Solutions for Math 436 2008 Final

Question 1a: The Fourier Series is defined as

o0
=> (p.01)
k=1

Question 1b: The n'* partial sum is given by

n

Uy, (2) = Z (¢, ¢1) or (2)

k=1

To show Bessel’s Inequality, we begin with

= (p,p)—2 (cp, > (1) o (fﬂ)) + <Z (@, 0m) em (@), > (0,01) Pr (fﬂ))

k=1 m=1 k=1

n n

= (¢,9) —22 0, 01) (0 00) + DD (0,01) (0, 0m) (Prms 1)
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n n

=(2.0) = 2> (0 0)’ + D (0,01)" = (0.0) = > (0, 00)°
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= (p0)* < (0,9).
k=1

Since the right-hand-side of this expression is independent of n, this inequality
must hold for all n regardless of large it is, and thus in the limit n — oo, it

follows
[o.]

D (@0 0)” < (9,9).

k=1

Question 1c: Mean square convergence is defined as
im [l (@) — ¥, ()] =0.
Question 1d: We must show that

lim |l (@) =, (« =Y (per)’=(09).
k=1

From Question 1b, we have

3

e (z) =¥, @)I° = (p,0) = Y (0, 00)°.

k=1



Thus, provided the limit exists,

n

lim [l () — 1, (@)]° = (. 0) — lim > (¢, ¢05)%.

e e k=1
Hence oo

lim o (2) — v, (« ; 0.00)" = (9,9) 4
and

Y (p0n)* = (0r9) = lim [lp(2) — v, (2)]* = 0.
k=1

Question 2a: The operator L is positive and self-adjoint if for all f (z) and g (z)
that are in Ly (G) and satisfy the boundary conditions, it follows that

(f,£f)>0and (f,Lg) = (9,Lf),

respectively.
Question 2b(1): The Eigenvalue problem is given by

LM = XM for z € G,

oM
aM + B—— =0 for z € IG.
on
It follows, since «, 8, x and L are real-valued, that
LM* = XM* for z € G,
oM*

on*+ﬁ =0 for x € 0G,

where the *x superscript is the complex—conjugate, i.e., M* and A" solves the
Eigenvalue problem if M and A does.
Question 2b(2): To show that A € R, we exploit the self-adjointness of £ as
follows:

(M*,LM) = (LM*, M) <= X\(M*, M) = X" (M*,M)

<:>()\f)\*)/ |M|* dz =0 = X = \" since / |M? dz > 0.
G G
Question 2b(3): To show that A > 0, we exploit the positiveness of £ as follows:

(M, LM) = A\(M, M) = A|M|* = X = <MAfHM>

Question 3a: Introduce the characteristic variables

E=x+tandn=x—1t.



It follows that
0y = 85 — 87, = Oy = 855 — 2877,5 + 677n,

Oy = 85 + (97, = Opy = 855 + 287,5 + 877717
so that the pde maps to
2
Ugy = —26e7 .

Question 3b: The general solution can be obtained as follows. First, we integrate
with respect to & and get
_ 2
u77 = ¢ (77) + € ¢ )
where ¢ is an arbitrary function of its argument. Then, we integrate with respect
to n, and obtain
2
u="W(&)+en)+ne s,

where W and @ are arbitrary functions of their arguments. Thus, finally we have
u(z,t) =V (z+t)+P(x—1t)+ (x—1t) e~ (@H)?,

Question 3c: We have

2

u(z,0) =V (z)+ D () fae ™ =0 = O (z)=—-Y(z) —ze ¥,
ug (2,0) = ' () — @ () — (1 + 22?) e =0.
= V' (z) + [‘I’ (x) + xe_ﬁ}/ = (1+22%) e

= V' (z) = 202" = U (x) = —ze™ +/ 67<2dC
0

x 0
:><I>(x):—/ e ¢ dg:/ e ¢ dC.
0 T
T+t

= u(z,t)=—(x+1) e~ (@t)? 4 (x —1) e~ (@tD? | / e*<2dC

r—1

—(z+t)? o —¢2
= —2te + e > dC.

r—t

Alternatively, using the Method of Characteristics, we have shown in class that
t r+t—T t Ttt—7T
u(z,t) = 4/ / (0 +7) e—(0+‘r)2 dodr — _2/ e—(a+r)2 dr
0 Jx 0
t

T—t+7

—t+7
T+

t
= 2/ e (@ t2)? _ o=@ t0)® g — _gpe— (o)’ +/ e dc.

0 x—t
Question 4: The pde is

Up — Uge — Uz + au = 0.



To compute the stability index we assume a plane wave solution in the form
u = Aexp (ikx + \t) + c.c..
Substitution into the pde yields
A=k —a+ik= Re(\) = —k* —a.

Thus,
Q = lubg [Re (V)] = —a.

Hence, if a > 0, the pde is strictly stable, if a = 0, the pde is neutrally stable
and if a < 0, the pde is unstable.



