
STAT 512 - Sample Final Exam

Instructions: Answer any six of these eight equally weighted questions. You may quote,
without proof, results which were established in class (unless you are explicitly asked to
prove them) but state what they are. This is important and will a¤ect your score.

Time: 3 hours.

1. (a) State what it means for a sequence to be a Cauchy sequence.

(b) Show that the sequence fsng1n=1, where sn =
Pn

i=1(1=i), is not a Cauchy sequence
and is therefore divergent.

2. (a) Obtain a series expansion of (1� x)�3, valid for jxj < 1.
(b) Recall the de�nition of the hyperbolic cosine: cosh(z) = (ez + e�z) =2. A random

variable X has probability generating function �(z) = cosh (z) = cosh(1). What
is the probability distribution of X?

3. Suppose thatX1; :::; Xn are independent, identically distributed random variables with
density f(x) = �e��x (x > 0) for some positive parameter �. Show that the density
of Y =

Pn
i=1Xi is g(y) = (�y)

n�1 �e��y= (n� 1)!.

4. Let X1; :::; Xn be independent, identically distributed random variables with mean �,
variance �2 (0 < �2 <1) and �nite third moment. Show that, as n!1,
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5. (a) Suppose we make n observations of a random variableX, obtaining the numerical
values x1 < ��� < xn. Show that their average �x can be represented as a Riemann-
Stieltjes integral: �x =

R1
�1 xdFn(x) for some distribution function Fn(x). Plot

this distribution function.

(b) LetX be a nonnegative, integer valued random variable with a �nite mean. Show
that

E [X] =

1X
n=0

P (X > n) :

...over



6. Consider the problem of estimating a parameter vector �, by Least Squares, in the
linear model y = X� + random error. Here y : n � 1 and X : n � p are constants
and X has rank p < n. Suppose that the parameters are required to satisfy q inde-
pendent linear constraints of the form A� = 0q�1, where Aq�p has rank q. Thus the
mathematical problem is

Minimize S(�) = jjy �X�jj2over � 2 Rp, subject to constraints A� = 0q�1.

Show that any solution to this problem is of the form

�̂ = �̂0 � (X0X)�1A0t;

where �̂0 = (X
0X)�1X0y and t is a q � 1 vector chosen so that �̂ satis�es the given

constraints.

7. Consider the nonlinear regression problem yi = f(xi;�) + "i, i = 1; :::; n. Outline
the Gauss-Newton algorithm for least squares estimation in this model. Show that
if the iterative procedure converges, then its limit is a stationary point of S(�) =P
[yi � f(xi;�)]

2.

8. (a) Let u (t) and v (t) be linear functions of t 2 [0; 1], with v (t) > 0. De�ne w (t) =
u2 (t) =v (t) and show that w (t) is convex.

(b) Let F be a convex class of distributions functions F on the real line, with densities
f . Recall that the asymptotic variance of an M-estimate of location, using scores
 0 (x) = �f 00 (x) =f0 (x) for a member F0 of F , is

V ( 0; F ) =
EF
�
 20(X)

�
fEF [ 00(X]g

2 :

Show that, in order that V ( 0; F ) be maximized by F0, it is necessary and su¢ -
cient that Z �

2 00 (x)�  20 (x)
�
(f1 (x)� f0 (x)) dx � 0;

for all F1 2 F .


