Mathematics 436 Final Examination Lecturer: Professor G. E. Swaters

11 December 2006

Instructions. Please answer all 4 questions. Each question is worth 25 points.

1. Suppose {gy (z)},-, is an orthonormal sequence of square-integrable functions defined on
r € G C R™ with the inner product

(u,w) = /puw dx,
€
with p = p(z) > 0.
(a) If ¢ () is a square-integrable function for x € G, define the Fourier Series for ¢ (x) with

respect to {¢g ()} oo,

(b) Beginning with the n'® partial sum associated with the Fourier Series for ¢ (), denoted
by ¥, (x), show that Bessel’s Inequality holds, i.e.,

S (e < gl
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(c) Define what it means for a sequence of square-integrable functions {1, (z)} —, to con-
verge to a function ¢ () in the mean.

(d) Show that convergence in the mean is equivalent to Parseval’s Identity.

2. Let £ be a positive, self-adjoint, real-valued partial differential operator defined for smooth
square-integrable functions f (z) where x € G C R" and satisfying the boundary conditions

af+6%:0, with a, 8 > 0 where a+ 8 > 0, for z € 0G.

(a) Define what it means for £ to be a positive, self-adjoint operator with respect to the
inner product (f, g).

(b) Show that the solution, assuming it exists, to
uy + Lu=F(x,t), z € G, t >0,
u(z,0) = f(x), u (x,0) =g () for z € G,
and au+ﬁ% = B(x,t) for z € 0G, t > 0,

is unique.



3. Consider the wave equation in spherical coordinates written in the form

2 1
Uy — {uw + ;ur + = (u¢¢ + cot (¢) ug + csc? (9) u%)} =0,

where 0 <r<1,0<¢<m 0<60<2randt>0.

(a)

(c)

(d)

Assuming u = v (r,t) cos (¢), show that
2
- rr —Up — =% == V. 1
Vit Cc (U + TU 2 'U) ( )

The radial eigenfunctions associated with (1) are the solutions to the spherical Bessel
equation of order one, which in self-adjoint form, is given by

d ([ ,dR 22 B
E<TE>—I—()\T—2)R—O. (2)

The solution to (2) that is bounded at r = 0 is the spherical Bessel function of the first
kind of order one, given by
R(r) = ji(Ar).

Show that
R(1)=ji1(A\) =0<«=tan(\) = A.

Let the countable infinity of positive solutions to this relation be denoted by {\,}
where 0 < Ay < Ay - --.

Show that
1
(jl ()\,ﬂ’) 1 (Amr» = / J1 ()\,ﬂ’) J1 ()‘mr) rdr=0ifn 7£ m.
0

Show that
1
/ 2 Owr) P dr =1 2 ().
0

4. Use an eigenfunction expansion and the results of Question 3 to solve

2 2
vy — (Urr—l——vT——zv) =(1—r)sin(t), 0<r<1, t>0,
r r

v(r,0) = v (r,0) =v (1,t) = 0.

Hint: You may assume that j; (1/¢) # 0. Thus, the solution is given by

4 . [sin (cAnt) — ey sin (8)] 51 (Anr)
vt =L T @) 1+ cos ()

C
n=1 n

, where j; (A,) = 0.



Useful Formulae Sheet
Let j, (z) be the spherical Bessel function of the first kind of order n, then

@1+ 1)L, (@) = njacs (2) — (0 4+ 1) g (),

dx
) . 2n+1 .
In+1 ($) + In—1 Zlf) - z In (Zlf) s
T
Jn (1) = %‘]ﬂ-&-l/Q (7).
In particular,
. sin (x . sin (x cos (x
o) = 28 ong jy (o) = D) _ coslz),
T x x
) d . . .
ji(@) = —=—jo(x), lim jo(z) =1 andlimj: () =0,
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Plot of jo (x) and j; (z) vs. x.
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Plot of tan (\) and A vs. A. The positive intersection points between these curves are the solutions
of tan (\) = A. The first four solutions are given by \; ~ 4.48, Ay ~ 7.73, A3 ~ 10.9 and
Ay =~ 14.07, respectively.



