
 
 
 
 
 

Working Paper No. 2009-25 
 
 
 
 

The perceived framework of a classical 
statistic: Is the non-invariance of a Wald 

statistic much ado about null thing? 
 
 
 

Naorayex K. Dastoor 
University of Alberta 

 
 
 

August, 2009 
 
 
 
 
Copyright to papers in this working paper series rests with the authors and their assignees.  
Papers may be downloaded for personal use.  Downloading of papers for any other activity 
may not be done without the written consent of the authors. 
 
Short excerpts of these working papers may be quoted without explicit permission provided 
that full credit is given to the source. 
 
The Department of Economics, The Institute for Public Economics, and the University of 
Alberta accept no responsibility for the accuracy or point of view represented in this work in 
progress. 



Wkh shufhlyhg iudphzrun ri d fodvvlfdo vwdwlvwlf=
Lv wkh qrq0lqyduldqfh ri d Zdog vwdwlvwlf pxfk

dgr derxw qxoo wklqjB
Qdrud|h{ N Gdvwrru4
Xqlyhuvlw| ri Doehuwd

Mxo| 5339
+Dxjxvw 533<= Frorxuv dgghg wr Iljxuhv 4 dqg 5,

Devwudfw
Wkh glvwlqfwlrq ehwzhhq d qrplqdo iudphzrun iru wkh wkuhh fodvvlfdo vwdwlvwlfv dqg

d shufhlyhg iudphzrun iru hdfk fodvvlfdo vwdwlvwlf surylghv pruh zd|v wr lqwhusuhw wkhvh
vwdwlvwlfv/ dqg lqwxlwlyho| h{sodlqv dv zhoo dv pruh hdvlo| vkrzv vrph zhoo0nqrzq uhvxowv1
Lq sduwlfxodu/ hdfk fodvvlfdo vwdwlvwlf fdq eh ylhzhg lq whupv ri d ohqjwk lq hdfk ri
irxu vsdfhv dqg/ vlqfh wkh fodvvlfdo surfhgxuhv shu vh duh htxlydohqw lq d shufhlyhg
iudphzrun/ wzr vwdwlvwlfv duh lghqwlfdo li wkhlu shufhlyhg iudphzrunv duh lghqwlfdo1 Wklv
khosv wr lqwhjudwh wkh qrupdoo| vhsdudwho| wuhdwhg lvvxhv ri d uhirupxodwlrq ri d qxoo
k|srwkhvlv dqg ri orfdoo| htxlydohqw dowhuqdwlyhv1 Iru h{dpsoh/ d Zdog vwdwlvwlf lv
qrw lqyduldqw li d uhirupxodwlrq fkdqjhv lwv shufhlyhg iudphzrun/ dqg dq dssursuldwh
vfruh vwdwlvwlf lv lqyduldqw dv lwv shufhlyhg iudphzrun lv xqd�hfwhg e| frqvlghulqj d
orfdoo| htxlydohqw dowhuqdwlyh1 ^Gxulqj wkh wkluw|0irxu prqwkv wklv sdshu zdv xqghu
frqvlghudwlrq dw Wkh Hfrqrphwulfv Mrxuqdo/ wkh Hglwru0lq0fkdujh +Surihvvru Vwìskdqh
Juhjrlu, glg qrw uhso| wr wkuhh +ri wkh dxwkru*v irxu, uhtxhvwv derxw wkh vwdwxv ri wkh
vxeplvvlrq/ dqg surylghg qhlwkhu d uhihuhh*v uhsruw qru d �uvw ghflvlrq1 Dovr/ zkhq
dvnhg wr lqwhuyhqh e| wkh dxwkru/ wkh qhz Pdqdjlqj Hglwru +Surihvvru Ulfkdug M Vplwk,
r�huhg wkh dxwkru wkh srvvlelolw| ri vxeplwwlqj wkh sdshu +dv d qhz vxeplvvlrq, wr wkh
qhz hglwruldo uhjlph/ dw zklfk srlqw/ wkh dxwkru zlwkguhz wkh sdshu1`

Nh|zrugv= Fodvvlfdo vwdwlvwlf/ Olnholkrrg udwlr vwdwlvwlf/ Qrplqdo iudphzrun/ Shufhlyhg
iudphzrun/ Vfruh vwdwlvwlf/ Zdog vwdwlvwlf1

MHO fodvvl�fdwlrq= F45
� Dgguhvv= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Doehuwd/ Hgprqwrq/ Doehuwd W9J 5K7/ Fdqdgd
Hpdlo= qr{|1gdvwrruCxdoehuwd1fd



Fkurqrorj| ri Vxeplvvlrq wr Wkh Hfrqrphwulfv Mrxuqdo
Vxppdu|= Gxulqj wkh wkluw|0irxu prqwkv wklv sdshu zdv xqghu frqvlghudwlrq dw Wkh
Hfrqrphwulfv Mrxuqdo/ wkh Hglwru0lq0fkdujh +Surihvvru Vwìskdqh Juhjrlu, glg qrw uhso| wr
wkuhh +ri wkh dxwkru*v irxu, uhtxhvwv derxw wkh vwdwxv ri wkh vxeplvvlrq/ dqg surylghg qhlwkhu
d uhihuhh*v uhsruw qru d �uvw ghflvlrq1 Dovr/ zkhq dvnhg wr lqwhuyhqh e| wkh dxwkru/ wkh qhz
Pdqdjlqj Hglwru +Surihvvru Ulfkdug M Vplwk, r�huhg wkh dxwkru wkh srvvlelolw| ri vxeplwwlqj
wkh sdshu +dv d qhz vxeplvvlrq, wr wkh qhz hglwruldo uhjlph/ dw zklfk srlqw/ wkh dxwkru
zlwkguhz wkh sdshu1
Qrwh= Ehorz/ lq wkh ohiw pdujlq/ d qxpehu lq vtxduh eudfnhwv ghqrwhv wkh dssur{lpdwh
qxpehu ri prqwkv hodsvhg vlqfh vxeplvvlrq ri wkh sdshu1
64 Mxo| 5339= Sdshu vxeplwwhg wr Wkh Hfrqrphwulfv Mrxuqdo1
4 Dxjxvw 5339= Hglwruldo Dvvlvwdqw lqirupv dxwkru wkdw wkh sdshu kdv ehhq sdvvhg rq wr
rqh ri wkh Hglwruv/ Surihvvru Vwìskdqh Juhjrlu1
57 Dxjxvw 5339= Surihvvru Juhjrlu dfnqrzohgjhv uhfhlsw ri sdshu1
7 Dsulo 533:= Dxwkru uhtxhvwv vwdwxv ri vxeplvvlrq iurp Surihvvru Juhjrlu/ qr uhso|^;`
uhfhlyhg1
< Pd| 533:= Dxwkru uhtxhvwv vwdwxv ri vxeplvvlrq iurp Surihvvru Juhjrlu1^<`
58 Pd| 533:= Surihvvru Juhjrlu uhsolhv wkdw kh zloo jhw lq wrxfk dv vrrq dv kh kdv jrw wkh^43`
uhihuhhv* uhsruwv1
: Mdqxdu| 533;= Dxwkru uhtxhvwv vwdwxv ri vxeplvvlrq iurp Surihvvru Juhjrlu/ qr uhso|^4:`
uhfhlyhg1
4: Iheuxdu| 533;= Dxwkru uhtxhvwv vwdwxv ri vxeplvvlrq iurp Surihvvru Juhjrlu/ qr uhso|^4;`
uhfhlyhg1
64 Pdufk 533;= Dxwkru frqwdfwv wkh qhz Pdqdjlqj Hglwru/ Surihvvru Ulfkdug M Vplwk/^53`
h{suhvvlqj frqfhuq derxw +dqg uhtxhvwlqj vwdwxv ri, vxeplvvlrq1
4 Dsulo 533;= Surihvvru Vplwk uhsolhv wkdw kh zloo pdnh hqtxlulhv uhjduglqj wkh vwdwxv^53`
ri wkh sdshu dqg wr frqwdfw klp li/ lq wzr zhhnv/ qr uhvsrqvh lv uhfhlyhg iurp hlwkhu wkh
hglwruldo r!fh ru Surihvvru Juhjrlu1
: Dsulo 533;= Surihvvru Juhjrlu lqirupv dxwkru wkdw kh kdv uhfhlyhg rqo| rqh uhihuhh*v^53`
uhsruw/ jrw lq wrxfk zlwk wkuhh rwkhu srwhqwldo uhihuhhv exw qrqh gholyhuhg d uhsruw/ kdv dvnhg
d irxuwk rqh/ dqg krshv wr eh deoh wr jhw edfn zlwk vrph qhzv vrrq1
6 Pd| 533<= Dxwkru uhtxhvwv Surihvvru Ulfkdug M Vplwk wr wdnh ryhu wkh surfhvvlqj ri^66`
wkh vxeplvvlrq1
7 Pd| 533<= Surihvvru Vplwk uhsolhv wkdw kh kdv frqwdfwhg Surihvvru Juhjrlu dqg lqvwuxfwv^66`
wkh dxwkru wr frqwdfw Surihvvru Vplwk li qrwklqj lv khdug zlwklq wzr zhhnv1
58 Pd| 533<= Dxwkru lqirupv Surihvvru Vplwk derxw qrw khdulqj dq|wklqj1^67`
5 Mxqh 533<= Surihvvru Vplwk zulwhv/ �Lq wkh flufxpvwdqfhv jlyhq wkh ohqjwk ri wlph vlqfh^67`
wkh sdshu zdv vxeplwwhg L zrxog olnh wr r�hu |rx wkh srvvlelolw| wr vxeplw |rxu sdshu wr
Wkh Hfrqrphwulfv Mrxuqdo xqghu wkh qhz hglwruldo uhjlph> 111 L vkrxog hpskdvlvh wkdw L
fdqqrw jlyh |rx dq| jxdudqwhh ri hyhqwxdo vxffhvv dv wkh sdshu zrxog qhhg wr eh wuhdwhg dv
d qhz vxeplvvlrq1�
5< Mxqh 533<= Dxwkru zlwkgudzv vxeplvvlrq1^68`



41 Lqwurgxfwlrq
Lq d prgho vshfl�hg e| d olnholkrrg ixqfwlrq zkhuh wkh xvxdo uhjxodulw| frqglwlrqv krog/ wkh
ydolglw| ri d vhw ri uhvwulfwlrqv +rq d yhfwru ri xqnqrzq sdudphwhuv, lv frpprqo| whvwhg
e| xvlqj wkh fodvvlfdo vwdwlvwlfv/ qdpho|/ wkh olnholkrrg udwlr/ d vfruh +ru Odjudqjh Pxowl0
solhu,/ dqg d Zdog vwdwlvwlf1 Qxphurxv uhvxowv rq wkh ehkdylrxu ri wkhvh vwdwlvwlfv duh zhoo
nqrzq dqg suhvhqwhg lq prvw judgxdwh wh{wv> iru h{dpsoh/ vhh Gdylgvrq dqg PdfNlqqrq
+4<<6/ 5337,1 Wklv sdshu suhvhqwv d qryho2gl�huhqw dssurdfk wr h{dplqlqj wkh ehkdylrxu
ri wkhvh vwdwlvwlfv e| glvwlqjxlvklqj ehwzhhq d qrplqdo iudphzrun iru doo wkuhh vwdwlvwlfv dqg
d shufhlyhg iudphzrun iru hdfk vwdwlvwlf1 Lq jhqhudo/ d +whvwlqj, iudphzrun lv gh�qhg e|
wkuhh txdqwlwlhv= d sdudphwhu vsdfh/ d pd{lpdqg wkdw surylghv dq hvwlpdwh iru dq xqnqrzq
yhfwru ri sdudphwhuv/ dqg d uhvwulfwhg sdudphwhu vsdfh gh�qhg e| d vhw ri uhvwulfwlrqv rq wkh
yhfwru ri sdudphwhuv1 Lq sduwlfxodu/ lq wkh qrplqdo iudphzrun frpprq wr doo wkuhh fodvvlfdo
vwdwlvwlfv/ wkh sdudphwhu vsdfh lv l/ wkh pd{lpdqg lv d orj0olnholkrrg ixqfwlrq uEw� zkhuh w
lv d yhfwru ri xqnqrzq sdudphwhuv/ dqg wkh uhvwulfwhg sdudphwhu vsdfh lv gh�qhg e| d yhfwru
ri uhvwulfwlrqv oEw� ' f1 Wkh vwdqgdug dv|pswrwlf wkhru|/ zkhq dssolhg wr wkh fodvvlfdo
vwdwlvwlfv/ xvhv Wd|oru vhulhv dssur{lpdwlrqv +ru phdq ydoxh h{sdqvlrqv, ri uEw�/ wkh vfruh
ixqfwlrq }Ew�/ dqg oEw�> iru h{dpsoh/ vhh Gdylgvrq dqg PdfNlqqrq +4<<6/ ss1 7790:,1 Wkhvh
dssur{lpdwlrqv gr qrw rqo| surylgh wkh dv|pswrwlf glvwulexwlrq ri d vwdwlvwlf/ exw dovr sod|
d fulwlfdo uroh lq ghwhuplqlqj wkh irup ri d vwdwlvwlf1 Iru h{dpsoh/ wkhvh dssur{lpdwlrqv
surylgh wkh yduldqfh0fryduldqfh pdwul{ ri wkh dv|pswrwlf glvwulexwlrq ri ? ������� }E�w� zkhuh ?
lv wkh vdpsoh vl}h dqg �w lv wkh uhvwulfwhg pd{lpxp olnholkrrg +PO, hvwlpdwru ri w1 Wkhq/ d
vfruh vwdwlvwlf lv frqvwuxfwhg dv d txdgudwlf irup lq ? ������� }E�w� zkhuh wkh zhljkwlqj pdwul{ lv
d frqvlvwhqw hvwlpdwru ri d jhqhudol}hg lqyhuvh ri wklv yduldqfh0fryduldqfh pdwul{1 Vlploduo|/
wkhvh dssur{lpdwlrqv surylgh wkh idfwru 5 lq wkh olnholkrrg udwlr vwdwlvwlf dqg d Zdog vwdwlvwlf
dv dq dssursuldwh txdgudwlf irup lq s?oE	w� zkhuh 	w lv wkh xquhvwulfwhg PO hvwlpdwru ri w1

Wkh shufhlyhg iudphzrun ri d vwdwlvwlf lv frqvwuxfwhg vxfk wkdw lw h{solflwo| dffrxqwv iru
wkh dssur{lpdwlrqv xvhg zkhq wkh vwdqgdug dv|pswrwlf wkhru| lv dssolhg wr wkh fodvvlfdo
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vwdwlvwlfv1 Wkhuhiruh/ lq wkh shufhlyhg iudphzrun ri hdfk fodvvlfdo vwdwlvwlf/ wkh sdudphwhu
vsdfh lv X zlwk l � X/ wkh pd{lpdqg lv d txdgudwlf dssur{lpdwlrq ri uEw� +zklfk jlyhv
d olqhdu dssur{lpdwlrq ri }Ew�,/ dqg wkh uhvwulfwhg sdudphwhu vsdfh lv gh�qhg e| d olqhdu
dssur{lpdwlrq ri oEw� ehlqj }hur1 Lq wkh shufhlyhg iudphzrun ri wkh olnholkrrg udwlr vwdwlvwlf/
wkh txdgudwlf dssur{lpdwlrq ri uEw� lv dw 	w dqg wkh olqhdu dssur{lpdwlrq ri oEw� lv dw �w dqg/
lq wkh shufhlyhg iudphzrun ri d vfruh +Zdog, vwdwlvwlf/ erwk dssur{lpdwlrqv duh dw �w +	w,1
Iru hdfk vwdwlvwlf/ wkh sduwlfxodu dssur{lpdwlrqv duh fkrvhq vxfk wkdw +iru d jlyhq vdpsoh,
wkh vwdwlvwlf lv uhsurgxfhg e| dsso|lqj wkh fruuhvsrqglqj fodvvlfdo surfhgxuh wr lwv shufhlyhg
iudphzrun1 Khqfh/ qrwlrqdoo|/ d shufhlyhg iudphzrun lv wkdw dv vhhq e| d vwdwlvwlf iru d
jlyhq vdpsoh/ zkhuhdv/ wkh qrplqdo iudphzrun lv wkdw dv lqwhqghg iru wkh vwdwlvwlfv1

Txdgudwlf dssur{lpdwlrqv ri uEw� kdyh ehhq xvhg wr dujxh wkdw d vfruh dqg d Zdog vwdwlv0
wlf fdq eh ylhzhg dv dssur{lpdwlrqv wr wkh olnholkrrg udwlr vwdwlvwlf1 Iru h{dpsoh/ frqvlghu
Iljxuh 6 lq Qhzh| dqg PfIdgghq +4<<7/ s1 5554, zkhuh ' � Ew�/ (� � / u� � / dqg ` � fruuh0
vsrqg wr uEw�/ wkh olnholkrrg udwlr/ d vfruh/ dqg d Zdog vwdwlvwlf/ uhvshfwlyho|1 Wkhq/ wklv
�jxuh vkrzv wkdw +iru d vfdodu sdudphwhu zlwk d olqhdu uhvwulfwlrq, d vfruh dqg dZdog vwdwlvwlf
duh dssur{lpdwlrqv wr wkh olnholkrrg udwlr vwdwlvwlf lq wkh vhqvh wkdw wkh| fdq eh uhsurgxfhg
e| dsso|lqj wkh olnholkrrg udwlr surfhgxuh wr dssursuldwh txdgudwlf dssur{lpdwlrqv ri uEw�1
Lq wklv h{dpsoh/ d txdgudwlf dssur{lpdwlrq ri uEw� iru wkh olnholkrrg udwlr vwdwlvwlf lv qrw
frqvlghuhg dv wkh irfxv lv rq wkh olnholkrrg udwlr surfhgxuh1 Krzhyhu/ wkhuh lv qr qhhg wr
irfxv vroho| rq wkh olnholkrrg udwlr surfhgxuh1 Dovr/ lq jhqhudo/ d Zdog vwdwlvwlf fdqqrw eh
uhsurgxfhg e| frqvlghulqj rqo| d txdgudwlf dssur{lpdwlrq ri uEw�> ehorz/ dqrwkhu �jxuh zloo
vkrz wkh uroh sod|hg e| d olqhdu dssur{lpdwlrq ri oEw� lq uhsurgxflqj d Zdog vwdwlvwlf iru
d qrqolqhdu uhvwulfwlrq1 Wkhuhiruh/ e| frqvlghulqj erwk d txdgudwlf dssur{lpdwlrq ri uEw�
dqg d olqhdu dssur{lpdwlrq ri oEw� iru hdfk vwdwlvwlf/ d shufhlyhg iudphzrun grhv qrw irfxv
dwwhqwlrq rq dq| sduwlfxodu fodvvlfdo surfhgxuh dqg surylghv d pruh frpsohwh iudphzrun iru
h{dplqlqj wkh ehkdylrxu ri d vwdwlvwlf1

Wkh dqdo|vlv zlwk d shufhlyhg iudphzrun surylghv wzr jhqhudo uhvxowv1 Iluvw/ lq d shu0
fhlyhg iudphzrun/ wkh fodvvlfdo surfhgxuhv shu vh duh htxlydohqw vr d gl�huhqfh ehwzhhq

5



wzr vwdwlvwlfv dulvhv dv d uhvxow ri dsso|lqj wkh htxlydohqw surfhgxuhv wr gl�huhqw shufhlyhg
iudphzrunv/ dqg +dv h{shfwhg/ jlyhq wkh qrwlrq ri d shufhlyhg iudphzrun, wzr vwdwlvwlfv
duh lghqwlfdo li wkhlu shufhlyhg iudphzrunv duh lghqwlfdo1 Wkh vhfrqg jhqhudo uhvxow lv dq
h{whqvlrq ri wzr srsxodu lqwhusuhwdwlrqv ri wkh wkuhh vwdwlvwlfv1 Rq wkh rqh kdqg/ edvhg
rq Exvh +4<;5, dqg Hqjoh +4<;7,/ hdfk vwdwlvwlf fdq eh ylhzhg lq whupv ri d ohqjwk lq wkh
vsdfh dvvrfldwhg zlwk wkh vwdwlvwlf1 Wkh olnholkrrg udwlr vwdwlvwlf lv d ohqjwk lq wkh udqjh
ri uEw� dqg d vfruh +Zdog, vwdwlvwlf lv d vtxduhg ohqjwk lq wkh udqjh ri }Ew� +oEw�,1 Rq
wkh rwkhu kdqg/ edvhg rq Qhzh| dqg PfIdgghq +4<<7,/ doo wkuhh vwdwlvwlfv fdq eh ylhzhg
lq whupv ri ohqjwkv lq wkh udqjh ri uEw�1 Xvlqj d shufhlyhg iudphzrun/ hdfk vwdwlvwlf fdq
eh lqwhusuhwhg lq whupv ri d ohqjwk lq hdfk ri irxu srvvleoh vsdfhv> wkh sdudphwhu vsdfh X
dqg wkh vsdfhv wkdw frqwdlq wkh udqjhv ri uEw�/ }Ew�/ dqg oEw�1 Wkh lqwhusuhwdwlrq ri d
fodvvlfdo vwdwlvwlf lq whupv ri d ohqjwk lq d sdudphwhu vsdfh grhv qrw dsshdu wr kdyh ehhq
frqvlghuhg lq wkh olwhudwxuh1 Zlwk wklv lqwhusuhwdwlrq/ wkh dqdo|vlv ri wkh fodvvlfdo vwdwlvwlfv
lv vlpsol�hg vr vrph zhoo0nqrzq uhvxowv duh pruh hdvlo| vhhq1 Wkhvh jhqhudo uhvxowv khos wr
vkhg ixuwkhu oljkw lq vrph vshfldo fdvhv1 Iru h{dpsoh/ li uEw� lv d txdgudwlf ixqfwlrq ri w
dqg oEw� lv d olqhdu ixqfwlrq ri w/ wkhq wkh htxdolw| ri wkh olnholkrrg udwlr vwdwlvwlf dqg dssur0
suldwh yhuvlrqv ri d vfruh dqg d Zdog vwdwlvwlf lv lqwxlwlyho| h{sodlqhg e| wkh idfw wkdw wkhlu
shufhlyhg iudphzrunv duh lghqwlfdo/ dqg lw lv vhhq wkdw d txdgudwlf uEw� shu vh lv vx!flhqw
iru wkh htxdolw| ri rqo| wkh olnholkrrg udwlr dqg d vfruh vwdwlvwlf1 Wkh jhqhudo uhvxowv duh dovr
dssolfdeoh wr fodvvlfdo0w|sh vwdwlvwlfv> wkrvh rewdlqhg e| uhsodflqj d orj0olnholkrrg ixqfwlrq
zlwk dq dssursuldwh pd{lpdqg dvvrfldwhg zlwk vrph rwkhu phwkrg ri hvwlpdwlrq zkhuh d
w|sh ri lqirupdwlrq pdwul{ htxdolw| krogv/ iru h{dpsoh/ dv lq Jrxulhurx{ dqg Prqiruw +4<;</
Vhfwlrq 515,1

Fhuwdlq surshuwlhv ri d Zdog dqg d vfruh vwdwlvwlf duh zhoo0nqrzq1 Iluvw/ lq jhqhudo/
d Zdog vwdwlvwlf lv qrw lqyduldqw wr d uhirupxodwlrq ri d qrplqdo qxoo k|srwkhvlv zkhuh
oEw� ' f lv uhzulwwhq lq dq dojheudlfdoo| htxlydohqw irup> iru wkh ehkdylrxu ri wkh vwdwlvwlfv
wr gl�huhqw w|shv ri lqyduldqfh/ vhh Gdjhqdlv dqg Gxirxu +4<<4,1 Qxphurxv sdshuv kdyh
h{dplqhg ydulrxv dvshfwv ri wklv qrq0lqyduldqfh1 Iru h{dpsoh/ Juhjru| dqg Yhdoo +4<;8,
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surylgh Prqwh Fduor hylghqfh ri wkh h�hfw ri d uhirupxodwlrq/ Odirqwdlqh dqg Zklwh +4<;9,
dqg Euhxvfk dqg Vfkplgw +4<;;, vkrz krz wklv qrq0lqyduldqfh frxog eh h{sorlwhg wr rewdlq
d ghvluhg qxphulfdo ydoxh iru d Zdog vwdwlvwlf/ Skloolsv dqg Sdun +4<;;, h{dplqh wkh h�hfw
ri d uhirupxodwlrq rq wkh vpdoo vdpsoh glvwulexwlrq ri d Zdog vwdwlvwlf/ Gdylgvrq +4<<3,
dqg Fulwfkoh|/ Pduulrww dqg Vdoprq +4<<9, dsso| wkh phwkrgv ri gl�huhqwldo jhrphwu| wr
h{sodlq wkh qrq0lqyduldqfh/ dqg Nhps +5334, surylghv d mxvwl�fdwlrq iru uxolqj rxw fhuwdlq
uhirupxodwlrqv1 Vhfrqg/ d vfruh vwdwlvwlf +hydoxdwhg dssursuldwho|, lv lqyduldqw wr fhuwdlq
dowhuqdwlyh k|srwkhvhv1 Lq d olqhdu uhjuhvvlrq prgho/ wklv uhvxow zdv �uvw vkrzq e| Euhxvfk
+4<:;, dqg Jrgiuh| +4<:;, lq wkh fdvh ri whvwlqj iru zklwh qrlvh huuru whupv djdlqvw wkh
dowhuqdwlyh ri hlwkhu dxwruhjuhvvlyh ru prylqj dyhudjh huuruv ri wkh vdph rughu1 Vxevhtxhqwo|/
Jrgiuh| +4<;4, dqg Jrgiuh| dqgZlfnhqv +4<;5, kdyh vkrzq wkh lqyduldqfh ri dq dssursuldwh
vfruh vwdwlvwlf wr zkdw wkh| gh�qh dv d orfdoo| htxlydohqw dowhuqdwlyh +OHD,1

Lq wkh olwhudwxuh/ wkh dqdo|vlv iru d uhirupxodwlrq ri d qrplqdo qxoo kdv ehhq wuhdwhg dv
d vhsdudwh lvvxh iurp wkh dqdo|vlv zlwk dq OHD1 Wklv sdshu khosv wr lqwhjudwh wkhvh wzr
dqdo|vhv e| h{sodlqlqj wkh lqyduldqfh ru qrq0lqyduldqfh surshuwlhv ri d vwdwlvwlf zlwk uhvshfw
wr hlwkhu d uhirupxodwlrq ri d qrplqdo qxoo ru dq OHD1 Lq sduwlfxodu/ wkh olnholkrrg udwlr dqg d
vfruh vwdwlvwlf duh lqyduldqw wr d uhirupxodwlrq ri d qrplqdo qxoo dv wkhlu shufhlyhg iudphzrunv
duh xqd�hfwhg e| d uhirupxodwlrq/ zkhuhdv/ d Zdog vwdwlvwlf lv qrw lqyduldqw li d uhirupxodwlrq
fkdqjhv lwv shufhlyhg iudphzrun1 Wkh dqdo|vlv zlwk uhvshfw wr dq OHD frqvlghuv dqrwkhu
qrplqdo iudphzrun zkhuh +fhwhulv sdulexv, wkh pd{lpdqg lv d orj0olnholkrrg ixqfwlrq u 	 Ew�
zlwk wkh vfruh yhfwru } 	 Ew�1 Xvlqj wkh gh�qlwlrq ri Jrgiuh| dqg Zlfnhqv +4<;5,/ wklv
rwkhu qrplqdo iudphzrun lv dq OHD zkhq/ lqwhu dold/ }E�w� ' } 	 E�w� dqg �w lv wkh uhvwulfwhg
hvwlpdwru ri w lq erwk qrplqdo iudphzrunv1 Gdylgvrq dqg PdfNlqqrq +4<<6, kdyh dujxhg
wkdw }E�w� ' } 	 E�w� lv wrr vwurqj d uhtxluhphqw dv dq dssursuldwh vfruh vwdwlvwlf lv dovr lqyduldqw
li } 	 E�w� lv d qrqvlqjxodu olqhdu wudqvirupdwlrq ri }E�w�1 Wkhuhiruh/ lw lv �uvw vkrzq wkdw wkh
xvh ri wkh gh�qlwlrq ri Jrgiuh| dqg Zlfnhqv +4<;5, lv qrw dv uhvwulfwlyh dv pd| �uvw dsshdu/
surylghg u 	 Ew� lv dssursuldwho| vshfl�hg1 Wkhq/ lw lv hdvlo| vhhq wkdw dq dssursuldwh vfruh
vwdwlvwlf lv lqyduldqw dv lwv shufhlyhg iudphzrun lv xqd�hfwhg e| frqvlghulqj dq OHD/ zkhuhdv/
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wkh olnholkrrg udwlr dqg d Zdog vwdwlvwlf duh qrw lqyduldqw dv wkhlu shufhlyhg iudphzrunv duh
d�hfwhg e| wkh xvh ri dq OHD1

Wkh uhvw ri wkh sdshu surfhhgv dv iroorzv1 Lq wkh qh{w vhfwlrq/ wkh wkuhh vwdwlvwlfv duh �uvw
suhvhqwhg lq wkhlu xvxdo irupv iru d jlyhq qrplqdo iudphzrun1 Wkhq/ d jhqhulf shufhlyhg
iudphzrun lv frqvwuxfwhg vxfk wkdw lw surylghv dv vshfldo fdvhv wkh shufhlyhg iudphzrunv ri
wkh olnholkrrg udwlr/ d vfruh/ dqg d Zdog vwdwlvwlf1 Vhfwlrq 6 vkrzv krz hdfk vwdwlvwlf fdq
eh h{suhvvhg lq whupv ri d ohqjwk lq hdfk ri irxu vsdfhv dqg suhvhqwv vrph ixuwkhu uhvxowv1
Vhfwlrq 7 surylghv wkh dqdo|vlv zlwk uhvshfw wr d uhirupxodwlrq ri d qrplqdo qxoo dqg glvfxvvhv
fhuwdlq dvshfwv ri wkh qrq0lqyduldqfh ri d Zdog vwdwlvwlf1 Uhvxowv zlwk uhvshfw wr dq OHD
duh suhvhqwhg lq Vhfwlrq 8 dqg/ �qdoo|/ vrph frqfoxglqj uhpdunv duh vwdwhg lq Vhfwlrq 91

51 Qrplqdo dqg shufhlyhg iudphzrunv
Wkh qrplqdo iudphzrun frpprq wr doo wkuhh fodvvlfdo vwdwlvwlfv lv gh�qhg e| wkh wulsohw
Elc uEw�cl 
 � zkhuh wkh sdudphwhu vsdfh l � U� / wkh pd{lpdqg uEw� lv d orj0olnholkrrg
ixqfwlrq iru ? revhuydwlrqv/ w 5 l lv d R � � yhfwru ri xqnqrzq sdudphwhuv/ dqg wkh uh0
vwulfwhg sdudphwhu vsdfh l 
 ' iw m oEw� ' fc w 5 lj zlwk oEw� ' f ehlqj dq o � � yhfwru ri
nqrzq uhvwulfwlrqv dqg o � R1 Iru qrwdwlrqdo vlpsolflw|/ wkh ghshqghqfh ri txdqwlwlhv rq wkh
gdwd dqg rq ? zloo eh vxssuhvvhg1 Wkh qxoo dqg dowhuqdwlyh k|srwkhvhv duh M 
 G w 5 l 
 dqg
M � G w 5 l � / uhvshfwlyho|/ zkhuh l 
 dqgl � frqvwlwxwh d sduwlwlrq ri l1 Wkhq/ wkh xquhvwulfwhg
dqg uhvwulfwhg PO hvwlpdwruv ri w duh 	w ' @h}4@ ��
�� uEw� dqg �w ' @h}4@ ��
���� uEw�/ uhvshf0
wlyho|1 Ohw }Ew� ' YuEw�*Yw/ MEw� ' �? ��� Y � uEw�*YwYw � / 	M ' ME	w�/ -Ew� ' YoEw�*Yw �

+dq o � R pdwul{,/ 	- ' -E	w�/ �- ' -E�w�/ aEw� eh d R � R v|pphwulf pdwul{/ 	a ' aE	w�/ dqg
�a ' aE�w�1 Wkurxjkrxw/ dv|pswrwlf uhvxowv duh rewdlqhg xqghu M 
 dqg wkh iroorzlqj wzr
dvvxpswlrqv krog1

Dvvxpswlrq 41 Iru d jlyhq vdpsoh= +d, 	w 5 l � / }E	w� ' f/ dqg uE	w� : uE�w�> +e, 	- dqg
�- kdyh udqn o> dqg +f, 	M/ 	a / dqg �a duh srvlwlyh gh�qlwh pdwulfhv1
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Dvvxpswlrq 51 Xqghu M 
 = +d, 	w �$ w 
 dqg �w �$ w 
 zkhuh w 
 5 l 
 > +e, 	a �$ a 
 dqg �a �$ a 

zkhuh a 
 lv wkh +srvlwlyh gh�qlwh, olplwlqj lqirupdwlrq pdwul{> +f,MEYw� �$ a 
 dqg -EYw� �$ - 

zkhuh Yw �$ w 
 dqg - 
 ' -Ew 
 � kdv udqn o> dqg +g, s?E	w � �w� �� �Efc a ���
 - �
 T ���
 - 
 a ���
 �/
? ������� }E�w� �� �Efc - �


 T ���
 - 
 �/ dqg s?oE	w� �� �Efc T 
 � zkhuh T 
 ' - 
 a ���
 - �

 1

Wkh hqvxlqj dqdo|vlv zloo suhvhqw dojheudlf uhvxowv iru d jlyhq vdpsoh vr Dvvxpswlrq 4 zloo
hqvxuh wkdw doo vdpsoh txdqwlwlhv duh zhoo gh�qhg dqg kdyh dssursuldwh surshuwlhv1 Dvvxps0
wlrq 5 vlpso| vwdwhv uhohydqw vwdqgdug dv|pswrwlf uhvxowv rewdlqhg xqghu M 
 dqg xqghu wkh
xvxdo uhjxodulw| frqglwlrqv zkhuh wkh +olplwlqj, lqirupdwlrq pdwul{ htxdolw| krogv1 Uljrurxv
vwdwhphqwv ri wkh dssursuldwh frqglwlrqv uhtxluhg dqg irupdo ghulydwlrqv ri wkhvh vwdqgdug
dv|pswrwlf uhvxowv fdq eh irxqg lq/ iru h{dpsoh/ Gdylgvrq dqg PdfNlqqrq +4<<6, dqg Qhzh|
dqg PfIdgghq +4<<7,1

Frqvlghu wkh olnholkrrg udwlr/ d vfruh/ dqg d Zdog vwdwlvwlf jlyhq e|
u- ' 2iuE	w�� uE�w�j/ +4,

7 ' �
?}E�w�

� �a ��� }E�w�/ +5,
dqg

` ' ?oE	w� � i 	- 	a ��� 	- � j ��� oE	w�/ +6,
uhvshfwlyho|1 Xqghu M 
 / hdfk ri wkhvh vwdwlvwlfv lv dv|pswrwlfdoo| glvwulexwhg dv d � � Eo�
yduldwh1 Vlqfh wkh Odjudqjhdq dvvrfldwhg zlwk �w lv OEwc b� ' uEw� � b � oEw� zkhuh b lv dq
o � � yhfwru ri Odjudqjh pxowlsolhuv/ wkh �uvw0rughu frqglwlrq YOE�wc �b�*Yw ' f jlyhv

}E�w� ' �- � �b +7,
vr +5, lv riwhq zulwwhq dv 7 ' ? ��� �b

� �- �a ��� �- � �b/ d Odjudqjh Pxowlsolhu vwdwlvwlf1 Lq wkh
fdvh zkhuh uEw� lv d txdgudwlf ixqfwlrq ri w +vxfk wkdw MEw� ' 7M lv d srvlwlyh gh�qlwh
qrqvwrfkdvwlf pdwul{ zlwk *�4 ����� 7M ' a 
 , dqg oEw� lv d olqhdu ixqfwlrq ri w/ Exvh +4<;5/ s1
489, dqg Hqjoh +4<;7/ ss1 :;507, vkrzhg wkdw

u- ' 7 ' ` +8,
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zkhuh 7 dqg ` duh hydoxdwhg zlwk �a ' 7M dqg 	a ' 7M/ uhvshfwlyho|1

Wkh shufhlyhg iudphzrunv ri u-/ 7/ dqg ` fdq eh rewdlqhg dv vshfldo fdvhv ri d jhqhulf
shufhlyhg iudphzrun dv iroorzv1 Ohw � ' u-c7c` 1 Wkhq/ wkh shufhlyhg iudphzrun ri � lv
gh�qhg iru d jlyhq vdpsoh e| wkh wulsohw EXc u � Ew�cX 
�� � zkhuh wkh sdudphwhu vsdfh X ' U�
zlwk l � X/ wkh pd{lpdqg u � Ew� lv d txdgudwlf dssur{lpdwlrq ri uEw� dw d fkrvhq srlqw
7w � vxfk wkdw 7w � �$ w 
 / dqg wkh uhvwulfwhg sdudphwhu vsdfh X 
�� lv rewdlqhg e| uhsodflqj oEw�
lq l 
 zlwk o � Ew�/ d olqhdu dssur{lpdwlrq ri oEw� dw d fkrvhq srlqw �w � vxfk wkdw �w � �$ w 
 1
Irupdoo|/

u � Ew� ' uE7w � � n }E7w � � � Ew � 7w � �� ?
2 Ew � 7w � � � a � Ew � 7w � �/ +9,

o � Ew� ' oE�w � � n- � Ew � �w � �/ +:,

dqg

X 
�� ' iw m o � Ew� ' f/ w 5 Xj +;,

zkhuh a � lv d v|pphwulf srvlwlyh gh�qlwh pdwul{ vxfk wkdw a � �$ a 
 / dqg - � lv dq o � R
pdwul{ zlwk udqn o vxfk wkdw - � �$ - 
 1 Edvlfdoo|/ u � Ew� lv d vhfrqg0rughu Wd|oru vhulhv
dssur{lpdwlrq ri uEw� dw 7w � zlwk ME7w � � uhsodfhg e| a � wr fdwhu iru gl�huhqw hvwlpdwruv ri
a 
 1 Vlploduo|/ o � Ew� lv d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri oEw� dw �w � zlwk -E�w � �
uhsodfhg e| - � wr fdwhu iru gl�huhqw hvwlpdwruv ri - 
 1 Khuh/ wkh xquhvwulfwhg dqg uhvwulfwhg
hvwlpdwruv ri w duh 	w � ' @h}4@ ��
� u � Ew� dqg �w � ' @h}4@ ��
� �"! u � Ew�/ uhvshfwlyho|1 Qrwh
wkdw/ wkurxjkrxw/ d ckdw* +cwlogh*, rq w lv xvhg iru dq xquhvwulfwhg +uhvwulfwhg, hvwlpdwru/ dqg
wkh vxevfulsw � zloo lqglfdwh d txdqwlw| iurp d shufhlyhg iudphzrun zkhuh/ xqohvv vwdwhg
rwkhuzlvh/ � ' u-c7c` 1 Ohw } � Ew� ' Yu � Ew�*Yw1 Wkhq/ lw fdq eh vkrzq wkdw

} � Ew� ' }E7w � �� ?a � Ew � 7w � �/ +<,

	w � ' 7w � n �
?a

���� }E7w � �/ +43,

:



�w � ' 	w � � a ���� - �
� i- � a ���� - �

� j ��� o � E	w � �/ +44,

dqg

} � E�w � � ' ?- �
� i- � a ���� - �

� j ��� o � E	w � � ' ?a � E	w � � �w � � +45,

zkhuh 	w � �$ w 
 dqg �w � �$ w 
 1

Vlqfh wkh vshfldo fdvhv ri u � Ew� dqg o � Ew� duh ghwhuplqhg e| dssursuldwho| fkrrvlqj wkh
vdpsoh txdqwlwlhv 7w � / a � / �w � / dqg - � / lw lv frqyhqlhqw wr froohfw wkhvh txdqwlwlhv dv wkh
txdguxsohw

S � � E7w � c a � c �w � c - � �1 +46,

Lqlwldoo|/ S � lv wuhdwhg dv �{hg iru wkh sxusrvh ri hydoxdwlqj d vwdwlvwlf dqg udqgrp ydul0
deohv duh rewdlqhg lq wkh xvxdo pdqqhu e| odwhu dffrxqwlqj iru uhshdwhg vdpsolqj> fi1 d PO
hvwlpdwru lv rewdlqhg e| �uvw hydoxdwlqj d PO hvwlpdwh dqg odwhu dffrxqwlqj iru uhshdwhg
vdpsolqj1 Wkhuhiruh/ lq wkh shufhlyhg iudphzrun ri �/ wkh olnholkrrg udwlr/ d vfruh/ dqg d
Zdog vwdwlvwlf duh

u-ES � � ' 2iu � E	w � �� u � E�w � �j/ +47,

7ES � � ' �
?} � E�w � �

� a ���� } � E�w � �/ +48,

dqg

` ES � � ' ?o � E	w � � � i- � a ���� - �
� j ��� o � E	w � �/ +49,

uhvshfwlyho|1 Wkhq/ wkh shufhlyhg iudphzrunv ri u-/ 7/ dqg ` duh rewdlqhg e| fkrrvlqj
S � vxfk wkdw � ' �ES � � iru d jlyhq vdpsoh> l1h1/ d vwdwlvwlf lq wkh qrplqdo iudphzrun lv
uhsurgxfhg e| d fruuhvsrqglqj vwdwlvwlf lq lwv shufhlyhg iudphzrun1 Wklv sdshu irfxvvhv
rq wkh fodvvlfdo vwdwlvwlfv/ exw wkh jhqhulf shufhlyhg iudphzrun frxog dovr eh xvhg wr ghwhu0
plqh wkh shufhlyhg iudphzrunv ri rwkhu dv|pswrwlf vwdwlvwlfv vxfk dv fodvvlfdo0w|sh/ �Ek�/
dqg Kdxvpdq vwdwlvwlfv1 Iru wkh fodvvlfdo vwdwlvwlfv/ wkh iroorzlqj sursrvlwlrq +suryhg lq

;



Dsshqgl{ D, surylghv wkh sduwlfxodu fkrlfhv iru wkh frpsrqhqwv ri S � 1 Wdeoh 4 +rq sdjh
6:, suhvhqwv wkhvh fkrlfhv dv zhoo dv wkh vshfldo fdvhv ri +9,/ +:,/ dqg +<, wr +44,/ zklfk duh
hdvlo| vhhq h{fhsw/ shukdsv/ �w #%$ ' �w dqg �w & ' �w lq wkh odvw urz> wkh ghulydwlrqv ri wkhvh wzr
vshfldo fdvhv duh lqglfdwhg lq wkh surri ri wkh sursrvlwlrq1

Sursrvlwlrq 41 Ohw S #'$ ' E	wc K 	Mc �wc �-~�/ S & ' E�wc �ac �wc �-�/ dqg S ( ' E	wc 	ac 	wc 	-� zkhuh
K lv d sduwlfxodu srvlwlyh vfdodu vxfk wkdw K �$ �/ dqg ~ lv d sduwlfxodu R � R qrqvlqjxodu
pdwul{ vxfk wkdw ~ �$ U� 1 Wkhq/ u- ' u-ES #'$ �/ 7 ' 7ES & �/ dqg ` ' ` ES ( �1

Wklv sursrvlwlrq +dqg lwv surri, vkrzv wkdw/ lq wkh shufhlyhg iudphzrun ri u-/ wkh
pd{lpdqg u #'$ Ew� lv d vhfrqg0rughu Wd|oru*v vhulhv dssur{lpdwlrq ri uEw� dw 	w zkhuh wkh xvxdo
fxuydwxuh surylghg e| 	M lv dgmxvwhg e| wkh idfwru K wr irufh wkh txdgudwlf dssur{lpdwlrq
wr jr wkurxjk wkh srlqw E�w/ uE�w�� 5 X� U/ dqg wkh uhvwulfwhg sdudphwhu vsdfh X 
�#'$ lv
jlyhq e| d sduwlfxodu olqhdu dssur{lpdwlrq ri oEw� dw �w vxfk wkdw �w #'$ ' �w1 Wkhuhiruh/
u #%$ E	w #%$ � ' uE	w�/ u #%$ E�w #'$ � ' uE�w�/ dqg wkh xquhvwulfwhg +uhvwulfwhg, hvwlpdwru ri w lq wkh
shufhlyhg iudphzrun ri u- frlqflghv zlwk wkh xquhvwulfwhg +uhvwulfwhg, hvwlpdwru ri w lq wkh
qrplqdo iudphzrun1 Lq wkh shufhlyhg iudphzrun ri 7 +` ,/ wkh pd{lpdqg u & Ew� +u ( Ew�,
lv d txdgudwlf dssur{lpdwlrq ri uEw� dw �w +	w, zlwk fxuydwxuh surylghg e| �a + 	a,/ dqg wkh
uhvwulfwhg sdudphwhu vsdfh X 
�& +X 
�( , lv jlyhq e| d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri
oEw� dovr dw �w +	w, vr wkh uhvwulfwhg +xquhvwulfwhg, hvwlpdwru ri w lq wkh shufhlyhg iudphzrun ri
7 +` , frlqflghv zlwk wkh uhvwulfwhg +xquhvwulfwhg, hvwlpdwru ri w lq wkh qrplqdo iudphzrun1

61 Ohqjwkv lq 1/ ,/ 7/ dqg X
6141 Jhqhudo uhvxowv

Ohw 1 ' U/ , ' U� / dqg 7 ' U ) ghqrwh wkh vsdfhv wkdw frqwdlq wkh udqjhv ri wkh ixqfwlrqv
uEw�/ }Ew�/ dqg oEw�/ uhvshfwlyho|1 Wkhq/ wkh wzr srsxodu lqwhusuhwdwlrqv phqwlrqhg deryh
fdq eh vwdwhg irupdoo| dv iroorzv1 Iluvw/ edvhg rq Exvh +4<;5, dqg Hqjoh +4<;7,/ u- lv wkh
ohqjwk ri uE	w� � uE�w� lq 1 zkhuh d ohqjwk lv wzlfh wkh Hxfolghdq ohqjwk/ 7 lv wkh vtxduhg
ohqjwk ri }E�w� lq , zlwk wkh phwulf E? �a� ��� / dqg ` lv wkh vtxduhg ohqjwk ri oE	w� lq 7 zlwk

<



wkh phwulf ?i 	- 	a ��� 	- � j ��� > vhh Juhhqh +5336/ Iljxuh 4:15/ s1 7;8,1 Vhfrqg/ edvhg rq Qhzh|
dqg PfIdgghq +4<<7,/ doo wkuhh vwdwlvwlfv fdq eh ylhzhg dv ohqjwkv lq 1 zkhuh/ djdlq/ d
ohqjwk lv wzlfh wkh Hxfolghdq ohqjwk1 Qrz/ lq d shufhlyhg iudphzrun/ u � Ew� lv d txdgudwlf
ixqfwlrq ri w dqg o � Ew� lv d olqhdu ixqfwlrq ri w1 Wkhuhiruh/ e| dqdorj| zlwk +8,/

u-ES � � ' 7ES � � ' ` ES � �/

zklfk/ xvlqj � ' �ES � � dqg +45,/ fdq eh h{whqghg wr

� ' u-ES � � ' 7ES � � ' ` ES � � ' ?E	w � � �w � � � a � E	w � � �w � � +4:,

zkhuh wkh odvw h{suhvvlrq lv d Kdxvpdq vwdwlvwlf lq d shufhlyhg iudphzrun1 E| gh�qlqj
ohqjwkv dqg phwulfv lq d jlyhq vsdfh/ +4:, zloo hqdeoh � wr eh h{suhvvhg lq whupv ri d ohqjwk
lq hdfk ri wkh irxu vsdfhv 1/ ,/ 7/ dqg X1 Lq dgglwlrq/ +4:, vkrzv wkdw wkh fodvvlfdo
surfhgxuhv shu vh duh htxlydohqw lq d shufhlyhg iudphzrun/ dqg dq| wzr ri u-/ 7/ dqg
` duh lghqwlfdo li wkhlu shufhlyhg iudphzrunv duh lghqwlfdo1 Wkhuhiruh/ lq �qlwh vdpsohv/
d gl�huhqfh ehwzhhq wzr vwdwlvwlfv dulvhv dv d uhvxow ri dsso|lqj wkh htxlydohqw surfhgxuhv
wr gl�huhqw shufhlyhg iudphzrunv dqg/ dv|pswrwlfdoo|/ wkh vwdwlvwlfv duh htxlydohqw dv wkh
gl�huhqfh ehwzhhq wkhlu shufhlyhg iudphzrunv ydqlvkhv1

Dv deryh/ ohw wkh ohqjwk ri d vfdodu N 5 1 eh gh�qhg dv wzlfh lwv Hxfolghdq ohqjwk/ dqg
ohw wkh vtxduhg ohqjwkv ri wkh yhfwruv I 5 , dqg T 5 7 eh ghqrwhg dv

mmImm �* � �
?I

� �a ��� I dqg mmTmm �+ � ?T � i 	- 	a ��� 	- � j ��� T/ +4;,

uhvshfwlyho|1 Lq ,/ wkh phwulf E? �a� ��� lv xvhg mxvw wr uhsurgxfh wkh lqwhusuhwdwlrq ri 7 dv
wkh vtxduhg ohqjwk ri }E�w�1 Vlploduo|/ wkh phwulf ?i 	- 	a ��� 	- � j ��� lq 7 zloo uhsurgxfh wkh
lqwhusuhwdwlrq ri ` dv wkh vtxduhg ohqjwk ri oE	w�1 Iru vtxduhg ohqjwkv lq , dqg 7/ wkh
phwulfv zloo dozd|v eh E? �a� ��� dqg ?i 	- 	a ��� 	- � j ��� / uhvshfwlyho|/ vr wkh vxevfulswv , dqg 7
lq +4;, lghqwli| wkh vsdfhv ehlqj frqvlghuhg1 Iru ohqjwkv lq X/ lw lv frqyhqlhqw wr doorz iru
gl�huhqw phwulfv iru gl�huhqw vwdwlvwlfv1 Wkhuhiruh/ lq X/

�

�

�

�

�

�

	w � � �w �
�

�

�

�

�
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zloo ghqrwh wkh vtxduhg ohqjwk ri wkh yhfwru 	w � � �w � zkhuh wkh vxevfulsw ?a � vshfl�hv wkh
phwulf ehlqj xvhg1 Jlyhq Dvvxpswlrq 4/ wkh hvwlpdwhv ri a 
 dqg - 
 frqvlghuhg deryh kdyh
wkh vdph +srvlwlyh gh�qlwhqhvv dqg udqn o, surshuwlhv dv wkrvh ri a 
 dqg - 
 / uhvshfwlyho|/ vr
wkh phwulfv lq ,/ 7/ dqg X duh zhoo gh�qhg lq wkh vhqvh ri ehlqj srvlwlyh gh�qlwh pdwulfhv1
Lq sudfwlfh/ wklv pd| qrw eh wkh fdvh1 Iru h{dpsoh/ zkhq 7 lv hydoxdwhg zlwk �a ' ME�w�/
Gdjhqdlv dqg Gxirxu +4<<4/ Wdeoh 4/ s1 4944, surylgh fdvhv zkhuh 7 	 f dv ME�w� lv qrw
srvlwlyh gh�qlwh iru wkh jlyhq vdpsoh1 Wr fdwhu iru vxfk fdvhv/ d shufhlyhg iudphzrun dqg
wkh phwulfv lq ,/ 7/ dqg X frxog eh gh�qhg e| �uvw xvlqj a 
 dqg - 
 lqvwhdg ri wkhlu
hvwlpdwhv1 Wklv zrxog hqvxuh wkdw wkh uhvxowlqj vwdwlvwlfv iurp vxfk d shufhlyhg iudphzrun
frxog eh ylhzhg dv vtxduhg ohqjwkv zkhuh wkh phwulfv duh zhoo gh�qhg1 Wkhq/ a 
 dqg - 
 lq
wkhvh uhvxowlqj vwdwlvwlfv frxog eh uhsodfhg zlwk dssursuldwh hvwlpdwhv wr surylgh d fodvvlfdo
vwdwlvwlf/ zklfk frxog eh lqwhusuhwhg dv d cihdvleoh* vtxduhg ohqjwk zlwk dq| sureohpv dulvlqj
+vxfk dv 7 	 f iru d jlyhq vdpsoh, ylhzhg dv d vkruwfrplqj ri wkh hvwlpdwhv xvhg1 Iru
wkh fdvh frqvlghuhg khuh/ wkh iroorzlqj sursrvlwlrq +suryhg lq Dsshqgl{ E, surylghv wkh
h{suhvvlrqv iru hdfk fodvvlfdo vwdwlvwlf lq whupv ri d ohqjwk lq hdfk ri wkh irxu vsdfhv1

Sursrvlwlrq 51 Lq whupv ri d ohqjwk lq hdfk ri 1/ ,/ 7/ dqg X/ wkh vshfldo fdvhv ri +4:,
duh
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�54, +55,

zkhuh +iru � ' u-c` , � � lv d sduwlfxodu R � R qrqvlqjxodu pdwul{ vxfk wkdw � � �$ U� /
dqg +iru � ' u-c 7, � � lv d sduwlfxodu o � o qrqvlqjxodu pdwul{ vxfk wkdw � � �$ U ) 1

Zlwk uhvshfw wr ylhzlqj d fodvvlfdo vwdwlvwlf lq whupv ri d ohqjwk lq d jlyhq vsdfh/ wklv
sursrvlwlrq surylghv doo srvvleoh lqwhusuhwdwlrqv/ lqfoxglqj wkh wzr srsxodu rqhv1 Lq +53,/
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wkh �uvw htxdolw| uhsurgxfhv wkh lqwhusuhwdwlrq edvhg rq Exvh +4<;5, dqg Hqjoh +4<;7, ri u-
dv wzlfh wkh Hxfolghdq ohqjwk ri uE	w��uE�w� ' u #'$ E	w��u #'$ E�w� lq 1 dqg/ jlyhq dssursuldwh
phwulfv/ wkh uhpdlqlqj htxdolwlhv hqdeoh u- wr eh ylhzhg dv vtxduhg ohqjwkv ri wkh yhfwruv
� #%$ }E�w�/ � #'$ oE	w�/ dqg 	w � �w lq ,/ 7/ dqg X/ uhvshfwlyho|1 Vlplodu lqwhusuhwdwlrqv dovr
dsso| wr hdfk ri +54, dqg +55,1 Qrz frqvlghu u-/ 7/ dqg ` lq d jlyhq vsdfh1 Lq 1/ wkh
lqwhusuhwdwlrq surylghg e| wkh �uvw htxdolw| lq hdfk ri +53, wr +55, lv dv edvhg rq Qhzh| dqg
PfIdgghq +4<<7, h{fhsw wkdw/ dv zloo eh vhhq ehorz/ wkhlu looxvwudwlrq iru d Zdog vwdwlvwlf lv
rqo| dssursuldwh iru fdvhv zkhuh �w ( ' �w1 Lq, zlwk wkh phwulf E? �a� ��� / 7 lv +e| frqvwuxfwlrq,
wkh vtxduhg ohqjwk ri }E�w�/ zkhuhdv/ u- dqg ` duh vtxduhg ohqjwkv ri qrqvlqjxodu olqhdu
wudqvirupdwlrqv ri }E�w�1 Vlqfh wkh pdwulfhv dvvrfldwhg zlwk wkhvh wudqvirupdwlrqv frqyhujh
lq suredelolw| wr dq lghqwlw| pdwul{/ wkh zhoo0nqrzq dv|pswrwlf htxlydohqfh ri wkh vwdwlvwlfv
lv hdvlo| vhhq1 Vlploduo|/ lq 7 zlwk wkh phwulf ?i 	- 	a ��� 	- � j ��� / ` lv wkh vtxduhg ohqjwk
ri oE	w�/ zkhuhdv/ u- dqg 7 duh vtxduhg ohqjwkv ri qrqvlqjxodu olqhdu wudqvirupdwlrqv ri
oE	w� zkhuh wkh pdwulfhv dvvrfldwhg zlwk wkhvh wudqvirupdwlrqv frqyhujh lq suredelolw| wr
dq lghqwlw| pdwul{1 Wkh lqwhusuhwdwlrq ri u-/ 7/ dqg ` dv vtxduhg ohqjwkv lq X lv jlyhq
e| wkh odvw h{suhvvlrq lq +53, wr +55,/ uhvshfwlyho|/ zklfk zloo eh glvfxvvhg lq pruh ghwdlo
ehorz1 Ilqdoo|/ li uEw� lv dq dssursuldwh pd{lpdqg dvvrfldwhg zlwk vrph rwkhu phwkrg ri
hvwlpdwlrq zkhuh d w|sh ri lqirupdwlrq pdwul{ htxdolw| krogv/ wkhq +53, wr +55, vkrz wkdw
fodvvlfdo0w|sh vwdwlvwlfv fdq dovr eh h{suhvvhg lq whupv ri d ohqjwk lq hdfk ri wkh irxu vsdfhv1

6151 H{dpsoh ri fodvvlfdo vwdwlvwlfv dv ohqjwkv lq 1

Iru d gldjudppdwlf h{srvlwlrq/ 1 lv dq dsshdolqj vsdfh wr frqvlghu dv lw fdq dovr vkrz wkh
uhodwlyh pdjqlwxghv ri vwdwlvwlfv1 Wkhuhiruh/ ohw 7 dqg ` eh hydoxdwhg zlwk �a ' ME�w� dqg
	a ' 	M/ uhvshfwlyho|/ dqg +iru o ' R ' �, ohw uEw� ' ��f �*? w n ��

� dqg oEw� ' w 6 � Ef�e� 6 >
khuh/ w : f lv wkh phdq ri dq h{srqhqwldo glvwulexwlrq dqg uEw� lv wkh orj0olnholkrrg ixqfwlrq
iru d udqgrp vdpsoh ri whq revhuydwlrqv zlwk d vdpsoh phdq ri rqh1 Wkhq/ wkh lqwhusuhwdwlrq
ri u-/ 7/ dqg` dv ohqjwkv lq 1 lv looxvwudwhg lq Iljxuh 4 +rq sdjh 6;, zkhuh u & Ew� dqg u ( Ew�
duh vhfrqg0rughu Wd|oru vhulhv dssur{lpdwlrqv ri uEw� dw �w dqg 	w/ uhvshfwlyho|/ �u ' uE�w�/
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	u ' uE	w�/ �u & ' u & E�w�/ 	u ( ' u ( E	w�/ dqg +rq wkh yhuwlfdo d{lv, wkh vsdfhv 1 dqg 7 kdyh
gl�huhqw vfdohv zlwk wkh ydoxh ri }hur ehlqj zlwk uhvshfw wr 71 Wr vlpsoli| wkh gldjudp/
u #%$ Ew� dqg o #%$ Ew� duh qrw glvsod|hg> lq X�1/ u #%$ Ew� zrxog eh wkh txdgudwlf fxuyh wkurxjk
wkh srlqw E�wc �u� zlwk d pd{lpxp ri 	u dw 	w dqg/ lq X �7/ o #%$ Ew� zrxog eh d vwudljkw olqh
wkurxjk wkh srlqw E�wc f� zlwk vorsh dssur{lpdwho| kdoi wkdw ri o & Ew�1

Iljxuh 4 fohduo| vkrzv wkh uroh sod|hg e| o ( Ew� lq wkh lqwhusuhwdwlrq ri d Zdog vwdwlvwlf
zkhq �w ( 9' �w1 Wkh uroh ri o ( Ew� lv revfxuhg lq h{dpsohv wkdw frqvlghu olqhdu uhvwulfwlrqv
zkhuh �w ( frlqflghv zlwk �w zkhq o ' R1 Iru h{dpsoh/ Qhzh| dqg PfIdgghq +4<<7/ Iljxuh 6/
s1 5554, ghslfw d vlwxdwlrq zkhuh �w ( ' �w/ dqg Gdylgvrq dqg PdfNlqqrq +5337/ Iljxuh 4316/
s1 766, looxvwudwh d fdvh zkhuh �w ( ' �w dqg 	w & ' 	w1 Lw pd| eh lqwhuhvwlqj wr qrwh wkdw 	w &
frlqflghv zlwk 	w zkhq oEw� ' w�w 
 dqg u & Ew� lv rewdlqhg e| vhwwlqj 7w & ' w 
 dqg a & ' a � Ew 
 �
zkhuh wkh vfdodu w lv wkh phdq ri wkh xqlyduldwh h{srqhqwldo idplo| ri glvwulexwlrqv/ w 
 lv
nqrzq/ a � Ew� ' .dMEw�o/ dqg jlyhq udqgrp vdpsolqj1 Dqrwkhu lqwhusuhwdwlrq ri d Zdog
vwdwlvwlf/ surylghg e| Sdjdq +4<;5, dqg uhsurgxfhg lq Srlulhu +4<<8/ H{huflvh :1616/ s1 6:7,/
lv dovr edvhg rq dq h{dpsoh zkhuh �w ( ' �w1 Lq sduwlfxodu/ iru oEw� ' w� w 
 dv deryh dqg `
hydoxdwhg zlwk 	a ' 	M/ Sdjdq +4<;5/ Iljxuh 4/ s1 58<, vkrzv wkdw ` ' 2 U 4�2� } ( Ew�_w zkhuh
�w ' w 
 / zkhuhdv/ wkh �uvw htxdolw| lq +55, dqg } ( Ew� ' _u ( Ew�*_w |lhog ` ' 2 U 4�2��7 } ( Ew�_w/
zklfk fdwhuv iru fdvhv zkhuh �w ( 9' �w1 Li ghvluhg/ wkh judskv ri }Ew�/ } & Ew�/ dqg } ( Ew�
frxog eh dgghg wr Iljxuh 41 Wkhq/ wkh duhdv U 4�2� }Ew�_w/ U 4��82� } & Ew�_w/ dqg U 4�2��7 } ( Ew�_w zrxog
htxdo u-*2/ 7*2/ dqg `*2 uhvshfwlyho|> wkh �uvw wzr lqwhjudov zrxog uhsurgxfh dssursuldwh
duhdv lq Sdjdq +4<;5/ Iljxuh 5/ s1 593, zkhuh/ rq wkh krul}rqwdo d{lv/ wkh srlqwv � dqg (
fruuhvsrqg wr �w dqg 	w & / uhvshfwlyho|1

6161 Htxdolwlhv dprqj vwdwlvwlfv

Vxssrvh wkdw uEw� lv d txdgudwlf ixqfwlrq ri w vxfk wkdw MEw� ' M lv d srvlwlyh gh�qlwh
+vwrfkdvwlf ru qrqvwrfkdvwlf, pdwul{ zlwk M �$ a 
 1 Lq wklv fdvh/ - #'$ ' �-~ dqg a #'$ ' K 	M
uhgxfh wr - #%$ ' �- dqg a #%$ ' M/ uhvshfwlyho|/ dv ~ ' U� / K ' �/ dqg 	M ' M> vhh wkh qrwh dw
wkh hqg ri Dsshqgl{ D1 Ohw u & Ew� dqg u ( Ew� eh vhfrqg0rughu Wd|oru vhulhv dssur{lpdwlrqv
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ri uEw� dw �w dqg 	w/ uhvshfwlyho|1 Wkhq/ 7 dqg ` duh hydoxdwhg zlwk �a ' M dqg 	a ' M/
uhvshfwlyho|1 Khuh/ lw lv xvhixo wr vhsdudwh wkh wzr fdvhv zkhuh oEw� lv hlwkhu d qrqolqhdu ru
d olqhdu ixqfwlrq ri w1 Iluvw/ ohw oEw� eh d qrqolqhdu ixqfwlrq ri w1 Wkhq/

uEw� ' u #%$ Ew� ' u & Ew� ' u ( Ew� dqg o #%$ Ew� ' o & Ew�/ +56,

zklfk vkrz wkdw wkh shufhlyhg iudphzrunv ri u- dqg 7 duh lghqwlfdo +exw qrw lghqwlfdo wr
wkh qrplqdo iudphzrun, vr 	w ' 	w & 1 Wkhuhiruh/ xvlqj wkh odvw h{suhvvlrq lq hdfk ri +53, wr
+55,/
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��9 +57,

zkhuh u- 9' ` lq jhqhudo1 Lq Iljxuh 4/ li uEw� dqg u & Ew� duh ljqruhg dqg u ( Ew� lv ylhzhg
wr eh dv lq +56,/ wkhq ` lv dv jlyhq lq wkh gldjudp dqg u- ' 7 ' 2iu ( E	w��u ( E�w�j : ` 1
Vhfrqg/ ohw oEw� eh d olqhdu ixqfwlrq ri w1 Wkhq/

uEw� ' u #%$ Ew� ' u & Ew� ' u ( Ew� dqg oEw� ' o #'$ Ew� ' o & Ew� ' o ( Ew� +58,

vr/ khuh/ wkh shufhlyhg iudphzrunv ri u-/ 7/ dqg ` +dqg wkh qrplqdo iudphzrun, duh
lghqwlfdo/ dqg
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Edvlfdoo|/ +59, uhsurgxfhv wkh htxdolwlhv ri Exvh +4<;5, dqg Hqjoh +4<;7,> vwulfwo| vshdnlqj/
+8, lv d vshfldo fdvh ri +59, rewdlqhg e| vhwwlqj M ' 7M1

Iurp h{dpsohv ghprqvwudwlqj +59,/ sduwlfxoduo| lq wh{werrnv/ lw lv srvvleoh wr jhw wkh
lpsuhvvlrq wkdw d txdgudwlf uEw� lv vx!flhqw iru wkh htxdolw| ri wkh wkuhh vwdwlvwlfv1 Vxfk
h{dpsohv lqyduldeo| frqvlghu olqhdu uhvwulfwlrqv vr wkh gl�huhqfh ehwzhhq +57, dqg +59, lv
qrw vhhq1 Wkhuhiruh/ lw lv lpsruwdqw wr qrwh wkdw d txdgudwlf uEw� shu vh lv vx!flhqw iru
wkh htxdolw| ri rqo| u- dqg 71 Wkh uhodwlrqvklsv lq +56, dqg +58, khos wr h{sodlq wkh
htxdolwlhv lq +57, dqg +59,/ uhvshfwlyho|> l1h1/ wzr vwdwlvwlfv duh lghqwlfdo li wkhlu shufhlyhg
iudphzrunv duh lghqwlfdo1 Iru fodvvlfdo0w|sh vwdwlvwlfv/ wkh uhvxowv khuh fdq eh xvhg wr hlwkhu
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ghwhuplqh htxdolwlhv ru hdvlo| vkrz dqg h{sodlq nqrzq htxdolwlhv1 Iru h{dpsoh/ ohw uEw� eh
wkh pd{lpdqg dvvrfldwhg zlwk wkh h!flhqw jhqhudol}hg phwkrg ri prphqwv hvwlpdwru ri w
iru ruwkrjrqdolw| frqglwlrqv wkdw duh olqhdu lq w1 Wkhq/ +57, surylghv +dqg +56, h{sodlqv,
wkh htxdolw| ri ( dqg u� lq Qhzh| dqg Zhvw +4<;:/ Sursrvlwlrq 6/ s1 :;8,1 Vlploduo|/
+59, surylghv +dqg +58, h{sodlqv, wkh htxdolw| ri (/ u� / dqg ` lq Qhzh| dqg Zhvw +4<;:/
Sursrvlwlrq 7/ s1 :;8,1

6171 Shufhlyhg qxoo

Khqfhiruwk/ dq dssursuldwh vhw zloo eh uhihuuhg wr dv d w|sh ri qxoo ru dowhuqdwlyh1 Iru
h{dpsoh/ erwk M 
 dqg l 
 +M � dqg l � , zloo eh uhihuuhg wr dv wkh qrplqdo qxoo +qrplqdo
dowhuqdwlyh,1 Ohw X 
�� dqg X � � frqvwlwxwh d sduwlwlrq ri X dqg/ xvlqj +4<, dqg wkh odvw
h{suhvvlrq lq +4:,/ frqvlghu � zulwwhq dv
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�-, ! +5:,

zkhuh 	w � �$ w 
 / �w � �$ w 
 / dqg +iurp wkh qrwh dw wkh hqg ri Dsshqgl{ E, 	w � 5 X � � 1 Wkhq/
lq X zlwk wkh phwulf ?a � / � fdq eh ylhzhg hlwkhu dv wkh vtxduhg ohqjwk ri 	w � � �w � ru/ pruh
xvhixoo|/ dv wkh vtxduhg glvwdqfh iurp wkh srlqw 	w � 5 X � � wr wkh srlqw �w � 5 X 
�� 1 Qrz/ �w � lv
wkh rswlpdo srlqw lq X 
�� zkhuh rswlpdolw| lv zlwk uhvshfw wr wkh shufhlyhg pd{lpdqg u � Ew�1
Wkhuhiruh/ iru d jlyhq vdpsoh/ X 
�� lv d shufhlyhg qxoo lq wkh vhqvh wkdw +lq wkh shufhlyhg
iudphzrun ri �, wkh uhvwulfwhg hvwlpdwh ri w lv fkrvhq iurp srlqwv lq X 
�� 1 Vlploduo|/ X � �
lv d shufhlyhg dowhuqdwlyh1

Wkh xvh ri cshufhlyhg* vkrxog dyrlg dq| srvvleoh frqixvlrq zlwk clpsolflw* dv xvhg lq
wkh olwhudwxuh1 Iru h{dpsoh/ Pl}rq dqg Ulfkdug +4<;9, gh�qh dq lpsolflw qxoo/ Gdylgvrq
dqg PdfNlqqrq +4<;:, gh�qh dq lpsolflw qxoo dqg dq lpsolflw dowhuqdwlyh/ dqg Zklwh +4<;:,
gh�qhv d cprgho lpsolflwo| whvwhg*1 Wkhvh clpsolflw* gh�qlwlrqv dffrxqw iru uhshdwhg vdpsolqj/
zkhuhdv/ wkh cshufhlyhg* gh�qlwlrqv duh iru d jlyhq vdpsoh1 Khuh/ e| dffrxqwlqj iru uhshdwhg
vdpsolqj/ X 
 ' iw m- 
 Ew � w 
 � ' f/ w 5 Xj zloo eh ylhzhg dv wkh lpsolflw qxoo ri � dv
X 
�� �$ X 
 lq wkh vhqvh wkdw li Yw 5 X 
�� dqg Yw �$ w 	 / wkhq w 	 5 X 
 vlqfh o � EYw� ' f dqg +:,

48



vkrzv wkdw o � EYw� �$ - 
 Ew 	 � w 
 �1 Khqfh/ u-/ 7/ dqg ` kdyh lghqwlfdo qrplqdo qxoov dqg
lghqwlfdo lpsolflw qxoov/ exw wkhlu shufhlyhg qxoov frxog gl�hu ghshqglqj rq wkh irup ri oEw�1
Iru h{dpsoh/ lq Iljxuh 4/ l 
 ' X 
 ' X 
�#%$ ' X 
�& ' i�wj dqg X 
�( ' i�w ( j1 D qrqolqhdu
uhvwulfwlrq frqvlghuhg e| Juhjru| dqg Yhdoo +4<;8, surylghv dq h{dpsoh zkhuh l 
 / X 
 / dqg
X 
�� gl�hu1 Lq sduwlfxodu/ ohw w ' Ew � c w � � � dqg oEw� ' w � w � � � zkhuh w � dqg w � duh srvlwlyh
vfdoduv/ dqg ohw �w/ 	w/ �w ( / - #'$ / oE	w�/ dqg 	- eh surylghg e| wkh vdpsoh1 Wkhq/ lq wkh srvlwlyh
txdgudqw ri U � / l 
 lv wkh vhw ri srlqwv rq wkh k|shuerod jlyhq e| w � w � ' �/ X 
 lv wkh +vhw ri
srlqwv rq wkh, vwudljkw olqh wdqjhqwldo wr wklv k|shuerod dw wkh xqnqrzq srlqw w 
 / X 
�& lv wkh
vwudljkw olqh wdqjhqwldo wr wkh k|shuerod dw �w/ X 
�#%$ lv wkh vwudljkw olqh +wkurxjk wkh srlqw
�w, jlyhq e| - #%$ Ew � �w� ' f/ dqg X 
�( lv wkh vwudljkw olqh +wkurxjk wkh srlqw �w ( , jlyhq e|
oE	w� n 	-Ew � 	w� ' f1

71 Uhirupxodwlrq ri d qrplqdo qxoo
7141 Jhqhudo uhvxowv

Iroorzlqj Gdylgvrq dqg PdfNlqqrq +4<<6/ s1 79;,/ ohw R G U ) $ U ) eh d pdsslqj vxfk wkdw/
iru dq| % 5 U ) / RE%� ' f li dqg rqo| li % ' f1 Qrz/ ohw % ' oEw�/ ^Ew� ' R EoEw��/ dqg
l :
 ' iw m ^Ew� ' f/ w 5 lj/ dqg uhfdoo wkdw l 
 ' iw m oEw� ' f/ w 5 lj1 Wkhq/ dv l :
 ' l 
 /
M :
 G w 5 l :
 lv d uhirupxodwlrq ri wkh qrplqdo qxoo M 
 G w 5 l 
 1 Iru odwhu uhihuhqfh/ lw lv
xvhixo wr qrwh vrph uhvxowv uhodwhg wr wkh pdsslqj RE%�1 Iluvw/ ohw 'Ew� ' Y^Ew�*Yw � eh wkh
o � R pdwul{ ri ghulydwlyhv/ �' ' 'E�w�/ 	' ' 'E	w�/ dqg � 
 ' � Ef� zkhuh � E%� ' YRE%�*Y% �

lv wkh o � o Mdfreldq pdwul{/ zklfk lv dvvxphg wr eh qrqvlqjxodu iru doo % 5 U ) dqg khqfh
qrqvlqjxodu iru doo w 5 l1 Wkhq/ 'Ew� ' � E%�-Ew�/

�' ' � 
 �-/ +5;,
dqg

	' ' 	� 	- +5<,
zkhuh 	� ' � EoE	w�� �$ � 
 / �' �$ � 
 - 
 / 	' �$ � 
 - 
 / dqg +jlyhq wkh dvvxpswlrqv rq � E%�/ - 
 /
�-/ dqg 	-, wkh pdwulfhv �'/ 	'/ dqg � 
 - 
 kdyh ixoo urz udqn1 Vhfrqg/ d phdq ydoxh h{sdqvlrq
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ri RE%� dw wkh }hur yhfwru lv RE%� ' � 	 % zkhuh � 	 lv � E%� zlwk lwv �0wk urz hydoxdwhg dw
% 	; ' k ; % iru vrph k ; 5 dfc �o1 Wklv phdq ydoxh h{sdqvlrq zlwk % ' oE	w� |lhogv

^E	w� ' 	� 	 oE	w� +63,
zkhuh 	� 	 lv � 	 zlwk % 	; ' k ; oE	w�1 Khuh/ % 	; �$ f vr 	� 	 �$ � 
 dqg lw lv dvvxphg wkdw 	� 	 lv
qrqvlqjxodu1 Wklug/ li RE%� lv d olqhdu pdsslqj/ wkhq ^Ew� ' �oEw�/ 	' ' � 	- �$ �- 
 / dqg

	� 	 ' 	� ' � +64,
zkhuh � lv d qrqvwrfkdvwlf qrqvlqjxodu pdwul{ zkrvh hohphqwv gr qrw ghshqg rq w1

Wkh qrplqdo iudphzrunv Elc uEw�cl 
 � dqg Elc uEw�cl :
 � duh lghqwlfdo dv l 
 ' l :
 vr 	w
+�w, lv wkh xquhvwulfwhg +uhvwulfwhg, hvwlpdwru ri w lq erwk wkhvh qrplqdo iudphzrunv1 Ohw
� : ghqrwh d vwdwlvwlf iru whvwlqj M :
 lq wkh qrplqdo iudphzrun Elc uEw�cl :
 �1 Wkhq/ dv
lv zhoo nqrzq/ u- ' u- : / 7 ' 7 : / dqg +lq jhqhudo, ` 9' ` : 1 Qrz/ e| frqvwuxfwlrq/
d shufhlyhg pd{lpdqg grhv qrw ghshqg rq wkh irup ri wkh uhvwulfwlrqv vr wkh shufhlyhg
iudphzrun ri � : lv gh�qhg iru d jlyhq vdpsoh e| EXc u � Ew�cX :
�� � zkhuh u � Ew� lv dv deryh/
X :
�� ' iw m ^ � Ew� ' f/ w 5 Xj/ dqg ^ � Ew� lv dq dssursuldwh olqhdu dssur{lpdwlrq ri ^Ew�1
Vlqfh wkh shufhlyhg iudphzrunv ri � dqg � : fdq rqo| gl�hu lq wkhlu shufhlyhg qxoov/ wkh
xquhvwulfwhg dqg uhvwulfwhg hvwlpdwruv ri w lq wkh shufhlyhg iudphzrun ri � : duh 	w � dv deryh
dqg �w : � ' @h}4@ ��
� �<�=! u � Ew�/ uhvshfwlyho|1 Wkhq/ e| dqdorj| zlwk +5:,/

� : '
�

�

�

�

�

�

	w � � �w : �
�

�

�

�

�

�

�
�-, ! 1 +65,

Fohduo|/ li X 
�� ' X :
�� +ru/ htxlydohqwo|/ li wkh shufhlyhg iudphzrunv ri � dqg � : duh lghqwlfdo,
iru d jlyhq vdpsoh/ wkhq �w � ' �w : � dqg +5:, dqg +65, |lhog � ' � : 1

Lq wkh fdvh ri wkh olnholkrrg udwlr vwdwlvwlfv/ wkh urz iru +:, lq Wdeoh 4 jlyhv o #'$ Ew� '
- #'$ Ew � �w� vr +;, surylghv wkh shufhlyhg qxoo ri u- dv

X 
�#'$ ' iw m- #'$ Ew � �w� ' fc w 5 Xj
dqg +e| dqdorj|, wkh shufhlyhg qxoo ri u- : lv

X :
�#'$ ' iw m' #%$ Ew � �w� ' fc w 5 Xj
4:



zkhuh ' #%$ ' �'~ dqg ~ lv dv deryh> +D17, lq Dsshqgl{ D vkrzv wkdw ~ ghshqgv rqo| rq
a #'$ dqg dq dssursuldwho| hydoxdwhg irup ri MEw� vr erwk - #'$ dqg ' #%$ xvh wkh vdph ~1
Qrz/ - #%$ ' �-~ dqg +5;, surylgh ' #%$ ' � 
 - #%$ zkhuh � 
 lv qrqvlqjxodu vr - #%$ Ew� �w� ' f
lv htxlydohqw wr ' #%$ Ew � �w� ' f> l1h1/ X 
�#%$ ' X :
�#%$ 1 Vlploduo|/ lq wkh fdvh ri wkh vfruh
vwdwlvwlfv/ wkh shufhlyhg qxoov ri 7 dqg 7 : duh

X 
�& ' iw m �-Ew � �w� ' fc w 5 Xj dqg X :
�& ' iw m �'Ew � �w� ' fc w 5 Xj/
uhvshfwlyho|/ vr X 
�& ' X :
�& jlyhq +5;, zkhuh � 
 lv qrqvlqjxodu1 Wkhq/ iru � ' u-c 7/ lw
iroorzv wkdw � ' � : dv X 
�� ' X :
�� 1 Wkhuhiruh/ wkh olnholkrrg udwlr +d vfruh, vwdwlvwlf lv
lqyduldqw wr d uhirupxodwlrq ri d qrplqdo qxoo dv wkh shufhlyhg iudphzrunv ri u- dqg u- :
+7 dqg 7 : , duh lghqwlfdo1 Qrwh wkdw/ vlqfh X :
�� ' X 
�� �$ X 
 iru � ' u-c 7/ wkh lpsolflw
qxoov ri wkh olnholkrrg udwlr dqg d vfruh vwdwlvwlf duh lqyduldqw wr d uhirupxodwlrq ri M 
 dv M :
 1
Wklv lpsolhv wkdw wkh lpsolflw qxoo ri d Zdog vwdwlvwlf lv dovr lqyduldqw wr wkh uhirupxodwlrq
dv wkh wkuhh vwdwlvwlfv kdyh lghqwlfdo lpsolflw qxoov1

Iru wkh Zdog vwdwlvwlfv/ wkh shufhlyhg qxoo ri ` lv

X 
�( ' iw m oE	w� n 	-Ew � 	w� ' fc w 5 Xj
dqg wkh shufhlyhg qxoo ri ` : lv X :
�( ' iw m ^E	w� n 	'Ew � 	w� ' fc w 5 Xj/ zklfk +xvlqj +5<,
dqg +63,, fdq eh zulwwhq dv

X :
�( ' iw m 	� 	 oE	w� n 	� 	-Ew � 	w� ' fc w 5 Xj1
Qrz/ frqvlghu wzr fdvhv iru wkh pdsslqj RE%�1 Iluvw/ vxssrvh wkdw RE%� lv d olqhdu pdsslqj1
Wkhq/ +64, krogv zkhuh � lv qrqvlqjxodu vr X 
�( ' X :
�( / zklfk surylghv ` ' ` : 1 Lq
wklv fdvh/ d Zdog vwdwlvwlf lv lqyduldqw wr d uhirupxodwlrq ri d qrplqdo qxoo dv wkh shufhlyhg
iudphzrunv ri ` dqg ` : duh lghqwlfdo1 Vhfrqg/ vxssrvh wkdw RE%� lv d pdsslqj vxfk wkdw
	� 	 9' 	� 1 Wkhq/ X 
�( 9' X :
�( vr +lq jhqhudo, �w ( 9' �w : ( dqg ` 9' ` : 1 Lq wklv fdvh/ d
Zdog vwdwlvwlf lv qrw lqyduldqw wr d uhirupxodwlrq ri d qrplqdo qxoo dv wkh gl�huhqw shufhlyhg
qxoov ri ` dqg ` : surylgh gl�huhqw uhvwulfwhg hvwlpdwhv ri w lq wkhlu uhvshfwlyh shufhlyhg
iudphzrunv1

4;



7151 H{dpsoh ri shufhlyhg qxoov ri Zdog vwdwlvwlfv

Gl�huhqw shufhlyhg qxoov iru Zdog vwdwlvwlfv fdq eh looxvwudwhg e| frqvlghulqj dq h{dpsoh
lq Odirqwdlqh dqg Zklwh +4<;9,1 Wr surylgh dq dffxudwh looxvwudwlrq ri wklv h{dpsoh/ lw lv
qhfhvvdu| wr vkrz wkdw X fdq eh wkh vsdfh dvvrfldwhg zlwk d vxevhw ri wkh sdudphwhuv lq
d prgho1 Wr vhh wklv/ ohw u 	 E�� ' u 	 EBc w� eh d orj0olnholkrrg ixqfwlrq iru dq , � � yhfwru
ri sdudphwhuv � ' �B � c w � �

�
zkhuh B dqg w duh E, � R� � � dqg R � � yhfwruv/ uhvshfwlyho|/

dqg fruuhvsrqglqj yhuvlrqv ri Dvvxpswlrqv 4 dqg 5 krog zlwk a 	 
 ghqrwlqj wkh olplwlqj
lqirupdwlrq pdwul{1 Dovr/ ohw wkh uhvwulfwlrqv eh jlyhq e| sE�� ' f/ 	� eh wkh xquhvwulfwhg
PO hvwlpdwru ri �/ dqg 	a 	 eh d pdwul{ hydoxdwhg dw 	� vxfk wkdw 	a 	 �$ a 	 
 1 Wkhq/ d Zdog
vwdwlvwlf iru whvwlqj sE�� ' f lv ` > ' ?sE	�� � i 	8 	a ���

	 	8 � j ��� sE	�� zkhuh 	8 ' YsE	��*Y� � 1
Qrz/ ohw 	a ���

	 dqg a ���
	 
 eh frqirupdeo| sduwlwlrqhg zlwk � ' �B � c w � �

�
dv

	a ���
	 '

5

7

	a ?�? 	a ? �
	a � ? 	a �@�

6

8 dqg a ���
	 
 '

5

7

a ?@?
 a ? �

a � ?
 a ���


6

8 /

uhvshfwlyho|/ dqg ohw 	a ��� � 	a �@� �$ a ���
 � a ���
 1 Li sE�� ' oEw�/ wkhq 	8 ' df )BA CED � � F / 	-o dqg
` > ' ` '

�

�

�

�

�

�

	w � �w (
�

�

�

�

�

�

�
� 4, 1 Vlploduo|/ li sE�� ' ^Ew�/ wkhq ` > ' ` : '

�

�

�

�

�

�

	w � �w : (
�

�

�

�

�

�

�
� 4, 1 Wkhvh

Zdog vwdwlvwlfv duh dssursuldwh iru looxvwudwlqj wkh h{dpsoh lq Odirqwdlqh dqg Zklwh +4<;9,1

Ohw , : R ' o ' �/ l ' iw m w : fj/ dqg oEw� ' w � �1 Wkhq/ l � X ' U/ l 
 '
X 
�( ' i�j/ dqg ` '

�

�

�

�

�

�

	w � �w
�

�

�

�

�

�

�
� 4, dv �w ( ' �w +' �,1 Odirqwdlqh dqg Zklwh +4<;9, frqvlghu

gl�huhqw irupv ri ^Ew� jlyhq e| ^ CHGIF Ew� ' w G � � iru & 5 i��c 	2c 	�c � � � j1 Wkhuhiruh/ wr
lqglfdwh txdqwlwlhv uhodwhg wr wkh &0wk irup ri ^Ew�/ wkh vxevfulsw dqg vxshuvfulsw ^ zloo eh
uhsodfhg zlwk & dqg E&�/ uhvshfwlyho|1 Wkhq/ iru wkh &0wk irup ri ^Ew�/ d Zdog vwdwlvwlf lv
` G '

�

�

�

�

�

�

	w � �w
CHGIF
(
�

�

�

�

�

�

�
� 4, dqg lwv shufhlyhg qxoo lv X CEGIF


�( ' iw m ^ CHGIF( Ew� ' f/ w 5 Xj ' i�w CJG�F( j zkhuh
^ CEG�F( Ew� ' 	@ G w � 	K G lv d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri ^ CJG�F Ew� dw 	w/ 	@ G ' &	w

G �K� /
	K G ' � � E� � &�	w

G
/ dqg �w

CJG�F
( ' 	K G *	@ G 1 Iljxuh 5 +rq sdjh 6<, looxvwudwhv wkh shufhlyhg qxoov

ri ` dqg ` G iru & ' ��Sc�Hc Hc �S zlwk 	w ' ���1 Lq wklv �jxuh/ wkh ydoxh ri }hur lv iru
7 rq wkh yhuwlfdo d{lv vr wkh shufhlyhg qxoo ri d Zdog vwdwlvwlf lv wkh srlqw zkhuh wkh olqhdu
dssur{lpdwlrq ri d uhvwulfwlrq lqwhuvhfwv wkh krul}rqwdo d{lv X> wr dyrlg xqqhfhvvdu| olqhv/

4<



wkh judskv ri oEw�/ ^ CHGIF Ew� dqg ^ CHGIF( Ew� duh dssursuldwho| wuxqfdwhg1 Wkhuhiruh/ wkh shufhlyhg
qxoov ri ` dqg ` G duh wkh srlqwv �w dqg �w

CHGIF
( / uhvshfwlyho|/ rq wkh krul}rqwdo d{lv1 Vlqfh �w

CJG�F
(

pryhv ixuwkhu dzd| iurp 	w dv & ghfuhdvhv dqg dv doo wkh Zdog vwdwlvwlfv xvh wkh vdph vfdodu
phwulf ? 	a / wkh txdolwdwlyh h�hfw rq ` G '

�

�

�

�

�

�

	w � �w
CEG�F
(
�

�

�

�

�

�

�
�54, dv & ydulhv lv jlyhq e| wkh fkdqjh lq

wkh Hxfolghdq glvwdqfh ehwzhhq 	w dqg �w
CHGIF
( 1 Khqfh/ Iljxuh 5 ghprqvwudwhv wkdw ` G lqfuhdvhv

dv & ghfuhdvhv/ d uhvxow vkrzq qxphulfdoo| e| Odirqwdlqh dqg Zklwh +4<;9/ Wdeoh 4/ s1 6:,1
Wklv txdolwdwlyh h�hfw lv wkh vdph iru dq| phwulf ? 	a dqg/ li 	w 	 �/ d vlplodu gldjudp zrxog
vkrz wkdw ` G lqfuhdvhv dv & lqfuhdvhv1

7161 Lqwhusuhwlqj d Zdog vwdwlvwlf dv d vtxduhg glvwdqfh lq X

Lw frxog eh dujxhg wkdw d uhirupxodwlrq ri d qrplqdo qxoo lv mxvwl�deoh li wkh shufhlyhg qxoo
ri d Zdog vwdwlvwlf lv qrw dq dghtxdwh uhsuhvhqwdwlrq ri wkh qrplqdo qxoo/ wkh k|srwkhvlv ri
lqwhuhvw1 Wr vhh wklv/ ohw l 
 / l � / dqg l � frqvwlwxwh d sduwlwlrq ri X zkhuh l � ' B li l ' X/
dqg frqvlghu ` '

�

�

�

�

�

�

	w � �w (
�

�

�

�

�

�

�
� 4, dv wkh vtxduhg glvwdqfh iurp wkh srlqw 	w wr wkh srlqw �w ( 1

Qrz/ 	w lv d srlqw lq erwk wkh shufhlyhg dowhuqdwlyh X � ( dqg wkh qrplqdo dowhuqdwlyh l � /
zkhuhdv/ �w ( lv d srlqw lq wkh shufhlyhg qxoo X 
�( dqg qrw qhfhvvdulo| d srlqw lq wkh qrplqdo
qxoo l 
 1 Wkhuhiruh/ li �w ( *5 l 
 / wkhq X 
�( lv dq lqdghtxdwh uhsuhvhqwdwlrq ri l 
 lq wkh
vhqvh wkdw ` lv wkhq wkh vtxduhg glvwdqfh iurp d srlqw lq l � wr hlwkhu dqrwkhu srlqw lq l �
ru d srlqw lq l � 1 Iru h{dpsoh/ lq Iljxuh 4/ X 
�( ' i�w ( j lv dq lqdghtxdwh uhsuhvhqwdwlrq
ri l 
 ' i�wj dv �w ( lv d srlqw lq l � 1 Vlploduo|/ lq Iljxuh 5/ X CHG�F


�( ' i�w CEG�F( j lv dovr dq
lqdghtxdwh uhsuhvhqwdwlrq ri l 
 dv ` G lv wkh vtxduhg glvwdqfh iurp 	w wr �w

CJG�F
( zkhuh �w

CHGIF
( lv

hlwkhu d srlqw lq l � ru d srlqw qrw hyhq lq wkh qrplqdo sdudphwhu vsdfh l> l1h1/ lq Iljxuh 5/
�w
CJG�F
( 5 l � ' iw m w � fj li & � ��b1 Wr hqvxuh wkdw X 
�( lv dq dghtxdwh uhsuhvhqwdwlrq ri l 
 /

lw zrxog vhhp uhdvrqdeoh wr uhtxluh �w ( 5 l 
 1 Wkhq/ ` zrxog eh wkh vtxduhg glvwdqfh iurp
	w 5 l � wr �w ( 5 l 
 1 H{dpsohv ri vwdwlvwlfv edvhg rq vxfk d glvwdqfh duh 8C lq Fulwfkoh|/
Pduulrww dqg Vdoprq +4<<9, dqg �� lq Qhzh| dqg Zhvw +4<;:,1 Rq wkh rqh kdqg/ dv
vhhq deryh/ Iljxuh 4 lv dq h{dpsoh zkhuh X 
�( lv dq lqdghtxdwh uhsuhvhqwdwlrq ri l 
 vr d
uhirupxodwlrq ri M 
 G w 6 ' Ef�e� 6 dv M :
 G w ' f�e surylghv ` : dv wkh vtxduhg glvwdqfh iurp
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	w 5 l � wr �w : ( 5 l 
 > lq Iljxuh 4/ ` : ' 2iu ( E	w��u ( E�w�j zkhuh` : lv hydoxdwhg zlwk 	a ' 	M1
Rq wkh rwkhu kdqg/ Iljxuh 5 surylghv dq h{dpsoh zkhuh X 
�( lv dq dghtxdwh uhsuhvhqwdwlrq
ri l 
 dv X 
�( ' l 
 ' i�wj vr/ khuh/ wkhuh lv qr qhhg wr frqvlghu d uhirupxodwlrq ri M 
 G w ' �
dv M CJG�F


 G w G ' �1

Lw lv lpsruwdqw wr qrwh wzr srlqwv frqfhuqlqj wkh dujxphqw deryh wkdw d uhirupxodwlrq ri
M 
 lv mxvwl�deoh li �w ( *5 l 
 1 Iluvw/ wkh h{dpsohv lq Iljxuhv 4 dqg 5 pd| vxjjhvw wkdw d Zdog
vwdwlvwlf vkrxog eh xvhg rqo| zkhq wkh uhvwulfwlrqv duh olqhdu1 Krzhyhu/ d Zdog vwdwlvwlf lv
lqyduldqw wr d rqh0wr0rqh wudqvirupdwlrq ri wkh hqwluh sdudphwhu vsdfh zlwk wkh uhvwulfwlrqv
dovr dssursuldwho| wudqviruphg> vhh Gdjhqdlv dqg Gxirxu +4<<4/ s1 493:,1 Lq sduwlfxodu/ li
EKc u L E��cK 
 � lv dq dssursuldwho| wudqviruphg yhuvlrq ri wkh iudphzrun Elc uEw�cl 
 �/ wkhq
d Zdog vwdwlvwlf iru qrqolqhdu uhvwulfwlrqv lq w fdq eh rewdlqhg dv d Zdog vwdwlvwlf iru olqhdu
uhvwulfwlrqv lq �1 Iru d sdudphwhu vsdfh/ frqyhqwlrq pd| vxjjhvw d sduwlfxodu vshfl�fdwlrq
wkdw lv lq vrph vhqvh qdwxudo ru frqyhqlhqw iru sxusrvhv ri lqwhusuhwdwlrq exw/ xowlpdwho|/
hyhq d frqyhqwlrqdo vshfl�fdwlrq lv duelwudu|1 Wkhuhiruh/ dv X lv rewdlqhg zlwk uhihuhqfh
wr l/ wkh dujxphqw deryh ghshqgv rq wkh vshfl�fdwlrq ri wkh sdudphwhuv lq d qrplqdo
iudphzrun1 Vhfrqg/ wkh irup ` '

�

�

�

�

�

�

	w � �w (
�

�

�

�

�

�

�
�M4, lv vxfk wkdw d uhirupxodwlrq ri M 
 fdq

rqo| d�hfw �w ( 1 Lw lv dovr srvvleoh wr zulwh ` '
�

�

�

�

�

�

	w � �w
�

�

�

�

�

�

�
�N,�O zkhuh rqo| wkh phwulf ?a ) lv

d�hfwhg e| d uhirupxodwlrq ri M 
 1 Irupdoo|/ wklv phwulf fdq eh rewdlqhg iurp wkh htxdolw|
ri A � E�c-� dqg A P E� P � c - P � � dv jlyhq lq wkh surri ri wkh wkhruhp lq Gdvwrru +5336,1 Lq
sduwlfxodu/ lw fdq eh vkrzq wkdw A � E 	ac 	-� ' ` dqg A P E� P � c - P � � ' ?E	w � �w� � � P � E	w � �w�
zkhuh � P � lv qrqvlqjxodu1 Zlwk � ' 	a dqg - ' 	-/ lw fdq dovr eh vkrzq wkdw � P � lv
srvlwlyh gh�qlwh vr ` '

�

�

�

�

�

�

	w � �w
�

�

�

�

�

�

�
�., O zkhuh a ) ' � P � 1 Xvlqj wklv irup iru d Zdog vwdwlvwlf/

erwk ` dqg ` : fdq eh ylhzhg dv wkh vtxduhg glvwdqfh iurp 	w wr �w zkhuh hdfk vwdwlvwlf
xvhv d gl�huhqw phwulf1 Krzhyhu/ lq rughu wr frpsduh ` dqg ` : / erwk vwdwlvwlfv vkrxog
eh h{suhvvhg dv vtxduhg glvwdqfhv xvlqj wkh vdph phwulf1 Iru Zdog vwdwlvwlfv/ wkh fkrlfh
ri ? 	a iru wkh phwulf lq X lv sduwlfxoduo| xvhixo dv lw surylghv wkh vlpsoh lqwhusuhwdwlrq ri
` dv wkh vtxduhg glvwdqfh iurp 	w wr �w ( zkhuh d uhirupxodwlrq ri M 
 fdq rqo| d�hfw �w ( 1
Wklv vlpsoh lqwhusuhwdwlrq zrxog qrw qhfhvvdulo| eh surylghg e| xvlqj dqrwkhu phwulf1 Iru
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h{dpsoh/ xvlqj wkh Hxfolghdq phwulf lq X zkhq 	a 9' U� / ` zrxog eh ylhzhg dv wkh vtxduhg
glvwdqfh iurp s? 	a ����� 	w wr s? 	a ����� �w ( zkhuh 	a ����� lv wkh pdwul{ vtxduh urrw ri 	a 1 Wkhuhiruh/
wkh dujxphqw wkdw d uhirupxodwlrq ri M 
 lv mxvwl�deoh li �w ( *5 l 
 lv dovr ghshqghqw rq wkh
fkrlfh ri ? 	a iru wkh phwulf lq X1

81 Orfdoo| htxlydohqw dowhuqdwlyh
Frqvlghu dqrwkhu qrplqdo iudphzrun jlyhq e| Elc u 	 Ew�cl 
 � zkhuh u 	 Ew� lv d orj0olnholkrrg
ixqfwlrq qrw htxdo wr uEw� iru doo w 5 l/ dv|pswrwlf uhvxowv duh rewdlqhg xqghu M 
 / dqg
fruuhvsrqglqj yhuvlrqv ri Dvvxpswlrqv 4 dqg 5 krog zlwk a 	
 ghqrwlqj wkh olplwlqj lqirupdwlrq
pdwul{1 Lq wklv qrplqdo iudphzrun/ wkh xquhvwulfwhg dqg uhvwulfwhg PO hvwlpdwruv ri w duh
	w 	 ' @h}4@ ��
�� u 	 Ew� dqg �w 	 ' @h}4@ ��
���� u 	 Ew�/ uhvshfwlyho|1 Ohw } 	 Ew� ' Yu 	 Ew�*Yw1
Wkhq/ iroorzlqj Jrgiuh| dqg Zlfnhqv +4<;5,/ u 	 Ew� lv dq OHD wr uEw� zlwk uhvshfw wr M 
 li

u 	 Ew� ' uEw� iru rqo| w 5 l 
 / } 	 E�w� ' }E�w�/ dqg a 	
 ' a 
 1 +66,

Wkh wkuhh frqglwlrqv lq +66, zloo eh uhihuuhg wr dv wkh J0Z frqglwlrqv> wkh �uvw wzr duh
h{solflwo| vwdwhg e| Jrgiuh| dqg Zlfnhqv +4<;5/ s1 :9, dqg wkh wklug lv lpsolflw lq wkh
vshfl�fdwlrq ri wkh prghov lq wkhlu htxdwlrqv +514, dqg +51<,1 Wkh �uvw frqglwlrq hqvxuhv
wkdw wkh wzr qrplqdo iudphzrunv Elc u 	 Ew�cl 
 � dqg Elc uEw�cl 
 � kdyh lghqwlfdo uhvwulfwhg
prghov zlwk gl�huhqw xquhvwulfwhg prghov/ dqg wkh odvw wzr frqglwlrqv hqvxuh wkdw 7 lv
lghqwlfdo wr d vfruh vwdwlvwlf iru whvwlqj M 
 lq wkh qrplqdo iudphzrun Elc u 	 Ew�cl 
 � zkhq
�a lv xvhg dv dq hvwlpdwru ri a 	
 1 Jrgiuh| +4<;4/ 4<;;, dqg Jrgiuh| dqg Zlfnhqv +4<;5,
surylgh qxphurxv h{dpsohv ri OHDv/ zklfk |lhog wkh htxdolw| ri dssursuldwh vfruh vwdwlvwlfv1

Wkh dqdo|vlv wr eh fduulhg rxw lv vlpsol�hg li u 	 Ew� vdwlv�hv wkh J0Z frqglwlrqv/ zklfk
pd| dsshdu wr eh txlwh uhvwulfwlyh dw �uvw vljkw1 Iru h{dpsoh/ zlwk uhvshfw wr wkh vhfrqg
frqglwlrq/ Gdylgvrq dqg PdfNlqqrq +4<<6/ s1 7:3, uhpdun wkdw cwklv uhtxluhphqw lv wrr
vwurqj= Lw lv hqrxjk li wkh frpsrqhqwv ri �} � duh doo olqhdu frpelqdwlrqv ri wkrvh ri �} � dqg
ylfh yhuvd1* Krzhyhu/ wkh J0Z frqglwlrqv duh qrw wrr vwurqj surylghg u 	 Ew� lv dssursuldwho|
vshfl�hg1 Wr vhh wklv/ ohw q eh d R�� yhfwru dqg frqvlghu dqrwkhu qrplqdo iudphzrun jlyhq e|
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E�cu Q Eq�c � 
 � vxfk wkdw wkh wzr iudphzrunv Elc uEw�cl 
 � dqg E�cu Q Eq�c � 
 � kdyh lghqwlfdo
uhvwulfwhg prghov xqghu wkhlu uhvshfwlyh qrplqdo qxoov> l1h1/ u Q Eq� ' uEw� hlwkhu iru d w 5 l 

dqg dq dssursuldwh q 5 � 
 / ru iru d q 5 � 
 dqg dq dssursuldwh w 5 l 
 1 Wkhq/ wkhuh
pxvw eh d rqh0wr0rqh wudqvirupdwlrq ehwzhhq wkh srlqwv lq l 
 dqg wkrvh lq � 
 > zlwkrxw vxfk
d wudqvirupdwlrq/ wkh wzr iudphzrunv frxog |lhog gl�huhqw uhvwulfwhg prghov1 Wkhuhiruh/
ohw q ' �Ew� zkhuh �E�� lv d rqh0wr0rqh wudqvirupdwlrq zlwk wkh Mdfreldq xEw� ' Yq*Yw � /
d qrqvlqjxodu pdwul{ iru doo w 5 l1 Qrz/ ohw u 	 Ew� ' u Q E�Ew��/ } Q Eq� ' Yu Q Eq�*Yq/
dqg fruuhvsrqglqj yhuvlrqv ri Dvvxpswlrqv 4 dqg 5 krog zlwk a Q
 ghqrwlqj wkh olplwlqj
lqirupdwlrq pdwul{ lq wkh qrplqdo iudphzrun E�cu Q Eq�c � 
 �1 Wkhq/ dsso|lqj wkh J0Z
frqglwlrqv wr wklv u 	 Ew� vkrzv wkdw u Q Eq� lv dq OHD wr uEw� zlwk uhvshfw wr M 
 li

u Q E�Ew�� ' uEw� iru rqo| w 5 l 
 / �x � } Q E�q� ' }E�w�/ dqg x �

 a Q
 x 
 ' a 
 +67,

zkhuh �q ' �E�w�/ �x ' xE�w�/ dqg x 
 ' xEw 
 �1 Wkh surri ri +67, lv jlyhq lq Dsshqgl{ F
dqg d vlpsoh h{dpsoh wkdw looxvwudwhv wkh vshfl�fdwlrq ri dq dssursuldwh u 	 Ew� lv surylghg
lq Dsshqgl{ G1 Lq +67,/ wkh �uvw frqglwlrq hqvxuhv wkdw wkh wzr iudphzrunv E�cu Q Eq�c � 
 �
dqg Elc uEw�cl 
 � kdyh lghqwlfdo uhvwulfwhg prghov zlwk gl�huhqw xquhvwulfwhg prghov dqg/
lq wkh vslulw ri Gdylgvrq dqg PdfNlqqrq +4<<6,/ wkh vhfrqg frqglwlrq uhtxluhv } Q E�q� wr
eh d qrqvlqjxodu olqhdu wudqvirupdwlrq ri }E�w�1 Wkhuhiruh/ surylghg u 	 Ew� lv dssursuldwho|
vshfl�hg/ wkh J0Z frqglwlrqv duh qrw dv uhvwulfwlyh dv pd| �uvw dsshdu1

Khqfhiruwk/ lw lv dvvxphg wkdw u 	 Ew� vdwlv�hv wkh J0Z frqglwlrqv lq +66,1 Wkhuhiruh/ wkh
qrplqdo iudphzrunv Elc u 	 Ew�cl 
 � dqg Elc uEw�cl 
 � kdyh lghqwlfdo uhvwulfwhg prghov zlwk
gl�huhqw xquhvwulfwhg prghov vr �w 	 ' �w dqg +lq jhqhudo, 	w 	 9' 	w1 Ohw � 	 ghqrwh d vwdwlvwlf iru
whvwlqj M 
 lq wkh qrplqdo iudphzrun Elc u 	 Ew�cl 
 � zkhuh 7 	 � ? ��� } 	 E�w 	 � � �a ��� } 	 E�w 	 �> l1h1/
khuh/ a 	
 ' a 
 vr �a lv xvhg lq erwk 7 	 dqg 71 Wkhq/ lw lv zhoo nqrzq wkdw 7 ' 7 	 dqg +lq
jhqhudo, u- 9' u- 	 dqg ` 9' ` 	 1 Doo txdqwlwlhv dvvrfldwhg zlwk � 	 fdq eh rewdlqhg e|
dqdorj| zlwk wkh uhvxowv lq Vhfwlrqv 5 dqg 61 Lq sduwlfxodu/ wkh shufhlyhg iudphzrun ri � 	
lv gh�qhg iru d jlyhq vdpsoh e| EXc u 	� Ew�cX 	
�� �/ S 	� � E7w 	� c a 	� c �w 	� c - 	� �/

u 	� Ew� ' u 	 E7w 	� � n } 	 E7w 	� � � Ew � 7w 	� �� ?
2 Ew � 7w 	� � � a 	� Ew � 7w 	� �/ +68,
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X 	
�� ' iw m oE�w 	� � n- 	� Ew � �w 	� � ' fc w 5 Xj/ +69,
dqg

� 	 '
�

�

�

�

�

�

	w 	� � �w 	�
�

�

�

�

�

�

�
�-,1R! +6:,

zkhuh 	w 	� ' @h}4@ ��
� u 	� Ew� dqg �w 	� ' @h}4@ ��
� R��! u 	� Ew� duh wkh xquhvwulfwhg dqg uh0
vwulfwhg hvwlpdwruv ri w/ uhvshfwlyho|/ lq wkh shufhlyhg iudphzrun ri � 	 1 Wkhq/ wkh shufhlyhg
pd{lpdqgv +shufhlyhg qxoov, ri u- 	 / 7 	 / dqg ` 	 duh rewdlqhg iurp +68, ++69,, e| vhwwlqj
S 	#'$ ' E	w 	 c a 	#%$ c �wc - 	#%$ �/ S 	& ' E�wc �ac �wc �-�/ dqg S 	( ' E	w 	 c 	a 	 c 	w 	 c 	- 	 �/ uhvshfwlyho|1 Xqolnh
wkh fdvh lq wkh suhylrxv vhfwlrq zkhuh wkh shufhlyhg iudphzrunv ri � dqg � : frxog rqo| gl�hu
lq wkhlu shufhlyhg qxoov/ khuh/ wkh shufhlyhg iudphzrunv ri � dqg � 	 frxog gl�hu lq wkhlu
shufhlyhg pd{lpdqgv dqg lq wkhlu shufhlyhg qxoov1 Krzhyhu/ li wkh shufhlyhg iudphzrunv ri
� dqg � 	 duh lghqwlfdo iru d jlyhq vdpsoh/ wkhq 	w � ' 	w 	� / �w � ' �w 	� / a � ' a 	� / dqg +5:, dqg
+6:, |lhog � ' � 	 1

Iru � ' u-c` / lw lv hdvlo| vhhq wkdw u � Ew� 9' u 	� Ew� iru doo w 5 X/ dqg X 
�� 9' X 	
��
+dowkrxjk �w #%$ ' �w 	#%$ ' �w, vr/ lq jhqhudo/ � 9' � 	 1 Wkhuhiruh/ wkh olnholkrrg udwlr +d Zdog,
vwdwlvwlf lv qrw lqyduldqw wr dq OHD dv wkh shufhlyhg iudphzrunv ri u- dqg u- 	 +` dqg
` 	 , gl�hu1 Ilqdoo|/ lq wkh fdvh ri wkh vfruh vwdwlvwlfv/ wkh �uvw wzr frqglwlrqv lq +66, vkrz
wkdw u & Ew� ' u 	& Ew� iru doo w 5 X dqg lw lv hdvlo| vhhq wkdw X 
�& ' X 	
�& vr 7 ' 7 	 1 Wkhuhiruh/
dq dssursuldwh vfruh vwdwlvwlf lv lqyduldqw wr dq OHD dv wkh shufhlyhg iudphzrunv ri 7 dqg
7 	 duh lghqwlfdo1

91 Frqfoxglqj uhpdunv
Wklv sdshu kdv vkrzq wkdw wkh glvwlqfwlrq ehwzhhq d qrplqdo iudphzrun iru wkh wkuhh fodv0
vlfdo vwdwlvwlfv dqg d shufhlyhg iudphzrun iru hdfk fodvvlfdo vwdwlvwlf surylghv pruh zd|v wr
lqwhusuhw wkh vwdwlvwlfv dqg lqwxlwlyho| h{sodlqv dv zhoo dv pruh hdvlo| vkrzv vrph zhoo0nqrzq
uhvxowv1 Lq d shufhlyhg iudphzrun/ wkh fodvvlfdo surfhgxuhv shu vh duh htxlydohqw vr/ lq �qlwh
vdpsohv/ d gl�huhqfh ehwzhhq wzr vwdwlvwlfv dulvhv dv d uhvxow ri dsso|lqj wkh htxlydohqw sur0
fhgxuhv wr gl�huhqw shufhlyhg iudphzrunv dqg/ dv|pswrwlfdoo|/ wkh vwdwlvwlfv duh htxlydohqw
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dv wkh gl�huhqfh ehwzhhq wkhlu shufhlyhg iudphzrunv ydqlvkhv1 Wkhq/ dv d shufhlyhg iudph0
zrun lv phdqw wr uhsuhvhqw wkh iudphzrun dv vhhq e| d vwdwlvwlf/ lw lv qrw vxusulvlqj wkdw wzr
vwdwlvwlfv duh lghqwlfdo li wkhlu shufhlyhg iudphzrunv duh lghqwlfdo> wklv pxvw eh wkh fdvh iru
d shufhlyhg iudphzrun wr eh phdqlqjixo1 Iru wkh qrupdoo| vhsdudwho| wuhdwhg lvvxhv ri d
uhirupxodwlrq ri d qrplqdo qxoo k|srwkhvlv dqg ri dq OHD/ wkh lghqwlfdoqhvv ri +ru gl�huhqw,
shufhlyhg iudphzrunv h{sodlqv wkh lqyduldqfh ru qrq0lqyduldqfh surshuwlhv ri wkh vwdwlvwlfv
dqg dovr surylghv d xvhixo ylhz ri wkhvh surshuwlhv1 Lq sduwlfxodu/ wkh qrq0lqyduldqfh ri d
Zdog vwdwlvwlf +wr d uhirupxodwlrq ri d qrplqdo qxoo, lv/ rq wkh rqh kdqg/ ghvludeoh dv ` dqg
` : kdyh gl�huhqw shufhlyhg iudphzrunv dqg/ rq wkh rwkhu kdqg/ xqghvludeoh dv wzr lghqwlfdo
qrplqdo iudphzrunv surylgh wkhvh gl�huhqw shufhlyhg iudphzrunv1 Vlploduo|/ wkh lqyduldqfh
ri d vfruh vwdwlvwlf +wr dq OHD, lv ghvludeoh dv 7 dqg 7 	 kdyh lghqwlfdo shufhlyhg iudphzrunv/
dqg xqghvludeoh dv wzr gl�huhqw qrplqdo iudphzrunv surylgh wkh lghqwlfdo shufhlyhg iudph0
zrunv1 Lq wkh fdvh ri wkh olnholkrrg udwlr vwdwlvwlf/ erwk lwv lqyduldqfh +wr d uhirupxodwlrq
ri d qrplqdo qxoo, dqg lwv qrq0lqyduldqfh +wr dq OHD, duh ghvludeoh> lv lw vxusulvlqj wkdw wkh
cidwkhu* ri wkh ckro| wulqlw|* lv rpqlvflhqwB Ilqdoo|/ dowkrxjk wklv sdshu kdv irfxvvhg rq wkh
ehkdylrxu ri fodvvlfdo vwdwlvwlfv/ wkh dqdo|vlv lv dssolfdeoh wr dssursuldwh fodvvlfdo0w|sh vwdwlv0
wlfv/ dqg wkh frqfhsw ri d shufhlyhg iudphzrun frxog dovr eh xvhg wr h{dplqh wkh ehkdylrxu
ri rwkhu dv|pswrwlf whvw vwdwlvwlfv1
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Dsshqgl{ D
Surri ri Sursrvlwlrq 41 Wr vkrz u- ' u-ES #%$ �/ wkuhh suholplqdu| uhvxowv duh uhtxluhg1
Iluvw/ ohw _ ' s?E	w� �w� dqg uhfdoo wkdw MEw� ' �? ��� Y � uEw�*YwYw � 1 Wkhq/ dv }E	w� ' f/ dq
h{dfw vhfrqg0rughu Wd|oru vhulhv h{sdqvlrq ri uE�w� dw 	w |lhogv

uE	w�� uE�w� ' �
2_

� M #%$ _ +D14,

zkhuh M #%$ ' MEw #'$ �/ w #%$ ' k	w n E�� k��w iru vrph k 5 dfc �o/ dqg M #%$ �$ a 
 1 Qrz/ ohw

K ' _ � M #'$ _
?E	w � �w� � 	ME	w � �w� +D15,

zkhuh +dowkrxjk M #%$ lv qrw qhfhvvdulo| srvlwlyh gh�qlwh, wkh qxphudwru lv srvlwlyh jlyhq
+D14, zlwk uE	w� : uE�w�/ wkh ghqrplqdwru lv dovr srvlwlyh dv 	w 9' �w dqg 	M lv srvlwlyh gh�qlwh/
dqg K�� ' E_ � 	M_� ��� _ � EM #'$ � 	M�_ ' J� E��> lw fdq eh vkrzq wkdw _ � 	M_ �� � � Eo�1 Wkhuhiruh/
K : f dqg K �$ �1

Vhfrqg/ d phdq ydoxh h{sdqvlrq ri }E	w� ' f dw �w jlyhv

}E�w� ' ?M 	 E	w � �w� +D16,

zkhuh M 	 lv MEw� zlwk hdfk ri lwv urzv hydoxdwhg dw d +srvvleo| gl�huhqw, phdq ydoxh jlyhq
e| d frqyh{ frpelqdwlrq ri 	w dqg �w/ dqg M 	 lv dvvxphg wr eh qrqvlqjxodu> lq jhqhudo/ M 	 lv
qrw qhfhvvdulo| d v|pphwulf pdwul{ dowkrxjk M 	 �$ a 
 dqg M �

	 �$ a 
 1 Ohw

~ ' EM �
	 �

��� a #%$ +D17,

zkhuh a #%$ ' K 	M1 Wkhq/ ~ lv d R� R qrqvlqjxodu pdwul{ vxfk wkdw ~ �$ U� 1

Wklug/ +D17, dqg - #%$ ' �-~ fdq eh zulwwhq dv

M ���
	 ' a ���#%$ ~ � dqg �- � ' E~ � � ��� - �

#'$ / +D18,

uhvshfwlyho|1 Wkhq/ vxevwlwxwlqj +7, lqwr +D16, jlyhv
	w � �w ' �

?M
���
	 �- � �b/ +D19,
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zklfk/ xvlqj +D18,/ surylghv

	w � �w ' �
?a

���#'$ - �
#'$ �b1 +D1:,

Qrz/ wr vhh wkdw u- ' u-ES #%$ �/ ohw � ' u- dqg S #'$ � E7w #%$ c a #'$ c �w #%$ c - #%$ � '
E	wc K 	Mc �wc �-~� zkhuh K dqg ~ duh jlyhq e| +D15, dqg +D17,/ uhvshfwlyho|1 Wkhq/ doo wkh
txdqwlwlhv lq wkh wklug froxpq ri Wdeoh 4 duh hdvlo| rewdlqhg> iru wkh odvw hqwu| lq wklv
froxpq/ wkh urz iru +:, surylghv o #'$ E	w #%$ � ' - #%$ E	w #%$ � �w� vr vxevwlwxwlqj wklv lqwr +44, dqg
wkhq vhtxhqwldoo| xvlqj 	w #%$ ' 	w dqg +D1:, jlyhv �w #%$ ' �w1 Xvlqj a #'$ ' K 	M dqg +D15,/ wkh
urz iru +9, lq Wdeoh 4 surylghv

u #'$ Ew� ' uE	w�� �
2_

� M #%$ _Ew � 	w� � 	MEw � 	w�
E	w � �w� � 	ME	w � �w� /

zklfk +jlyhq 	w #%$ ' 	w/ �w #%$ ' �w/ dqg +D14,, vkrzv wkdw u #'$ E	w #%$ � ' uE	w� dqg u #%$ E�w #'$ � ' uE�w�
vr +4, dqg +47, |lhog u- ' u-ES #'$ �1

Wr vhh wkdw 7 ' 7ES & �/ ohw � ' 7 dqg S & � E7w & c a & c �w & c - & � ' E�wc �ac �wc �-�1 Wkhq/ doo
wkh txdqwlwlhv lq wkh irxuwk froxpq ri Wdeoh 4 duh hdvlo| rewdlqhg> iru wkh odvw hqwu| lq wklv
froxpq/ wkh urz iru +:, surylghv o & E	w & � ' �-E	w & � �w� vr vxevwlwxwlqj wklv lqwr +44, dqg wkhq
vhtxhqwldoo| xvlqj 	w & ' �w n �� �a ��� }E�w� dqg +7, jlyhv �w & ' �w1 Lq Wdeoh 4/ wkh urz iru +<,
surylghv } & E�w & � ' }E�w� vr +5, dqg +48, |lhog 7 ' 7ES & �1

Ilqdoo|/ wr vhh wkdw ` ' ` ES ( �/ ohw � ' ` dqg S ( � E7w ( c a ( c �w ( c - ( � ' E	wc 	ac 	wc 	-�1
Wkhq/ doo wkh txdqwlwlhv lq wkh odvw froxpq ri Wdeoh 4 duh hdvlo| rewdlqhg dqg wkh urz iru +:,
surylghv o ( E	w ( � ' oE	w� vr +6, dqg +49, |lhog ` ' ` ES ( �1 �

Qrwh1 Vxssrvh wkdw uEw� lv d txdgudwlf ixqfwlrq ri w vxfk wkdw MEw� ' M lv d srvlwlyh
gh�qlwh +vwrfkdvwlf ru qrqvwrfkdvwlf, pdwul{ zlwk M �$ a 
 1 Wkhq/ M #'$ ' 	M ' M �

	 '
M 	 ' M zkhuh M #%$ dqg M 	 duh dv lq +D14, dqg +D16,/ uhvshfwlyho|1 Wkhuhiruh/ +D15,/
a #'$ ' K 	M/ dqg +D17, uhgxfh wr K ' �/ a #'$ ' M/ dqg ~ ' U� / uhvshfwlyho|1
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Dsshqgl{ E
Surri ri Sursrvlwlrq 51 Wr vkrz +53, wr +55,/ irxu suholplqdu| uhvxowv duh uhtxluhg>
ehorz/ d urz uhihuv wr rqh lq Wdeoh 41 Iluvw/ wkh urz iru +<, surylghv

} #%$ E�w #%$ � ' ?a #'$ E	w � �w #%$ � +E14,

vr vxevwlwxwlqj �w #%$ ' �w rq wkh uljkw0kdqg vlgh ri +E14, dqg vhtxhqwldoo| xvlqj +D1:,/ - #%$ '
�-~/ dqg +7, jlyhv

} #%$ E�w #%$ � ' ~ � }E�w�1 +E15,

Vhfrqg/ vlqfh oE�w� ' f/ d phdq ydoxh h{sdqvlrq ri oE	w� dw �w lv

oE	w� ' - 	 E	w � �w� +E16,

zkhuh - 	 lv -Ew� zlwk hdfk ri lwv urzv hydoxdwhg dw d +srvvleo| gl�huhqw, phdq ydoxh jlyhq
e| d frqyh{ frpelqdwlrq ri 	w dqg �w1 Vxevwlwxwlqj +D19, lqwr +E16, |lhogv

�b ' ?T ���
	 oE	w� +E17,

zkhuh T 	 ' - 	 M
���
	 �- � lv dvvxphg wr eh qrqvlqjxodu dqg T 	 �$ - 
 a ���
 - �


 ' T 
 1 Dovr/ wkh
urz iru +:, surylghv

o #%$ E	w #'$ � ' - #'$ E	w #%$ � �w� +E18,

vr vxevwlwxwlqj 	w #%$ ' 	w rq wkh uljkw0kdqg vlgh ri +E18, dqg vhtxhqwldoo| xvlqj +D1:, dqg
+E17, jlyhv

o #%$ E	w #'$ � ' T #%$ T ���
	 oE	w� +E19,

zkhuh T #'$ ' - #'$ a ���#'$ - �
#'$ �$ T 
 1

Wklug/ wkh urz iru +:, surylghv

o & E	w & � ' �-E	w & � �w� +E1:,
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vr vxevwlwxwlqj 	w & ' �w n ? ��� �a ��� }E�w� rq wkh uljkw0kdqg vlgh ri +E1:, dqg vhtxhqwldoo| xvlqj
+7, dqg +E17, jlyhv

o & E	w & � ' T & T ���
	 oE	w� +E1;,

zkhuh T & ' �- �a ��� �- � �$ T 
 1

Irxuwk/ ohw T ( ' 	- 	a ��� 	- � �$ T 
 dqg

( ' 	- � T ���( - 	 M
���
	 n U� � �- � T ���

	 - 	 M
���
	 1 +E1<,

Wkhq/ lw lv hdvlo| vhhq wkdw ( �$ U� dqg

( �- � ' 	- � T ���( T 	 1 +E143,

Vlqfh o ( E	w ( � ' oE	w�/ wkh �uvw htxdolw| lq +45, zlwk � ' ` / - ( ' 	-/ dqg a ( ' 	a surylghv

} ( E�w ( � ' 	- � T ���( T 	 d?T
���
	 oE	w�o/

zklfk/ vhtxhqwldoo| xvlqj +E143,/ +E17,/ dqg +7,/ jlyhv

} ( E�w ( � ' (}E�w�1 +E144,

Dvvxplqj wkdw - 	 M
�K�
	 	- � lv qrqvlqjxodu/ d surri e| frqwudglfwlrq vkrzv wkdw ( lv qrqvlq0

jxodu1 Wkhuhiruh/ vxssrvh wkdw ( lv vlqjxodu1 Wkhq/ wkhuh h{lvwv d R� � yhfwru 1 9' f vxfk
wkdw (1 ' f/ zklfk +xvlqj +E1<,, fdq eh zulwwhq dv

	- � T ���( - 	 M
���
	 1 n 1 � �- � T ���

	 - 	 M
���
	 1 ' f1 +E145,

Vlqfh - 	 M
���
	 	- � lv qrqvlqjxodu/ suhpxowlso|lqj +E145, e| - 	 M

���
	 lpsolhv - 	 M

���
	 1 ' f vr

+E145, uhgxfhv wr 1 ' f/ wkh frqwudglfwlrq vrxjkw1 Wkhuhiruh/ ( lv qrqvlqjxodu1

Wr vhh wkh vshfldo fdvhv lq +53, wr +55,/ �uvw/ ohw L �@��� dqg L ������� eh pdwul{ vtxduh urrwv
ri L dqg L ��� / uhvshfwlyho|/ zkhuh L ������� ' EL ����� � ��� dqg doo wkh L 0pdwulfhv duh v|pphwulf
dqg srvlwlyh gh�qlwh1 Wkhq/ jlyhq wkh gh�qlwlrqv lq +4;,/ htxdwlrqv +48, dqg +49, fdq eh
zulwwhq dv

7ES � � '
�

�

�

�

�

�

�a ����� a �������� } � E�w � �
�

�

�

�

�

�

�* +E146,
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dqg

` ES � � '
�

�

�

�

�

�T �����( T �K�@���� o � E	w � �
�

�

�

�

�

�

�
+ / +E147,

uhvshfwlyho|/ zkhuh T � ' - � a ���� - �
� 1 Ilqdoo|/ dssursuldwho| vxevwlwxwlqj +E15,/ +E19,/ +E1;,/

+E144,/ dqg uhohydqw txdqwlwlhv iurp Wdeoh 4 lqwr +47,/ +E146,/ +E147,/ dqg +4<,/ lw fdq eh
vkrzq wkdw +4:, surylghv wkh vshfldo fdvhv lq +53, wr +55, zkhuh � #'$ ' �a ����� a �������#%$ ~ � dqg
� ( ' �a ����� 	a ������� ( duh R � R qrqvlqjxodu pdwulfhv vxfk wkdw � � �$ U� +iru � ' u-c` ,/
dqg � #%$ ' T �����( T �����#%$ T ���

	 dqg � & ' T �@���( T �����& T ���
	 duh o � o qrqvlqjxodu pdwulfhv vxfk wkdw

� � �$ U ) +iru � ' u-c 7,1 �

Qrwh= Jlyhq +E19,/ +E1;,/ dqg o ( E	w ( � ' oE	w�/ lw lv hdvlo| vhhq wkdw o � E	w � � ' f l� oE	w� ' f>
l1h1/ 	w � 5 X 
�� l� 	w 5 l 
 1 Krzhyhu/ e| Dvvxpswlrq 4+d,/ 	w *5 l 
 vr 	w � *5 X 
�� 1
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Dsshqgl{ F
Surri ri +67,1 Ohw u Q Eq� eh d orj0olnholkrrg ixqfwlrq zkhuh q ' �Ew�/ q 5 � � U� / dqg
� G l $ � lv d rqh0wr0rqh wudqvirupdwlrq zlwk wkh Mdfreldq xEw� ' Yq*Yw � / d qrqvlqjxodu
pdwul{ iru doo w 5 l1 Wkhq/

q 5 � 
 ' iq m oE� ��� Eq�� ' f/ q 5 �j l� w 5 l 
 ' iw m oEw� ' f/ w 5 lj +F14,

zkhuh � ��� E�� lv wkh lqyhuvh wudqvirupdwlrq ri �E��1 Qrz/ ohw

u 	 Ew� ' u Q E�Ew�� iru doo w 5 l1 +F15,

Wkhq/ wkh �uvw frqglwlrq lq +66, fdq eh zulwwhq dv

u Q E�Ew�� ' uEw� iru rqo| w 5 l 
 / +F16,

wkh �uvw frqglwlrq lq +67,1 Wklv frqglwlrq |lhogv �q ' �E�w� jlyhq +F14, dqg wkh lqyduldqfh
surshuw| ri PO hvwlpdwruv1 Wr rewdlq wkh uhpdlqlqj wzr frqglwlrqv lq +67,/ �uvw qrwh wkdw
+F15, surylghv

} 	 Ew� ' xEw� � } Q Eq� ' xEw� � } Q E�Ew�� iru doo w 5 l/ +F17,

dqg

a 	
 ' x �

 a Q
 x 
 > +F18,

fi1 Gdylgvrq dqg PdfNlqqrq +4<<6/ htxdwlrqv +46198, dqg +4619;,/ ss1 79708,1 Wkhq/
hydoxdwlqj +F17, dw �w |lhogv

} 	 E�w� ' �x � } Q E�q� +F19,

dv �q ' �E�w� jlyhq +F16,1 Ilqdoo|/ wkh odvw wzr frqglwlrqv lq +67, duh rewdlqhg e| vxevwlwxwlqj
+F19, dqg +F18, lqwr wkh odvw wzr frqglwlrqv lq +66,/ uhvshfwlyho|1 �
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Dsshqgl{ G
Dq h{dpsoh looxvwudwlqj wkh vshfl�fdwlrq ri dq dssursuldwh O S E��1 Euhxvfk dqg
Sdjdq +4<:<, kdyh vkrzq wkdw/ iru whvwlqj wkh qxoo k|srwkhvlv ri krprvnhgdvwlf huuruv lq d
olqhdu uhjuhvvlrq prgho/ dq dssursuldwh vfruh vwdwlvwlf lv lqyduldqw wr fhuwdlq irupxodwlrqv ri
wkh dowhuqdwlyh k|srwkhvlv ri khwhurvnhgdvwlflw|1 D vshfldo fdvh ri wkhlu prgho surylghv d
vlpsoh h{dpsoh wkdw looxvwudwhv wkh vshfl�fdwlrq ri dq u T Ew� wkdw vdwlv�hv wkh J0Z frqglwlrqv1
Wkhuhiruh/ iru | ' �c 2c � � � c ?/ ohw + U eh lqghshqghqwo| glvwulexwhg dv �Ef/ � U � yduldwhv zkhuh
� U lv wr eh gh�qhg1 Ohw w V dqg w W eh vfdoduv/ w ' Ew V c w W � X / l ' iw m w V : f/ w W 5 Uj/
l Y ' iw m w V : f/ w W ' fj/ w Y ' Ew V Y c f� X / dqg ohw uEw� eh wkh orj0olnholkrrg ixqfwlrq rewdlqhg
zlwk � U ' w V n w W 5 U zkhuh 5 U lv d qrqvwrfkdvwlf vfdodu1 Wkhq/

uEw� ' uEw V c w W � ' �?
2 *?i2Zj � �

2
Z

[

U\[ V
*?iw V n w W 5 U j � �

2
Z

[

U\[ V
+ WU

w V n w W 5 U /

3

C

�w V
�w W

4

D '
3

C

r W]
f

4

D / }E�w� ' �
2�w W V

3

C

f
?E 7� � �w V 75�

4

D / dqg a Y ' �
2w W V Y

5

7

� > ^
> ^ v W^

6

8 +G14,

zkhuh r W] ' ? _ V
Z
S

U`[ V +
WU / 7� ' ? _ V

Z
S

U`[ V +
WU 5 U / 75 ' ? _ V

Z
S

U`[ V 5 U / > ^ ' *�4Z�acb 75/ dqg v W^ ' *�4Z�a�b ? _ V
Z
S

U`[ V 5
WU 1

Vxssrvh wkdw u T Ew� lv wkh orj0olnholkrrg ixqfwlrq rewdlqhg zlwk � U ' i Tiw V nw W 5 U j zkhuh
wkh xquhvwulfwhg dqg uhvwulfwhg sdudphwhu vsdfhv duh l T ' U W dqg l TY ' iw m w V 5 U/ w W ' fj/
uhvshfwlyho|1 Wkhq/

u T Ew� ' �?
2 *?i2Zj � ?

2 w V �
?75
2 w W � �

2
Z

[

U\[ V
+ WU

i Tiw V n w W 5 U j +G15,

vr/ xvlqj dssursuldwh txdqwlwlhv lq +G14,/ lw fdq eh vhhq wkdw �w T V ' *? �w V / �w TW ' f/
�x X } T E�w T � ' }E�w�/ dqg x XY a TY x Y ' a Y +G16,

zkhuh �x ' �w _ VV U W dqg x Y ' w _ VV Y U W 1 Khuh/ 7 T ' ? _ V } T E�w T � X E �a T � _ V } T E�w T � lv d vfruh vwdwlvwlf
+iru whvwlqj M TY G w 5 l TY , zkhuh �a T

d$ a TY 1 Wkhuhiruh/ dowkrxjk wklv u T Ew� grhv qrw vdwlvi|
dq| rqh ri wkh wkuhh J0Z frqglwlrqv/ +G16, surylghv wkh lqyduldqfh uhvxow vkrzq e| Euhxvfk
dqg Sdjdq +4<:<, dv 7 T ' 7 zkhq �a T ' E�x X � _ V �a �x _ V 1
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Dq u T Ew� wkdw vdwlv�hv wkh J0Z frqglwlrqv fdq eh rewdlqhg e| �uvw uhsodflqj w ' Ew V c w W � X
zlwk q ' Eq V c q W � X rq wkh uljkw0kdqg vlgh ri +G15,/ dqg wkhq e| vshfli|lqj dq dssursuldwh
wudqvirupdwlrq q ' �Ew�1 Wr vhh wklv/ ohw u T Ew� ' u e Eq� zkhuh u e Eq� lv wkh orj0olnholkrrg
ixqfwlrq rewdlqhg zlwk � U ' i Tiq V n q W 5 U j dqg ohw

q '
3

C

q V
q W

4

D '
3

C

*?iw V j
w W *w V

4

D ' �Ew�/ xEw� ' �
w V

5

7

� f
�w W w _ VV �

6

8 /

� ' U W / dqg � Y ' iq mq V 5 U/ q W ' fj1 Qrwh wkdw xEw� lv vxfk wkdw �x dqg x Y lq +G16, duh
htxdo wr xE�w� dqg xEw Y �/ uhvshfwlyho|1 Wkhq/

u T Ew� ' u T Ew V c w W � ' �?
2 *?i2Zj � ?

2 *? w V � ?75w W
2w V � �

2w V
Z

[

U\[ V
+ WU

i Tiw W 5 U *w V j /

zklfk lv mxvw wkh uljkw0kdqg vlgh ri +G15, zlwk w V dqg w W uhsodfhg zlwk *? w V dqg w W *w V /
uhvshfwlyho|1 Khuh/ �w T ' �w/ } T E�w� ' }E�w�/ a TY ' a Y / dqg u T Ew� ' uEw� iru rqo| w 5 l Y dv
u T Ew V c f� ' uEw V c f� dqg u T Ew� 9' uEw� iru w *5 l Y 1 Wkhuhiruh/ dv uhtxluhg/ wklv u T Ew� vdwlv�hv
wkh J0Z frqglwlrqv1 Dowhuqdwlyho|/ wklv u T Ew� fdq dovr eh rewdlqhg e| �uvw vshfli|lqj u e Eq�
dv wkh orj0olnholkrrg ixqfwlrq rewdlqhg zlwk � U ' q V i Tiq W 5 U j/ � ' l dqg � Y ' l Y / dqg
wkhq e| xvlqj wkh wudqvirupdwlrq Eq V c q W � ' Ew V / w W *w V �/ dq h{dpsoh zkhuh �q ' �w dowkrxjk
q 9' w1
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Wdeoh 41 Txdqwlwlhv lq wkh shufhlyhg iudphzrunv ri u-/ 7/ dqg `

Vshfldo fdvh ri �

Htxdwlrq Txdqwlw| u- 7 `

+46, 7w f 	w �w 	w

a f K 	M �a 	a

�w f �w �w 	w

- f �-~ �- 	-

+9, u f Ew� uE	w� uE�w� n }E�w� X Ew � �w� uE	w�
� Z W Ew � 	w� X a g%h Ew � 	w� � Z W Ew � �w� X �aEw � �w� � Z W Ew � 	w� X 	aEw � 	w�

+:, o f Ew� - g'h Ew � �w� �-Ew � �w� oE	w� n 	-Ew � 	w�

+<, } f Ew� ?a g'h E	w � w� }E�w�� ? �aEw � �w� ? 	aE	w � w�

+43, 	w f 	w �w n VZ �a _ V }E�w� 	w

+44, �w f �w �w 	w � 	a _ V 	- X
�i 	- 	a _ V 	- X j _ V oE	w�

Qrwh= Lq wkh wklug froxpq/ K lv d sduwlfxodu srvlwlyh vfdodu vxfk wkdw K d$ �/ dqg ~ lv d
sduwlfxodu R� R qrqvlqjxodu pdwul{ vxfk wkdw ~ d$ Ud 1
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3 �w 	w i �w j 	w
X

o i Ew�
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