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Abstract
The distinct processes of gene ﬂow via seeds and pollen in hermaphrodite plants provide a biological basis for interpreting their
different roles in expanding a species’ range. A species’ range is primarily expanded through the colonization process by seed dispersal
and followed by the joint effects of both seed and pollen ﬂow. Here we examined the effects of seed and pollen ﬂow on shaping a species’
distribution in one-dimensional space. Our results demonstrate that pollen ﬂow can enhance range expansion when immigrating genes
are adaptive to recipient populations, but can shrink a species’ range when immigrating genes are maladaptive. The incompletely purging
of maladaptive genes from immigrating pollen grains at the gametophyte stage can reinforce the biological barrier to range expansion.
The linkage disequilibria attained by immigrating seeds and pollen grains indirectly amplify the effects of the reaction component and
further limit a species’ range. The cumulative effect from multiple loci each with a small effect can be substantial on altering a species’
range when these genes are maladaptive. These theoretical predictions can help understand the role of pollen ﬂow that is incapable of
colonizing new habitats in range expansion.
r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Gene ﬂow in hermaphrodite plants can be mediated by
either seeds or pollen grains, or both. Pollen ﬂow refers to
the process of dispersing pollen to recipient ovules,
successful fertilization, and establishment of mature seeds;
while seed ﬂow refers to the process of dispersing seeds to
different locations, germination, survival, and successful
growth to the next adult. Biologically, an effective pollen
ﬂow should include the stage of growth to the next adult
for the seeds that are formed by the combination of ovules
with migrating pollen, because the death of these seeds at
the sporophyte stage eventually results in unsuccessful
pollen ﬂow. These two different processes of gene ﬂow have
similar effects on homogenizing genetic divergence among
populations (e.g. Hu and Ennos, 1999), on maintaining a
species’ integration (Mayr, 1963; Slatkin, 1976), and on
spreading an advantageous allele from its residing local
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populations to the whole population (Fisher, 1937; Barton
and Whitlock, 1997).
In spite of the same functions mentioned above between
seed and pollen ﬂow, they differ in governing population
dynamics. First, their relative contributions to gene ﬂow
exhibit a wide range in magnitude and vary with species
and the mode of gene inheritance (e.g. Ennos, 1994; Ennos
et al., 1999; Petit et al., 2005). If the migration rate of seeds
equals that of pollen, a larger effect of seed than pollen
ﬂow is predicted in reducing population genetic differentiation (Hu and Ennos, 1999). Second, when two stages of
selection (gametophyte and sporophyte) are jointly considered, seed and pollen ﬂow can create different migration
loads to a recipient population (e.g. Hu and Li, 2003) and
hence can result in different extents of adaptation to local
environments. Third, a more critical distinction is that only
seed ﬂow can colonize empty habitats and provide a
biological foundation for the subsequent pollen ﬂow.
Successful pollen ﬂow is based on the pre-existing adult
populations that are primarily established through migrating seeds (McCauley et al., 2001). The purpose of this study
is to examine such distinction in order to gain insights into
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the effects of seed and pollen ﬂow on expanding a species’
range.
The mechanisms for forming a species’ range remain an
intriguing question even though several hypotheses have
been presented but mostly not tested (Case et al., 2005). A
species’ range may be formed owning to: (1) the interaction
between climate and species (Darwin, 1859); (2) the limited
population genetic variation; and (3) the effect of gene ﬂow
(Haldane, 1956). Early empirical and theoretical studies
demonstrate that gene ﬂow from central populations of a
species may limit adaptation at the periphery and halt
range expansion (Mayr, 1963; Hoffman and Blows, 1994;
Kirkpatrick and Barton, 1997; Case and Taper, 2000).
Such a dispersal-dependent mechanism is basically related
to the relationship between migration rate of maladaptive
genes and their selection coefﬁcients in a single recipient
population (Wright, 1969, 1977, pp. 485–486). When the
migration rate is greater than the selection coefﬁcient, the
frequency of maladaptive allele in the recipient population
is slightly smaller than the allele frequency in migrants,
leading to a large genetic load. When the migration rate is
smaller than the selection coefﬁcient, the frequency of
maladaptive allele should be very small, leading to a small
genetic load. As long as migration takes place and the
difference between the frequencies of maladaptive alleles in
migrants and in recipient populations is present, the genetic
load in recipient populations always exists. In hermaphrodite plants, the migration in this relationship should
include both seed and pollen ﬂow.
In this study, we apply the dispersal-dependent mechanism to hermaphrodite plants where the two stages of
genetic loads generated by pollen ﬂow are connected
through the two stages of plant life-phases (gametophyte
and sporophyte). The pre-existing theories of a species’
range are only based on the dispersal of diploid individuals,
and the effects of haploid dispersal (pollen) have not been
considered. Instead of using the approach that describes
the stabilizing selection in terms of the deviation of a
single polygenic quantitative trait from its optimum (e.g.
Kirkpatrick and Barton, 1997), we use an evolutionary
ecological approach to link per-capital growth rate with
individual gene frequencies (e.g. Roughgarden, 1979,
pp. 311–319), similar to MacArthur’s (1962) model. The
advantage of this approach is that the effects of pollen ﬂow
and the selection at the gametophyte stage can be easily
incorporated although these two approaches are expected
to be converged when there are inﬁnite numbers of genes
and each has an inﬁnitesimal effect. Another advantage is
that the effect of individual loci (like major quantitative
trait loci) can be separately examined. Like the previous
theories (e.g. Kirkpatrick and Barton, 1997; Case and
Taper, 2000), a diffusion model is applied to approximate
the dispersal of seeds and pollen in one-dimensional space.
Two stages of selection (gametophyte and sporophyte) are
included in this study, relaxing the assumption of diploidalone selection. This is signiﬁcant because about 60% of
the structure genes that are expressed at the sporophyte
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stage of angiosperm life cycle can also be expressed and are
potentially subject to selection at the gametophyte stage
(Mulcahy et al., 1996).
In the following sections, we ﬁrst analyse two ideal
models. We then give results for one- and two-locus cases
and numerically demonstrate the differences between seed
and pollen ﬂow. A multilocus model is ﬁnally analysed to
evaluate the joint effects of individual quantitative trait loci
on expanding the range of a species.
2. Theoretical analysis
Our model considers the case where a central population
expands in two directions along one-dimensional space.
The central population is assumed at steady state in
demography, with a constant population density (n0).
Random combination between pollen and ovules is
assumed in each established population. The gametophyte
stage in the life cycle of hermaphrodite plants refers to the
period from pollen and ovules formation to the time before
zygote formation; while the sporophyte stage refers to the
period from seed formation to adult in the same generation. For mathematical tractability, weak selection is
considered at each stage so that a balance between gene
ﬂow and selection can be reached and a limit spatial
distribution of a species can be formed. We begin by
describing two ideal models where only seed ﬂow and
constant per-capita growth rate take place in space. The
results may provide a prototype for understanding the
effects of pollen ﬂow addressed in later sections.
2.1. Ideal models
Case I: Density-independent growth. Let n be the
population density at position x. For simplicity, we use
notation f_ for qf =qt, f 0 for qf =qx, and f 00 for q2 f =qx2 .
Following the same method as Nagylaki (1975) and Pease
et al. (1989), we obtained the dynamic equation
s2S 00
n þ nr,
(1)
2
where s2S is the dispersal variance of seeds. The ﬁrst term
on the right-hand side of the above equation is the
diffusion component and the second is the reaction
component. The above equation is also applicable to
animal species if s2S is replaced with the dispersal variance
of animals.
Rescaling
the spacing distance x and time t by letting
pﬃﬃ
X ¼ rx=sS and T ¼ rt, respectively, Eq. (1) becomes
N_ ¼ N 00 =2 þ N, where N equals nðX ; TÞ, the form of
population density n after transformation. This is an
equation without any parameter. Similar to the
pﬃﬃ case of
gene frequency cline (Slatkin, 1973), l c ¼ sS = r can be
termed as the characteristic length within which a species’
density does not change. Apparently, the characteristic
length ðl c Þ increases with the dispersal variance of
seeds but decreases with the per-capita growth rate. In
n_ ¼
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one-dimensional space, the density at the central location
can be expressed by nðx; 0Þ ¼ n0 dðxÞ (initial condition)
where dðxÞ is a delta function. Solution to Eq. (1) is a
normal distribution,
pﬃﬃﬃﬃﬃ

nðx; tÞ ¼ n0 expðrt  ðx2 =2s2S tÞÞ= 2sS pt ,
which describes a dynamic density distribution, similar to
Skellam’s (1951) model in one-dimensional space. The time
required for establishing the population
for spread, te ,
pﬃﬃﬃﬃﬃﬃ
satisﬁes the relation of n0 =ð2sS n pte Þ ¼ expðrte Þ where
n is the minimum detectable size of the population at the
boundary (Shigesada and Kawasaki, 1997).
Under the conditions of nðx ¼ 0Þ ¼ n0 , n0 ðx ¼ 0Þ ¼
n00 ðx ¼ 0Þ ¼ 0 (initial value problem), and n0 ðxa0Þo0, we
obtained
pﬃﬃﬃ
2 2
0
n ¼
ðn0  n2 Þ1=2 .
(2)
lc
Basically, a larger value of n0 indicates a larger slope at
each point from the central population to each direction
and enhances seed dispersal and range expansion. The
steady-state solution ðn_ ¼ 0Þ to Eq. (1) is given by
pﬃﬃﬃ !
p
2

n ¼ n0 sin
x .
(3)
2
lc

Given
pﬃﬃﬃ the minimum density
 n , the range size is xrange ¼
2 ðp=2Þ  arcsin ðn =n0 Þ l c : It can be numerically shown
that the range size gradually reduces with the ratio n =n0 ,
with a maximum size being 2:22l c .
Case II: Density-dependent growth (the logistic model).
The dynamic equation for population density is

s2
n
n_ ¼ S n00 þ nr 1 
,
(4)
K
2

where K is the environmental capacity in the population at
position x. Eq. (4) is the same as Fisher’s (1937) traveling
wave model. Analytical solution to Eq. (4) is difﬁcult to
obtain due to the nonlinear reaction component, but
numerical comparisons with Eq. (1) can be found in
Shigesada and Kawasaki (1997, Chapter 3).
With the same setting of initial values as in the Case I
and the conditions of n0 o0 and nR00 o0, the steady-state
n
solution to Eq. (4) is x ¼ ðl c =2Þ n 0 ððn20  n2 Þ=2  ðn30 
1=2
n3 Þ=3KÞ
dn: The condition of n00 o0 ensures that the
initial central population has a maximum density and is the
source for spreading outward, which otherwise ðn00 40Þ
becomes concave upward in the density curve in space
(Case et al., 2005). It can be numerically shown from the
steady-state solution that the range size decreases with the
capacity K ðon0 Þ and eventually approaches 2:22l c when
the capacity is sufﬁciently large (approaching the Case I). A
species’ range is proportional to l c =2 when K ¼ n0 . Note
that the capacity at the position away from the central
population (optimal ﬁtness) is assumed to be smaller
(suboptimal adaptive position) than or equal to the central
population size.

In summary, the above two ideal cases describe the direct
effects of seed dispersal in expanding a species’ range. A
species’ range is proportional to the dispersal variance of
seeds. Under the case of density-independent per-capital
growth rate or the case of sufﬁcient large environmental
capacity, a maximum range size is about 2:22l c . In the next,
we examine the role of pollen ﬂow that affects a species’
range via altering both adaptive and maladaptive gene
frequencies in recipient populations and hence changing
per-capita growth rate.
2.2. One-locus model
Consider a diallelic nuclear locus in a hermaphrodite
plant species in one-dimensional space. The life cycle
follows a sequence of events: pollen and ovules generation,
pollen ﬂow, haploid selection, seed formation, seed ﬂow,
and diploid selection. Let pA and qa ðpA þ qa ¼ 1Þ be the
frequencies of alleles A and a at the locus in the population
at position x, respectively. The dynamic equations for gene
frequency and population density are derived in Appendix
A, where pollen ﬂow and selection at the gametophyte
stage are included. At steady state the two coupled
nonlinear differential equations from Eqs. (A.1) and
(A.2) in Appendix A are
0¼

s2S 00
n þ nr̄A ,
2

(5a)

s2 00
p þ s2 ðln nÞ0 p0A þ pA qa ðdA =2 þ DA Þ,
(5b)
2 A
where s2 is the total dispersal variance of seeds and pollen,
r̄A is the per-capital growth rate (the function of gene
frequency; see Eq. (A.5) in Appendix A), dA is the election
component at the gametophyte stage, and DA is the
selection component at the sporophyte stage. The analytical solutions to Eq. (5) are hard to obtain, but can be
numerically evaluated. Again, note that n00 o0 so that
population density gradually reduces with the distance
away from the central population.
Eq. (5) gives the approach of how pollen ﬂow is related
to the expansion of a species’ range, which is distinct from
seed dispersal that directly expands a species’ range. The
presence of pollen ﬂow ðs2P a0Þ makes the gene frequencies
in the established populations approach those in the central
population and reduces the genetic divergence between the
central and colonized populations (i.e. the homogenizing
function of gene ﬂow). If the central population has a
maximum genetic diversity, pollen ﬂow can increase
the genetic diversity in the colonized populations. As a
consequence, the per-capital growth ðr̄A Þ in the colonized
populations approaches the one in the central population;
the populations at the periphery become denser; and the
range of a species’ distribution is expanded. The different
effects between migrants with maladaptive and adaptive
genes are realized through altering per-capital growth rate
ðr̄A Þ. The presence of maladaptive genes in migrating seeds
0¼
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2.2.1. Effects of pollen flow
The presence of pollen ﬂow can expand a species’ range
in the case without maladaptive genes, although the
expanded range is very smaller than that by the same
amount of increment of seed dispersal ðs2S Þ. For example,
when all genes are adaptive, species range is slightly
expanded when the dispersal variance of pollen increases
from 0 to 0.1, but the range is substantially expanded
when the dispersal variance of seeds increases from 0.05
to 0.1 (Fig. 1a). Per-capita growth rate increases with
the dispersal variance of either seeds or pollen (Fig. 1b).
Genetic loads at both the gametophyte and sporophyte
stages increase from central to marginal populations, but
reduce with an increase in dispersal variances of seeds and
pollen (e.g. Fig. 1c).
In the second case, the growth rate of the individuals
with the genotype aa is less than unity since the allele a is
assumed maladaptive. Under this situation, species range
reduces when the dispersal variance of pollen increases

60

Population density

50
40
30
20
10
0
-1.5

-1

-0.5

(a)

0

0.5

1

1.5

1

1.5

1

1.5

Geographical distance

Per-capita growth rate

0.06

0.04

0.02

0
-1.5

-1

(c)

-0.5

0

0.5

Geographical distance

(b)
Genetic load at the sporophyte stage

and pollen grains reduces the frequency of adaptive gene
frequencies and hence reduces per-capital growth rate and
a species’ range. The relative contributions of pollen to
seed ﬂow to reducing per-capital growth rate depend on
their relative dispersal variances ðs2P =s2S Þ. When there are
maladaptive genes in migrants, the presence of selection at
the gametophyte stage purges maladaptive genes to some
extents and helps reduce the erosion of genetic diversity.
The effects of pollen ﬂow on altering per-capita growth rate
at the sporophyte stage (mean ﬁtness in adults) are
reduced, resulting in a small inﬂuence on a species’ range.
The incompletely purging of maladaptive genes at the
gametophyte stage reinforces the biological barrier to
range expansion. These properties are numerically demonstrated as follows.
The effects of seed and pollen ﬂow are assessed through
different ﬁtness settings for three genotypes. In the ﬁrst
case, all selection coefﬁcients are assumed positive so that
each genotype has a positive growth rate. In the second
case, selection coefﬁcients are set to be negative (maladaptive) for individuals with the genotype aa at the sporophyte
stage or for pollen and ovules with the genotype a at the
gametophyte stage. Thus, both adaptive and maladaptive
genes exist in migrating seeds and pollen grains. Throughout all numerical assessments, the ﬁnite difference method
is applied (see Press et al., 1992). The range size is
determined according to an artiﬁcial threshold density n
(Shigesada and Kawasaki, 1997). The basic approach for
these numerical calculations is to transform a set of partial
differential equations of high order to those with one order
and then to use the iterative approach to calculate function
values at each step. Here we concentrate on the effects of
seed and pollen dispersal on the eventual distribution of a
species in space, and the transient distributions which may
provide us with different information are not included.
Computer programs in C for numerical calculations in the
steady-state case are available upon request from Hu.
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Fig. 1. Effects of pollen and seed ﬂow on a species’ distribution in
space in the case without maladaptive genes: (a) population density
distribution; (b) per-capita growth rate distribution; and (c) distribution of
the genetic load at the sporophyte stage. The common parameters are
the initial population density n0 ¼ 50, the allele frequency pA ðx ¼ 0Þ ¼ 0:5,
the initial second-order differential of allele frequency p00A ðx ¼ 0Þ ¼ 0:01,
the initial second-order differential of population density n00 ðx ¼ 0þ
or 0Þ ¼ 0:01, the selection coefﬁcients in ovules and pollen sA:O ¼
sA:P ¼ 0:04 for allele A and sa:O ¼ sa:P ¼ 0:01 for allele a, and the selection
coefﬁcients for three genotypes sAA ¼ 0:08, sAa ¼ 0:05, and saa ¼ 0:02. In
each ﬁgure, the dashed line represents the case of s2S ¼ 0:05 and s2P ¼ 0:1,
the line with open circles for the case s2S ¼ 0:05 and s2P ¼ 0:0, and the solid
line for the case s2S ¼ 0:1 and s2P ¼ 0:0.

from 0 to 0.1 (Fig. 2). Another difference between these
two cases is the magnitude of genetic load in marginal
populations. The genetic loads at both gametophyte and
sporophyte stages are negative in the ﬁrst case, where mean
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Fig. 2. Effects of pollen and seed ﬂow on a species’ distribution in space.
The parameters are the initial population density n0 ¼ 50, the initial allele
frequency pA ðx ¼ 0Þ ¼ 0:5, the initial second differential of allele
frequency p00A ðx ¼ 0Þ ¼ 0:01, the initial second differential of population
density n00 ðx ¼ 0 þ or 0Þ ¼ 0:01, the selection coefﬁcients in ovules
and pollen sA:O ¼ sA:P ¼ 0:04 for allele A and sa:O ¼ sa:P ¼ 0:02 for allele
a, and the selection coefﬁcients for three genotypes sAA ¼ 0:08, sAa ¼ 0:02,
and saa ¼ 0:04. The dashed line represents the case of s2S ¼ 0:05 and
s2P ¼ 0:1, the line with open circles for the case s2S ¼ 0:05 and s2P ¼ 0:0,
and the solid line for the case s2S ¼ 0:1 and s2P ¼ 0:0.

population ﬁtness does not reduce and populations
maintain positive growth rate in all expended populations.
In the second case, a high genetic load in the marginal
populations exists at both the gametophyte and sporophyte
stages. Like in the ﬁrst case, the per-capita growth rate
gradually reduces with the populations away from
the central population while the genetic load at both the
gametophyte and sporophyte stages increase from the
central to marginal populations.

2.2.2. Selection at the gametophyte stage
The selection at the gametophyte stage can inﬂuence a
species’ distribution through altering the frequencies of
adaptive genes and hence changing per-capital growth rate.
Removing the maladaptive genes at the gametophyte
stage can enhance range expansion. Fig. 3 shows that a
species’ range is greater in the case with selection at the
gametophyte stage, compared with the case without
selection at the gametophyte stage. The joint effect of
ovule and pollen selection is greater than that of each
individual selection on range expansion. When pollen ﬂow
is absent, there is no difference between ovule and pollen
selection in shaping range expansion since both of them
equally transmit nuclear genes to progeny. However, there
are differences when pollen ﬂow with maladaptive migrating genes is present. Pollen selection is more effective than
ovule selection in expanding a species’ range (Fig. 3).

Fig. 3. Effects of selection at the gametophyte stage on a species’
distribution in space. The common parameters are the initial population
density n0 ¼ 50, the initial allele frequency pA ðx ¼ 0Þ ¼ 0:5, the initial
second-order differential of allele frequency p00A ðx ¼ 0Þ ¼ 0:01, the initial
second-order differential of population density n00 ðx ¼ 0 þ or 0Þ ¼
0:01, and the selection coefﬁcients for three genotypes sAA ¼ 0:08,
sAa ¼ 0:02, and saa ¼ 0:04. The line with open circles represents the case
sA:O ¼ sA:P ¼ 0:04 and sa:O ¼ sa:P ¼ 0:02; the line with closed circles for
the case sA:P ¼ 0:04, sa:P ¼ 0:02, and sA:O ¼ sa:O ¼ 0:0; and the solid line
for the case with sA:O ¼ sa:O ¼ sA:P ¼ sa:P ¼ 0:0.

2.2.3. Density-dependent selection
The objective here is to look at the effects of pollen ﬂow
on range expansion under the density-dependent reaction.
Suppose that there is no density-dependent regulation in
the number of pollen grains and ovules (Wright–Fisher’s
model), but there is density-dependent regulation in the
number of adults. According to Roughgarden (1979,
p. 313), let s0AA ¼ sAA ð1  n=K AA Þ, s0Aa ¼ sAa ð1  n=K Aa Þ,
and s0aa ¼ saa ð1  n=K aa Þ, where K AA , K Aa , and K aa are the
environmental capacities in the population at position x for
genotypes AA, Aa, and aa, respectively. Replacing sAA , sAa ,
and saa in Eq. (A.2) in Appendix A with s0AA , s0Aa , and s0aa ,
respectively, gives the density-dependent expressions. The
per-capita growth rate then equals




n
n
0
2
r̄A ¼ sAA 1 
p þ sAa 1 
 2pq
K AA
K Aa


n
ð6Þ
q2 ,
þ saa 1 
K aa
which is the same as Roughgarden’s (1979, p. 313)
expression.
There is a very complicated relationship between the percapital growth rate and the capacity for each genotype, but
the assumption of a tradeoff between them is often used
(Roughgarden, 1979, pp. 313–319). Our numerical results
show that the effects of pollen ﬂow in the case of densitydependent selection remain the same as those in the
preceding cases, that is the reduction in a species’ range
in the presence of migrating pollen with maladaptive genes
(e.g. Fig. 4).
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Fig. 4. Effects of pollen ﬂow in the case of density-dependent capacity for
each genotype. Parameters are the initial population density n0 ¼ 50, the
initial allele frequency pA ðx ¼ 0Þ ¼ 0:5, the initial second-order differential
of allele frequency p00A ðx ¼ 0Þ ¼ 0:01, the initial second differential of
population density n00 ðx ¼ 0 þ or 0Þ ¼ 0:01, the dispersal variance of
seeds s2S ¼ 0:05, the selection coefﬁcients in ovules and pollen sA:O ¼
sA:P ¼ 0:04 for allele A and sa:O ¼ sa:P ¼ 0:02 for allele a, and the
selection coefﬁcients for three genotypes sAA ¼ 0:08, sAa ¼ 0:02, and
saa ¼ 0:04. The capacities are K AA ðxÞ ¼ 40, K Aa ðxÞ ¼ 45, and
K aa ðxÞ ¼ 50. The line with closed circles represents the case of s2P ¼ 0:0,
and the solid line for the case of s2P ¼ 1:0.
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2.3. Two-locus model
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The objective here is to examine the effects of linkage
disequilibrium (LD) on range expansion. When LD equals
zero, the two loci evolve independently. Here LD is mainly
generated by the migrating seeds and pollen but reduced by
the recombination. Consider that two diallelic nuclear loci
are involved in population ﬁtness, with alleles A and a at
the ﬁrst locus and B and b at the second one. Let r be the
recombination rate between the A and B loci. Let pB and
qb ðpB þ qb ¼ 1Þ be the frequencies of the alleles B and b,
respectively. Let D be the linkage disequilibrium
between these two loci in the current adult stage. The
dynamic equations for the changes in gene frequency, LD,
and population density are derived in Appendix B.
From Eqs. (B.1) and (B.2) in Appendix B, the
function of LD is equivalent to creating an additional
reaction component that increases the steepness
of gene frequency distribution and hence reduces a species’
range.
The steady-state equations can be obtained simply by
setting p_ A ¼ p_ B ¼ D_ ¼ n_ ¼ 0. It can be seen from Eq. (B.4)
in Appendix B that D is the function of the joint dispersal
variances of seeds and pollen, indicating that the relative
effects of seed versus pollen dispersal directly rely on their
relative magnitudes in quantity. Fig. 5a demonstrates that
the range reduction due to the tightly linked genes is small
when s2S ¼ 0:05 and s2P ¼ 0:1, compared with that due to
the loosely linked genes (Fig. 5a). However, a substantial

(b)

-0.8

-0.4

0

0.4

Geographical distance

Fig. 5. Effects of recombination rate (r) on a species’ distribution in space:
(a) dispersal variance seeds s2S ¼ 0:05 and pollen s2P ¼ 0:1 and (b) s2S ¼ 0:1
and s2P ¼ 0:0. Common parameter settings are the initial population
density n0 ¼ 50, the initial allele frequency pA ðx ¼ 0Þ ¼ 0:5, the initial
second-order of allele frequency p00A ðx ¼ 0Þ ¼ p00B ðx ¼ 0Þ ¼ 0:01, the
initial second-order of population density n00 ðx ¼ 0 þ or 0Þ ¼ 0:01,
the selection coefﬁcients in ovules and pollen sA:O ¼ sA:P ¼ sB:O ¼ sB:P ¼
0:04 for alleles A and B and sa:O ¼ sa:P ¼ sb:O ¼ sb:P ¼ 0:01 for alleles a
and b, the selection coefﬁcients at the A and B loci sAA ¼ sBB ¼ 0:08,
sAa ¼ sBb ¼ 0:03, and saa ¼ sbb ¼ 0:02. In each ﬁgure, the dashed
represents the case of r ¼ 0.05, and the line with closed circles for the
case of r ¼ 0.5.

range reduction due to the tightly linked loci is resulted
when s2S ¼ 0:1 and s2P ¼ 0:0 (Fig. 5b), indicating that
seed ﬂow has a greater effect than pollen ﬂow in generating
LD.
2.4. Multiple-locus model
We now examine the cumulative effects from multiple
loci. Multiple genes that are linked on the same chromosomes in migrating pollen or seeds can simultaneously
spread in space since pollen and seeds carry a half and a
whole set of genomes, respectively. The governing equations for population dynamics are given in Appendix C.
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In our numerical analyses, suppose that multiple
linked loci are distributed on the same chromosome, with
a recombination rate between adjacent loci being 0.05.
Each diallelic locus has the same selection coefﬁcient at
both the gametophyte and sporophyte stages. Thus, allele
frequencies among all loci are coincident in space.
Numerical results show that a species’ range reduces with
the number of loci, indicating that the cumulative effect
becomes substantial when the number of loci increases
(Fig. 6a). The cumulative effects from pollen ﬂow are also
substantial in the presence of maladaptive migrating genes
(e.g. Fig. 6b).

(a)

(b)
Fig. 6. Effects of multiple loci on a species’ distribution in space: (a)
comparison of different number of loci under the dispersal variances of
seeds s2S ¼ 0:05 and pollen s2P ¼ 0:05; (b) effects of pollen ﬂow in the case
of four loci, with s2S ¼ 0:05. In (a), the selection coefﬁcients in ovules and
pollen si1 :O ¼ si1 :P ¼ 0:02 for allele i1 and si2 :O ¼ si2 :P ¼ 0:01 for allele i2 ,
the selection coefﬁcients for genotypes si1 i1 ¼ 0:04, si1 i2 ¼ 0:01, and
si2 i2 ¼ 0:02. In (b), selection coefﬁcients are si1 :O ¼ si1 :P ¼ 0:04 and
si2 :O ¼ si2 :P ¼ 0:02, si1 i1 ¼ 0:08, si1 i2 ¼ 0:02, and si2 i2 ¼ 0:04. The solid
line represents the case of s2P ¼ 0:0, and the dashed line for the case of
s2P ¼ 0:1. The common parameters for (a) and (b) are the initial
population density n0 ¼ 50, the initial allele frequency for allele
i1 pi1 ðx ¼ 0Þ ¼ 0:5, the initial second-order differential of allele frequency
p00i1 ðx ¼ 0Þ ¼ 0:01, the initial second-order differential of population
density n00 ðx ¼ 0 þ or 0Þ ¼ 0:01, and the recombination rate between
adjacent loci equals 0.05.

3. Discussion
Although species’ geographic ranges under a variety of
biological mechanisms have been intensively studied (Case
et al., 2005; Holt and Keitt, 2005), the effects of pollen ﬂow
have surprisingly never been investigated. Much of our
interest often focuses on the dispersal of seeds or other
types of diploid propagules that are capable of colonizing
new habitats, and the effects of pollen ﬂow on a species
range have been neglected. Haldane (1956) pointed out that
population adaptation at the periphery would be countered
by the maladaptive genes immigrated from interior
populations, and thus limit a species’ range even in the
absence of physical barriers to dispersal. This prediction
has been theoretically conﬁrmed in recent studies where
dispersal refers to diploid individuals (Kirkpatrick and
Barton, 1997; Barton, 2001). The present study demonstrates the distinct roles of seed and pollen ﬂow in
expanding a species’ range. In particular, it shows that
the maladaptive genes from migrating pollen can further
shrink a species’ range, especially when many maladaptive
genes are simultaneously involved. However, pollen ﬂow
can also help range expansion when all migrating genes are
adaptive to local environments even if they are unequal in
adaptation among different genotypes. This function
is analogous to that of pollen ﬂow in spreading an
advantageous allele in a clinal situation where pollen
ﬂow can extend the width of gene frequency cline (Hu and
Li, 2002).
Our results imply the importance of selection at the
gametophyte stage in shaping a species’ range. The genetic
load at the gametophyte sage has not been stressed so far
(Hu and Li, 2003). The maladaptive genes from migrating
pollen grains can be partially purged at the gametophyte
stage at the expense of increasing immigration load.
The incompletely removing of maladaptive genes at the
gametophyte stage adds an additional genetic load to
recipient populations at the sporophyte stage and hence
reinforces the biological barrier to range expansion.
Because the immigrating genes via pollen vector are
involved in two stages of selection, pollen ﬂow contributes
to the genetic load at both the sporophyte and gametophyte stages. In a different model, Hu and Li (2003)
showed that immigration load at the sporophyte stage is
more related to seeds than to pollen. The ratio of mP =2mS
(the migration rate of pollen to two times the migration
rate of seeds) can be used to assess the relative contributions of pollen and seed ﬂow to the immigration load at the
sporophyte stage when the total migration rate is smaller
than the total selection coefﬁcients at the two stages
(Hu and Li, 2003). Thus, those species with a large ratio of
pollen to seed ﬂow, such as Quercus petraea/Q. robur and
Pinus sylvestris (Ennos, 1994), may have a large immigration load attributable to pollen ﬂow other than seed ﬂow at
the sporophyte stage. Using a different approach, Burt
(1995) estimated the contributions to population ﬁtness
reduction from pollen and seeds. For example, seed and
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pollen ﬂow in Ipomopsis aggregate can reduce the ﬁtness at
the sporophyte stage by 0.002 and 0.0008 per generation, respectively. In relation to the present results,
estimation of the relative rate of pollen to seed ﬂow can
be applied for gaining insights into the role of pollen ﬂow
in shaping a species’ range.
In addition to the direct effects of pollen ﬂow on the
immigration load at both the sporophyte and gametophyte
stages, the indirect effects of pollen ﬂow by generating
linkage disequilibrium among linked genes are also
important. Linkage disequilibrium has a similar function
to natural selection as a reaction component and hence
ampliﬁes the biological barrier to range expansion in the
presence of maladaptive migrating genes. These indirect
effects have not been examined in previous theories where
haploid migration is not considered. Our results show that
the relative contribution of pollen and seed ﬂow to linkage
disequilibria is proportional to the ratio of their dispersal
variances ðs2P =s2S Þ. As implied from previous studies (Petit
et al., 2005), migration rate of pollen grains among
established populations is often much greater than that
of seeds, especially for plants with wind pollinations. Thus,
the indirect effect of pollen ﬂow through generating linkage
disequilibrium can be substantial when the dispersal
variance of pollen is much greater than the recombination
rates or when a large number of tightly linked adaptive
genes are involved.
Another effect is the cumulative effect from multiple loci
that can be substantial in shaping a species’ range although
individual gene effects may be small. This is of practical
signiﬁcance since many quantitative trait loci each with
small effects can be detected with the development of
genome-wide screening techniques in future. These multiple loci can be simultaneously transferred by either seed or
pollen ﬂow to the colonized populations. As implied from
our present results, the cumulative genetic load is likely
large if multiple loci are maladaptive. Thus, the biological
barrier owing to the incompletely purging at the gametophyte stage is reinforced.
Finally, it is necessary to point out that the effects of
pollen ﬂow are related to the founder effect during the
colonization process, the demographic properties of the
established populations, and the type of mating system.
These factors can affect genetic diversity within and
between colonized populations (e.g., Austerlitz et al.,
2000; Ingvarsson, 1997) and hence inﬂuence range expansion. When the number of initial individuals in a new
habitat is small but the per-capita growth rate is high in an
outcrossing species, the subsequent pollen ﬂow may have a
signiﬁcant effect on changing the genetic diversity in the
newly established populations, as evidenced in the case of
Silene alba (McCauley et al., 2001). If the initial population
size is small and the per-capita growth rate is also small, the
contribution from pollen ﬂow may be negligible, such as
in those species with insect pollination and ruminant
dispersal of seeds where migration rate of pollen is small or
comparable to that of seeds. Under this situation, seed
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dispersal plays a dominant role in expanding a species’
range.
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Appendix A. Equations for one locus
Consider a diallelic nuclear locus with alleles A and a in a
hermaphrodite plant species in one-dimensional space. The
analytical derivation follows a sequence of events in life
cycle: pollen and ovules generation, pollen ﬂow, haploid
selection, seed formation (random combination between
pollen and ovules), seed ﬂow, and diploid selection. For
mathematical rigor in deriving partial differentials of allele
frequencies, the sequence of events are assumed to occur
within a time interval, Dt (e.g. Nagylaki, 1975; Hu and
Li, 2001). Let n be the population density (number of
individuals) at position x. According to previous studies
(Nagylaki, 1975; Pease et al., 1989; Kirkpatrick and
Barton, 1997), the population dynamics can be described
by a diffusion-reaction equation
s2S 00
n þ nr̄A ,
(A.1)
2
where r̄A is the per-capita growth rate in the one-locus case.
For mathematical tractability, weak selection is assumed
at both the gametophyte and sporophyte stages so that all
terms containing the second or higher orders of selection
coefﬁcients are negligible. Let sA:P and sA:O be the selection
coefﬁcients of allele A in pollen and ovules, respectively;
sa:P and sa:O be the selection coefﬁcients of allele a in pollen
and ovules, respectively. Let the ﬁtness at the sporophyte
stage be 1 þ sAA for genotype AA, 1 þ sAa for Aa, and 1 þ
saa for aa. Density-independent selection is assumed to take
place independently in each local population.
Let pA and qa ðpA þ qa ¼ 1Þ be the frequencies of
alleles A and a in the population at position x, respectively.
Let dA ¼ sA:P þ sA:O  sa:P  sa:O , the selection component
related to the gametophyte stage, and DA ¼ pA sAA þ
ðqa  pA ÞsAa  qa saa , the selection component related to
the sporophyte stage. According to the life cycle and the
direction of dispersal from high to low density populations
in space, the dynamic equation for allele frequency is
derived as
n_ ¼

s2 00
p þ s2 ðln nÞ0 p0A þ pA qA ðdA =2 þ DA Þ,
(A.2)
2 A
where s2 ¼ s2S þ s2P =2 in which s2P is the dispersal variance
of pollen grains. Note that the ﬁrst term on the right-hand
side of Eq. (A.2) represents the diffusion component. The
second term on the right-hand side of Eq. (A.2) represents
the joint effect of gene ﬂow and the change in density over
p_ A ¼
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space (a nonlinear component); and the last term (the
reaction component) represents the changes due to the
selection at both the gametophyte and sporophyte stages.
An expression similar to Eq. (A.2) can also be found in
Barton (2001) except that the reaction component in the
present model includes the selection at the gametophyte
stage and that the diffusion component includes the
haploid dispersal.
The genetic load at the gametophyte stage equals
the reduction in average ﬁtness in the population. Let l P
and l O be the genetic loads in pollen and ovules at the
gametophyte stage, respectively. We obtained
l P ¼ sA:P pA þ sa:P qa ,

(A.3)

l O ¼ sA:O pA þ sa:O qa ,

(A.4)

pA

p_ AB ¼

p_ Ab ¼

qa

and
are the gene frequencies after pollen ﬂow.
where
The allele frequencies in ovules are assumed equal to those
in the preceding adults. At the steady state, pA ¼ pA and
qa ¼ qa . The average per-capita growth rate at the
sporophyte stage can be expressed as
r̄A ¼ p2A sAA þ 2pA qa sAa þ q2a saa ,

(A.5)

which links Eq. (A.1) with Eq. (A.2). The genetic load at
the sporophyte stage equals r̄A .
Appendix B. Equations for two loci
Suppose that two diallelic nuclear loci are involved
in the population ﬁtness, with alleles A and a at the ﬁrst
locus and B and b at the second one. Let r be the
recombination rate between the two loci. Let pB and
qb ðqb ¼ 1  pB Þ be the frequencies of alleles B and b,
respectively. Let sB:P and sB:O be the selection coefﬁcients
for allele B in pollen and ovules, respectively; and sb:P and
sb:O for allele b in pollen and ovules, respectively. The
ﬁtness at the sporophyte stage is set as 1 þ sBB for genotype
BB, 1 þ sBb for Bb, and 1 þ sbb for bb. The model of
additive viabilities is applied to calculating the ﬁtness of
any two-locus genotype.
Let pAB , pAb , paB , and pab be the frequencies of gametes
AB, Ab, aB, and ab, respectively. Let D ð¼ pAB pab 
pAb paB Þ be the linkage disequilibrium between these two
loci at the current adult stage. Similarly, let dB ¼ sB:P þ
sB:O  sb:P  sb:O and DB ¼ pB sBB þ ðqb  pB ÞsBb  qb sbb be
the selection components at the gametophyte and sporophyte stages at the B locus, respectively. According to the
same approach as in the one-locus case, the dynamic
equations for allele frequencies are given by
s2 00
p_ A ¼
p þ s2 ðln nÞ0 p0A þ pA qa ðdA =2 þ DA Þ
2 A
þ ð1  rÞDðdB =2 þ DB Þ,

ðB:1Þ

s2 00
p þ s2 ðln nÞ0 p0B þ pB qb ðdB =2 þ DB Þ
2 B
þ ð1  rÞDðdA =2 þ DA Þ.

ðB:2Þ

p_ B ¼

The fourth term on the right-hand side of Eq. (B.1) or
Eq. (B.2) is the changes due to the presence of linkage
disequilibrium between the two loci. When linkage
disequilibrium equals zero ðD ¼ 0Þ, these two loci evolve
independently.
The changes in the four gamete frequencies with time are
derived as

p_ aB ¼

p_ ab ¼

s2 00
p þ s2 ðln nÞ0 p0AB
2 AB
þ pAB ððqa dA þ qb dB Þ=2 þ qa DA þ qb DB Þ,

ðB:3aÞ

s2 00
p þ s2 ðln nÞ0 p0Ab
2 Ab
þ pAb ððqa dA  pB dB Þ=2 þ qa DA  pB DB Þ,

ðB:3bÞ

s2 00
p þ s2 ðln nÞ0 p0aB
2 aB
þ paB ððpA dA þ qb dB Þ=2  pA DA þ qb DB Þ,

ðB:3cÞ

s2 00
p þ s2 ðln nÞ0 p0ab
2 ab
þ pab ððpA dA þ pB dB Þ=2  pA DA  pB DB Þ.

ðB:3dÞ

From these expressions of gamete frequencies, the change
in the linkage disequilibrium with time can be derived
according to the relation D_ ¼ qðpAB pab  pAb paB Þ=qt, that is
D_ ¼  rD þ ð1  rÞs2 D00 =2 þ s2 p0A p0B
þ ð1  rÞs2 ðln nÞ0 D0 þ ð1  rÞD½ðqa  pA Þ
 ðdA =2 þ DA Þ þ ðqb  pB ÞðdB =2 þ DB Þ.

ðB:4Þ

It can be seen from Eq. (B.4) that if D has the order
in magnitude similar to the selection coefﬁcients, the
selection component in the above equation is negligible.
The linkage disequilibrium is mainly generated by migration but reduced by recombination.
Using the same approach as in the one-locus case, the
population dynamics can be obtained by replacing r̄A in
Eq. (A.1) with the per-capita growth rate under the twolocus case ðr̄AB Þ,
r̄AB ¼ p2A sAA þ 2pA qa sAa þ q2a saa þ p2B sBB þ 2pB qb sBb
þ q2b sbb .

ðB:5Þ

The genetic loads at the gametophyte stage, denoted by LP
and LO in pollen and ovules, respectively, are given by
LP ¼ sA:P pA þ sa:P qa þ sB:P pB þ sb:P qb ,

(B.6)

LO ¼ sA:O pA þ sa:O qa þ sB:O pB þ sb:O qb ,

(B.7)

where pd and qd are the gene frequencies after pollen ﬂow.
The allele frequencies in ovules are assumed equal to those
in the preceding adults. Again, at steady state, pd ¼ pd
and qd ¼ qd . The genetic load at the sporophyte stage
equals r̄AB .
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Appendix C. Equations for multiple loci
Suppose there are m diallelic loci that are involved in
controlling the genetic variation of ﬁtness. The ﬁtness for
any multilocus genotype is calculated according to the
assumption of additive viabilities. For simplicity, let i1 and
i2 be the capital and small alleles at the ith locus (i ¼ 1,y,
m), respectively. Let pi and qi be the frequencies of alleles i1
and i2 at the ith locus ðpi þ qi ¼ 1Þ, respectively. Let rij and
Dij ðiajÞ be the recombination rate and linkage disequilibrium between the ith and jth loci, respectively. Using the
same approach as in Appendices A and B, we obtained the
general expressions
p_ i ¼

s2 00
p þ s2 ðln nÞ0 p0i
2 i
þ pi qi ðdi =2 þ Di Þ þ

m
X

ð1  rij ÞDij ðdj =2 þ Dj Þ,

ðC:1Þ

jai

1  rij 2 00
D_ ij ¼  rij Dij þ
s Dij þ s2 p0i p0j
2
þ ð1  rij Þs2 ðln nÞ0 D0ij þ ð1  rij ÞDij ððqi  pi Þ
 ðdi =2 þ Di Þ þ ðqj  pj Þðdj =2 þ Dj ÞÞ,

ðC:2Þ

where di ¼ si1 :P þ si1 :O  si2 :P  si2 :O , the component
related to the selection at the gametophyte stage at the
ith locus, and Di ¼ pi si1 i1 þ ðqi  pi Þsi1 i2  qi si2 i2 , the component related to the selection at the sporophyte stage at
the ith locus. The number of linkage disequilibria equals
mðm  1Þ=2 for a given m loci.
The equation for the dynamics of population density has
the same form as in Eq. (A.1) except that r̄A in Eq. (A.1) is
replaced with the following per-capita growth rate in the
multilocus case
r̄M ¼

m
X

ðp2i si1 ii þ 2pi qi si1 i2 þ q2i si2 i2 Þ.

(C.3)

i¼1

The genetic load at the gametophyte stage can be
expressed as
LP ¼

m
X

ðsi1 P pi þ si2 P qi Þ,

(C.4)

ðsi1 O pi þ si2 O qi Þ,

(C.5)

i¼1

LO ¼

m
X
i¼1

where pi and qi are the gene frequencies after pollen ﬂow,
and the allele frequencies in ovules are assumed equal to
those in the preceding adults. Again, at steady state, pi ¼
pi and qi ¼ qi . The genetic load at the sporophyte stage
equals r̄M .
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