Solutions for Math 436 2006 Final

Question 1a: The Fourier Series is defined as

o0
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Question 1b: The nt* partial sum is given by
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k=1

To show Bessel’s Inequality, we begin with
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Since the right-hand-side of this expression is independent of n, this inequality
must hold for all n regardless of large it is, and thus in the limit
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Question 1c: Mean square convergence is defined as

lim ¢ (z) -, (2)] =
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Question 1d: We must show that
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From Question 1b, we have
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Thus, provided the limit exists,
n
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Question 2a: L is a positive self-adjoint operator if V f (z) and g (z) that satisfy
the boundary conditions,

(f,£f) = 0 and (f,Lg) = (9, L),

respectively.
Question 2b: Assume two solutions exist to the problem denoted by u; (z,t)
and us (z,t), respectively, i.e.,

Opuy + Lug = F (x,t), x € G, t >0,
31 (1’,0) :f(x)v atul (1’,0) :g(l') for z € Gv
and oy +B% = B (z,t) for x € 9G, t > 0,

and
Opus + Lug = F (x,t), x € G, t > 0,

us (x,0) = f(z), Ous (x,0) =g (x) for x € G,
and aus +B% = B(z,t) for x € 9G, t > 0.
Define the difference w = u; — us, it follows that w satisfies
wy +Lw=0,zeG, t>0,
w(z,0) =0, w; (x,0) =0 for z € G,
and anng—: =0 for x € 0G, t > 0.
We form the energy equation
wiwy +wiLw =0 = 0 ||w,5||2 + 2 (wy, Lw) =0,

and since L is a self-adjoint operator it follows that (wy, Lw) = (w, Lwy), so
that the energy equation can be written in the form

00 el + s L) + (0, L) = 0 = 2 [l + (w, L)) =



= el + (w0, L) = [lwell® + (w, £w)| =0

and since L is a positive operator it follows that (w, Lw) > 0 so that this equation
implies
Jwe]| =0 = w; =0 = w(z,t) = w(z,0)=0.

Question 3a: The result follows from direct substitution upon noting that
Uggp + cot (@) ug = —2cos (o) v (1, 1) .
Question 3b: From the Useful Formulae sheet, we have
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= tan (\) = A.
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Question 3c: To show the orthogonality relationship we begin with the pair of
equations
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Multiplying (1) by j1 (A7) and (2) 71 (A,r) and subtracting, we get
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which if we integrate with respect to r over the interval (0, 1), yields
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Question 3d: To show this relationship, we use the formula

J1(z) = *dixjo ().

So that
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Question 4: The pde is
9 2 2 )
Vgt — C UTT+;UT*T—2”U =sin(t)(1—7r), 0<r<1, t>0, (2)

v (r,0) = v (r,0) = v (1,t) = 0.

Observing that the boundary conditions are homogeneous Dirichlet conditions,
it follows from Question 3 that we may construct a solution of the form

Z A, , where j; (\,) = 0. (3)
Substitution of (3) into (2) leads to

i [A” ] 71 () = sin (£) (1 — 7)

— [+ (A 4] /O 22 () dr = sin (1 /0 2 (1) d Qur) dr

for n =1,2,---. Thus, using the result from Question 3d, we have for each A,
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= zs,lin(t) {cos (An) +2

_ 3sin(\y) } ~ 4sin (t) [1 — cos (Ay,)]
An B 2332 ()

B 4sin? (\,) sin (t) B 4sin (t)

C 8 (sin (M) /An)?[L—cos (An)] An [1+cos ()]

Hence, we must solve

" 2 _ 4sin (t) : Y _
A+ (ehy)” Ay = Mo+ cos O] subject to A, (0) = A4;, (0) = 0.

Assuming that there is no n for which c),, = 1 (the is equivalent to assuming
that jo (1/¢) # 0), the solution for A,, that satisfies A,, (0) = 0 is of the form

4sin (1)
An (11— 02)\%) [1+cos (M)

A, (t) = asin (eAyt) —

where « is a free constant. Application of A/, (0) = 0 leads to

4
)\n - =0
e An (1= €2X2) [1+ cos (Ay)]

4
e (1- N2) [1 + cos (A\n)]
_ 4[sin (cAnt) — cAysin (1))
A2 (1-e2A2) [1+cos(\n)]

Hence, the solution can be written in the form

=

= A, (1)

o

4 [sin (cAnt) — Ay sin ()] 51 (Anr)
vlrt) = c Z A2 (1- cz)\i) [1+ cos (A)]

, where ji (An) = 0.

n=1



