upt — Uge = h(2,8), —00 <2 <00, t>0,

u(z,0) = f(x) and uw; (2,0) =g (z), —oo < < o0,

where h (z,t), f (z) and g (x) are smooth and spatially square-integrable func-
tions is unique. To show uniqueness, we assume that there are two solutions,

given by u; (z,t) and us (z,t), i.e.,
(O — Ozz)ur = h, —o0 <z <o00,t>0,
u (2,0) = f and Qpuq (2,0) =g, — o0 < x < 00,

and
(O — Ozz)ua =h, —oo <z <o00,t>0,

ug (2,0) = f and Qyus (2,0) =g, —oo <z < 00.



uy (z,t) — ug (z,t). We will show that @ (z,t) = 0 for all ¢ > 0.

Let @ (z,t) =
x,t) = uz (z,t) and we have established uniqueness. It follows that

Hence uy (
(Ot — O0pe) =0, —c0 <z <00, t>0, (8)
®(z,0) =0and & (x,0) =0, —oo <z < 00. 9)

The energy equation associated is obtained by multiplying (8) by ®; and re-
writing the resulting equation as a space-time divergence, i.e.,

D (O — o) ® = L0, (20 + (8)?] — 0. (2,2,) =0

It therefore follows that

at/ (@) + (®,)° do = 28,8, _ =0, (10)

—00

since &;P, — 0 as |z| — oo since P, ; are smooth square-integrable functions.
Thus, it follows from (10) that

/Oo (@)% + (D,)° dv = [/Oo @) + (@) dz| =0, (1)

—00 —00 t=0

since ® (z,0) =0 (= @, (z,0) = 0) and P, (z,0) = 0. Further, it then follows
from (11) that

O, (x,t) = Dy (z,¢) =0 forall t > 0= ®(x,t) =0 for all t > 0.



