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INTRODUCTION



1. Introduction

e Agricultural experiments — e.g. compare varieties
of crops (= ‘treatments’), ‘plots’ of experimental
units arranged in homogeneous ‘blocks’; within a
block each treatment is applied (‘randomization’
needed here — why?); role of ‘replication’ to mea-
sure and control ‘experimental error’.

——

Sir Ronald Fisher; Frank Yates; Rothamsted
Agricultural Experimental Station (1930s)

e Goals

— treatment comparisons (agriculture, manufac-
turing, ... )
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— variable screening (response can depend upon
many factors — which are important?)

— response surface exploration (explore effect of

the — important — factors on the response vari-
able)

— system optimization (determine optimal levels
of the factors)

— system robustness (make the system ‘robust’
against hard-to-control factors)

e Planning an experiment — read §1.2
— state the objective
— choose response
— choose factors and levels

— choose experimental plan (our focus, in this
course)



— perform the experiment
— analyze the data

— draw conclusions, make recommendations

e Fisher's three fundamental principles

— replication

An experimental unit is the basic object of
study — machine, crop, time period, ... — to
which a treatment is applied. [Factors are vari-
ables expected to influence the outcome, and
each is applied at one of a number of pre-
determined levels. A treatment is a combi-
nation of factor levels. (So if there is only
one factor, treatments and levels are the same
thing.)] Typically each treatment is applied to
each of several units, thus decreasing the vari-
ance of the estimates of the treatment effects.
(Replicates — applications to distinct units —
not merely repetitions on the same unit.)
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— randomization
Randomize the allocation of units to treat-
ments, the order in which the treatments are
applied, the order in which the responses are
measures ... e.g. clinical trials — physician bias,
etc.

— blocking
A block is a group of homogeneous units (fields,
stretches of time, ... ). Treatments are com-
pared within blocks, so that between-block
effects (differing ground fertilities, differences
between days, ... ) are eliminated.
Randomization 4 blocking — ‘block what you
can, randomize what you cannot’.

e Example: typing/keyboards
Two keyboards (A/B) to be compared. Six man-
uscripts given to a typist, who types each. There
are considerable differences between the manu-
scripts, so they are viewed as ‘blocks’, and the
keyboards are the ‘treatments’. A possible layout
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N

(rows represent ‘time
Block:

1 2 3
A A A
B B B

T > &
W > o
X >

An obvious problem ... randomize:

Block: 1 2 3 4 5 6
A B A B A A
B A B A B B

with some imbalance ... balanced randomization?

See ‘miscellaneous resources’ on course web site
— (i) review regression, if necessary; (ii) learn
the basics of R, if necessary (I will help you get
started, but see me now — this is a limited time

offer.)

R code for a regression example on course web
site.
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2. Single factor experiments

e One way layout — example
Pulp ‘reflectance’ (brightness) classified by shift
operator — each of four operators (A, B, C, D)
produce pulp at a pulp mill; the quality is deter-
mined by the ‘reflectance’. Are there significant
differences arising from operators? Each operator
Is assighed to produce five batches:

A B C D
59.8 59.8 60.7 61.0

60.8 59.9 60.9 60.5
Randomization — of the 20 batches, 5 are assigned
] 20 .
to each operator; all (5 5 5 5) allocations should

be equally likely. Randomly permute 1, ..., 20 etc.

=

|
0
00 0 0

|
0

teflectance

N8 800 602 604 606 608 60
|

58 600 602 604 606 608 610
|

|

>0

m40 0 O 0 0
|

c D N B c D

Pulp reflectance data by operator
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e Model: k£ treatments, n; observations on each
(N =>"n;); fori=1,..., k we have

Yij = M+ Ti+eEij J=1,...,n;
Ei5 1.2.d. N(0,0‘z).

— Constraints:

(i) zero-sum is most common:>" 7; = 0. With
differing group sizes we use instead > n;7; =
0. Can be justified as follows: define u; =
E [yij}v M = %anﬂz = E[g], now define
n = w17 = W; — . Interpretation: ‘overall
mean’, ‘effect specific to the treatment’.

(ii) ‘baseline constraint’ sometimes used: 71 =

0; thenn =F [y].j}

e Decomposition of SS (zero-sum constraint):
We attempt to ‘explain’ the differences in the
y;; by ascribing them to any measurable effects
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(hence the importance of the design). In this case
the only possible explanatory factors are ‘treat-
ment’ (operator) and ‘random error’:

vij = §.+ @ —5.)+ (vij — i)
= Nn+7;+ €;j-

These (7, 7;) are the LSEs - they minimize

S(n,Tl, ...,Tk) = Z (yz’j —n—- T’i>2‘

1,]

Proof: Under the constraints we have

S =3 {(vij — 5.) + Gi =) + (1 =)}
(2¥)
= 3 (v~ 9:) + i (i~ )+ N (3 - 0)?,
2, ?
etc.

For the analysis of variance we decompose the
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‘total sum of squares’ as

SST =) (yij - ﬂ..>2

1,]

2
= S (@ -9+ Y (yij — @i.)
) 1,9
= Y 2+ (n—k)o2 Y ssTr + SSE.
1

The notation implies the statement that

SSE

n — k

MSE =

is an unbiased estimate of 2. Reason:

1 _\2 1 5
—— > (vij — 71.) = Rl (1) P erc

1,
Also E [7%] = T; and
E|SST 1
E[MSTr]| = ][€ 1T] = o2 —|—k—2ni7—z-2.

i (2.1)

Calculation in text: will be done later as well.
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ANOVA table
Source df SS E[MS]
Treatment k—1 SSTr o2+ ﬁ > niT@?
Error N —k SSE o2
Total N —1 SST
e Likelihood ratio test of Hy: 74 = - - - = 1.(= 0)

Is based on

MSTr
F=isg ~ Tk (”\2 T 52
the ‘noncentral’ F with noncentrality parameter
A (central if Hy is true). This can be obtained
as an instance of the ‘General Linear Hypothesis’
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being explored in assignment 1: F'is

minH0 S(n,7)—min S(n,7)
Vdf
min S(n,T)
df
min S(n,0)—SSE
Vdf
SSE
N—k
SST—SSE
(V-1)_(N-F)

F =

and 02)\2 = > i niTzz, as in assignment 1.

If £ = 2 this is the two-sample t-test, with a pooled
estimate of the variance.
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2 2
o Ifz ~ N (,u,, 021n> then llz—pel” ~ X% but @

0'2 (o)
instead has the noncentral x2 distribution with

- 2 _ llul?
noncentrality parameter A° = =~

o If X ~x2 ()3), independently of Y ~ x2, (13),

then F' = % has the doubly noncentral F7}, ()\2, )\%)
distribution. When A3 = 0 (the most common

case) this is the singly noncentral F, or merely
‘noncentral F}} (A%)

e The noncentral F}} (AZ) is ‘stochastically increas-
ing in A\2"; this means that for any point f, the
probability P <F7777i ()\2> > f) that the F' will ex-
ceed f is increasing in A2. Thus if we carry out

a level o test of Hp as above, then the critical
value is fo defined by

P(FN > fa) =«

(the central F) and the power s
P (Fy_3 (32) > fa).
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— One can determine a common group size n, in
order to obtain a particular power, if all other
terms are known or can be reliably estimated
— there is an R function to carry this out.

pwr.anova.test(k = 4, n = NULL, f = .5,
sig.level = .05, power = .8)

Balanced one-way anova power calculation

k =4
n = 11.92613
f =0.5
sig.level = 0.05
power = 0.8

NOTE: n is number in each group

# need n=12 for this power against this ’effect’
# function returns whichever argument is ’NULL’
# The effect size f has £72 =
average(taul~2,..,tauk"2)/sigmasqd

(so £ = lambda/sqrt(N), where N = kn)
# With n = 5, power = .3b against £ = .5
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3. Multiple comparisons; examples

e Multiple comparisons: suppose that the hypoth-
esis of equal (hence no) treatment effects is re-
jected, so that at least two of the treatment ef-
fects are significantly different. Consider the test
of 7, — 7; = 0 based on

Yj. — Ys.

ij = :
~ /1 1

The Bonferroni method declares 7, to be signif-

t

icantly different than 7; if |t;;] > tp_p o, the
2k
upper 100(1 — 577)% point of the ¢ _, distribu-

tion. Here k/ = (g) the number of comparisons

being made. Controls the total probability of a
Type | error:

P (Type | error)

P (at least one false declaration of significance)

> P (declaration ‘I’ is incorrect)
[

Qo
/
k'— = «.

k./

A
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This leads to simultaneous confidence intervals:

1 1
Uy, —Y; =t a0 | —+ —.
Yj. — Y. N_k’ﬁ J n, + "

Tukey method: gives exact simultaneous Cls, when
all n; = n. First assume this. Determine a
value qp N_f o as described below, and declare

>

%,N—k,a/\/i- The probability of a Type | error
IS

7; to be significantly different than 7; if |¢;;

at least one pair §; , y;. has
Ho tij| > C]Ic,N—k,oz/\/§

1

max; ¥;, — min; y; 4k N—k o

— Py
0 ~ /1 1 2
NpTh V2
max; g, — min; y; /6
= P - — > _
p— O{,

if g N—k o IS the upper a-point in the distribu-
tion of the range of ki.i.d. N(0, 1) r.v.s divided by
an independent \/X%\I—k/ (N — k), and N = nk.
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It can be shown that in the unbalanced case the
probability of a Type | error is at most .. Invert-
ing these tests gives simultaneous Cls

_ _ |G N—-ka, |1 1
. —1y; £ — —0, | — + —.
i Y V2 \lnj T

Quantitative predictor — orthogonal polynomials:
When the predictor is quantitative (perhaps coded
as LO, MID, HI for instance) at k levels one
can fit a polynomial regression model E [Y|x] =
Bo + B1Pi(z) + - - - + BpPp(x), where Pj(z) is
a polynomial of degree j and p < k (typically
p = 1,2). For instance for levels x = —1,0,1
and p = 2 one puts Pi(z) = z, Pi(z) = 3z° — 2.
Then

ElY|lr=—-1] = Bo— b1+ P2,
EfY|x=0] = Bo— 20,
ElY|x=1] = B+ b1+ B2,
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with
5, — EY|x = 1] —2E Yz = —1],
(E[Y|r=1]—- FE[Y |z = 0Q])
5, — — (E[Y]|z =0] - F[Y|z = —1]) ;

6
these represent the linear and quadratic effects,

respectively. For these regressors X’X is diagonal,
and it is usual to convert the model F [y] = X3
to E [y] = Z~, where

7 =X (X’X)_1/2 = (X’X>1/2B.

The ~; have interpretations similar to those of the

B; — they are the coefficients of the Pj(az)/\/(X’X)jj
— and satisfy 4 = Z'y, with

cov [§] = o°1.

More details in text — read §2.3.
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e Pulp data — R code on web site.

> fit = aov(y ~operator)
> summary(fit)

Df Sum Sq Mean Sq F value Pr(>F)
operator 3 1.34 0.4467 4.204 0.0226 *
Residuals 16 1.70 0.1062

Differences between operators significant; which are
different?

> TukeyHSD(fit)
Tukey multiple comparisons of means

95% family-wise confidence level

Fit: aov(formula = y “operator)



$operator

diff lwr upr p adj
B-A -0.18 -0.76981435 0.4098143 0.8185430
C-A 0.38 -0.20981435 0.9698143 0.2903038
D-A 0.44 -0.14981435 1.0298143 0.1844794
C-B 0.56 -0.02981435 1.1498143 0.0657945
D-B 0.62 0.03018565 1.2098143 0.0376691
D-C 0.06 -0.52981435 0.6498143 0.9910783

D and B significantly different at 5% level.

Normal Q—Q Plot

o (e o

p= 0.38

Sample Quantiles
resids

-2 -1 (o] 1 2 60.1 60.3 60.5 60.7

Theoretical Quantiles fits

Diagnostic plots; Shapiro-Wilks normality test
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e A robust (against non-normality) alternative to
the F-test is the Kruskal-Wallis test. It is es-
sentially equivalent to replacing the observations
by their ranks, and performing the F-test on the
ranked data. The differences are in the manner in
which the null distribution is approximated — K-W
exploits the fact that SSTotal is fixed (apart from
ties) and obtains a y2-approximation to SST'r.

> fit.rank = aov(ranks ~operator)
> summary (fit.rank)

Df Sum Sq Mean Sq F value Pr(>F)
operator 3 269.3 86.43 3.469 0.0411 =*
Residuals 16 398.7 24.92

> kruskal.test(y, operator)
Kruskal-Wallis rank sum test

data: y and operator

Kruskal-Wallis chi-squared = 7.4874,

df = 3, p-value = 0.05788
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e Sampling distributions via quadratic forms:

Write y;; = n+7;+¢€;;; decompose _; ; egj =¢ele
as
/ 2
ge = Z(yz'j—??—ﬁ')
0,
_\2 _ _
= ) (yz’j — yz) +5 "0 (i, — §.. — 7)°
ij i
+N (.. — n)°
2
— Z (6@' — 52') + an (g, — 5,,)2 + Ng?_
ij i
= €'Qze +€'Qoe + £'Qqe.
Here
1 def
Q1 = N1N1§v = Jn,
Qs = Iy— @fi’f:l']ni — @flle (In; — JIn;)

Q = In-Q3—Q1=0f1Jn —Jy.
Note:
(i) Q1 is idempotent, with rank = trace = 1,
(ii) Qo is idempotent, with rank = trace = k—1,;
(iii) Q3 is idempotent, with rank = trace =
>i(n; —1) =N —k;
(iv) Q;Q; = O for each ¢ # j.
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Sampling distributions; random effects model

e From (i) - (iv) at the end of the last lecture, we

can write
Q; = V,;V;,
where Vi : N Xr; (7“2' = Tk(Qz)) and V;Vz = I7°z'
and V/V,; = 0 for each i # j. Then
Vnxn = (V1iV2:iV3)
is orthogonal, and so €’e = HV’eHz. Now
Vie
Vlie=| Vie | ~N (0,0’21]\[) :
Vie

so the elements of V/e are i.i.d. N (O, 02) — just
like those of € — but

e'Q;e = ||V,’L-€
all three are independently distributed.

2 2 2
’ NO_XTZ';

— Cochran’s Theorem states that these conclu-
sions hold iff >>r; = N (and so they could
have been inferred from this). These ranks
are called ‘degrees of freedom'.



30

— Note that €'Q3ze = SSE. Under Hy: all 7; =
0, €'Qre = SSTr, and so

‘72X%—1
o MSTr BT gkl
T MSEI O.2X2 N—-k-
N—k
N—k

e Non-null distribution: In general,

SSTr =y'Qoy,
and
T]_lnl
y =€+ nly+ 7, where 7 = : :
with Qo1 = Q2Q11x5 = 0. Thus
Q2y: Q2(€—|—T)7
and

SSTr = [Vy(e +7)°,

where Vb (e +7) ~ N (Vh7,0%0),_1) (still in-
dependent of SSE — why?). Then

1 (9),
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the noncentral X%—l with noncentrality parameter

_ N
\2 HV TH ’QzT _Sini (e — 7)) Sintf
0'2 O' 0'2 0'2
2
_ MSTr | pk—1 (y2 _ 2™

— As a general rule, note that )2 is obtained by
replacing the observations by their means, in
the relevant SS, and then dividing by 2. The
calculation above also yields, using

E [x%_l <>\2)} = (k— 1)+ )%,
that

2
i n;T;

E[MSTr] = 0? ,
[ rl=o0"+="—"

as claimed at (2.1).

— A useful general formula:
if E[y] = p, covly] = X, then (how?)

E|y'Qy| = 'Qu+trQx.
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e Random effects model
In the pulp experiment, suppose that the 4 op-
erators were randomly chosen from a population
of operators. Then the effects would be random
rather than fixed, and an appropriate model might
be

Yij =N+ 7+ €5, J=1,...,n4,

as before, but with the assumption that
87;j ~ 1.1.d. N(0,0‘z),
7, ~ i.i.d. N(0,o2),

with ¢;; and 7; independent.

— 02 and o“ are the ‘variance components’ mea-

suring between-treatment and within-treatment
variation.

— A calculation gives that, with SSE and SST'r
computed as before, one has
E[MSE] = o2
E[MSTr] = o¢°+n'o2,
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where

2
n! = 1 N—Zini
k—1 N

( = nifall n; =n).

Now unbiased estimates of the variance com-
ponents are obtained by equating the observed
mean squares to their expectations:

52 = MSE,
AD MSTr — MSFE
Or — 'n,’ .

Typically we instead take 63 —

,n/

(MSTT—MSE>+_

Since now E [yzj] = 1, there is some inter-

est in making inferences about this parameter.
With 7. = ", n;7;/N we have

g.=n+71.+& ~N(n03),
2

N2J

52
- - +no?
(all n; = n), O'g = TT and we estimate

In the balanced case

2 __
where o5 N—|—
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05 by replacing the variance components by
their unbiased estimates, obtaining

MSTr
92 — .
Yy N

Since

2 2
Sg _ MSTr N XE_1
05 02 +no2 k-1

independently of .., we have that %rl ~
. g

ti._1, from which inferences are made — an

example using the pulp data is on the course

web site.

Primary interest is on testing Hy : a,% = 0,
implying no treatment effect. This is tested
via the same F' ratio as is computed in the
fixed effects model, and the null distribution
remains the same. This is established (almost)
exactly as before. Thus in the pulp example,
the p-value .0226 obtained in the fixed effects
test is now associated with the hypothesis that

02 = 0, leading to the conclusion that o2 > 0.
We find 62 = (MSTr — MSE) /n = .068.
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— Note now that the non-null distribution of the
F used to test Hy: 02 =0is

_ MSTT N 0'2 —|—na$Fk_1 _
MSE o2 N—Fk’

in this sense the situation (re power calcula-

tions) is simpler than in the fixed effects case.

e Cochran’s Theorem: Let x = (X7, ..., X)', where
the X; ~ ii.d. N (0,02). Suppose that

k
x'x =) x'Q;x,
1=1
for symmetric matrices Q; with ranks r;, 1 =
1,.., k.
The following are equivalent:
(i) the r.v.s x'Q,x are independently distributed
as 0'2)(%., 1=1,...,k;
(i) 28 m = n.

We establish the theorem through a series of prelimi-
nary results.
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e Lemma 1: The rv. X'Qx is ~ 0%x2 iff Q2 = Q
and 7k (Q) = .

Proof: Write Q = VDV’, where V is orthogonal
and D = diag (A1 > Ao > - -+ > A\p), the eigen-
values of Q. Then

x'Qx = y'Dy,
where Vix =y ~ N(O,O‘2In). The m.g.f. is
M (t) =

E [exp tx’ QX} = F :exp ty’ Dy]

— ﬁ E let/\ﬂ/f] = f: (1- 2tAja2)_](ﬁ2.1)

since the Yj2 ~ i.i.d. azxf r.v.s . This holds for
all ¢ in some open neighbourhood of 0. This is
the m.g.f. of o2x2 iff

M(t)=(1- 2t02>_r/2 .

Equivalently,

- (1 — s)\j> =(1-3)"
j=1
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for all s = 2to? in a neighbourhood of 0; by
the uniqueness of polynomial factorizations this
can hold iff r of the A; are ones and the rest are
zeros, i.e. D2 = D and rk (D) = r. Equivalently,

Q?=Q and 7k (Q) =7 O

At this point we already have the easy half of Cochran’s
Theorem: If the r.v.s x'Q;x are distributed as azxgi
then the QQ; are idempotent and so

k
x'x = ZX’QiX
1=1
k
= x |:InZQZ] x=0
1=1
k
= Ip = Z Qz
1=1

k k k
= n:tTZQZ': Zt’l‘Qz‘: Z’I‘i.
1=1 1=1 1=1
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5. Proof of Cochran’'s Theorem

Craig and Sakamoto conjectured the following result;
Craig's original proof was incorrect. The first correct
proof was given by Matusita in 1949, and later that
year Ogawa (who had also given an earlier but incor-
rect proof) gave another. This is Matusita's proof.
Some related papers are on the course web site.

Lemma 2 (The Craig-Sakamoto-Matusita Theorem):
The r.v.s xX’Qx, x’Q5x are independently distributed

iff Q1 Q> = 0.
Proof: From (4.1), for any Q,

E [exp tX/QX} = ‘I — 2t02D‘_1/2 = ‘I — 2t0‘2Q‘_1/2 :

Thus the joint m.g.f. of X'Qx, X'Q5x is

M (t1,t2) = E [eXP (t1X'Q1X + t2X'Q2X>}
—1/2
= ‘I — 2t10‘2Q1 — 2t20‘2Q2‘ / :
and we have independence iff

M (t1,t2) = M (t1,0) M (0, 12), (5.1)
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I.e. iff
I —51Q1 —52Q2| = [T —51Qq| [I —52Q2],
(5.2)

for all (s1, s2) in a neighbourhood of 0. If Q1 Q> =0
then (5.2) holds, hence so does (5.1). For the con-
verse, first diagonalize Qj:

Q1=V</O\ 8)V’,

where A is the diagonal matrix containing the 1 nonzero
eigenvalues of Q. Define

Bi; B
B_Vvo, Vv | B B}
Q2 ( Bo1 By

Then
Q, = VBV’
and (5.2) becomes

A O Bi11 By
I_Sl<o O>_82<B21 B,

_ A0 B11 Bio
= J-aa(6 5 ) e B B2

Y
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I, —s1A —s52B13 —52B17
—s2B21 I — 50B2o

= |Lr; — s1A| [T — s2B].

The coefficient of (— 81)?“1 — the highest power of s1 —
on the rhs is (HJ 1 ) I — soB|. On the lhs it arises
from the highest power in the expansion of the mi-
- and

nor |Ir; — siA — soByq|, times I, —
is (Hj 1 )‘In 1 82B22{. Thus

‘In—rl - 32B22| = |I - s2BJ,

and so By and B have the same eigenvalues. The
sum of squares of the eigenvalues of a symmetric ma-
trix is the sum of squares of the elements of the matrix;

thus
0O O

and so Q1Q> = 0. []
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e Lemma 3: Suppose that x’'Qx = Z ' X' Q;x for
symmetrlc matrices Q, Qq, ..., Qg, that X’Qx ~
o2x2, that X'Q.x ~ o X72« fori =1,...,k—1, and

that x'Q.x > 0 for all x. Then {X/QZX} 4 are

mdependently distributed, and hence X'Q;x ~

o2 er with 7 —T—Zf 117“7,

Proof. Using Lemmas 1 and 2, the conditions of
this lemma are equivalent to

(i) Q= Z 1 Qq, all are p.s.d,,

(i) Q° = Q and 7k (Q) =,

(i) Q% = Q; and 7k (Q;) = rj fori = 1,...,k—1.

We are to show that Qq, ..., Q; are mutuaIIy or-
thogonal. This gives the independence of all {X/QZX}Z 1-
It also follows that

k
Y Q=Q=Q*= ZQ2 ZQerQk,
=1

hence Qi = Q) and so X/QkX ~ o2 er with
r. = 1k (Qz). As well, since Q is idempotent,

k k k
r=try Q=) trQ;=)
i=1 i=1 i—1 (5.3)

lLe. 7. =17 — Zf 117°Z
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To establish the orthogonality first take k£ = 2.
Then Q = Q1+ Q», all are p.s.d., and Q, Qq are
idempotent with ranks r,r1 respectively. Diago-
nalize Q, and apply the same transformation to

Q1 and Qy:

V'QV = ( Ig | ) — VIQ,V + V/Q,V.
The diagonal elements of a p.s.d. must be non-
negative, thus the last n — r diagonal elements of
each of V/Q1V, V/Q>V must be zero. If p;; is
any one of these, then since any submatrix

Pj; Pji
Pij Dii
of a p.s.d. matrix is p.s.d., we must have

2 2
0 < piipjj — Pji = —Pjis

h

i.e. all other elements of the #t"* row and column

must vanish. Thus

/ L Gl 0 / . G2 0
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and so I = G1+ Gj and G2 = G1. This yields
G1 = G1ly = G1 (G1 + Gp) = Gy + G1Gy;

thus G1Go = 0 and so Q1Q, = 0. Also G5 =

G»> and so Qs is idempotent.
We have shown that

Q = Qi+ Qo all ps.d., Q,Qq idempotent
= Q1Q> = 0 and Q5 is idempotent.

If kK = 3 then write

Q = Q1 +Qx+Q3
= Q1+ Qo3,

where QQ, Q1 are idempotent and Qo3 = Q>+ Q3
is p.s.d. As above, Q1Q>3 = 0 and so Q>3 is

idempotent. But ‘Qs3 = Q> + Q3 and Q»3, Q>
idempotent’ implies (again as above) that Q2Q3 =
0 and Q3 is idempotent. Now all three are idem-
potent, so we can relabel them and show in the
same way that also Q1Q> = Q1Q3 = 0. Con-
tinue ... . []
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e Proof of (the remaining half of) Cochran’s The-
orem.
If x'x =% ; x'Q;x then ¢ _; Q; = I,. Sup-
pose that Z,]le r; = n. Define P; = I, — Q;,
and let rk (P;) = p;. Using that the rank of a
sum is bounded above by the sum of ranks, we
get

P, = ZQJ = p; < er:n—ri; also
J#1 J7#1
I, = P;,+Q;,=n<p;+r;
Thus p; = n — r; and so P; has r; eigenvalues
= 0. It follows that Q; has r; eigenvalues = 1.
Since this is the rank of QQ;, the other eigenvalues
must = 0, and so Q); is idempotent. Thus

k
Z Q; = I, and all Q; are idempotent.
1=1
These are the conditions of Lemma 3 (with Q =
I,) and so these matrices are mutually orthogonal
as well. By Lemmas 1 and 2 the r.v.s X’Q;x are

independently distributed as 02X72“z" 1=1,..., k.
[]
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6. Randomized blocks

e Paired comparisons — read §3.1. OQOutline: Ex-
perimental units arise as matched pairs (twins,
left and right feet, etc.). View as blocks of size
2 (homogeneity within blocks), with each mem-
ber of a pair receiving one of the two treatments.
If y;,17 and y;» are the responses within the ith

block then the analysis is based on d; = y;1 — y;2.

One sample t-test. If the blocking were ignored

one would carry out a two-sample t-test, and the

power would typically be lower — in this example
the mse must now account for the differences be-

tween the twins, and so would tend to be larger.

e Randomized block designs — continues the paired
comparison scenario, but now there are more treat-
ments. Basic idea continues to be that units
within the same block should be more homoge-
neous than units between blocks. Each of the &
treatments appears once in each of the b blocks
(‘complete’), and are randomly assigned to units
within the block (‘randomized’ blocks) — hence

CRBD.
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— Example: Four methods are used to predict
the strength of steel girders. Each method is
applied on each of nine girders. Sok =4, b =
9 and within a block the same girder is being
used (and the methods are applied in random
order), thus reducing the heterogeneity.

— Model: For the jth treatment in the it? block

Yij = N+ o+ Tj+ €
— overall mean 4+ block effect

-+ treatment effect + error,

with the constraints > a; = > 7; = 0.

— Decomposition of SS:

+ <yij —Yi. — Y5t @--)
= 7/7\—|—(I)\éi+’7/=j—|—€7;j-
These are the Ise’s (see Stat 368 notes if nec-

essary) and the sums of squares are orthog-
onal, in that all cross-products vanish when
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summed:

2 A2
Z (yzg y) — Z ; + ZT + Z €ij
1,] (2¥)
kY &3 +bz —I—Zew,
7

SST = SSBI+ SST’I’ + SSE.

Expressing these as quadratic forms and de-

termining the ranks (= df) gives the following
ANOVA table:

ANOVA table
Source df SS E [MS]
Block b—1 SSBl 0%+ 5k 02
Treatment k—1 SSTr o2+ 27b%;7?
Error ((Z _11)) SSE o2
Total bk —1 SST

Example of calculation of an E[MS]: ...

— If the hypothesis of no treatment effects is re-

jected (FF = MSTr/MSE ~ g}[gggr under

the null hypothesis that all 7, = 0) then one
can go on to compare pairs of treatments. To
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compare treatments ¢ and j, assuming i.i.d.
N (O,a2> errors:

> 2
- - o (o)
y-j_y-iNN<Tj_Tia + >,

b b
leading to

- (@-j — ﬂ-i) — (Tj — Ti)
\/MSE (3+1)

This is used to test that 7, = 7;, or to get
Cls. Tukey's method applies exactly as before,

~ l4fSSE.

leading to simultaneous Cls

MSE

Y.j — Yi £ Qk dfSSE,a —

e Two-way layout with fixed factor levels — rather
than blocks X treatments we might plan an ex-
periment with two factors, each at several levels.
Again a ‘two-way’ layout, but now the notion of
‘homogeneity within blocks’ no longer pertains.
We make n > 1 observations at each of I levels
of factor A and J levels of Factor B.
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— Within each of the n replicates the I.J experi-
mental units are randomly assigned to the 1J

treatments.

e Model:

Yiji = M+ a;+ 05+ wij+ &4
— overall mean + effect of level 7, Factor A
+ effect of level 3, Factor B

-+ interaction + error,

with the constraints that all effects vanish when
summed over either index. The Ise’s are obtained
as before:

&y = Y. — Yoo,

Y.j. — Yoo,

i = (gw — g) — (¥5.. — §---) — (ﬂj — g)
Yij. — Yi-. — Yoj. T Yooy

Yijl — Yij- -

S
S
|

®
SN
Q.
S~
I



51

ANOVA table
Source df SS E[MS]
A JS . af
A -1 SSA=nJY;62 o2+ d%la;
A nl> .p3
B J—1 SSB=nlY;p; o°+—7% 2
I—-1)- o ~AD 2 nZi,'wz
AxB 70 SSAB=ny; ;03 0?4+~
1J-
Error (n—1) SSE =3 ;i €z2jl o2
Total IJn—1 SST

e The hypothesis that all w;; = 0 is tested by F' =
MSAB/MSE; if accepted then the response is
additive and one can go on to test the equality
of the effects of factor A (FF = MSA/MSEFE) or
of factor B (F' = M SB/MSFE), and make infer-

ences. In the presence of significant interactions

these latter hypotheses are not very meaningful.
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e Regression approach — define indicators

U; = I(Factor Asetatleveli+1),i=1,....,1 —1,

V; = I(Factor B set atlevel j+1),57=1,...,J -1,

fit a regression model with independent variables

ik v {Uivi )

Y=n+) BiUi+) vVi+> (87);UiVj+e.
G J (2¥)

Then the effects oy, 5;,w;; can be expressed in

terms of the regression parameters. For instance

the hypothesis of no interactions becomes the hy-

pothesis that all (5’7)7;3' — 0. If accepted one can

go on to test the equality of the effects of factor

A: all B; =0, etc.

e If ‘n’ varies from cell to cell then the various sums
of squares are no longer additive, and a regression
approach is necessary — the ANOVA table above
is no longer correct.
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e If n = 1 then interactions cannot be estimated —
they must be assumed to vanish, and then SSAB
is used in place of SSE. There is a ‘one-degree
of freedom for non-additivity’ test, in which one

fits the model

Yij =N+ a; + B +woib; + €45
and tests that w = 0 (Stat 368, lecture 16).

e Read §3.5 on three-way and higher layouts.
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7. Latin & Graeco-Latin squares, BIBD

e R example of 2-factor layout — data in Table 3.8.
Response is work required to tighten a locknut;
the units (locknuts) are subject to factors A =
test medium, at I = 2 levels, and B = type of
plating process, at J = 3 levels. Therearen = 10
replicates. Industry standard is Y < 45 (so look
for treatments with fi;; + 26;; < 457).

— Transformation needed to validate the normal-
ity assumption?

— Testing equality of variances when there are
replicates — the methods mentioned in the text
are all quite non-robust against non-normality.
A robust alternative is Levene's test. First
calculate absolute deviations from the group
medians ¥;:

dij = |Yij — Ui
Equality of the variances is indicated by equal-
ity of the group means of the absolute devia-
tions, which is tested by the usual F-test. An
R function is available.
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e Latin squares — two blocking variables. Exam-
ple: one tests abrasion resistance of four types
of material (the treatments: A,B,C,D). The test-
ing equipment accommodates the 4 materials in
4 positions, but there might be differences be-
tween the positions. In each group of 4 applica-
tions there might be an ‘application’ effect (aris-
ing from the setup of the equipment). A k X k
(k = 4) Latin square layout:

Position
App. 1 2 3 4
1 C D B A
2 A B D C
3 D C A B
4 B A C D

Each material is tested in each position, and in
each application (the two blocking variables).

— There are tables of Latin squares (and R func-
tions) available, from which one can choose a
design at random.
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e Linear model: if ¢ runs over one blocking variable
(‘rows’) and j over the other (‘columns), and [
denotes the treatment, then

12 [yijl} =N+ o+ B + 7+ €1,
and
it = G+ @i — §) + (G — 5o ) + (Fog — 5
+ by subtraction
= N+ &+ 6+ 7+ e

— Anova: There are only k2 observations, so
with Z{i,j,l being shorthand for the sum over

all k2 cells:
SSrows:Z leé —kz
ANOVA table

Source df SS
Rows k—1 k Z
Columns kE—1 kzj 152
Treatments k—1 k Zl 17
Error by subt'n Y/, il Z2]l

Total K2 1
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e Graeco-Latin squares — three blocking variables;
superimpose a Greek square (a third blocking vari-
able — day?) on a Latin square in such a way that

each Greek-Latin pair appears once:
Position
App. 1 2 3 4
1 Ca DB By Ad
2 A Ba Dd Cxy
3 Dy Cé Aa Bpg
4 Bo Ay C8 Do«

— Anova is similar

— These do not exist for all values of k. Some-
times one can even add another blocking vari-
able (‘Hyper-Graeco-Latin squares’) by super-
imposing a third Latin square which is orthog-
onal to the other two (so that each triple of
letters appears exactly once).
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e Balanced Incomplete Block Designs (BIBD): We
compare t treatments in b blocks of size k <
t (‘incomplete’); each treatment is replicated r
times. The design is ‘balanced’ in that each pair
of treatment appears together in the same num-

ber (A) of blocks.

e Example: Each of 4 tires is divided into three
sections and each section is treated with one of 4
compounds (so a tire cannot accommodate all 4
treatments). Then they are road tested to deter-
mine which compound results in the least wear.
The tires are the blocks, andso b=t =4, k£ = 3.
The design, with r =3, A = 2 is:

Compound
Tire A B C D
1 X X X
2 X X X
3 X X X
4 X X X
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e The parameters b,t,r, k, A are positive integers
satisfying:

bk = rt,
r(k—1) = X(t—1).

The first of these is clear (is it?); the second fol-
lows from the two ways of enumerating the num-
ber of units that appear with (say) treatment 1
in the same block. Some consequences: as above
t>k,sob>r> A\

At —1

r = ( )>)\and
(k—1)
rt

b = — > r;
. r

also rk = At + (r — A) > At. Thus BIBDs don't
exist for all values of the parameters.
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8. BIBD continued; ANCOVA; Split plots

e As for the RCB design the model is ( = 1, ..., b,
j=1,..,1)

Yij =N+ Q; + Tj + &

" _\2
and the total sum of squares is ) (yij —y..> :

where Y/ denotes summation over the bk occu-
pied cells in the b x t table, and .. = > y;;/bk.
Define

n;; = I (treatment j appears in block ) ;

b L t L
note that Z?:l n;; = r and Zj:l n;; = k. Then
the total ss is

t b 5
> > nij (v — 7-)
ji=1i=1

and minimizing this under the zero-sum constraints
on {o;} and Tj} gives the LSEs

n = y-

& Yi- — Yoy
~ k
o= 39
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where
b
Qi =717 — Y ni;iTi,
i=1

the ‘adjusted treatment total’ for the jth treat-
ment. Details are in the book by Peter Johns, on
the course web site. If K =t (completeness) then
r=b=Xand 7, =9y, — Y. .

Note:

() 95 =50 1 nijuii/ S0y iy = S0 ngiyii/
similarly

(ii) y;. = ;-:1 nzqu;j/k, thus
t b !
J=1 i=1 j=1li=1

From this, 3-?_; & = 0; also ¥_!_; Q; = 0, so
that Z;':l 7; = 0. The incompleteness compli-
cates the anova since the estimates of the effects
are no longer orthogonal — the estimates of treat-
ment effects change if block effects are not esti-
mated. The SS due to treatments is the change
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in the SS under the hypothesis that all 7; = O:

ANOVA table
Source df SS
Blocks b—1 kXY 42
Treatments t—1 % Z?:l Q?
Error by subt'n by subt'n
Total bk — 1

e The order in which the factors are entered is im-
portant, since they are not orthogonal. In R, use
aov(y “blocks + treatments) so that the ef-
fect of the blocking will be accounted for first.
The remaining SS is that of treatments ‘adjusted
for blocks’.

e The balance ensures that all differences 7; — 7;
are equally varied (var = %\—]zag . Simultaneous
Cls based on Tukey's method (see reference in

text) are

qt,df SSE . |2k
o

V2 At

-7t
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e Analysis of covariance (ANCOVA) — In addition
to a treatment classification, the values of an aux-
iliary covariate might be known. Example: break-
ing strength (Y') of three types (CA, CO, PO)
of starch film is analyzed; the thickness (x) of
the film is also observed and possibly significant.
Each of the I = 3 films is tested at n; levels of x:

Yij =N+ Ti T VTi5 + €5
Generally done by fitting a regression model; one

is then interested in comparing the 7;. R code on
web site gives output

Estimate Std. Error t value Pr(>|t])

(Intercept) 1568.26 179.78 0.880 0.383360
thick 62.50 17.06 3.664 0.000653**x*
typeCO -83.67 86.10 -0.972 0.336351

typePO 70.36 67.78 1.038 0.304795
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e Interpretation (note baseline constraint):

CA : §=158.26 + 62.50z,
CO : § = (158.26 — 83.67) + 62.50z,
PO : § = (158.26 + 70.36) + 62.50z.

The model implies that the regression lines have
the same slope; one can instead fit separate re-
gressions (different intercepts, different slopes)
and first test for the equality of the slopes.

e Split plot designs: see Stat 368 lecture 30. A re-
view: In an agricultural experiment, I = 3 fields
are planted, with a different crop in each field
(the ‘whole plots’; ‘crop’ is the ‘whole plot treat-
ment’).  Each field is then divided into J =
4 ‘subplots’, or ‘split-plots’, and each subplot is
treated with a different fertilizer (the ‘subplot treat-
ment’'). Then the whole experiment is replicated
n = 3 times. Sounds like a two factor, replicated
CRD, but the randomization is only within each
whole plot.
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e The hard to change factor (crops) is the whole
plot treatment, and the main factor of interest
(fertilizer) is the subplot treatment. Note that
the whole plot treatments (crops) are confounded
with the whole plots (fields) — if there is a system-
atic difference between the fields (soil quality?) it
will show up as a difference between the crops.

e If this experiment is replicated n times, then we
view the replicates as blocks. The simplest model,
and one that can be easily fitted on R, includes
(random) effects of {replicates + replicates x
whole plot interactions}, and (fixed) effects of
{wholeplot and subplot treatments and their in-
teraction}:

Yijk = N+ Tk +S7a)k@
replicate effects

tai+ 8+ (af); + enij
treatment effects

i = 1,..0, j=1,...J k=1,..n

These random effects are viewed as N (O, 03) and

N (0, 0'72-a> respectively.
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e If we call these effects A (whole plot treatments,
with effects «;), B (subplot treatments, with ef-
fects 8;) and AB (interactions, with effects (a8); )
then the sums of squares are computed by fitting
a linear model aov(y ~ (R + RA) + (A + B)?).
Note R X B and R x A x B are not fitted, these
form the ‘subplot error’ SSg,; and used to esti-

2

mate oZ. Apart from the names used, these are
the SS for an unreplicated 3-way model, as in

83.5.
Source MS=SS /df E(MS)
- : SSRep 0'3 + JU72'a
7: Replicates (blocks) — 10?2
- 5 -
ot + Jo
o: Whole plot treatment % Enjzoz;za
T
(Ta): RA inter'n (nSL‘S;V)‘/(}}Oiel) o2 + Jo2,
I 2
B: Subplot treatment % o2 + n Jz_:lﬁj
2
_ : : SSAp > 1) i(aB)i;
(aB): AB inter'n (I—1§(J—1) of + ([_1*;(J_1§
SSSub 0.2

e: Subplot error Tn—1)(J—1)

3
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e Testing is carried out by examining the expected
mean squares — for instance the hypothesis of no
whole plot effect is tested by F' = M S 4 /M Sy hole-

o If one fits only the treatment effects — (A + B)? -
then the residuals from this can be used to then fit
the (random) replicate effects. The R command
is aov(y “(A + B)"2 + Error(R/A)).

— Example: Two panels of wood are each given
a ‘pretreatment’ (A, at 2 levels), then split
into 4 sections and a stain (B, at 4 levels)
is applied to each section. This is replicated
three times. Data in Table 3.29: R code on

web site.

e Transformations — read §3.11; see also Lecture 20
of Stat 312 (Delta method).
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9. Full factorials at two levels

e A 2F factorial design has runs at all combinations
of levels (each ‘HI’ or ‘LO’, 4+/—, etc.) of each
of k factors — thus 2F runs in one replicate.

e Epitaxial layer growth experiment — description
in text; response is Y = thickness of an ‘epitax-
ial layer’ on an integrated circuit device. Vapors
are sprayed on silicon wafers being spun in a jar.
There are k = 4 factors: A = rotation methods,
B = nozzle position, C' = temperature, D =
length of time allowed for the depositing of par-
ticles on the wafer. Goal is to find combinations
of factors achieving ¥ = 14.5 £+ .5um. Factors
C' and D are quantitative. The 16 runs are car-
ried out in random order (lurking variables — for
instance room humidity might change over the
course of the day and adversely affect runs carried
out in the afternoon. Why does this necessitate
randomization?).
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e A variable might be hard to change (furnace tem-
perature?); when this is the case a split-plot de-
sign might be employed, with the hard-to-change
factor used as the whole plot factor.

e A 2F factorial design is ‘balanced’ — each factor
level appears in the same number (2571) of runs,
and ‘orthogonal’ — all level combinations appear
in the same number of runs.

e Representation via model matrix (one replicate
here; this display becomes the X-matrix — with
orthogonal columns — in a regression representa-
tion, upon adding a column of +'s):

1 2 3 12 13 23 123

A B C AB AC BC ABC run #:
- - —  + + + — 5
- - 4+ + — — + 1
- + - = + — + 8
- + 4+ - — + — 7
+ - - = — + + 2
+ - + - + — — 4
+ + - + — — — 6
+ + + + + + + 3
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e Let j(A+) denote the average of all m25~1 of all
runs (assuming m replicates) with A at the high
level, ... . The main effect of A is ME(A) =
J(A+)—y(A—), etc. The ‘conditional main effect
of Bwhen AisHI'is ME (B|A+) = (B + |A+)—
g (B — |A+), etc. Then

INT (A, B) %

_ % [ME (B|A+) — ME (B|A-)],

[ME (A|B+) — ME (A|B-)]

the effect of changing A with B HI, minus the
effect of changing A with B LO. Or the effect of
changing B with A HI, minus the effect of chang-
ing B with A LO: INT(A,B) = INT (B, A).
Main effect plots and interaction plots are valu-
able displays; see R example for the epitaxial ex-
periment.

o If ME(B|A+) and M E (B|A—) have the same
sign we say the interaction plot is ‘synergistic’
(changing B when A is HI results in the same
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type of effect as changing B when A is LO), oth-
erwise ‘antagonistic’. In the epitaxial experiment
the C' against D plot is synergistic (thickness Y
increases with time D regardless of the other fac-
tors such as temperature C); the D against C
plot is antagonistic.

Three-factor (and higher order) interactions are
defined recursively:

INT(A, B,C) = %INT (A, B|C+)—%INT(A, B|C—)
where
INT (A, B|C+)
_ % [ME (A|B+,C+) — ME (A|B—,C+)],

the two-factor interaction computed from that
half of the data with C HI. Then

INT(A, B,C, D)
1 1
= SINT (A, B,C|D+) = ZINT(A, B,C|D-),
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and so on. It follows that this is independent of
the labelling: INT(A,B,C)=INT(B,A,C) =
INT(B,C, A) etc.

The 25 — 1 main effects and interaction effects
are the ‘factorial effects’; if 6 is any such effect
then § = Y+ — y—, where 1 is the average of all
y;; at which the product of all levels (denoted &)
of the factors is +, etc. For instance

INT (A, B)
_ g[(Av B) — (+7+)] T g[(Aa B) — (_7 _)]
2
_g [(Av B) — (‘|’, _)] +y [(Av B) — (_7 —I_)]
2

The general case is assigned; it justifies the arrange-
ment of the signs in the model matrix above. It
also follows that, if there are m replicates, so
N = m2F runs, then

var [HA} = var [y+] + var [§_]
B ag n ag 403

N2 " N2 N
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e Regression model — these effects can be obtained
directly by fitting a regression model — read §4.4;
the derivation of the LSEs is assigned. It follows
from this that the regression estimates are half
the factorial effects. For instance using the model
matrix as above,

A 1_ 1_
B1 = Ey(A—I_) — E?J(A—)-

With z 4, x g, o = &1 the underlying regression
model is

Y = Bo+B1xa+ Boxp + B3rc + B1274TRB
+B13T 420 + B23rprc + B123TATBTC + €,
with
E[Y|z4 = +1]
— EfUB#UCE [Y|$A — :|:1,$B,33C]

Bo £ B1 + Boxp + B3xc x B127R

= )
TBEC | 461310 + BozT T * Bro3T BT

Bo £ 51

and so

1 1
Bl = EE Y|y =1] — EE [Y|xg = —1].



75

e Some guiding principles:

— Effect Hierarchy Principle:

(i) Lower order effects are more likely to be
important than higher order effects.

(ii) Effects of the same order are equally likely
to be important.

— Effect Sparsity principle (Box-Meyer)

The number of relatively important effects in
a factorial experiment is small.

— Effect Heredity Principle (Hamada-Wu)

In order for an interaction to be significant,
at least one of its parent factors should be
significant.

e ‘One-factor at a time' approach — read. Roughly,
the procedure is to investigate what one feels is
the most important factor, with the others fixed
at a particular set of levels. Decide on the best
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level of that factor, fix it there and move on to
study another factor. Requires many more runs
to achieve the same precision.

Half-normal plots: Graphical way to judge sig-
nificance of effects. Plot the ordered absolute

.of the effects against the quantiles
1

F~1((i—.5)/(2F —1)), where F is the df of
|Z| (the positive normal distribution). It follows
that

1 — .5 1/1—.5
P (i5) =0 (5 )
2k — 1 2\2F—1 7
Significantly large absolute effects show up as ex-

ceeding their (large) values of F—1 (z/ <2k — 1))
There is an R function available.

values ‘«9

— Not all I = 2F — 1 effects need be compared;
a smaller set might be plotted.
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10. Full factorials — inferences

e With replicates, the anova table yields an esti-
mate of the error variance, and F-ratios which can
be used to judge the significance of individuals ef-
fects (under the assumption of homoscedasticity).
There are other methods of testing significance,
even in the absence of replicates. We have seen
that the use of half-normal plots gives a graphi-
cal indication of significance. Another approach
is ‘Lenth’s method’.

A1
e Lenth’s method: Suppose estimates {91} , are
1=

id. N (O, 02>. A consistent estimate of o is
I
_ med{ }izl

®-1(.75)) °

Reason: Put Z; = 0;/0. Let F be the distribu-
tion function of |Z|. Then

VT (med {|Z;]} — F~1(.5))

N\

0.

(
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is asymptotically normal with mean 0 (Stat 665
lecture 3); thus

med éz d
= (med {12} = F7(9)) g1 7y

and so
T
so—ap—>0.

A robust, trimmed (about 1%) estimate is

med { 0| | 10; < 2.580}
pse = :
o—1(.75)
the ‘pseudo standard error’. The studentized val-
ues
0;
e s = —&
pse,? pse

can be used to test significance when, as here,
the effects 0; are equally varied. There is an R
function available; it plots ‘margin of error’ for
individual tests and ‘simultaneous ME’ for simul-
taneous tests.
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e When there are replicates and, as here (the epi-
taxial layer growth experiment), there is no ev-
idence of variance inequality at the 2% different
levels of the factors, then the variance estimates
can be pooled:

2k
2 2
sC= ) w;ss,
=1

where w; = (n; — 1) / Y2, (n; — 1) (= 2% if all
levels are replicated the same number of times).
This is the same as the mean square of the resid-
uals, returned by anova.

e Simultaneous comparisons. If the factorial is repli-
cated, then to obtain simultaneous intervals on
the mean responses at differing levels of the fac-
tors, Tukey's HSD may be used. The same theory
extends to simultaneous testing of effects. Con-
sider testing the hypothesis that all of the effects
{97;}7{:1 are zero, by rejecting for large values of

0;
R = max

i se {é\z] .




30

We suppose that under the hypothesis, we have
0; ~ N(O V2 2) (In a factorial with N ob-

servations we have 1/ = 4/N, derived below.)

Suppose also that the variance ag Is estimated by
S2 ~ agxczlf/df (independently of the 6;). Then

se [02] = ;5. Put

b ..
Z; = 4 &4 N(0,1).
V;0¢
Then
B 0; vioe | Z;|  max; | Z]
— mMmax — = maxX —
oself] 7 wS /5252
max; | Z;| def
~ - My ,df 1

\/de/d

the ‘studentized maximum modulus’ statistic. Ta-
bles are in the text. An effect is declared signifi-
cant, with experimentwise error rate «, if

0, /se [éz] > Ml,df;a°
This is because then

Py (at least one effect is declared significant)
= P(R> M gp,q) =
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e Extending a previous formula gives
2 2
A o o 1 1
var |0;| = =5 + —& = 52 + :
[ 4 N,. N,_ °\N_. N,_

where N;; and N;_ are the numbers of obser-

vations at the 4+ and — values of the product of
terms in éz Then in the above

5 1 1 N
Vi == —|— — .
N; N;,— N4 N;_
Generally N;,» = N, = N/2 and then I/Z-z =

4/N.

e In the epitaxial data M5 gg..05 = 3.01 with M? =
9.06. This can be compared with the F'-values
in the anova output, which are the squares of
the |6, /se[éi}. By this measure only D and CD

are significant. For full factorials, I = ok _ 1

can be very large and the test lacks power. But
suppose we know (before looking at the datal)
that the interactions of order higher than 2 are
negligible, and we seek inferences only on the I =
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k+k(k—1)/2 = k(k+1)/2 main effects and two-
factor interactions. Then in the epitaxial example
we use Miggo..05 = 2.87, with M? = 8.24; still
only D and CD are significant.

Nominal-the-best analysis of epitaxial data. We
aim for a response as close to 14.5 as possible.
A plausible, two-step procedure for finding lev-
els minimizing the mse E [(Y — 14.5)2] is to first
look for levels of factors minimizing the variance
E {(Y — [Ly)ﬂ, and to then choose, among the
factors which have not been set in the first step,
levels which reduce the (squared) bias (puy — 14.5)2.
Here uy is estimated by the fitted value.

In this example the original epitaxial data are used;
for these the variances depend very significantly
on the factor levels (Levene's test).

To analyze the dispersion, it is helpful to study
log 52 since, by virtue of the delta method, 52 ~
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<02,ka4> so that log 52 ~ (Iog 02,k>, approxi-
mately. At each of the 16 combinations of lev-
els, a value log S? is computed and used as the
response variable in an unreplicated 2# factorial.
As well, the thickness values (Y') are used to es-
timate the ‘location’ effects, as above. These ef-
fects are estimated by regression on the 41 vari-
ables x4, xp,... .The half-normal plots identify
A as the most important factor affecting the dis-
persion, with the variance being lowest at A—,
and D as the most important factor affecting the
thickness. Regressing log S2 on x 4 gives the re-
gression equation

log S2 = —3.772 + 1.917x 4;
this is minimized when x 4 = —1 and then the es-
timated variance is 62 = exp (—3.772 — 1.917) =
.0034. The regression of Y on xp gives

N\

¥ = 14.3889 + 0.4181z p;

now Y = 14.5 when zp = .2657. Assume (for
reasons of confidentiality this is not known ex-
actly) that zp = —1/ 4+ 1 correspond to D =
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30/40 respectively; then by interpolation we ob-
tain that xp = .2657 corresponds to

1.2657
D = 30 +

(40 — 30) = 36.3286.

Note from Table 4.1 that the smallest values of
S2 all occur at A—, and are comparable to .0034.
So the best settings to obtain the target value of
Y = 14.5+ .5um (or less) appear to be A at the
LO level, and D set at 36.33 (seconds).

Minimize mse directly? Substitute the (full) fits

e~

for both Y and log S2 into

A 2 —
mse = (Y — 14.5) + exp (Iog 52>
= mse(x4,TR,TC,TD)

and minimize this (nonlinear) function over

TA, TR € {_171}7
rC,Tp € [_171]
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11. Full factorials — blocking

e One might wish to run a 2% factorial in blocks
— 29 blocks, each of size 29, As usual, units
within a block should be homogeneous. For in-
stance there might be two blocks, corresponding
to running the experiment over two days (with
‘days’ not interacting with any of the effects be-
ing modelled).

e Example: 23 design in 2 blocks I and II. The
block effect estimate will be y(11)—4(I), the dif-
ference in the averages of the observations in the
two blocks. There are only 7 df, so only 6 other
effects can be estimated. It is reasonable to sac-
rifice the highest order interaction. Label the fac-
tors 123 rather than ABC'. Since the three factor
interaction is estimated by 7(123+) — 7(123—),
we put the 123+ runs in one block and the 123—
runs in another block. We say B = 123 — blocks
are ‘confounded’ with the 123 effect.
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e To run the experiment in 4 blocks, we might
choose blocking variables B; = 12 and By = 13
(days and suppliers, for instance), and then the
blocks are the 4 combinations of signs of By and
Bo:

1 2 3 B; By, 23 123 B
- - -+ + 4+ - N
R e T S |
-+ - -+ -+
-+ o+ - -+ -

+ - - - -+ +

+ - + - 4+ - - 1
+ + - + - - -
+ + + + 4+ + + WV
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e With 4 blocks there are 3 df for estimating block
effects; the third effect is the interaction B1By =
23. We have B1B> = + in blocks IV and |, and
B1B> = — in blocks Il and |l, so that a sys-
tematic difference between these pairs of blocks
is confounded with the 23 interaction. (Just as
B1 and 12 have the same signs in blocks I11/IV

and 1/1l, and B> and 13 have the same signs in
blocks I /1V and 1/111.)

e Why not B; = 12 and By, = 1237 Then B1By =
12x123 = 12223 =3 (any square is the product of
two equal signs, hence is +: we say 12 =22 =17,
the identity) and the corresponding block effect is
confounded with a main effect. Similarly B; = 13
and By = 123 results in the main effect 2 being
confounded with the B B> interaction.

e There is an assumption that there are no block-

treatment interactions. For instance the relation-
ship By = 12 implies that B11 = 2 and B2 = 1.
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If there is a B11 interaction it is confounded with
2, etc. To check the assumption one might plot
the residuals separately from each block, looking
for differences. (Example of a block-treatment in-
teraction: blocks are separate blends of raw ma-
terials, one of which is contaminated in such a
way as to negatively impact only one of the treat-
ments.)

In general, to run a 2k factorial in 29 blocks, each
of size 2K—4, denote the ¢ blocking variables by
B1, ..., Bg and choose q factorial effects vy, ..., vq
to be confounded with them:

Bl — ’U]_, ceey Bq — 'Uq.

There are Zqzl (g) — 29— 1 possible products of
the B's; these and I form a multiplicative group
called the block ‘defining contrast subgroup’ (DCS).

Example: 22 in 23 = 8 blocks. Try the ‘genera-
tors’

By = 135, B, = 235, B3 = 1234,
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implying

B1By = 12, B1B3 = 245,
BoB3 = 145,B1B>B3 = 34.

There are no confounded main effects and two
confounded two-factor interactions. For this scheme
'v’ we say g1(b) = 0, g2(b) = 2, g3(b) = 4,
ga (b) = 1. For any two schemes by and by, if r
is the smallest value with g, (b1) # gr (b2), the
scheme by is preferable if gr (b1) < gr (b2) (recall
the effect hierarchy principle) — we say that b1 has
‘less aberration’ than b>. In this example another
possible scheme has generators

By =12, B =13, B3 = 45,
implying

B1By = 23, B1B3 = 1245,

BoB3 = 1345, B1 By B3 = 2345,
with g1 (b) = 0, go(b) = 4. It can be shown
that the first scheme is a ‘minimum aberration’

design — no scheme has smaller aberration. Ta-
bles of minimum aberration designs are available
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(and are in the text) for small values of k. Lots of
interesting mathematics involved in the construc-
tions.

The ‘order of estimability’ of a blocking scheme
is e = one less than the lowest order interaction
confounded with block effects (= highest order
not confounded). The schemes above have e = 1.

Different sets of generators can generate the same
blocking scheme. Those presented in the tables
have generators with the longest ‘words’. For in-
stance if Kk = 4 and g = 2 these generators

(B1, By) = (134,234),(12,134), (12, 234)

generate the same scheme. But the first, with
longer words (on average) is preferable, based on
the principle that ‘main’ block effects By and B>
might be more important than their products (in-
teractions).



Part V

FRACTIONAL
FACTORIALS
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12. Fractional factorials — construction

e Overview: One might run only a fraction of a
2k factorial, in order to save resources. As with
blocking, this results in some effects being ‘aliased’
with others — they have the same estimate, and
so the effect is estimable only if its aliases can be
assumed to be negligible. If they cannot, there
are ‘fold-over’ techniques for adding more runs in
such a way as to resolve this difficulty. As well,
fractional factorials can be blocked.

e Leaf spring experiment: five factors affect heat
treatment process on the leaf springs of trucks.
The response variable is the height of an unloaded
spring, and the factors are B = furnace temper-
ature, C' = heating time, D = transport time
(from the furnace to the forming machine), E =
time spent in a press and () = quench oil tem-
perature. A half-fraction is run, with each of the
2% runs being replicated three times.
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e Were a full 2° factorial to be run, then the three-
and higher order interactions would use up
2?23 (5 =10+5+1 =16 df. These interac-
tions are often of little interest and can perhaps be
assumed to vanish. Then the remaining 15 effects
can (perhaps) be estimated in the half-fraction.

B C D E= Q| E=
BCD BCDQ
-+ + - -]+
+ + +  + - -
___|__|__ -
T S
- - -+ -+
_|____ -
__|____ -
T S
S
+ + + 4+ +| F
- -+ 4+ o+ o+
+ -+ - 4| -
____|__|_ -
+ - - -+ o+
-+ S
+ + -+ 4| -
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e The design used in the leaf spring experiment is
given by the first four columns on the last slide.
Note £ = BCD — these effects are estimated
by the same linear combination of the Y's, and so
are indistinguishable from each other without fur-
ther assumptions. The relationship £ = BC'D is
equivalent to I = BC'DE, the ‘defining relation’
of this 2°~1 ‘fractional factorial’. Since the ‘word’
in the defining relationship is of length 4, we call
this a resolution IV design. From this defining
relationship we obtain

B = CDE,C =BDE,D = BCE,E = BOD,
BC = DE,BD = CE,BE =CD, (12.1)
Q = BCDEQ,BQ = CDEQ,CQ = CDEQ,
DQ = BCEQ,EQ = BCDQ,BCQ = DEQ,
BDQ = CEQ,BEQ = CDQ

— A main effect or two-factor interaction is ‘clear’
if none of its aliases are main effects or two-
factor interactions, and ‘strongly clear’ if as
well none of its aliases are three factor inter-
actions. Here, B,C, D, and E are clear, Q) is
strongly clear as are BQ),CQ, DQ, EQ).
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— Thedesign with £ = BC'DQ,i.e. I = BCDEQ

is resolution V. Each main effect is aliased with
a four-factor interaction, and so is strongly
clear. All ten two-factor interactions are clear
but not strongly clear. Is this layout prefer-
able? — depends on how important it is that
BQ,CQ, DQ, EQ) be strongly clear. How im-
portant are the two-factor interactions with
Q7 If not important, the second plan seems
preferable.

— Note that the 221 design can be constructed
by writing down the 16 runs of a full 24 facto-
rial, i.e. 4 columns with all their & signs, and
then calculating the fifth column by applying
the defining relation. This extends to 2+k—P
fractional factorials.

e In general, a 28—P fractional factorial is a 2P
fraction of a full 2% factorial.
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— It is generated by equating p words to I (the
defining relations); since then all products of
these words also = I there are 2P—1 aliased ef-
fects which together with I form a multiplica-
tive group — the (treatment) defining contrast

subgroup (DCS).

— The number of letters in a word is the ‘wordlength’.
We always avoid words of length 1 or 2, since
then main effects are aliased with each other.
Denote by A; the number of words of length

¢ in the DCS. Then W = (Asz, ..., Ay) is the
‘wordlength pattern’ of the design.

— The ‘resolution’ is the smallest » with A, > 0,
i.e. the length of the shortest word in the DCS.
The resolution is generally denoted by Roman
numerals 1,1V, ... and a 25~P fractional fac-
torial of resolution R is denoted by 2’;{19.
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— In a resolution R design, no effect involving 2
factors is aliased with effects involving fewer
than R — ¢ factors. (Proof: If

Al"'Ai:Ai+1"'AR—1

then [ = Ay ---A;A;41---Ap_1, a con-
tradiction.) Thus in a resolution IV design all
main effects are clear. In a resolution V de-
sign the main effects are strongly clear and the
two-factor interactions are clear.

— Generally, for given k£ and p a higher resolution
Is better.

e Example: A 2?1_12design. It is convenient now to
denote factors by 1,2,3 ... rather than A, B,C
. Start with I = 125 = 1346, then also
= 23456 (p = 2, 2P — 1 = 3). The DCS =
{I,125,1346,23456}. The wordlength pattern is
W =(1,1,1,0) (so resolution Ill) and the aliased
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SO GOl WN RN

13
14
16
23

56

08

125 = 1346 = 23456,

2b = 346 = 123456,

15 = 12346 = 3456,

1235 = 146 = 2456, (clear)
1245 = 136 = 2356, (clear)
12 — 13456 = 2346,

1256 = 134 = 2346, (clear)
235 = 46 = 12456,

245 = 36 = 12356,

256 = 34 = 12345,

135 = 1246 = 456, (clear)

126 = 1345 = 234 (clear).
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e Projection property — a resolution R design can
be ‘projected’ so that it is a full factorial in R —1
factors (assigned). For instance the 2?1_11 design
with generator I = 123 is obtained by writing out
all 8 runs of a 23 factorial and then using only the

4 with 123 = + (if I = —123 use the others).

1 2 3 123
+ + + +
+ 4+ - -
+ -+ -
+ - - 4+
__|__|__
-+ -+
- -+ 4+

Then the half fraction with 123 = + is

1 2 3 123
+ + + +
+ - - 4
-+ -+
- -+ 4+

and this is a full 22 factorial in any two of the
factors.
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e If two designs dy and d> have wordlength patterns

W(dy) = (Az(d1),..., Ar(d1)),
W(dz) = (Az(dz),-.., Ak (d2))

let 7 be the smallest integer with A, (d1) # Ar (dp).
We say dj has ‘less aberration’ than dy if Ay (d1) <
Ay (dp) (i.e. a lexicographic ordering of wordlength
patterns), and is a ‘minimum aberration’ design if
no design has less aberration. We typically seek a
minimum aberration design, which always exists.



101

13. Fractional factorials — analysis

Leaf spring experiment. Recall Y = height of un-
loaded spring (inches); nominal (Y = 8) is best.

Factor — +
B =1 Temperature 1840 1880
C' =2  Heating time 23 25
D =3  Transfer time 10 12
E =4 Hold down time 2 3
Q =5 Quench temp. 130 —150 150 — 170

° 2?‘_/1 design — a half-fraction with 4 = 123, i.e.
I = 1234 = BC'DE. All main effects clear.

e R reports the effects with the shortest words, these
include the contributions of aliased effects. But
also, e.g., BCQ = DEQ (reported lexicograph-
ically?). Max modulus statistic is |Mi5 32 05| =
3.14 = 1/9.86 (or |M12732,.05| — 3.06 = 1/9.36 if
three-factor interactions assumed negligible); by
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this measure B, C, Q), C'Q are significant. This is
borne out by the half-normal plot. Note E and

B() are marginally significant.

Response: y

Df
xB 1
xC 1
xD 1
xE 1
xQ 1
xB:xC 1
xB:xD 1
xB:xE 1
xB:xQ 1
xC:xQ 1
xD :xQ 1
xE:xQ 1
xB:xC:xQ 1
xB:xD:xQ 1
xB:xE:xQ 1
Residuals 32

O O O O O O O O O O O O O O O o

sSum Sq
.58742
37277
.00992
.12917
.80860
.00350
.00460
.01505
.08585
.32835
.03467
.00880
.00130
.01960
.02660
.52973

Mean Sq F value
.58742 35.4846
37277 22.5181
.00992 0.5992
.12917 7.8028
.80860 48.8458
.00350 0.2116
.00460 0.2780
.01505 0.9093
.08585 .1861
.32835 19.8350
.03467 .0943
.00880 .5317
.00130 .0787
.01960 .1841
.02660 .6070
.01655

o

O O O O O O O O O O O O O oo O o
R P, O O N

Pr (>F)
1.230e-06
4.160e-05

0.444577
0.008735
6.416e-08
0.648663
0.601651
0.347458
0.029592
9.645e-05
0.157579
0.471191
0.780932
0.284647
0.214065

* %k %k

%k %k %k

* %k

%k %k %k

%k %k %k
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* XQ * XB
o o
o o
+ xB * XD:xQ
Yo} e}
— —
= XC *  XB:xC:xQ
L L
o o
[5) (5]
o * XC:xQ o *  XB:XE:xQ
< [
£ €
s o | * XE s o _| * XB:xE
T T
= * XB:xQ = * XC:xQ
= =
* XD:xQ = XB:xQ
*  XB:XE:xQ = XC
w | = XB:xD:xQ ©w = XB:xD:xQ
=) * XB:xE o * XB:xD
* xD * XQ
* XE:xQ * xD
* XxB:xD * XE
* xB:xC = XE:xQ
o * XB:xC:xQ o * XB:xC
[SEA <IN
T T T 1 T T T T 1
0.00 0.10 0.20 0.30 0.0 0.5 1.0 1.5 2.0
absolute effects absolute effects
reponse =Y reponse = log S"2

Half-normal plots of absolute location and dispersion
effects

e Dispersion — B, possibly DQ, BC'Q significant.
Include @ as well (principle of hierarchy; also it
makes the following analysis easier). Fitting

logs2 ~xB 4+ xD : xQ + xB : xC : Q) + xQ
(13.1)
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and looking at model.tables(aov(fit),type="-effects")
gives the conclusion that the best settings are
(B,C,D,Q) = (—,+,+,—). At these levels § =
7.868 + 0.0519x F/, so for y = 8 we want xFE =
2.538. By interpolation £ = 3.767 — too far out
of the range?

Perhaps better to substitute the models

g~zxzQ + B+ x2C+ x2C*xxQ + xcFE + B x xQ),
logs2 ~xB +xD xxQ) + xB % xC * ()

into
~ 2 2
mse = (§ — 8)° + exp(In s°)
(13.2)

to find the levels (x € [—1,1]) minimizing the
mean squared error (assigned).

Recall that BCQ) = DE(Q — the data from this
experiment cannot distinguish between these ef-
fects. If neither can be assumed negligible then a
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follow-up experiment is necessary. Two methods
are available. The first is the ‘fold-over’ tech-
nique. Read §5.4.1. Here is a rough description
of method, illustrated on a 2;1_14 design di with
defining relations

4=12,5=13,6 = 23,7 = 123.
The DCS has

I = 124 =135 =236 = 1237
= 1346 = 2345 = 347 = 1256 = 257 = 167
= 3567 = 2467 = 1457 = 456
1234567;

with 7 words of even length and 8 of odd length.
None of the main effects or two-factor interac-
tions are clear. Consider augmenting di with
the 2}1_14 ‘fold-over’ design d> obtained by replac-
ing the columns 1,...,7 in dy by —1,...,—7. For
instance the eight runs in column 1 have signs
(—— — —+,+,+,+); they become
(+,4+,+,+,—,—, —, —). Now the defining rela-
tions for dy are

4 = —12,5=—-13,6 = —23,7 = 123,
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and

I = —124 = —135 = —236 = 1237

1346 = 2345 = —347 = 1256 = —257 = —167
3567 = 2467 = 1457 = —456

—1234567.

Thus, in the combined design, the DCS drops all
odd-length words and has

I = 1237
1346 = 2345 = 1256
3567 = 2467 = 1457.

Now all main effects are clear.

— It is usual to add a column 8 (= + in dy, —
in dp) representing blocks.

The same idea can be used to de-alias a main
affect and all of its two-factor interactions. For
instance start with dq and consider d3, in which
5 is replaced by —5:
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In the combined design, the DCS drops all words
containing ‘5':
I = 124 =236 = 1237

— 1346 = 347 = 167
= 2467;

with defining relations (can just drop the one in-
volving 5 in dq)

4 =126 = 23,7 = 123.

The main effect 5 is strongly clear, and all two-
factor interactions involving 5 are clear. Again,
this would be run in blocks.

The fold-over technique might use a lot of re-
sources to address what is maybe a small prob-
lem, or the wrong problem — the effects to be
de-aliased might not be as described in these ex-
amples.
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14. Fractional factorials — selection and blocking

e Another approach to de-aliasing uses optimal de-
sign theory. Here is the general idea, applied in
the leaf spring 2?‘_/1 design to de-alias BC'() and
DEQ in the dispersion model (13.1) (recall that
@ was not significant). Consider adding n = 2
runs to the original design and then fitting the
model

El|logS?| = Bo+ Bray + Borp + B3z prg
+6szprorg + PsT pTETQ-
Here x; (blocks) will = —1 for the 16 runs in the
original experiment and = +1 in the additional
runs. Let X7 denote the 16 X 6 model matrix
consisting of the columns 1 (intercept), z;; = —1,
TR,y TDLTRTQ- Let X be n X 6, with its rows
— values of 1, 1, xp,..., TDTELQ — determined
by the levels of B, C, D, E, () used in these addi-
tional runs. There are 22" = 1024 possible ways
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to choose these levels. The ‘D-optimality crite-
rion’ dictates that we choose them so that the
augmented matrix

= (%)

det (X'X) = det (X{ X1 + X5X2) = max.

has

(if y = X3 +¢€ then cov [B} = o2 (X’X)_l, etc.)
For small n an exhaustive search is quite feasible.
Otherwise, specialized software is available.

— It should be obvious (is it?) that a D-optimal
design has de-aliased the effects.

One might instead seek a design giving maximum

precision in the estimation of 54 and (5. Define
M = X'X, partitioned as

M1 Mip
M —
(le Moo
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with Moo : 2 X 2 and My1 :4 X 4. Then

3 _ —1
cov [( g: )] x M?? = (Mzz — M21M111M12) 3
so that we aim to choose X5 so that
det M
det ( Moy — Moy M7* Myp) = ——— = max;
< 22 21 M4 12) det Mg

this is the ‘Dg-optimality criterion’.

Possible optimality criteria for fractional factorials
- minimum aberration might no longer be a rea-
sonable goal. An example: See Table 5A.3 in text,
where two 2?‘_/4 designs are given. Design di has
generators 6 = 123,7 = 124,8 = 125,9 = 1345.
The words in the DCS of length 4 are

di: I = 1236 = 1247 = 1258

= 3467 = 4578 = 3568. (14.1)

Design d> has generators 6 = 123,7 = 124,8 =
134,9 = 2345 and 7 words of length 4:

dy: I = 1236 = 1247 = 1348 = 3467
— 2378 = 2468 = 1678. (14.2)
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Thus

Wi(dy) = (0,6,..),
W(dy) = (0,7,...),

and di has less aberration than dy. In fact dy
has minimum aberration. What about clear two-
factor interactions? Any such interaction using
numbers which appear together in (14.1) or (14.2)
is not clear. In dj this leaves only 9 — all 8 two-
factor interactions involving 9 are clear. In d> all
8 +8 — 1 = 15 two-factor interactions involving
one or both of 5 and 9 are clear. So we might
prefer d>. More on this in §5.5.

Another possibility is to seek a large number of
clear effects. This can be ambiguous as well - the
text gives an example of a 2?‘_/2 design with 6
clear main effects but no clear two-factor inter-
actions, and a 2?1_12 design with only three clear
main effects but six clear two-factor interactions.
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e Blocking of fractional factorials is more compli-
cated than with full factorials, due to there now
being two defining subgroups - one for treatments
(TDCS) and one for blocks (BDCS). An example
will suffice. Table 5B.2 gives (the table of 2+—P
fractional factorials run in 27 blocks) gives a 2072
design in 4 blocks, with TDCS

I = 1235 = 1246 = 3456
(14.3)

and the BDCS

B1 =134, B2 = 234; hence B1B2 = 12.
(14.4)

First - what is the design? Start by writing out
a full 26=2 = 2% factorial. These form columns
1,2,3,4. Then determine columns 5 and 6 so
that they obey 5 = 123,6 = 124. Determine the
blocks by computing B1 and B2 from (14.4) and
then taking the 4 combinations of =+ signs.

We note that, multiplying (14.3) by B1 = 134
gives

Bl =134 = 245 = 236 = 156;
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similarly

B2 = 234 = 145 = 136 = 256,
B1B2 = 12 = 35 = 46 = 123456.

1 2 3 4 5 6 |Bl B2| block
+ + + + + +| + -+ 1
+ + + - + -1 - - 4
+ + - + - 4+ - - 4
+ + - - - -1+ -+ 1
+ - + + - -1+ - 2
+ - + - - 4+ - + 3
+ - - 4+ + -1 - -+ 3
+ - - - + + | + - 2
- 4+ + + - -1 -  + 3
- 4+ + - - + |+ - 2
- 4+ - + + - |+ - 2
- 4+ - - + 4+ -  + 3
- - + + + +| - - 4
- - + - + -+ + 1
- - - 4+ + + |+ + 1
- - - - 4+ - - - 4

The three-factor interactions confounded with blocks
are thus aliased with each other. The six main
effects are clear - not aliased with another main
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effect or two-factor interaction, nor with blocks.
Of the 15 df, we can use 6 to estimate the main
effects if three- and higher order interactions can
be discounted. In that case the two block effects
and their interaction can be estimated, but the
latter then prevents estimating 12,35,46. This
leaves 16 — 1 — 6 — 3 = 6 df. The remaining 12
two-factor interactions appear — two each — in six
groups of aliases:

13 =25 = 2346 = 1456
- - - (four others) - - -
36 =45 = 1256 = 1234.

A member of a group can be estimated only if the
other members are negligible. (So perhaps use all
6 df to estimate error?)

Blocked fractional factorial can be ranked by the
number of clear effects (= 6 in the example above).

Many (all?) of the tabulated designs are com-
puter generated; this is an active research area
for the combinatorially inclined.
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15. Full factorials at three levels

e Motivation - investigate quadratic effects in quan-
titative factors, investigate all naturally occurring
levels (rather than only two and then have to add
more later), investigate effects of both increasing
and decreasing a nominal level.

e A full factorial with k factors, each at 3 levels,
with require 3% runs (replicated, if error is to be
estimated).

e Example: 33 factorial, factors A, B, C'. The main
effects are estimated in the usual way; for instance
that of level 7 of A is estimated by ;.. — ..., where
i;.. 1s the average, over replicates and over the
other factors, of the response with A at level 2.

— There are 2 df for each main effect; for in-
stance SS4 =33 1 (% — 7..)2.
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— There are 4 df for each two-factor interaction
A X B, Bx(C, Ax C. Each of these can
be split into orthogonal components with 2
df, as follows. Denote by 1y = 0,1,2 and
xo = 0,1, 2 the levels of A and B, say. Denote
by «, 5, the runs with 1 4+ o (mod 3) =
0,1, 2 respectively, and 1,3,k the runs with
r1 + 2x5 (mod 3) = 0,1,2, and Yz 2, the
average (over the n replicates) of the response
at these levels. For instance y»; corresponds
to («, 7), since

x1+xp = 24+ 1=0 (mod 3),
x1+2xy = 24+2-1=1 (mod 3).

These observations form a 3 x 3 Graeco-Latin
square:

T2
x1 O 1 2
0 at Bk v
1 B3 v ak
2 ~vk a3 DB
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— Form averages

1
Jo = 3 (yoo + y12 + y21)

_ 1
Uk = 3 (yo1 + y12 + y20) -

We denote by SS 4 g the component of SS 4« B
obtained by viewing the square as the out-
put in factors («, 3,7), with overall average

g =3 (o + T3+ v):
SSap =3 (o~ 52+ (55— 5) + @G — 5%

Similarly S\S 4 52 is the component arising from
viewing the square as the output for factors

(4,5, k).

— Orthogonal contrasts, but otherwise no phys-
ical interpretation?

— The A x B x C interaction, on 8 df, splits
into 4 orthogonal components, each with 2

df. They are denoted ABC, ABC?, AB2C
and AB2C?, and correspond to classifications



118

of the observations into groups corresponding
to

x1+ x2+x3 (mod 3) = 0,1,2,
x1 + x3 + 2x3 (mod 3) 0,1,2,
x1 + 2x5 + x3 (mod 3) 0,1,2,

x1 + 2x52 + 2x3 (mod 3) = 0,1,2,

respectively.

Note A2BJCk represents contrasts

2x1 + jxro + kx3 (mod 3) = 0,1,2
& 1+ 2jzy + 2kz3 (mod 3) = 0,2, 1.
Thus A°BC = AB?C?, A’B?C = ABC?,
etc. (square and do mod 3 arithmetic on ex-

ponents.) By convention, the exponent of A
is 1.
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— Why can we equate effects to their squares
in this way? Just consider one main effect,
say that of A. It is estimated by splitting the
observations into three groups, corresponding
to 1 = 0,1,2 respectively, computing the
three averages g, 41, Y2 and then looking at
any two orthogonal contrasts among these (so
that the estimate has 2 df) — for instance
[(F2 — 71) — (71 — Fo)] /V6 and (52 — 7o) / V2.
The SS of these two contrasts is symmetric in
Yo, Y1, Y2 — they can be interchanged. In fact
the SS reducesto > ;—g 1 2 (¥; — 7.)%, which is
clearly symmetric. Now if instead we consider
A2 the three groups corresponding to 1 =
0,1, 2 will have averages 92,;, = Yo, U2, Y1 re-
spectively — the groupings are the same, but
occur in a different order. Because of the sym-
metry, this order is irrelevant. So the group-
ings used to estimate A are the same as those
used to estimate A2, and are used symmetri-
cally.
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e Seat belt experiment. Four factors affect the
‘pull strength’ of truck seat belts after a ‘crimp-
ing operation’ joining an anchor and cable: A =
pressure (psi) used by crimping machine, B = ‘die
flat” setting (mm), C' = length of crimp (mm)
and D = anchor lot (a label); each is at three
levels. There are two possible aims: maximize
the strength (Y7), or minimize the ‘flash’ (Y3) -
the excess metal after the crimping process. For
the first of these one might first find settings that
maximize E [Y7] (the harder task), and then oth-
ers that minimize var[Y7]. For the second, min-
imize F [Y] and then minimize var[Y5]; perhaps
combine these by minimizing E [Yzz].

e See R code treating the data from only factors
A, B, C as a full 33 factorial.

— Qutliers causing non-normality?
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16. Fractional factorials at three levels

e In the seat belt experiment only a 3*~1 fractional
factorial was run; it was defined by D = ABC,
ie.zqg =21+ 22+ 23 (mod 3)or0=x1+ o+
x3 + 2x4 (mod 3) or

[ = ABCD?. (16.1)
Multiply by A%: A2 = BC'D?. But the levels 221
range over {0,1,2} as x1 does, so

A = BCD?. (16.2)

The product of (16.1) and (16.2) gives A = AB?C?D,
so A = BCD? = AB2C?D. The other aliases

are obtained in a similar way, yielding 13 sets of
aliased effects (p. 277 in text):

A = BCD?= AB?C?D,

AB = CD?= ABC?D,
AB® = AC®D = BC?D,

CD = ABC? = ABD.
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If three-factor interactions are negligible then
A,B,C,D,AB? AC? AD, BC? BD and CD can
be estimated; these are clear. As well, AB =
CD? AC = BD? and BC = AD?, so one of
each pair must be assumed negligible. (So AB?
can be estimated even though AB perhaps cannot
— a possible advantage of the orthogonal break-
down of the interactions as considered here? In-
terpretation is a problem still.)

See main effects and interaction plots for the strength
data. It seems that the primary factors affecting
the mean strength are A (should be at level 2) and

C (should be at level 0 — or 1, from interaction
plot, although the difference seems slight).

Plotting the 2 df effects - various methods are
possible, which do not require the fitting of a re-
gression model. If no effects are significant, then
the sums of squares are ~ azxg, so a plot of
these ordered and scaled effects against the X%
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quantiles gives a graphical display of significance.
Alternatively, the p-values are ~ U (0, 1), so that
—2logp ~ X%- See the plots - they tell very much

the same story, and bear out the significance of
A and C.

Dispersion analysis: Compute s? over the 3 repli-
cates, in each of the 27 runs. Fit log (s2> to
the 13 effects listed above. A plot of the ordered
SS against the X% quantiles indicates that A and
AB? are the treatments with a significant effect
on the dispersion. The main effects plots suggest
A at level 2 (in agreement with maximizing the
mean) or 1, B at level 1. The interaction plots
suggest both at level 1.
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e Blocking. First consider a 32 design in 3 blocks.
Recall the Graeco-Latin square used to define the
two orthogonal components on an A X B inter-

action:

L2

xy O 1 2

0 ot Bk ~j

1 B v ak

2 vk oy pBi
Here «, B, defined the AB contrast, and ¢, 7, k
the AB? contrast. If the three blocks correspond
to a, B,y respectively, then block effects are con-
founded with AB:

by = AB.

Blocking schemes for full 3% factorials (k > 2)
can be derived in a similar fashion; they are tabu-
lated and classified (in the text) and one can use
minimum aberration as a guide.



125

e When blocking a 3¥~P fractional factorial then,

as with the 2k—P case, we must deal with both a
TDCS and a BDCS. Consider running the 3*—1

seat belt experiment (with I = ABCD?) in 9
blocks (of 3 runs each). Take

by = AB,by = AC.

to generate the blocking scheme. The 9 blocks
correspond to the groups of runs with (b1,bs) €
{0,1,2} x {0,1,2}. There are two other defining
relations for blocking:

by = biby = A2BC = AB?C?,

ba = bibs = BC?.
(Recall that relations ranging over all of {0,1,2}
can be equated to their squares.) Any others are
repetitions of these; for instance b%bz = (b%b2>2 —
b1b3.
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e Now multiply I = ABCD? = A2B2C2D (: 12)
by bla b27 b37 b4:

by = (AB)(ABCD?)& = (AB)(A?B*C?D)
so = A°B°CD?*& = C?D: squaring these gives
— ABC?D& = CD? (and = AB).

See p. 303 — there are 13 sets of aliased and con-
founded effects. The main effects are clear, as are

AB, AC? BD and CD.

e Multiple responses/out-of-spec probabilities. As
in the seat belt experiment we might wish to have
one response Y7 maximized and another response
Y5> minimized. A possibility is to aim to minimize

Y =AP (Y1 <c)+(1-A)P(Y22>c)

for specified constants c;. In this experiment the
factor levels are quantitative and so a possible ap-
proach is to fit quadratic regression models to Y
and to Z; = log (sf) (as in the location /dispersion
analyses) with the values of the k factor levels,
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and their powers and products, as regressors. These
give estimates fi; () and 62-2 (x) = exp z; () (for
1 =1,2 and z = (X4, ..., X)) and then

(@) = A0 (Cl — i1 ($)>+(1 Ao <ﬁ2 (z) — Cz)

51 () G2 ()
can be minimized over x.

— The same ideas extend to ‘nominal is best’.
For each response Y}, with target value t;, we
might set limits ¢t; £ A;. Then estimate the
mse by

mse; (z) = exp 2; (z) + (§ — t;)°.

Here Z and ¢ are the predicted values at =x.
Then choose x to minimize

A

mse; (z) mse; (z)
TR
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Part VI

RESPONSE SURFACE
METHODOLOGY
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17. Response surface methodology: introduction

and example

e Problem: explore a ‘response surface’ f (x1,...,TL).
Assume variables have been coded to lie in some
symmetric interval; for instance if L < X < U

with midpoint M = (U + L) /2 then
r=2(X-M)/(U-L)e[-1,1].

With x = (x1, ..., 1) we may observe

v = (X)) + &

at chosen values {x;}. Assume i.i.d. N (0,02>
errors. Often the purpose is to find the extrema
of f, without a precise knowledge of this function.

e Assume that a small number (k) of important
factors have been identified, perhaps by running
a preliminary fractional factorial.
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e Example: The production of Zantac (used to
treat ulcers) requires the separation of the ac-
tive ingredient ranitidine from other substances.
Three important factors x1 = pH level, £ = volt-
age, 3 = concentration have been identified as
affecting y = CEF, a certain quality measure. In
the initial screening experiment, and before cod-
ing, these variables have possible levels X; €
{2,3.42,5.5,7.58,9}, X» € {9.9,14,20,26,30.1},
X3 € {0,2,5,8,10}. After coding they have
possible levels x1,20 € {—1.68,—1,0,1,1.68},
x3 € {—1.67,—1,0,1,1.67}.

e Start by taking a linear approximation of f:

k
Fx)= f(0)+x'V;(0) =50+ ) Bizi.
i=1

Run a first order design, typically a 2¥~P fac-
torial, i.e. 2k=P of the 2% ‘corner points’ X =

(£1,...,£1), with &1 denoting the HI and LO
levels of the coded variables. Denote by n¢ the
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number of such runs. As well, make n. runs at
the ‘centre point’ x = 0. These may be used to
estimate error and to check for curvature of the
response surface, as follows. Let gy and y. be
the response averages at the factorial and centre
points. Consider the second order model

k k k
Elylx] =60+ Y Biwi+ Y Bijwixi + > Bux?.
1=1 1<J i:1(17_1)
In this model
Elgc] = Ely|x = 0] = By,

and, since the z; and z;x; sum to zero over the
n s factorial runs (and = 0 otherwise),

k
K [@f} = Bo+ ) Bii-

1=1
Thus the ‘overall curvature’ Zle B;; is estimated
— — 1 1
by G5 — Ye ~ N( k1 Bii,o? (n—ern—c)) and
tested by
Yf — Ye

teurv = 1 1,
&)=+ =
f C
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where & is computed from the responses at the
centre point (why?), and is on n. — 1 df.

— An equivalent method of testing curvature,
which applies even when n, = 1, is as fol-
lows. Note that all £ squares are equal, so
that (17.1) is equivalent to

k k
Elylx] =80+ Y Bixi+ Y Bijaiz; + %px,
1=1 <J (17.2)

with the single parameter B« = Zle Bi; re-
placing 311, ..., Bpr- The t-test for B« is then
equivalent to that for curvature.

— All this assumes that the 3;; all have the same
sign, else they could cancel each other out. In
practice this is apparently unlikely (except near
a saddlepoint), but one could fit (17.1), using
a design with axial points, if one were worried
about this.
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e Suppose that the result from the first order design
is that curvature appears to be negligible. If we
are seeking a maximum of f, we should move in
the direction of steepest ascent:

arg max
Ix||=1

X’V/f(\O)‘ — arg max ‘X ,6‘

[x[|=
where ,6 = (Bl, e Bk) Then observations are to

be made at several points x, = )\B/HBH Among
these, if a maximum is found at A = g then
)\OB/HBH is taken as the new centre point and
the experiment is repeated. Curvature and inter-
action are tested after fitting (17.2), for which
teurv 1s produced as the t-statistic for testing the
significance of (.
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See R code on web site. Responses are simulated
from E [y|lw] =

2wy + wo — 15) (wl — 2wy + 5)

-+ COS ;
10 10

0 < wy,wo < 20, with N (o, .152) errors added.

5—|—cos(

fyew

Mean response; maximum at (w1, wp) = (5, 5).
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A 22 factorial augmented by 5 centre points is em-
ployed. Three iterations of steepest ascent, starting
at (10, 10) and testing curvature and interaction after
each vyield:

wl w2 p.inter p.curv
[0] 10.000 10.000 1.000 1.000
[1] 7.2256 7.119 0.604 0.746
[2] 5.963 5.567 0.084 0.041

Contour plot; iteratively chosen centre points shown.
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e Once curvature becomes an important issue a sec-
ond order design and model should be employed.
The most common second order design augments
the first order design with 2k ‘axial points'= +«
on each coordinate axis in the x-space. Such ‘cen-
tral composite’ designs are studied below. Then
a full second order model is fitted. If this model
Is represented as

Elylx] = Bo+ Z Bix; + Z B’I,jx’l, j T Z Bzzx

1=1 1<g
= By+x'b+x'Bx, (17.3)
where
57,7,7 7’_.]7
B,.=
Y {25@37 P # 7,

then the stationary point is estimated by
1. ~
xs = ——B b,
2

with the eigenvalues of B determining the nature

of the extremum.
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18. Response surface methodology: designs

: d :
e Inserting X = X5+ (X — X5) ef xs+ z into (17.3)
and simplifying gives

PN 1 A g A 1A A
9, = Bo— Zb’B b + 2/Bz
= s+ Z/BZ,
since that the estimated stationary point x5 cor-

responds to z = 0. We infer that this gives a
maximum if B is negative definite.

e In the example above, we start with the new cen-
tre point (wy,wp) = (5.593,5.567) and add four
axial points (£a;,0), (0, £a) with o = /2 to the
original design. Sample output:

Estimated stat. point: (wl,w2) = (5.46, 5.09)

Eigenvalues of Hessian are -0.289 -0.399
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e Suppose that B was not negative definite, and in
fact was indefinite. Then the stationary point is
a saddlepoint, and the response increases in some
directions and decreases in others as one moves
away from the stationary point. Diagonalize B:

k
B =PAP' =) \pip;,
1=1
where A1 > --- > A\; and the {p;} are normalized
eigenvectors. Then

7 = Us+ 7' Bz

k 2
= Os+ D N (Z/Pi)
i=1

Is maximized, among all z with norm ¢, by z =
cp1 (hence z'p; = 0 if ¢ > 1) and then

A~ A~ 2

Y= Us+ A1c”.
So one would move to x = xs+cpy for a suitable c
— perhaps chosen experimentally, and increased as
long as y increases, or chosen as large as possible

with the independent variables remaining within
the experimental region.



139

e Central composite designs are the most common
second-order designs in RSM. When there are k
factors, and with x = (21, ..., z%)" in coded form,
they consist of

1. ny ‘corner points’ in which each x; € {—1,1}
(the ‘factorial portion’ — a 25~P design),

2. n¢ ‘centre points’ x = 0,

3. 2k ‘star points’ or ‘axial  points’
x = (0, ...,0,%a, 0, ...,0) with a € [1, \/E}

— Motivation - the axial points allow for efficient
estimation of the pure quadratic terms, while
the corner points allow for the estimation of
the interactions.

One can implement such a design by augmenting the
first-order designs (and data) of the previous section
by axial points and possibly additional centre points.
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e Choice of the factorial portion:

— How small can the factorial portion be if the
CCD is to allow for the estimation of all pa-
rameters in a full quadratic model? There are
1—|—k—|—k—|—k(k2_1) parameters and n s+ 142k

distinct points, and so it is necessary to have

k(k—1) k(k—1)

ny > 1+2k+ —(1+4+2k) =

— Recall that ina 2F—P design, there are ok—p_1
sets of aliased factors (not counting the con-
stant term). (Example — (12.1)).

— Theorem: In any CCD whose factorial por-
tion is a 2P design that does not use any
main effect as a defining relation, one can es-

timate the parameters 3, {Bi}le, {Bii}le
and exactly one 3;; (¢ < j) from each set of

aliased effects. (Proof: ‘straightforward but
tedious’.)
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— Examples:
(i) k = 2, can use a 2%1_1 with I = AB. Or a
full 22 factorial.
(ii) K = 3, can use a 2?1_11 with I = ABC.
[Details: the 2371 — 1 = 3 sets of aliases are
A = BC,B = AC,C’ = AB, so estimat-
ing exactly one interaction from each of these
gives us the ability to estimate all of them.]
Or a full 23 factorial.
(iii) A resolution Ill design whose defining re-
lation does not contain words of length four is
‘resolution I11*', and satisfies the conditions
of the theorem.
Possible designs are tabulated in the text.

e Choice of a:

— a = Vk: all noncentral points are equidistant
from O (||x|| = V/k). ‘Spherical’ design. Most
suitable for a spherical design region; perhaps
impractical for large k.
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— a = 1: need only 3 levels {—1,0,1} for each
factor. ‘Face-centred’ design.

— a = Ymy: ‘rotatable’ design - var[{ (x)] is a
function of x only through ||x||. But this is in
the coded variables and is not scale invariant.
For the theory see Box & Hunter (1957) on
course web site. Example: If & =2,n; = 4
and o« = v/2 then the design is both spherical
and rotatable.

e Number of centre points:

— Subjective; when « is near vk then typically
ne = 3,4,5; when o« is near 1 then typically
ne = 1,2. These choices provide reasonably
stable prediction variances.

— If & = Vk then it is necessary to have n¢ >
0 in order that X’X be invertible. Example:
suppose k = 2, the factorial portion is 22,
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a = Vk but ne. = 0. The model matrix is

( 1 1 xo x% x% T1To \
1 1 1 1 1 1
1 1 -1 1 1 —1
1 -1 1 1 1 —1
X=!1 -1 -1 1 1 1
1 o« 0 o 0 0
1 O o 0 a? 0
1 —a« 0 o 0 0
Kl 0 —a 0 o®° O /

and x% —|—:1:% = 2" — the sum of the a:% and x%
columns is twice the first column. (If ne > 0
then this is avoided.) The generalization is
obvious (7).

e There are various other possibilities, in particu-
lar ‘uniform shell’” designs, consisting of a number
of points uniformly spaced on the k-dimensional
unit sphere and one or more centre points. For
instance when £ = 2 there are nj points on the
unit circle (which then form a regular polygon)
and no centre points. Some are tabulated in the
text.
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Part VII

ROBUST PARAMETER
DESIGN
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19. Robust parameter design |

e General idea: Noise factors (hard-to-control, per-
haps random in practice); choose control factor
settings to reduce effects of variation in noise fac-
tors.

e Example 1 (will return to this): Epitaxial layer
growth experiment. There are 8 control factors
(the 4 considered earlier and 4 more such as H =
nozzle position). Recall that the wafers are mounted
on the top or the bottom of one of four ‘facets’
on a ‘susceptor’ (cylinder) which is spun inside a
jar. The two locations are the levels of factor L,
and the four facets form the levels of factor M.
These are the ‘noise’ factors — the aim is to attain
uniform wafer thickness (y) over facets and loca-
tions. There will be 2 X 4 = 8 observations for
each combination of control factor settings (i.e. a
full factorial for the noise factors); these in turn
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form a 2%_/4 fractional factorial with defining re-
lations

D =—-ABC,F = ABE,G = ACE, H = BCE.

Formally, we aim to minimize the variation in y
resulting from varying levels of L and M, while
maintaining an average y of 14.5 (£.5 um).

Example 2: Leaf spring experiment. Recall five
factors B,C, D, E, () = ‘quench oil temperature’;
this latter factor is not controllable in normal pro-
duction. With some difficulty, for experimental
purposes it can be varied over two levels (130-
150 and 150-170°F'). The control factors form
a 2‘}‘_/1 half factorial with I = BCDUE'": for each
combination of these levels both noise factor set-
tings are used. This experiment is replicated 3

times.
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e Strategies for reducing variation

— Read §11.2, 11.3; various strategies discussed
including in particular ‘reducing the variation
in the noise factors’'.

— At fixed (optimal) levels of the control fac-
tors the variation in the response will result
from random variation and from variation in
the noise factors, and so one might aim to
reduce the latter.

— This approach can be difficult; an alternate is
to find levels of the control factors for which
the response is less sensitive to the noise vari-
ation. This is the idea behind Robust Para-
meter Design (RPD).

e Variance reduction through RPD (Taguchi)

— Control factors x, noise factors z, response

Elylx,z] = f(x,2).
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— Variation arises through z, but also through
the interaction of z with x; e.g.

y = ptory+Pz+yrz+e
= ptazx;+(8+y22)z+e;

one might aim to set x» so as to minimize
|8 + vx2|, then y will change only slowly with
changes in z.

— More generally, choose x so that f(x,z) is
‘flat’ as a function of z.
Reason: If Ylxgz = f (%9, z) +¢ with z varying
around pg then the delta method leads to

af (xo, ?
0% & > < / g::, Z)|“O> var [z;]

and so one might aim to minimize some of the

var[z;] (the first strategy above; this is called
‘tolerance design’) or by choosing values of xg
at which the gradient is small in magnitude ( f
is ‘flat’); the latter is Taguchi's notion of RPD.
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e Cross array strategy: here there are two design
matrices - a control ‘array’ and a noise array; the
levels of each are crossed (as in Example 1 - all
28—4 combinations of levels in the control array

are run will all 2 X 4 combinations of the noise

array.

e Approach 1: location and dispersion modelling.
Recall two step procedures discussed earlier. In
this ‘nominal-the-best’ application we first model
the dispersion and select levels of the important
dispersion factors to minimize dispersion; we then
model the mean and choose levels of the im-
portant ‘adjustment’ factors to achieve the de-
sired mean. This was implemented in Lectures 10
(epitaxial layer growth experiment) and 13 (leaf
spring experiment), with ¢ and log S? computed
from the replicates (6 and 3 respectively) at each
combination of levels of the control factors. In the
current approach they are instead computed, at
each combination of levels of the control factors,
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from the combinations of levels (perhaps repli-
cated) of the noise factors (2 X 4 = 8 combi-
nations and 2 combinations X 3 replicates = 6,
respectively).

In other words the noise factors and replicates to-
gether are treated as replicates of the levels of the
control factors; the rest of the analysis is as was
done previously.
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e Example 1 continued: Location/dispersion mod-
elling in epitaxial layer growth experiment.

— 2?‘_/4 fractional factorial with defining relations
D = —ABC,F = ABE,G = ACE,H =
BCE. We aim to minimize the variation in y
resulting from varying levels of L (2 levels) and
M (4 levels), while maintaining an average y
of 14.5 (£.5 um). These are treated as 8
replicates.

— R code on course web site. Fit the 8 main
effects and 7 two-factor interactions with A
to both y and log S2. Look at the half-normal
plots:
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Significant location effect is xD; significant

dispersion effects are xA and xH.

Fit the significant effects:

> fit.location$coef
(Intercept) xD
14.3519477 0.4019523
> fit.dispersion$coef
(Intercept) xA

xH

-1.8199427 0.6169592 -0.9794596
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Best settings are A— and H-+; now

9 = 14.352 + .402zD = 14.5

at
D = .3683,

from which an optimal time D can be obtained by
interpolation.

e A variation on this is to replace the minimiza-
tion of log S2, at the first step by the maximiza-
tion of the sample signal-to-noise (SN) ratio 7} =

log (g-i) estimating n = log ('Zé) - details in
311.9. Not always an appropriate approach, since
large values of ) can arise not only from small val-
ues of o2 (the desired aim) but also large values
of L.
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20. Robust parameter design Il

e Approach 2: response modelling. Which inter-
actions between control and noise factors are in-
creasing the variability of y due to noise? The
previous approach cannot answer this. Here we
model ¢ as a function of both control and noise
factors. This ‘response model’ is then analyzed in
one of two ways:

— Control-by-noise interaction plots — allow one
to choose control factor settings at which v is
more constant as the noise factors change;

— Transmitted variance model — model var[y] as
a function of the control variables, by treating
the noise variables as random variables: then
minimize over the control levels.

These two approaches can lead to different
settings.
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e Example 1 continued: Response modelling in epi-
taxial layer growth experiment.

— Data in text (Table 11.2, in an unusual format
— getting it into R is a project in itself).

- 2?‘_/4 fractional factorial with defining relations
D = —-ABC,F = ABE,G = ACE,H =
BCE. We aim to minimize the variation in
y resulting from varying levels of L (location
of wafer on facet; at 2 levels) and M (loca-
tion of facet on cylinder; at 4 levels), while
maintaining an average y of 14.5 (4.5 um).

— Three orthogonal contrasts for M:
cMl = I(M € {1,2}) — I(M € {3,4})

cMq = I(M € {1,4}) — I(M € {2,3})
xMc = I(M € {1,3})—I(M € {2,4})
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Analysis 1: Control-by-noise interaction plots.

Fit all: fit1 = 1Im(y “(xA + xB + xC + xD + xE +
xF + xG + xH + xL. + xM1 + xMq + xMc)~3) and iso-
late those 107 terms which can be fitted. Identify the
significant ones from a half-normal plot.

0.4 0.6 0.8

effects

0.2

0.0

HalfNormal quantiles

Seven most significant effects, in increasing order,
are xA:xH:xMq, xC:xMl, xH, xMI, xH:xL, xL, xD.
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Fit these seven most significant effects; they include

three control X noise interactions:

Im(formula =

y "xD + xH + xL + xM1 +

xH:xL + xC:xM1 + xA:xH:xMq)

Coefficients

xD

xH

xL

xM1

xH:xL
xM1:xC
xH:xA:xMq

35195

Estimate Std.
(Intercept) 14.
.40195
.08671
. 32957
.09020
.23880
.08304
.08166

©O O O O O O O O

Error t value Pr(>|t]|)

3.
.438

.02650 541.
.02650 15.
.02650

.02650 12
.02650 -3
.02650 -9
.02650 -3
.02650 -3

629
169
272

.404
.012
.134
.082

< 2e-16
< 2e-16
0.001393
< 2e-16
0.000903
3.84e-15
0.002169
0.002552
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Significant control X noise interactions: best (variance
minimizing) settings seem to be H+,C'—, A—.
Confirms previous analysis and adds information

about C.
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Analysis 2: Transmitted variance model.

i =

14.352 4 0.402x D + 0.087xH + 0.330x L
0.090xM! — 0.239xH - L — 0.083xC - x M|
—0.082xA - xH - xMgq

14.352 4+ (0.330 — 0.239xH) x L

— (0.090 + 0.083zC') x M1 — (0.082xA - zH) xzMag.

View the noise variables as independent r.v.s, each
with P(X = 41) = .5. Then E[X] = 0, var[X] =
E [Xﬂ — 1 and so

var[§] = (0.330 — 0.239zH)? + (0.090 + 0.083zC)?

+(0.082zA - £ H)? .

Since tH? = £C? = xA? = 1, this becomes

var[§] = const. —2-0.330-0.239zH

+2-0.090 - 0.083xC
= const — 0.1574xH + 0.0150xC"

minimized with H+ and C'—, as in the first analysis.

e An alternative strategy: Single array and response
modelling. Using a single array can result in con-
siderable savings.
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e Example 2 continued: Consider a simplified ver-
sion of the leaf spring experiment, with 3 control
factors A = heating time, B = transfer time, C' =
hold-down time and 2 noise factors a = high heat
temperature, b = quench oil temperature, all at 2
levels. A crossed array, with a 23 factorial for the
control factors and a 22 factorial for the noise fac-
tors requires 8 X 4 = 32 runs. Arrays of this size
are necessary to estimate the two-factor interac-
tions — for instance a 23~1 design for the control
factors would have main effects aliased with two-
factor interactions.

e If instead one uses a single array — a 2%/_1 half-
factorial with

I = ABCab,

then all main effects are strongly clear, and all
two-factor interactions are clear. In the single ar-
ray strategy only 16 runs are required.

e The ensuing analysis is carried out by the response
modelling approach.
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Part VIII

COMPUTER
EXPERIMENTS
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Source materials on course web site:

e JSM 2006 presentation (kindly provided) by Thomas
Santner

e JSM 2006 presentation (kindly provided) by William
Notz

e 1989 Statistical Science paper by Sacks, Welch,
Mitchell & Wynn

As well, some material in the next two lectures is from
The Design and Analysis of Computer Experiments
(Springer, 2003), by T. J. Santner, B. J. Williams
and W. |. Notz.
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21. Computer experiments - introduction &
modelling

e In some situations performing a physical experi-
ment is not feasible: physical process is techni-
cally too difficult to study; number of variables is
too large; too expensive, etc.

e It might be feasible to conduct a computer ex-
periment, if the physical process relating the in-
puts x to the response y (x) can be described by
a mathematical model amenable to efficient nu-
merical methods. (Examples: weather modelling,
design of prosthetic devices, ... . See Santner
slides pp. 14-19.)

e Interest is in experimental regimes requiring few
runs (since the mathematical code can be very
time consuming); note that y (x) is deterministic

- randomization, blocking, replication play no role.
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e Sometimes one can combine physical and com-
puter experiments.

e Some possible problems of interest:

1. Interpolation: given ‘training’ inputs and out-

puts {X,f, yf =y <Xf> }n X predict the output

. 1=
at a new Input Xjg.

2. Design: determine a set of inputs at which to
carry out the code. The appropriate design
will depend on the objective:

— exploratory designs (‘space-filling’);
— prediction-based designs;
— optimization-based designs (akin to RSM).

3. Uncertainty analysis - output might depend on
environmental (random) variables X, as well
as design variables x.; we might aim to study
the distribution of y (x¢, X¢), perhaps with an
aim to reducing the variability (akin to RPD?).
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e Gaussian Stochastic Process (GaSP) Models: al-
though the response is non-random, its behaviour
as a function of x is modelled as a realization of
a random function Y (x), correlated with, hence
allowing the use of, those at nearby values of x:

Y (x)=f(x)8+ Z (x).

Here f(x) = (f1(x),..., fr (X)) is a vector of
known regression functions, 3 an unknown regres-
sion vector of regression parameters and Z (x) a

GaSP:

— x € x = ‘design space’;

- E[Z ()] =0 (so E[Y (x)] = ' (x) B);
- var[Z (x)] = 0%

— cov[Z (x1),Z (x2)] = O'%R (x1 — Xp) where
R(0) =1, R is symmetric.

— Often R = R(||x1 — x3||); R(:) may also de-
pend on unknown parameters 0.
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— All finite dimensional marginals are multivari-
ate normal.

See Santner slides pp. 36, 37.

o Ifcorr[Z (x1),Z (x1 + h)] = R (h) then the process
is (weakly, or second order) stationary:
corr[Z (x1+t),Z (xp + t)] =corr[Z (x1) , Z (x3)]
for any t. It is strongly stationary if all marginal

distributions are invariant in this sense. In the
presence of normality these notions are equivalent

(why?).

o If corr[Z (x1),Z (x2)] = R(||x1 — x3]||) then the
process is stationary and isotropic - the correlation

depends only on how far apart the inputs are.

e One way to generate correlation functions is

corr[Z (x1),Z (x1 +h)] = Ew [cos (h’w)}
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for a random vector w: the distribution of w is the
associated spectral distribution (or spectral den-

sity, if there is one).
— Example: If x is one dimensional and the spec-
tral density is N <0,2/92>, i.e.

1 0 w202
4

f(w) = NN :

then
R(h) = corr [Z (x1), Z (x1 + h)]
/_  cos (hw) f (w) dw

(and = /_O:O e f (w) dw)
_ )

— Example: If x is one dimensional and the spec-
tral density is the t-density then R(-) is the
Matérn correlation function, with a much more

complicated form (although one case is R(h) =

_ V2|
e 0 ).
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n

e Prediction: Given training data {Xf,yf} . and
1=
an untried new input xg, the minimum MSE pre-

dictor of Y (xq) is (assigned)

§(x0) = E[Y (x0) [Y" =y"],
where

' = (v () ()

Y= (v (x),. ¥ ().

For a GaSP model, the joint distribution of ( YS({');O) )

Nn+1(<f/(§%m>’“%<r(io) (f{co)»
where

R = R(Xi—Xj>:n><TL,
I'/ (XO) — (R(XO _X1)7'°'7R(X0 _Xn))7
F = (f(x1),....f(xn)) :n x k.

It follows from standard Normal theory (STAT
575 lec. 3, for instance) that

9 (x0) = f' (x0) B+ 1 (x0) R (y" — FB).
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This is evaluated at the GLS estimate (i.e. the
BLUE)

3= (F’R_1F>_1 FR-1y"

resulting in
A -~ / —_ >
7 (x0) = f'(x0) B+71 (x) R (y" —FB) = aly",
(21.1)
where
i 1 i
F (FFR™IF) " f(xg
R (FRIF) " (x0)

+ (In _F (F’R—lF)_l F'R—l) r (xg)

Note that ¢ (xg) is linear in the data and is un-
biased: FE[y(xg)] = E[Y (Xxg9)]. The correc-
tion term in (21.1) (correcting the naive predictor
f' (xg) 3, whose expectation is E[Y (xg)]) is a
linear combination of the residuals in the training
set.
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e Without the assumption of normality, and using
only the mean and covariance functions given above,
this is the linear function of the data which min-
Imizes the prediction variance, among all linear
unbiased predictors, i.e. is BLUP (assigned).

e Example: If f/ (x) 3 = By (location only) then

7 (x0) = Bo+ ' (x0) R™ (v — Boln),
where
A 1R~ 1y"
— wlse = .
Po=wlse =7 g1,

e Unknown correlation parameters 6 are typically
replaced by estimates, or merely given assumed
values. OR, they can be given prior distributions
and then a further averaging of  (xg|@) is done
to obtain the ‘Fully Bayesian’ predictor. If instead
one averages over a distribution of 0 after com-
puting (X0|é> then one obtains the ‘empirical
Bayes' predictor.
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The most common way to estimate correlation
parameters is by maximum likelihood, assuming
a Normal likelihood. In that case the likelihood

for (5, 9,0%) is

p <yn|157 97022)
‘J%R‘_lp
. exp { 202 (y" F/B)/ R1 (y" — F,B)}

with log likelihood

Y

1| nlog O'Z + log |R ()|
L(8,0.07) = =5 | O -FBYR(y"-Fp)

UZ

The mle of 3 is the GLSE 3(8), and then

( )

) ) nloga%—l—log|R(9)|
L(B.0.0%) = =3 < +(” R ),

\ 9z y,

~”
.
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The mle of 0% 15

(y" ~FB) R (y" ~ FB)

67(0) =
n
R—l
n/ 1 n
| -R7IF(FRIF) PR |
o n
and then

l (B, 9,6%) = —%{ log 6% (0) + log |R.(0)] + n} :

The mle of 0 is then

A

6 = arg min {n log 4% (6) + log [R.(6)|}

e Example and summary - Santner slides pp. 52-54.



173

22. Computer experiments - design

Framework: we seek points x1,...,Xn € x C Rd
at which deterministic outputs y (x;) will be pro-
duced by a computer code.

No replication (no randomness!), fewer runs is
better, and the design should cover x reasonably

well (at least for an exploratory design, when we
know little about the true response).

The RSM designs we have looked at violate this
last point, and so might not be suitable for com-
puter experiments (or others where the true re-
sponse might differ from that which is being fitted
- more on this later).

In what follows, assume y = [0,1]%. Possible
‘space-filling’ strategies:
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— randomly sample n points from x (good ‘on
average'),

— stratified sampling,

— Latin Hypercube design of n points in .

e Constructing a Latin Hypercube design:

— Divide the j*" margin [0, 1] into n equal subin-
tervals, randomly choose a point from each (or
use the midpoints). This yields a ‘uniform’ de-
Sign X1, ..., T, for each margin j =1,...,d.

— Form the array

T11 T12 - Tiq
T21 T2 - Tg
LInl Tnp2 " Lnd

and then randomly permute the elements in
each column (independently). The n rows so
obtained define the LHS.
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— The projections on the coordinate axes remain
uniform, in the sense used above.

— See Notz slides pp. 18-21, p. 27.

e There is an optimality property: if the purpose is
to estimate

/X G (y (x)) dx

for some function (G, then the estimate
1 mn
—> G (y(x))
=1

typically (more precisely, if G o y is monotonic
in each coordinate) has a smaller variance than
than the sample mean of a SRS. However, more
often the goal is prediction of y (x) at previously
unobserved inputs.

e See the Handbook chapter ‘Latin Hypercubes and
Space-filling Designs’' (course web site) for many
more details.
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e Minimax and Maximin Designs.

— Goal is to minimize the maximum distance be-
tween {x1,...,Xn} and all other points in x:
if £ ={x1,...,Xn} is the design, and if

¢ (x:§) =  min d(x;,X)
1=1,...,n
is the distance between {xi,...,xn} and x,
then a minimax design &« has

max ¢ (x;6x) < max ¢ (x;¢)

for any other design £. A maximin design &«
has

min ¢ (X;&xx) > min ¢ (x;€)

for any other design £&. Both aim to ‘spread
out’ the design points in a uniform-like man-
ner.

— The latter seem to be much easier to find,

and software is available to do this. See Notz
slides pp. 35, 36.
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e Although the designs looked at so far aim for a
kind of uniformity, this has not been rigorously
required. An optimal Uniform Design (UD) will
minimize some measure of discrepancy from uni-

formity. Specifically, let

Dx = [0,21] % - - - X [0, 4]

be the d-dimensional rectangle with ‘corner’ x,
and for a design £ let

Fn(x) = %f:](xi € Dx)
1=1

— proportion of the design points X with
Xlgazl and --- and nga:d

be the e.d.f. of the design (example: if d = 1 then
... ). The Ly discrepancy of the design is

1

([ 17~ PGP ax)”.
X

where F'(x) is the uniform d.f. on x. (If p = o0
this is supy |Fp, (x) — F (x)|, the ‘star’ discrep-
ancy).
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In one dimension the design on [0, 1] which minimizes
the star discrepancy [and which, as is not hard to
show, is a minimax design] is

1 — .5 .
= ,1=1,...,n.

Lq
n

Proof: For any n-point design with ordered design
points t;, the design measure is a step function:

SI;P [Fn (2) — F ()] = Sngcp [ (2) —

 — 1 75
ARES T
n n

1

n

) |be

= max max{
1<i<n

Why? The inner max exceeds its average, which ex-
ceeds .5/n (equality if t; € [%,%] strict inequality
otherwise). The lower bound is attained if ¢; = x;. [

These are the margins of a Latin Hypercube design as
described above, if the midpoints of the intervals are
used.

See Notz slides p. 43 for a design minimizing the star

discrepancy in two dimensions.
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e An appealing class of space filling designs is given
by Sobol sequences. These have the property that
a design of size n is obtained by adding one point
to a design of size n — 1; thus they are attractive
for sequential experiments. See Notz slides pp.

61-65.

e Other criteria: if §(x) is the predictor and

mse[§ (x)] = E [{@ (x) —y (X)}z]

we might:

— aim to minimize the integrated mean squared
error (IMSE)

imse = / mse [§ (x)] w (x) dx,
X

where w (x) is a weight function (a probability
density on x);

— aim to minimize

maxmse [§ (x)]

(less popular, in my experience).
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e The mse of the BLUP §(x) = a’(x)y" is (as-

signed)

mse [§ (x)] =
( 1_

(( £ (x) ) ( Opur
\ r (x) F R,«p,

Thus the imse is

%

N\

)

f(x)
r(x)

/ mse [§ (x)] w (x) dx = 0% times {1 minus
X

0 F \ *
(P R) -
tr

/ (f(X)f’(X) f(x)r' (x)
I\ r(®)F(x) r(x)r(x)

> w (x) dx

with r (x), R and F depending on the design.

One might use an exchange algorithm to mini-

mize this loss - this is an iterative method where,

at each iteration, one design point is replaced by
another which decreases the loss. Or one can pro-

ceed sequentially — given an n-point design, eval-

uate the loss resulting from adding one more point

)

)

~”
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Xx; choose the minimizing xx as the (n + 1)
point. This is a natural approach since it allows
one to re-estimate the model at each stage.

Summary - Notz slides pp. 67-69.

Simulated annealing? - will be discussed later.
Genetic algorithms? - will discuss if there is time.

Genetic algorithm: Suppose the design space con-
sists of N points, and a design of size n is to be
chosen. Generate a random ‘population’ of 40
designs; compute the loss L;, 7 = 1,...,40. This
is the first ‘generation’.

Assign a ‘fitness level’ to each; normalize to get
a probability distribution:

1 .
: 2"
(IL; — .999 miny, IL;)
fitness;
> fitness;

fltnessj —

Y =
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e Form the next generation:

— The best (fittest) two in the current genera-
tion always survive to the next.

— Choose pairs of designs (‘parents’) from the
current generation — P (choose jth) = Py -
and combine them to form a ‘child’. Continue
until a new generation of size 40 has been
generated.

e Parents combine by ‘crossover’ with probability
Perossover (: -9); with probability 1 — Perossover
the child is identical to the fittest parent.

e Example of crossover: represent a design by a

vector of n ones and N — n zeros; eg. n =
3, N =5; parents {2,3,4} and {1,3,5}:

(o) (1) (1) (1) (1
1 0 1 0 0
1 |+] 1 _ 5 raﬂﬂom 5 2:;1 1
1 0 1 1 1

\o) \t) \1 \0/ \O




183

e Mutation: In each child, randomly choose a one

and a zero, with probability P,,tation (= -05)
swap them. Repeat n times with each child.

e Repeat, forming new generations and evaluating
their fitnesses until the best design has not changed
for 200 consecutive generations.
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Part IX

OPTIMAL DESIGN
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Source materials on course web site:

1. Robustness of Design (D. Wiens)

2. Optimal Designs for Non-Linear Models: Intro-
duction and Historical Overview (D. Wiens)

3. A Basis for the Selection of a Response Surface
Design (Box & Draper 1959)

4. Robust Discrimination Designs (D. Wiens)

References 1 and 2 are chapters of an upcoming Hand-
book on Design and Analysis of Experiments.
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23. Concepts of classical optimal design

e An experimenter anticipates making observations
at various values {x;};* | of vector-valued predic-
tor variables chosen from a ‘design space’ x, and
then observing the corresponding values of a de-
pendent variable Y. The predictors affect F[Y]
through a vector f (x) of regressors:

Y =1(x;) 0 +¢;.

e The errors are i.i.d. with mean zero. Normality
plays only a limited role here — the measures of
performance typically depend only on the first two
moments of the estimates.

e Let £ be the ‘design measure’. This is sometimes
viewed as a p.m.f.: if the design places n; out
of a total of n observations at the point x; € x
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then £(x;) = n;/n. Sometimes as a probabil-
ity measure on x, placing mass £ (x;) at x;: for
Instance
1 T
EX,X = Z#f (Xz) f, (Xz)
= > &(xi) f(xi)f (x:)
= | £f ()€ (dx);
X

we call this matrix M (£). The final form — think
of the integral as E¢ [f (x)f'(x)] if it helps —
makes it convenient to think of approximating
a design by something with a measure & whose
masses are not necessarily multiples of n=1 — per-

haps even a continuous measure.

Some common optimality principles (all following
from cov [0} oc ML (¢):

— D-optimality — minimize det (M~1(¢)). (o
volume of a confidence ellipsoid on regression
parameters)
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— A-optimality — minimize tr (M_l (g)) (o< av-
erage variance of regression parameters)

— E-optimality — minimize chmaxM 1 (£). (
maximum variance of a normalized linear com-
bination ¢’6)

— G-optimality — minimize
d(§) = sup ' (x) M+ (&) f (x).
Xex

(ox maximum variance of a prediction Y (x) =

' (x) 6)

e Theorem (General Equivalence Theorem): In a
p-parameter regression model, a design &y is D-
optimal iff it is also G-optimal, and then d (&) =

D.
Proof: For t € [0, 1] and any design &1 define

&= (1 —1¢) & + &1
Then &g is D-optimal iff the function

¢ (t) = — log [M (&)



189

is minimized at ¢ = 0, for every £&1. We need two
preliminary results; each is proven in the STAT
766 notes on my web site.

— Lemma 1: For p.s.d. matrices A and B and
for t € [0,1] we have that

—log|(1—1t) A + tB|
< (1 —=1)(—log|A]) +t(—log|BJ).

— Lemma 2: For a p.d. matrix A the matrix of
partial derivatives of log|A| with respect to
the elements of A is A’~1.

By Lemma 2,

/ B O — log |M (&) d[M (&)];;
70 =2 O [M (&)1, dt ]

0]
= Y -IMEV [ [ ()], (€ — o) (dx)

i X
= —tr {M_l (&) / f (x)f’ (X) (&1 — &o) (dx)}
" _
_ _/Xf’ (x) M1 (&) £ (x) (&1 — &0) (dx).
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By Lemma 1, for any M (§p) = A and M (&1) =
B the function ¢ (t) = —log |M (&)| is convex,
and so is minimized at t = 0 iff

0< ¢/ (0)=— /X £/ (x) ML (&) £ (x) (&1 — &o) (dx).
(23.1)

We always have (how?)

pz/xf’(X)M_l(f)f(X)f(dX) < d(e);
this in (23.1) shows that &g is D-optimal iff

ver: [ £/ ()M (&) £ (%) &1 (dx) < p.

X (23.2)

If (23.2) holds then f’ (x) M1 (&) f (x) < p for
all x €y, so that d (&) < p; thus a D-optimal
design &g has

d (&) =p < d(&),

for any other design &1, and so is G-optimal as

well.
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Conversely, suppose that &y is G-optimal. Then
p < d(&) < d(&) for any other design &1; in
particular, with £ = £p (= the D-optimal design,
which always exists) we obtain d (&) = p. Thus
for any &1,

/X £ (x) M1 (€0) £ (x) €1 (dx) < d (o) = p.
so that (23.2) holds and &g is D-optimal. []

A sufficient condition: This derivation brings out
that a design &g is D- or G-optimal if it places all of
its mass where f/ (x) M~1 (&) f (x) = p, and at
all other points we have f’ (x) M—1 (&) f (x) < p.

(Then d (&) = p and so (23.2) holds.) This is
used to check for optimality.

Suppose that a design &y has exactly p points
of support {xy,...,Xp}. If it is to be D-optimal,
then it is necessary to have £y (x;) = 1/p for ¢ =
1,...,p. [Thus, to construct a p-point D-optimal
design we choose p points and put mass 1/p at
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each of them: if the sufficient condition above
holds then we have chosen the right p points.]
Proof: For a p-point design we have

p
M (&) = D &(x) £ (x)f (x;) = F'DF,
i—1

where F,5, has rows f’ (x;) and

Dy = diag (£ (x1) , . £ (%))
Thus

p

—log M (¢)] = —log|F[*— " log& (x;)
1=1

= —log|F|*+p-aver {—log&(x;)}.

By Jensens’ Inequality

aver {—log £ (x;)} > — log (aver {§ (x;)}) = log p,
with equality iff £ (x;) =1/pfori=1,...,p. [

Example: (Assigned) For quadratic regression on
[—1, 1] the design with mass 1/3 at each of 0, £+1
is D- and G-optimal.
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e In the situation as above, is a p-point design de-
sirable?

e There are similar ‘equivalence theorems’ in other
design situations.

e Computing. Many possibilities; one simple one is
as follows. Start with any design; at the kth step
of the algorithm, if the current design is &;. then
find x(3,) maximizing g (x) = f/ (x) M1 (&) f (%)
and put

k 1

—0 .
k+1£k+k+1 X(k)

This algorithm can be shown to converge to a

§k+1 =

D-optimal design.

— The interpretation is that, given a design with
k points (not necessarily distinct), we add one
more point X,y = argmaxg(x) to get a
(k + 1)-point design; then iterate.
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— R-code for construction of a design for SLR
on [0, 1] is on the course web site.

Histogram of x0

Density

0.0 0.2 0.4 0.6 0.8 1.0

x0

Histogram of x

50

Density
30

0 10

0.0 0.2 0.4 0.6 0.8 1.0

X

Start with 5 points equally spaced; apply algorithm
to generate a total of 1000 points. The points added
were all either 0 or 1.
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24. Model-robust design

e Why robustness of design?

— The models for which we construct designs are
generally at best approximations.

— The ‘best’ design for a slightly wrong model
can be much more than slightly sub-optimal.

— Although we will fit the assumed, ‘ideal’ model,
we should design for protection against biases
arising from any of a range (‘neighbourhood’)
of alternate models.

— We look at mse, not merely variance. (Maximum

mse, as the model varies.)
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e Seminal paper — Box and Draper (1959). Design
for a polynomial or multinomial response when
the class of alternatives consists of all such func-

tions of a given higher degree.

— Example: Fit a straight line in an independent
variable z € [—1,1].

— Mean response E [Y (z)] = ¢g + P12 + ¢ox?
for parameters ¢.

— The Ises are biased.
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George Edward Pelham Box FRS (18 October 1919 —

28 March 2013)
. all models are wrong, but some are useful.’

the optimal design in typical situations in
which both variance and bias occur is very nearly
the same as would be obtained if variance were ig-
nored completely and the experiment designed so
as to minimize the bias alone." (Box and Draper
1959, p. 622.)
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Classically 'optimal’ design with misspecified response

m —
5 (@]
~ - E(Y)=1+x+0.3(1/3-x%)
error.std.dev=0.3
> — — o
o —
o
o
o —— assumed response
—— true response
T —— regression fit
T T T T T
-1.0 -0.5 0.0 0.5 1.0

Assumed response linear in x but in fact
E[Y]=1+2+03(1/3 - 2?). Parameters of
assumed response B + B1x estimated by least

squares.
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e Generalize: Fit the model E[Y (x)] = f'(x)6,
for a p-vector f (x) of regressors, each element
of which is a function of ¢ independent variables
x = (x1,...,2q), with X to be chosen from a
design space x. Here we take a finite design space

X = {X1, .., XN}

Entertain alternatives

E[Y (x)] = (x)0 + ¢ (x),

for some function 1. But now what does 6 mean?
It is not identifiable: in the alternate models one
might equally well write

E[Y ()] =f(x)(0+ )+ (¥ (x) — ' (x) ¢)

for arbitrary @. So define the target parameter
to be that which makes the fitted response most

accurate:

N

0 =srgmin 3 (EIY ()] - ¥/ x))”
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and then define i (x) = E[Y (x)]—f’(x) 8. This
leads (how?) to the orthogonality requirement

N
Z:lf (%) ¥ (x;) = 0. (24.1)

e Let £ be the design, placing mass & = £(x;) =
n;/n at x;. Define

N

Mg = ) &F (%) (x5),
i=1
N

bye = D &F(x) Y (x),
i=1

1 N ,
A = N;f(xi)f(xi)

and assume that Mg Is invertible. The covariance

matrix of the Ise 0 is (ag/n) Mgl, the bias is

E|0-6] = M by, (24.2)
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and the loss, taken to be average mse, is

1 N . 2
amse = N;E [{Y (x;) - E[Y (Xz)]} ]

2

_ ¢ —1 / —1 —1
= —Strace (AM ) + b, (M AM by, ¢
1 X,
+= D (%) (24.3)
Nizl

e We will find a minimax design, i.e. we maximize
amse over all ¢ satisfying (24.1) and

N 72
> uR(x) < (24.4)
1=1

2

for a constant 74, and then find a design mini-

mizing this maximum loss.

e It is convenient to temporarily transform to an or-
thogonal basis. Let Q1 be an N X p matrix whose
columns form an orthogonal basis for the col-
umn space of the matrix F with rows {f’ (Xz)}f\il
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Augment this by Q> : N X (/N —p) whose columns
form an orthogonal basis for the orthogonal com-
plement of this space. (What are these in R termi-
nology?) Then (Q1:Q2) is an orthogonal matrix

and ¥ = (¥ (x1),...,9¥ (xy))" is orthogonal to
the column space of Q1, hence is necessarily of

the form

¥ = (7/vn) Qac,
where (by (24.4)) ||| < 1.

With D¢ = diag (§1,- - -, §n) we find that

M, = F’DSF,
A = %F'F,
bye = F’Dggb,
and then
amse = U—‘gtr (AM_I)
n 3
2

2
+7Z—NC/ [Q'zDng (Q’1D§Q1) Q1D:Q2 +Iy_,| .
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Carrying out the maximization over ¢ and return-
ing to the original notation (assigned) gives that,

in terms of

N
Ke =Y &F(x)f (x;)
i=1
and

—1
He = M AT M,

the maximum loss is (ag + 7'2> /m times

Ly(§) =1 —v)tr (AMg1> + vchmax (KSHE_l) :
(24.5)

where v = 7'2/ (og + 7'2) and chmax denotes the

maximum eigenvalue.

— Note that v € [0, 1] is the only parameter that
needs to be specified; it can be chosen by the
experimenter according to the weight he/she
places on errors due to model misspecification
rather than to random variation.
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e The minimization is carried out numerically. The
figure gives an example, with N = 40, n = 20
and v = .5; this illustrates a recurring theme —
a naive yet sensible, and ‘near optimal’ method
of robustifying a design is to take the replicates
in the classically optimal design for the model in
question and spread these out into nearby clus-
ters.

0.00 005 010 015 020
|
0.54

—033
—0.38

-1.0 —-0.5 0.0 0.5 1.0

Minimax design (n = 20) for approximate cubic
regression when bias and variance receive equal

weight.
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25. Nonlinear design - an example

Experimenter wishes to discriminate between two
regression models/densities:

Model O: Y|X ~ fO (y|X7 MO?T)
Model 1: Y|X et fl (y|X7 /L]_,’T)

with

i (x) = Ep; [Y|x]
and T represents nuisance parameters common to
both densities.

Example: Michaelis-Menten (MM) vs. Exponen-
tial (Exp) models for output (y) given concentra-
tion (x); horizontal asymptote V;:
Vox
Ko -+ T
with g = (W, K())T;
p1(z) =1 (2]61) = Vi (1 — e 517)
with 61 = (V4, K1)' .

po (z) = no (z|6g) =
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e If all parameters specified under each hypothesis
Hp: Model 0 vs. Hji: Model 1, the Neyman -
Pearson test is most powerful. Reject for large
values of R = > R, where

f1 (vi|%s, Ml)}
R; = 21 |
o8 {fo (yil%s, po)

e Choose x1, -+, X;, to maximize power = maximize
En, [Rl=2 > T(uo(x:),p1(x)),
design
where

[ (1o (x), 11 (%))

= /OO f1 (y[x, p1) log {fl (i, ”1)} dy
—o0 Jo (yIx; o)

Is the Kullback-Leibler divergence, measuring the

information which is lost when fg is used to ap-
proximate fy.
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e Example: If, under each model, the data are nor-
mally distributed with means 1 (x) = 7, (X|0j>
then KL divergence is

I (po (%), p1 (%)) = {m1 (x|61) — no (x160)}°

and an approach to designing is to choose the
design, for n observations, to maximize

> {m (xil61) — 10 (xil60)}.
(Atkinson & Fedorov, 1975 - ‘T-optimality’.)

— First minimize over 01, 6g, then maximize over
design; or estimate/design sequentially.

e fj log-normal, gamma, etc. - I (-, ) more compli-
cated.

e That E[Y|x] = 7, (X|9j) for a known n;(-) is
typically only a convenient approximation; this
suggests taking a robust approach to the design
problem.
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e Finite design space x = {x;},21.
e Suppose that F [Y'|x] is approximated by 7; <X|9j)
in Model 5. For identifiability, define

0; = arg m@inxezx {E[YX] —n; (x]0)] -

2
)

and ¥; (x) = E[Y|x] — n; (X|9j>. Condition (*)

. . ] - 7 /
implies that the ‘residuals’ ¢, = (wj (X1) -5 (XN))
are orthogonal to the ‘regressors’ - the columns

of

— (65)
T80

. / L

e Thus the means are ‘contaminated’:

pi(x) =n; <X|9j)+¢j (x) = fitted + model error.
Define neighbourhoods of the 7; (-) by

M = {nj (10;) +j () |Ujaey = 0, || < 7}
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e Example: Normaldata. Leté = (ny/n, -, ny/n),
where n; > 0 is the number of observations to be
made at x;, and n = Zf\il n;. 1he robust T-
optimal design problem is that of determining

N

& = argmax min > {u1 (x;) — po (x4)}* &
§ Y1,%0 ;37

with 11 (x) = nj (x105) + %5 (%),

subject to U;-@bj = 0 and H?,b]H <rt;forj=0,1.
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e The orthogonality constraints state that ¢’j =
Vjcj, where the columns of Vj are an orthonor-

mal basis for col (Uj)J_. This reduces the mini-
mization to one of minimizing over cg, ¢y subject
to the constraints HCJH < 7; (equality is attained;
introduce Lagrange multipliers Mg, A7 to handle
these two remaining constraints).

e Minimization can be handled analytically: Mini-
mum divergence (information loss) is

D (€| A1, Xo) =

—1
(13 -+ D} *PD?) " DY o

where

D¢ = diag (§1,--,€N)
V0V6 n V1V’1
A0 AL

2

Y

P =

e We maximize this over designs & for fixed A\g, \1
and then calculate Tj = HC]H in terms of the
lambdas, which then parameterize the solutions.
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Simulated annealing:

Step 1 Choose an initial n - point design.

Step 2 Carry out the following, until L new designs
have been tested without any improvement:

2a Make a small random change in &. Let £/ be
the resulting design. Compute D (£/; A1, A\g).

2b If VD = D (&; A1, Ag) — D (&; A1, Ag) > 0 then
the new design £ is accepted (and relabelled
€). Otherwise, it is accepted with probability

eVD/T <1 for a ‘temperature’ parameter T'.

Step 3 Lower the temperature: T <« .957'; repeat
Steps 1 and 2.

Continue until the fraction of improved designs found,
at a fixed temperature, drops below 1/L. (L = 500
in examples.) Stop.
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e Recall the two models:
Vox
Ko+ x
pa (z) = m (z01) = W1 (1 - G—le) -

All examples use x = .1(.1)5.

po (z) = no (z|0g) =

e Example: Assume Model 1 is correct: E[Y|x] =
m <$|‘91 — (17 1)/)' Then

o = arg min S {EY|X] - no(x]0)}% = (1.22,.91)".
Xex

Design frequencies (n = 20):
(a) )\1 = )\0 = 2 (’7‘1 = .0064,7‘0 = .0060),
(b) A1 = Ao = .05 (71 = .0442, 75 = .0433).
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e Example: Suppose neither model is correct, and

that F'[Y|z] =

.35 + .12« is linear.

The closest

MM and Exponential responses are plotted below;

they have 6y =

0.9f
0.8}
0.7
0.6
0.5}
0.4t
0.3}
o2F /

01}/

(1.02,1.13),6; =

(.85,.73)"

linear | |
MM |+
Exp |

2 3 4

5

Michaelis-Menten and Exponential responses with

linear approximation to MM.
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= =
B>

Design frequencies (n = 10); E[Y|z] linear:
(a) )\1 — )\0 =2 (7‘1 = .0079,7’0 — .0071);
(b) Ay = A\g = .05 (71 = .0739, 5 = .0622).

(0] 1 2 3 4 5
Least favourable means

0.05

0.04
0.03
0.02

0.01

0]

(0] 1 2 3 4 5
Differences of least favourable means

Top: Least favourable uj (), pi ().

Bottom: |ug (x) — 1] (m)‘ Both for case (a).
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Another possibility is to design sequentially:
Step 1 Choose a small, initial design &.

Step 2 Minimize over ¢g (-), %1 () as in the previous
algorithms. The parameters required in the eval-
uation of ,u;'f (x;) :Anj (Xi|9j) + w;-‘ (x;) are re-
placed by estimates 6, rather than being defined
as minimizers w.r.t. E[Y|x].

Step 3 Make the next observation at
Xnew = arg maxxcy I (“3 (x),u] (X))

Steps 2 and 3 are repeated until an n-point design is
obtained.
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Example: Sequential designs, n = 10,40. Sam-
pling was done from a log-normal population with
mean u(x) = .35 + .12x and coefficient of variation
cv? = var/mecm2 — 1. Starting design places one
observation at each of £ = .4,1.2 - the extremes of

the design of previous example.

5
4
3
2
1

JI_| JI

P N W A~ O

0 2 @ 4 0 2 ) 4
0 2 © 4 0 2 @ 4
(a): n=10,719 = 7 = .01,
(b): n =10,79 = 71 = .05;
(c): n=40,79 =1 = .01;

(d): n =40, =1 = .05.
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e Designs optimal for discrimination are typically
poor for estimation and/or prediction. We might
aim to combine high discriminatory power (“KL-
optimality” ) with small mse of the fitted values
(“l-optimality” ) by shifting the emphasis from the
former to the latter, as evidence accrues in favour
of one of the two models.

e Given an n-point design, choose the next design
point according to

Xnew = argmax min Ay (x), where
XeX ¢n,07¢n,1

An (x) = (1 — rn) AV (x) + kAl (x).

Here (1): kpn increases with |r| (observed log-
I"hood ratio for discrimination);

(2): A (x) =
I (10 (x10n,0) + .0 (%), m1 (x10n.1) + ¥n1(x))

n

C 2
measures discriminatory power, and (3): Aq(l 3n (x)
measures the drop in mse of the fitted values (av-
eraged overy) in the favoured model, as a result of

adding a design point x. (jn = jn(r) € {0,1}.)
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Simulation: True response exponential; 1p = ™ =
.01. Top: cv? =.1. Bottom: cv? = 1. Initial 10-
point uniform design. (a) sequentially chosen design
points. (b) final design (n = 40). (c) favoured model
jn (exponential = 1, MM = 0) and weights xy, placed
on estimation/prediction in the favoured model.
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