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Equivariant high-breakdown point regression estimates are computationally expen-
sive, and the corresponding algorithms become unfeasible for moderately large number of
regressors. One important advance to improve the computational speed of one such estima-
tor is the fast-LTS algorithm. This article proposes an analogous algorithm for computing
S-estimates. The new algorithm, that we call “fast-S”, is also based on a “local improve-
ment” step of the resampling initial candidates. This allows for a substantial reduction of
the number of candidates required to obtain a good approximation to the optimal solution.
We performed a simulation study which shows that S-estimators computed with the fast-S
algorithm compare favorably to the LTS-estimators computed with the fast-LTS algorithm.
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1. INTRODUCTION

Consider the linear model

yi =  β′
0  xi + ui , i = 1, . . . , n , (1.1)

where xi = (xi1, . . . , xip)′ ∈ Rp and β0 ∈ Rp are the vectors of explanatory variables and
regression coefficients, respectively, and the ui’s are the errors. When the model includes
an intercept we set xi1 = 1 for 1 ≤ i ≤ n.

The most commonly used estimator for β0 in these models is the least squares (LS)
estimator. It is well known that this estimator is very sensitive to the presence of atypical
points in the sample. An observation (yi, xi) is an atypical point (or outlier) if it does
not follow the above regression model. It is well known that a single outlier can have an
unbounded effect on the LS-estimator. Estimators that are not highly sensitive to outliers
are called robust.

One measure of robustness of an estimate is its breakdown point. Heuristically, the
breakdown point is the minimum fraction of arbitrary outliers that can take the estimate
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beyond any limit. Hampel (1971) introduced the breakdown point as an asymptotic concept,
and Donoho and Huber (1983) gave the corresponding finite sample notion. The maximum
possible asymptotic breakdown point of an equivariant regression estimate is 0.5, and the
maximum possible finite sample breakdown point is [n−p+1]/2n (Rousseeuw and Leroy
1987), where [k] denotes the integer part of k.

A desirable property for regression estimates is that the estimate be equivariant with
respect to affine, regression, and scale transformations. This means that when we apply one
of these types of transformations to the data, the estimates will transform in the “natural”
way. Several equivariant estimators for linear regression with asymptotic breakdown point
0.5 were proposed in the literature. We can cite the least median of squares (LMS) and the
least trimmed mean squares (LTS) estimators introduced by Rousseeuw (1984), and the
S-estimators introduced by Rousseeuw and Yohai (1984). Proof of the breakdown point
of S-estimators can be found in Müller and Neykov (2003). The LTS-estimator and the
S-estimator are asymptotically normal with rate of convergence n1/2 and their asymptotic
efficiencies under normal errors are 0.0713 and 0.287, respectively. Instead, the LMS-
estimator converges to a nonnormal distribution with rate of convergence n1/3 (see Kim
and Pollard 1990). More efficient estimates with asymptotic breakdown point 0.5 are the
MM-estimates (Yohai 1987), the τ -estimates (Yohai and Zamar 1988) and the constrained
S-estimates proposed by Mendes and Tyler (1996).

Exact algorithms to compute the LMS-estimator have been proposed by Steele and
Steiger (1986), Stromberg (1993), and Agulló (1997a,b). Hawkins (1994) proposed an
approximate algorithm for the LTS-estimator, while Agulló (2001) described an exact algo-
rithm for the same estimator. Unfortunately, these algorithms are  feasible only when n and
p are small. Rousseeuw (1984) proposed an approximate algorithm for the LMS- and the
LTS-estimators based on minimizing the corresponding objective functions over a large set
of N candidates. Each candidate is obtained by taking a subsample of size p from the data
and finding the hyperplane that contains these points. Let ε0(n, p) be the breakdown point
of the estimate being computed. By taking a sufficiently large number of subsamples N ,
this approximating algorithm can guarantee that the resulting breakdown point is arbitrarily
close to ε0(n, p) with high probability. More specifically, let ε < ε0(n, p), 0 < α < 1 and
take N satisfying

N ≥ log (α)

log
(
1 − (1 − ε)p) ≈ − log (α)

(1 − ε)p .

Then with probability 1 −α the breakdown point of the resulting algorithm is at least ε (see
Rousseeuw and Leroy 1987). Note that this lower bound for N grows exponentially with
the number of covariates p. For example, when ε = 0.20 (20% of outliers) and α = 0.01
(probability 99% of finding a clean subsample) the required number of subsamples is 398
for p = 20, over 322,000 for p = 50 and more than 22 billion for p = 100. Therefore,
even if this algorithm has a larger range of application than the exact algorithms mentioned
above, it also becomes unfeasible when p is large.

Rousseeuw and Van Driessen (2002) proposed a modification of the subsampling algo-
rithm for the LTS-estimator, called fast-LTS, that considerably improves its performance.
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The main idea used in this algorithm was first proposed to compute the minimum covari-
ance determinant estimator (fast-MCD algorithm) by Rousseeuw and Van Driessen (1999).
Given any initial value, they defined the so-called concentration step (C-step) that improves
the objective function. This step is applied to the N candidates obtained by subsampling,
and it brings each candidate closer to the solution of the optimization problem. If the C-step
is applied a sufficient (finite) number of times, a local minimum of the objective function is
obtained. The fast-LTS algorithm improves each resampling candidate using a fixed num-
ber k of C-steps. Rousseeuw and Van Driessen (2002) recommended to take k = 2. They
also showed that the fast-LTS is much faster than the approximating algorithms for the
LTS-estimator that do not use the C-step.

This article describes an algorithm for S-estimates similar to the fast-LTS of Rousseeuw
and Van Driessen (2002) which borrows from Ruppert’s SURREAL algorithm (Ruppert
1992). This algorithm, that we call fast-S, is based on modifying each candidate with a step
that generally improves the S-optimality criterion, and thus allows us to reduce the number
of subsamples required to obtain a desired breakdown point with high probability. It is im-
portant to note that, unlike Ruppert’s algorithm that only performs local improvements to
resampling candidates that decrease the objective function, we improve every resampling
candidate. In our view, this is a major difference. The advantage of improving every candi-
date is the following. Candidates that are obtained from ill-conditioned subsamples that do
not contain outliers may initially have a large value of the objective function. However, after
applying the local improvement step they can become much closer to the optimum. Another
difference between the fast-S and Ruppert’s algorithm is that the latter checks whether the
local improvements actually decrease the objective function, whereas we prove that this is
always the case (see Lemma 1 in Section 2).

We can mention two reasons why we expect S-estimators to behave more robustly than
the LTS-estimator: S-estimators have smaller asymptotic bias and smaller asymptotic vari-
ance in contamination neighborhoods. Comparison of the asymptotic biases and variances
of the S-estimators and the LTS-estimator can be found in Section 2. Our Monte Carlo
simulation (see Section 3) gives empirical evidence of the better robustness behavior of the
S-estimator computed with the fast-S algorithm.

The rest of the article is organized as follows. Section 2 gives the basic definitions
and defines the local improvement step for S-estimates. Section 3 presents the results of a
Monte Carlo study comparing the S- and LTS-estimators using the fast algorithms and the
classical algorithms only based on subsampling. Finally, Section 4 contains some concluding
remarks.

2. FAST-LTS AND FAST-S

Consider the linear regression model (1.1). In general, a noncentered scale of the
vector of residuals r = (r1, . . . , rn)′ is a function s : Rn → R+ that satisfies: (a)
s(r) ≥ 0; (b) s(a r) = a s(r) for all a ≥ 0; (c) s(|r1|, . . . , |rn|) = s(r1, . . . , rn); and
(d) s(rπ1 , . . . , rπn) = s(r1, . . . , rn) where (π1, . . . , πn) is any permutation of {1, . . . , n}.
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We can interpret s(r) as a measure of the size of the absolute value of the residuals.
For each β ∈ Rp let r(β) = (r1(β), . . . , rn(β))′ be the vector of residuals where

ri(β) = yi−x′
iβ for 1 ≤ i ≤ n. Many regression estimates can be thought of as minimizing

s(r(β)) for different scale estimates. For example, for the LS-estimator the scale s is given
by

s(r1, . . . , rn) =

√√√√ n∑
i=1

r2
i

/
n .

We now consider two robust scale estimators and their associated regression estimates.
The scale estimate that corresponds to the LTS-estimator (Rousseeuw 1984) is the α-
trimmed scale defined as follows. If r = (r1, . . . , rn)′ are n real numbers, their α-trimmed
scale for 0 < α < 1/2 is defined as

s2
α(r) =

1
n− [nα]

n−[n α]∑
i=1

r2
(i) ,

where [k] denotes the integer part of k and r2
(1) ≤ · · · ≤ r2

(n) are the ordered squares of the
observations.

Huber (1964) defined M-scale estimates for r = (r1, . . . , rn)′ as

sM (r) = inf

{
s > 0 :

1
n

n∑
i=1

ρ
(ri
s

)
≤ b

}
,

where 0 ≤ b ≤ 1 and ρ : R→ R+ satisfies
A1: ρ is even;
A2: ρ(r) is nondecreasing in |r|;
A3: ρ(0) = 0.

It is easy to see that if ρ is continuous and #{ri = 0} < n(1 − b), then the M-scale sM (r)
satisfies:

1
n

n∑
i=1

ρ

(
ri
sM (r)

)
= b ,

and if #{ri = 0} > n(1 − b), then sM (r) = 0. To guarantee consistency when the data are
normally distributed, the constant b is usually chosen to be EΦ(ρ(u)), where Φ denotes the
standard normal distribution.

The regression estimates associated with M-scales are the S-estimators proposed by
Rousseeuw and Yohai (1984). In particular, they satisfy

β̂n = arg min
βββ∈Rp

n∑
i=1

ρ

(
ri(β)
ŝ

)
, (2.1)

with ŝ = sM (r(β̂n)). Differentiating (2.1) we obtain the estimating equations for S-
estimators:

n∑
i=1

ψ

(
ri(β̂n)
ŝ

)
xi = 0 , (2.2)
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Table 1. Maximum Bias of Robust Estimates With 50% Breakdown Point for Different Amounts ε of
Contamination

ε

Estimator 0.05 0.10 0.15 0.20

LTS 0.63 1.02 1.46 2.02
LMS 0.53 0.83 1.13 1.52
S 0.56 0.88 1.23 1.65

where ψ = ρ′ and

1
n

n∑
i=1

ρ

(
ri(β̂n)
ŝ

)
= b .

Both the LTS- and the S-estimators are asymptotically normal [for results on S-
estimators see Rousseeuw and Yohai (1984), and Davies (1990); for the LTS-estimator,
heuristic arguments can be found in Rousseeuw and Leroy (1987), Tableman (1994), and
Hössjer (1994), and a rigorous proof for the location model in Yohai and Maronna (1976)].
When the errors in model (1.1) are normally distributed the efficiencies of the 50% break-
down point LTS- and S-estimators based on the bi-squared function (3.1) are 0.0713 and
0.287, respectively. The efficiency of the LTS-estimator was obtained applying Theorem
4 of Rousseeuw and Leroy (1987, p. 180) and the one of the S-estimator was taken from
Table 19 of Rousseeuw and Leroy (1987, p. 142). The asymptotic maximum biases for
ε-contamination neighborhoods of the normal multivariate model can be found in Table 1.
The maximum biases of the 50% breakdown point S-estimator were obtained applying The-
orem 3.1 of Martin, Yohai, and Zamar (1989); the maximum biases of the LTS-estimator
were obtained using Theorems 1 and 2 and the Remark in Section 4 of Berrendero and
Zamar (2001). We observe that S-estimators are more efficient at the normal model and
have smaller bias than the LTS-estimator for all values of ε.

We now turn our attention to a procedure that increases the speed of the resampling
algorithm for computing S-estimators. Given an estimate β(0) of the regression coefficients,
the local improvement step (that we call I-step) for S-estimators is defined as follows:

I-step(a) Compute s0 = sM (r(β(0))) and the weights wi = w(ri((β
(0))/s0)) where

w(u) = ψ(u)/u.
I-step(b) Define β(1) as the weighted LS-estimator where the ith observation receives

weight wi, for i = 1, . . . , n.
Note that this I-step is one step of the iterated re-weighted least squares algorithm to

solve Equation (2.2) starting from β(0).
The following Lemma shows that the I-step decreases the scale s of the residuals and

hence it improves the candidate β(0). We need these additional regularity conditions on the
loss function ρ:

A4: ρ is differentiable with continuous derivative ψ = ρ′; and
A5: ψ(u)/u is decreasing in u > 0.
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Lemma 1. Suppose that ρ satisfies A1–A5 and that β(1) was obtained by applying
the I-step described above to the vector β(0). Then sM (r(β(1))) ≤ sM (r(β(0))).

Proof: By Remark 1 to Lemma 8.3 in Huber (1981, p. 186) (this lemma was originally
proved by Dutter 1975) we have that

1
n

n∑
i=1

ρ

(
ri(β(1))
s0

)
≤ 1
n

n∑
i=1

ρ

(
ri(β(0))
s0

)
= b .

By A1 and A2 we have that sM (r(β̂1)) ≤ s0 = sM (r(β̂0)). ✷

According to this lemma it is natural to define a fast-S algorithm similarly to the fast-
LTS but using the I-step described above.

The following Lemma shows that if
{

β(n), n ≥ 1
}

is the sequence obtained by ap-

plying the I-step iteratively starting from an arbitrary β(0), then any accumulation point is
a local minimum of s(r(β)).

Lemma 2. Assume that ρ satisfies A1–A5. Then, for any starting point β(0), any
accumulation point of the sequence β(n) obtained by applying the I-step iteratively is a
local minimum of s(r(β)).

Proof: According to Lemma 1, the sequence s(k) = s(r(β(k))) is decreasing and
nonnegative, therefore s(k) → s0 for some limit s0. Consider β∗ any accumulation point

of
{

β(k)
}

k≥1
. We are going to prove that s(r(β∗)) = s0 and that if β∗∗ is the result of

applying one I-step to β∗, then s(r(β∗∗)) = s0.

Take any subsequence
{

β(ki)
}

i≥1
converging to β∗. Call C : Rp → Rp such that

C(β) is the result of applying one I-step to β. By assumption, this transformation is con-
tinuous. Note that β → s(r(β)) is also a continuous function. Then, β(ki+1) = C(β(ki))
and limi→∞ β(ki+1) = C(β∗). Therefore, limi→∞ β(ki+1) = β∗∗. Then, s(r(β∗)) =
limi→∞ s(r(β(ki))) = s0 and s(r(β∗∗)) = limi→∞ s(r(β(ki+1))) = s0. Thus

1
n

n∑
i=1

ρ

(
ri(β∗)
s0

)
= b =

1
n

n∑
i=1

ρ

(
ri(β∗∗)
s0

)
.

Therefore,
n∑

i=1

ρ

(
ri(β∗)
s0

)
=

n∑
i=1

ρ

(
ri(β∗∗)
s0

)
.

By Remark 1 to Lemma 8.3 of Huber (1981), we conclude that β∗ is a local minimum of

f(β) =
n∑

i=1

ρ

(
ri(β)
s0

)
.

We will now prove that it is also a local minimum of s(r(β)). Take a neighborhoodN(β∗)
around β∗ such that f(β) ≥ f(β∗) for all β ∈ N(β∗). Then given β ∈ N(β∗) we will
have

1
n

n∑
i=1

ρ

(
ri(β)
s0

)
≥ b ,
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and this implies that s(r(β)) ≥ s0 = s(r(β∗)) proving the lemma. ✷

A simple first version of the fast-S algorithm, which is similar to the fast-LTS proposed
by Rousseeuw and Van Driessen (2002), is as follows:
Step 1. DrawN random subsamples of size p and let βj , j = 1, . . . , N , be the coefficients

of each of the hyperplanes determined by them.
Step 2. Improve each of these candidates applying k I-steps as described above. Let βC

j ,
j = 1, . . . , N , be the resulting improved candidates.

Step 3. For each βC
j compute the M-scale sj = s(r(βC

j )) and keep the improved candi-
dates with the best t scales (1 ≤ t ≤ N ). Call (βB

j ,sBj ), j = 1, . . . , t, these best
improved candidates and their corresponding scales.

Step 4. Apply the I-step to each βB
j , j = 1, . . . , t, until convergence, obtaining (βF

j , s
F
j ),

j = 1, . . . , t, where sFj = s(r(βF
j )).

Step 5. The final estimate is the βF
j associated with the smallest sFj .

Since computing the scales s(r(β)) is rather computationally costly, we will slightly
modify Steps 2 and 3 of the above algorithm. In Step 2 we modify the I-step as follows:
given a candidate βj the improved vector βC

j is computed as before but we replace s(r(βj))
by an approximated value obtained at the rth step of any iterative algorithm used in the
computation of s(r(βj)), starting from s = MAD(r(βj)). Even though we cannot prove
a result analogous to Lemma 1 for the modified I-step, it worked extremely well in our
simulations. In all the cases we considered in our Monte Carlo study of Section 3, the ap-
proximated Steps 2 and 3 with r = 1 resulted in improved scales. The average improvement
ranged from 40% for p = 2 to 80% for p = 30.

In Step 3 we do not need to compute all the scales sj = s(r(βC
j )), 1 ≤ j ≤ N . We

can be more efficient by adapting an idea first proposed by Yohai and Zamar (1991). We
proceed as follows:

(a) Compute sm = s(r(βC
m)), m = 1, . . . , t. Let At = max1≤m≤t sm and It =

{1, . . . , t}.
(b) Suppose that we have already examined r candidates, where r ≥ t. Denote by Ir the

set of indices of the t best scale estimates found after examining these r candidates,
and letAr be the maximum of these scales. Now we check if βC

r+1 will be included
in Ir+1. This will only happen if s(r(βC

r+1)) < Ar and this is equivalent to

n∑
i=1

ρ

(
ri(βC

r+1)
Ar

)
< b . (2.3)

Then, we compute s(r(βC
r+1)) only if (2.3) holds, and we correspondingly update

Ir and Ar to obtain Ir+1 and Ar+1. If (2.3) does not hold, let Ir+1 = Ir and
Ar+1 = Ar.

This change allows the computation of the best t candidates with a significantly smaller
number of scale calculations.

Computer code for R and S-Plus implementing this algorithm is available online at
http:// hajek.stat.ubc.ca/ ∼matias/ soft.html

http://hajek.stat.ubc.ca/~matias/soft.html
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2.1 THE CASE OF LARGE n

When the number of observations n is large the performance of the fast-S algorithm
may still be too slow. One way to overcome this problem is to follow the suggestion by
Rousseeuw and Van Driessen (2002) for the LTS-estimator, which consists of drawing
a small random subsample (of 2,000 observations, say) which is randomly divided into
smaller disjoint subsets. This strategy of dividing a large sample into smaller subsamples
was first proposed by Woodruff and Rocke (1994) and Rocke and Woodruff (1996). Their
proposal is slightly different because they propose to divide the whole dataset in smaller
subsamples.

More specifically, the algorithm of Rousseeuw and Van Driessen (2002) proposed
that the random subsample be subsequently partitioned into smaller disjoint subsets. We
randomly divide our subsample of size 2,000 into four disjoint subsets of 500 observations
each. The idea is that each of these four smaller sets will be representative of the whole
dataset. Random subsampling candidates are found in each of these four segments and
improved using the I-step as before. The best t candidates of each partition are then improved
(via I-steps) over the larger subsample of size n = 2,000. Finally, the best t improved
candidates are iterated until convergence using the whole dataset and the solution with the
smallest scale estimator is reported as the S-estimator.

A detailed description of the algorithm is as follows:

(a) If n > 2,000, take a random sample E, of n = 2,000 observations and split it into
four disjoint subsets E1, . . . , E4 of n = 500 points each.

(b) For each subset Ei, 1 ≤ i ≤ 4, apply Steps 1 to 3 of the fast-S algorithm described
above obtaining the best t improved candidates. At the end of this step we will have
a total of four t improved candidates.

(c) Apply the I-step k times to each of the four t candidates over the whole n = 2,000
subsample E and record the best t improved candidates.

(d) Apply the I-step until convergence using the whole dataset to each of the t improved
candidates found in (c) and compute the associated scale estimates.

(e) Among the t final solutions found in (d), choose the one with the smallest associated
scale as your final estimate.

3. MONTE CARLO STUDY

We compared the performance of the fast-S and fast-LTS algorithms using a Monte
Carlo study. The S-estimate was based on a ρ function in the bi-square family with score
functions

ρ′
c(u) =

 u
(

1 − (u
c

)2
)2

if |u| ≤ c
0 if |u| > c .

(3.1)
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To obtain an S-estimate with breakdown point 0.5 we chose c = 1.547 and b = 0.5 (see
Rousseeuw and Leroy 1987, tab. 19, p. 142).

Because we considered a model with intercept, we have x = (1, z′)′ in model (1.1).
In our samples a proportion (1 − ε) of the data (z′, y)′ followed a multivariate normal
distribution. Because of the equivariance of the estimators, without loss of generality we
can take the mean vector equal to 0 and the covariance matrix the identity. Note that these

Figure 1. Histogram of 500 estimators β̂ββ2 for a sample with n = 400 observations with p = 36 and 10% of

outliers located at (x′
0, y0)′ = (1, 100, 0, . . ., 0, 150)′. The true slope is βββ2 = 0.
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Table 2. Percentage of Samples Where Convergence Occurred to the Wrong Local Minimum. N is the
number of subsamples. n = 400, p = 36, and 10% of outliers located at (x′

0, y0)
′ = (1, 100,

0, . . ., 0, slope × 100)′

.
Slope

EST N 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

Ruppert 1100 83 75 69 66 65 63 62 61 59 57 56 55
S0 2400 100 99 94 84 69 55 42 30 22 15 10 6
S1 540 89 58 27 7 1 0 0 0 0 0 0 0
LTS0 5200 100 99 97 91 82 71 59 46 35 23 14 7
LTS1 1400 100 97 85 64 39 21 7 3 1 0 0 0
FAST-LTS 900 100 100 96 86 65 42 22 9 4 1 0 0

observations follow model (1.1) with β = 0 and iid errors ui with a standard normal
distribution. The remainder observations were high-leverage outliers with y =M and z =
(100, 0, . . . , 0)′. By the equivariance property of both estimators the effect of these outliers
is the same as that of any fixed vector (z1, z2, . . . , zp−1,M) with (

∑p−1
i=1 z

2
j)

1/2 = 100.
Under high leverage contaminations the objective functions of the S- and the LTS-

estimators typically have two distinct types of local minima: one close to the true value of
the regression parameter, and another one close to the slope of the outliers. This is illustrated
in Figure 1 where we plot the histogram of β̂2 for the S- and LTS-estimators (without any
improvement step) for 500 random samples of size n = 400 and p = 36. The samples
were contaminated with 10% of high-leverage outliers at (x′

0, y0)′ = (1, 100, . . . , 0, 150)′.
Note that β̂2 concentrates around zero (the true value of β2) and 1.5 (the slope of the
contamination).

In our Monte Carlo experiment we used two measures of performance to compare the
fast-S and fast-LTS algorithms: (a) the percentage of samples for which each algorithm
converged to a wrong local minimum (a local minimum close to the slope of the outliers);
and (b) the mean square errors.

The total computing time depends of the number N of initial candidates used in these
algorithms. To make a fair comparison we set the value of N for each estimator in such a
way that the computing times were approximately equal for each combination of sample
size n, number of covariates p and number of improvement steps.

To illustrate the behavior of these algorithms for a range of different values ofM we first
considered samples of size n = 400 and p = 36 withM = m100,where the contamination
slope m ranges between 0.9 and 2. The proportion of outliers ε was set to 0.10 and the
number of replications was 500. We simulated the fast-S algorithm with 1 I-step (denoted
S1) and the fast-LTS with 1 and 2 C-steps (denoted LTS1 and FAST-LTS, respectively)
We also included the re-sampling algorithm for both estimates without improvement steps
(denoted S0 and LTS0 for the S- and LTS-estimators respectively). Tables 2 and 3 contain
the percentage of convergence to a wrong local minimum and the MSEs, respectively. From
Table 2 we see that the fast-S with k = 1 has the lowest proportion of convergences to the
wrong local minimum. From Table 3 we also see that the fast-S estimator with k = 1 has
the smallest MSE for contaminations with slope between 0.9 and 1.6. Outside this range
the MSE of the fast-S with k = 1 was comparable with that of the fast-LTS with k = 1 or
k = 2.
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Table 3. Mean Squared Errors. N is the number of subsamples. n = 400, p = 36, and 10% of outliers
located at (x′

0, y0)
′ = (1, 100, 0, . . ., 0, slope × 100)′

.
Slope

EST N 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

Ruppert 1100 1.22 1.24 1.27 1.32 1.37 1.42 1.49 1.53 1.58 1.62 1.66 1.70
S0 2400 1.36 1.46 1.52 1.51 1.44 1.34 1.24 1.10 1.01 0.92 0.85 0.78
S1 540 1.26 1.10 0.89 0.73 0.68 0.67 0.67 0.67 0.67 0.67 0.67 0.67
LTS0 5200 1.69 1.79 1.89 1.93 1.94 1.87 1.78 1.65 1.51 1.33 1.17 1.04
LTS1 1400 1.24 1.33 1.32 1.22 1.02 0.87 0.73 0.69 0.66 0.66 0.65 0.65
FAST-LTS 900 1.25 1.35 1.42 1.43 1.31 1.11 0.92 0.77 0.71 0.67 0.66 0.66

The main conclusion from these tables is that for contaminations with slopes between
1.0 and 1.6 the fast-S estimator performs noticeably better than the fast-LTS in both mea-
sures. When the slopes are outside this range, their MSEs are comparable, but the fast-S
converges more often to a local minimum closer to the true value of the parameters. There
does not seem to be much difference in performance for the fast-LTS with 1 or 2 C-steps.
However, for both the fast-S and fast-LTS there is an important improvement in both per-
formance measures when at least one I-step or one C-step is used, respectively.

It is interesting to note that using one I-step for the S-estimator noticeably decreased
the percentage of samples where convergence occurs to a wrong local minimum compared
to the case when no I-step is used. In particular, when the slope of the contamination is
between 0.9 and 1.6 the improvement in the fast-S is much higher than that in the fast-
LTS with one C-step. Moreover, in some cases the LTS-estimator with two C-steps appears
to perform worse than that with one C-step. This can be attributed to the fact that, to keep the

Table 4. Samples with 10% of Outliers Located at (x′
0, y0)

′ = (1, 100, 0, . . ., 0, 100)′. “CPU time” is in
seconds of a P4 3.0GHz chip, “N ” is the number of subsamples, “%wrong” is the percentage
of samples where the algorithm converged to a wrong local minimum and “MSE” is the mean
squared error.

Average FAST S FAST LTS

n p CPU time N %wrong MSE N %wrong MSE

100 2 0.06 500 33 0.46 500 52 0.76
3 0.06 500 35 0.54 500 57 0.95
5 0.08 500 48 0.87 500 66 1.29

500 5 0.34 500 14 0.18 550 63 0.79
10 0.58 500 16 0.25 550 67 0.92
20 1.52 500 26 0.50 600 82 1.26

1000 5 0.66 500 5 0.07 1500 60 0.70
10 1.13 500 6 0.10 1500 70 0.87
20 2.86 500 10 0.18 1600 84 1.17

5000 5 1.43 500 2 0.02 1900 71 0.76
10 2.26 500 2 0.03 1050 78 0.88
20 5.71 500 7 0.11 2900 84 1.07

10000 5 2.06 500 2 0.02 4300 78 0.82
10 3.59 500 1 0.02 4800 87 0.94
20 10.2 500 8 0.10 6500 93 1.11
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Table 5. Samples with 20% of Outliers Located at (x′
0, y0)

′ = (1, 100, 0, . . ., 0, 220)′. “N ” is the number
of subsamples, “%wrong” is the percentage of samples where the algorithm converged to a
wrong local minimum and “MSE” is the mean squared error.

FAST S FAST LTS

n p N %wrong MSE N %wrong MSE

100 2 500 11 0.679 500 42 2.547
3 500 16 1.007 500 53 3.523
5 500 27 2.008 500 69 5.150

500 5 500 0 0.038 550 25 1.450
10 500 0 0.065 550 33 2.007
20 500 9 0.721 600 74 4.683

1000 5 500 0 0.015 1500 12 0.686
10 500 0 0.029 1500 20 1.184
20 500 1 0.138 1600 52 3.174

5000 5 500 0 0.003 1900 2 0.089
10 500 0 0.006 1050 1 0.073
20 500 1 0.072 2900 1 0.105

10000 5 500 0 0.001 4300 9 0.439
10 500 0 0.003 4800 10 0.522
20 500 0 0.005 6500 31 1.622

computing time comparable, the fast-LTS with two C-steps was computed with a smaller

number of initial candidates N .

We also ran the casem = 1 withN = 540 candidates for both estimators. In this case,

the performance of the fast-LTS is comparable to those in Tables 2 and 3, and the required

computing time is 2.7 times smaller than the fast-S. Nevertheless, the results of Table 2,

where the values of N were chosen to match computing times, show that the advantage in

performance of the fast-S cannot be overcome increasing the number of subsamples for the

fast-LTS.

To make a more exhaustive comparison of these algorithms for different values of n,

p, and ε we ran a Monte Carlo study similar to the previous one, but considering only one

value of the contamination slope m, with one I-step for the fast-S and two C-steps for the

fast-LTS. We generated 2,000 samples for n = 100, n = 500, and n = 1,000; and 500

samples for n = 5,000 and n = 10,000. We used ε = 0.10 and ε = 0.20. For ε = 0.10

we set m = 1. This value was chosen based on Tables 2 and 3. Note that larger values

of m correspond to outliers that are easier to identify by the S-estimator, whereas outliers

withm = 0.90 are practically impossible to detect by both the S- and LTS-estimators. For

similar reasons, based on an exploratory study, for ε = 0.20 we chose m = 2.2. Tables 4

and 5 show the results of these simulations. As in Tables 2 and 3, we observe that the fast-S

has the best overall performance.

The fast-S and Ruppert’s algorithms were implemented in R while the fast-LTS was

computed using the function ltsReg in library rrcov for R. However, to be able to

modify the number of C-steps, in Tables 2 and 3 we used the authors’ implementation of

the fast-LTS algorithm. Numerical experiments showed that both implementations of the

fast-LTS algorithm produce very similar results.
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4. CONCLUSION

We have proposed an algorithm to compute S-estimators of regression which can be
considered an improvement over both Rousseeuw’s approximated algorithm based on ran-
dom subsamples and Ruppert’s SURREAL algorithm. The basic idea of this procedure is, as
in the fast-LTS of Rousseeuw and Van Driessen (2002), to apply a local improvement step to
each resampling candidate. We compare our fast-S procedure with the fast-LTS algorithm
and find that the fast-S gives better results. The reason for this difference in performance
can be attributed to the better asymptotic efficiency and bias of S-estimators.

Even though the fast-S algorithm is slower than the fast-LTS, it can still be applied
to very large datasets with reasonable computing times. For example, for n = 10,000
observations with p = 45 variables and 10% of outliers, the fast-S can be computed in
approximately 44 seconds on a PC with a P4 3GHz CPU.

[Received October 2004. Revised September 2005.]
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