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Absfracr: We study regression designs, with an eye to maximizing the minimum power of the standard test for Lack of Fit. The 
minimum is taken over a broad class of departures from the assumed multiple linear regression model. We show that the uniform 
design is maximin. This design attains its optimality by maximizing the minimum bias in the regression estimate of 0’. It is thus 
surprising that this same design has an optimality property relative to the estimation of (r2 - it minimizes the maximum bias, in a 

closely related class of departures from linearity. 
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1. Introduction and summary 

From a robustness point of view, a failing of many 
of the ‘optimal’ regression designs in the literature 
is their dependence on the accuracy of the fitted 
model form. These designs typically minimize 
some functional of the covariance matrix of the 
regression estimators, under the assumption that 
the fitted model is exactly correct. See Kiefer 
(1959), Fedorov (1972) and the review article 
Atkinson (1982). To attain their optimality, the 
designs must place the regressors in such a way 
that severe biases can result, if the true model 
deviates from that which is assumed (Box and 
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Draper, 1959; Huber, 1975). Worse still, no al- 
lowance is made for testing the model for Lack of 
Fit (LOF). 

A simple example of these comments is given 
by the case of simple linear regression over an 
interval. Here the optimal design, minimizing vari- 
ance alone, places all observations on the regres- 
sor at the endpoints of the interval. Deviations 
from linearity are neither countenanced nor 
detectable. 

In this paper, we address the above concerns by 
studying designs specifically aimed at attaining 
good power in a test for LOF. We show that, 
according to a maximin criterion, the uniform 
design is optimal. We then show that this same 
design has a minimax property, when the loss is 
the bias in the estimation of the error variance a*. 

We start with the usual multiple linear regres- 
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sion setup, with repeated observations at several 
levels of the regressors. The experimenter fits the 
model 

qj=eTz(x,> +e,,, 

j=l ,.-., “,, i= l,...,c, c n, = n, (1.1) 
i=l 

with 

8, z(x) E[wP, XESCR9, 
/ 

dx=l, 
s 

E[&] = 0, COV[&] = a*z,. 

It is desired to test the fit of the ‘reduced’ model 
(1.1) within the ‘full’ model 

Y/=k+E,,’ ~1, unspecified. (1.2) 

The usual test of LOF is based on the test statistic 

F= {(n -P)Sr&o - (n - c)S&}/(c -P> 
S2 PE 

where S&o is the least squares estimate of u2, 
assuming (1.1) to be true. and 

i=* j=l 

is the ‘Pure Error’ estimate, unbiased under any 
form of (1.2). If the errors are normally distrib- 
uted, F follows a non-central Fnc’--,” distribution. 
This holds asymptotically as well, under mild con- 
ditions. 

Consider now the power of the test, under 
alternatives 

p, = /3’z (x, ) + f( x, ) for some 8 and some f. 

We allow f to vary freely over a class pV+, de- 
fined by the conditions 

6) Lf*(x) dx h v*, 

(ii) 
J 

z(x)f(x) dx = 0. 
s 

Conditions (i), (ii) serve to separate the models, 
and to ensure the identifiability of 8. The power 

of the test is an increasing function of the non- 
centrality parameter na(f, 5)/a*, given at (2.2) 
below. The quantity a(f, 5) is a functional of f, 
and of the design measure 5, which places mass 
n,/n at xi. A natural optimality problem is then: 

Problem I. Choose a design 5 so as to maximize 
the minimum (over F?‘) value of .%?(f, <). 

The class .?V is sufficiently rich that non- 
randomized, he&e discrete, designs are inadmissi- 
ble in Problem I. We thus allow any probability 
measure on the design space S as a possible 
design. For this class, we show in Section 2 below 
that the (continuous) uniform design is the maxi- 
min solution to Problem I. 

In practice, one would either 
(i) approximate the continuous uniform design 

by a discrete uniform design, with the observa- 
tions equally spaced throughout S, and with all n, 
equal; or 

(ii) employ a randomized design, in which the 
x, are chosen randomly from the continuous uni- 
form distribution on S (and with equal n,). In this 
case, the expected minimum power is maximized. 

For either option (i) or (ii) the minimum power 
(see (2.4)) of a size (Y test is maximized over the 
number of levels of the regressors by choosing c 
to maximize 

P( F,::(nn2,‘a2) >, F(1 -a; c-p; n - c)). 

Here, the two F’s denote a non-central F varia- 
ble, and the central lOO(1 - a) percentage point, 
respectively. Of course, some approximations may 
be necessary in order to attain integer values of c 
and of the n,. See Wiens (1990a,b) for further 
discussion of this point. 

Now define a class gV- by (i) and (ii) in the 
definition of gV+, but with the inequality in (i) 
reversed. Suppose that the true model is in fact 

r=eE(x>+f(X)+E, fEFq-. (1.3) 

Under (1.3) the estimate Sk,, is positively biased 
for o*; in fact, as is shown in Section 2, 

E[S;EG] = o2 + $+g(f, 6). (1.4) 
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A natural dual problem is then: 

Problem II. Choose a design 5 so as to minimize 
the maximum (over .5$-) value of .?8(f, 5). 

In view of its maximin property (Problem I), it 
is surprising that the uniform design gives as well 
the minimax solution to Problem II. This is proven 
in Section 2. Note that, for Problem II, it is not 
necessary to have repeated observations. 

2. Derivations 

Let Z be the c X p matrix with i th row zT( xi), 1, 
the n, X 1 vector of ones, 

U= @ l,, : nXc. 
i=l 

Let y be the n x 1 vector with elements Y,,, 
ordered lexicographically. Define 

a=E[vl, f= (r(x,>?...J(-%))‘. 

Then the models in the test for LOF are: 

Reduced : cc= UZ8 for some t9ElRp. 

Full: cc= UZf?+ Uf for some FERN, FESS+. 

We assume that Z has full rank p < c. In terms of 
the projectors 

H = UZ(ZTUTUZ)-‘ZTUT, 

J= U(UTU)-kJT, 

the competing estimates of u2 are 

S i&o =yT(G - H)Y/(~ -P>> 

S&=y’(Z,-J)y/(n-c). 

If the reduced model holds, then 

E[S&] =E[S&] =u2. 

In the full model, E[S&] = u2, but 

E[S&] =d+ 
f TUT(Z,, - H)Uf 

n-p 
(2.1) 

Let 5 be the design measure, placing mass pi = 
n/n at x,. Define 

J-Q = t piz(x,)zT(xj) = &x)Zr(,) d5(x), 
i=l 

b/,t= I6 Prz(xr)f(xi) =k(X)f(X) dt(x). 
i=l 

Then 

n-‘f TUT( Z,, - H)Uf 

= sf2(x) G(x) - b,,&‘b,,, / 

:=Wf, 6) (2.2) 

and (1.4) now follows from (2.1) and (2.2). That 
the non-centrality parameter, of the F statistic for 
the test of LOF, is n.S?(f, O/u2 also follows from 

(2.2). 
In its alternate form 

s’(f, 0 = / [ f(x) - ~~(x)B;r$,~]* d5(x)> 
s 

we see that .G@(f, 5) is the y2([)-distance from 
f(x) to the nearest function of the form z=(x)@. It 
is thus a natural measure of the inadequacy of the 
reduced model. 

If 5 is totally discrete, then there are HEFT+ 
whose restriction to the support of 5 is of the form 

zT(x)t9, hence which have .%( f, 5) = 0. Discrete 
designs are thus inadmissible for Problem I. For 
Problem II, suppose that E is not absolutely con- 
tinuous. Then there is a set A c S, of Lebesgue 
measure zero, with [(A) > 0. It is then easy to 
modify an f~ TV-, on A, in such a way that 
B(f, 5) becomes arbitrarily large. See the proof 
of Lemma 1 of Wiens (1990b) for an example of 
such a construction. 

Motivated by these considerations, we allow 
any probability distribution on S as a possible 
design. Let X(x) be the uniform d.f. on S. (Recall 
that we have assumed S to have unit measure, 
hence dh(x) = dx.) Then b,,x = 0, so that 

(2.3) 
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Theorem 1. The uniform design maximizes the 

minimum power in the test of LOF, in that for any 

design 5 there is an f E Fv+ with 

(2.4) 

Proof. The equality in (2.4) is immediate, from 
(2.3) and i) in the definition of .9$‘. 

For the inequality in (2.4), let 5 be an arbitrary 
d.f. on S. Let v be the signed measure correspond- 
ing to the difference E(x) - h(x). By the Hahn 
Decomposition Theorem, there is a measurable set 
A, c S which is a positive set for Y, and such that 
S\A, := A; is a negative set for Y. Assume without 
loss of generality that 5 differs from X on a set of 
positive Lebesgue measure; then we have strict 
positivity and negativity: 

V(A,) > 0, +I;) = -v(A,) < 0. 

Then 

so that we can find a partition 

P+2 

A; = u Ai 

i=2 

with the A, disjoint, and such that X(A,) > 0, 

i=2 ‘..., p + 2. Define 

Y, = y(4), 

so that 

P+2 

Y1 =-O>Y,,...,Y,+,, c v,=o. 
i=l 

Let a = (cY,, . _ . , CX,+~)~ be a non-null solution to 
the p equations in p + 1 unknowns, 

P+= 

,F2 a4, 
z dx=O. 

Put 

(2.5) 

Then 

l,f”(x; a) dx=n2 

and by (2.5), 

/ z(x)f(x; a) dx=O, 
s 

so that f(.; a) E Fv+. Since 

1,1‘*(x; a) d5(x) - l,f 2(x; a) dx 

P+2 P+2 

= q2 c a;~,/ c &(Ai) < 0, 
i=2 i=2 

we have 

g(f(*; a), 6) </sf’(x; a) G’(x) <v2. 0 

Theorem 2. The uniform design minimizes the max- 

imum bias in the estimation of a2, in that for any 

design 5 there is an f E Fq- with 

.@‘(f, t) > v2 = y_x.qf, A). (2.6) 
9 

Proof. The equality in (2.6) follows as in Theorem 
1. Define v as there, and let B, be a negative set 
for Y, such that S\B, := BF is a positive set. 
Then, as in Theorem 1, 

t(B,” >A@,“). (2.7) 

By the discussion preceding Theorem 1, we may 
assume that 5 is absolutely continuous with re- 
spect to A (else supFq-9( f, 5) = co). Then (2.7) 
implies that 

x(B;) >O. 

We can then find a partition 

2p+2 

B; = u B; 
i=2 

with the B, disjoint, and such that X( B,) > 0, i = 

2,. . . ) 2p + 2. Put 

8, = V( B;) 
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so that 

2p+2 

6, <W~,,...,~,,.,, c s;=o. 

i=l 

Let /3=(&,..., &,+,)’ be a non-null solution to 
the 2p equations, 

2p+2 

i?2 %, 

z dx=O, 

2p+2 

iF2 BiLz dt(x) ~0. 

J sf2(x; 8) dx = v2, 

~rb)fb; 8) dx = &)f(X; le) &t(x) = 0, 

and 

Lf”x; 8) dt(x) - ljf’(x; 8) dx 

2p+2 2p+2 

=7j2 c #LPs./ c &2A(A.) I I I 2 0 

i=2 i=2 

so that f(*; j3) •9~~ and 
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