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Robustness in spatial studies I: minimax prediction
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SUMMARY

We develop and test robust methods for estimation and for prediction in spatial studies. We assume that a
stochastic process is measured, with error, at various locations. The variance/covariance structures of this process
and of the measurement errors are only approximately known; in the face of these uncertainties one is to do robust
estimation and prediction. We obtain a minimax linear predictor, in which mean squared error loss is first
maximized over neighbourhoods quantifying the various sources of model uncertainty, and then minimized over
the coefficients of the predictor subject to a constraint of unbiasedness. Robustifications of these methods are then
introduced. These are based on generalized M-estimators, and are robust against contaminated error distributions.
In a simulation study the procedures afford a substantial level of robustness when the model inadequacies are
present, while being almost as efficient as more classical methods otherwise. Copyright © 2004 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Consider the following problem, of interest in environmetrics. There is a set 7 = {t;,...,ty} of
locations at which environmental monitoring stations may be placed. The agency responsible chooses,
from these, locations & = {t;,,...,t; }. At these locations they observe, with measurement error, a
stochastic process X(t) (air quality index, pollution level, etc.): Y (t) = X(t) + €(t). The purpose is to
predict X(t), possibly for t € 7 \ S. Suppose, however, that—as is typically the case in spatial
studies—the spatial correlation structure of {X(t)|t € 7 } is possibly misspecified and that (t), while
uncorrelated with X(t) and with e(t) for t # t', has a possibly misspecified variance structure. In the
face of these model uncertainties, one is to do (robust) estimation and prediction.

The above is an outline of the problem addressed in this article, the sole generalization being that no
restriction is made on the dimension of t € R?. Although the need for robustness is less clear, similar
scenarios are employed for the analysis of data from computer experiments—see Santner et al. (2003)
and Sacks et al. (1989).
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192 D. P. WIENS

We assume that:

e VAR [¢(t)] = f(t) for a variance function f2(-). Define Fyxy = diag(f(t;),...,f(ty)).
e X(t) = E[X(t)] + 6(t), where cov[(t), 6(t')] = g(t,t') for a covariance function g. Define Gy by
g = &(ti, ).
We aim to predict a set Cx of M linear functions of x = (X(t;),...,X(ty))". It is our intention to
obtain predictors which are robust against misspecified functions f and g, possibly misspecified as
f =/fo and g = go. For example, f could be erroneously specified as constant and g erroneously
specified as isotropic.
We will proceed as follows. Let y = (Y(t;,), ..., Y(t; ))". For a matrix Ay, defining a set Ay of

In

linear predictors, the mean squared prediction error matrix is
wseE (A:f, g) = E[(Ay - Cx)(Ay — Cx)'

We shall restrict to the class A of M x n matrices satisfying the unbiasedness constraint
E [Ay] = E [Cx] for all 0 (1)

Our loss function is the trace of the MSPE matrix, maximized over neighbourhoods of f and g, defined
by

F, = {f()| max | f(t) — fo(t) | < o, f(t) > 0}

teT

Gs = {g(w) 10<G <G +ﬂK}

In these definitions, F() and G') are the covariance matrices under foand go and G > 0 refers to the
ordering by non-negative definiteness. The matrix K is a fixed n.n.d. matrix; natural choices to be
investigated here are K = Iy and K = GO,

Thus the loss is

L(A) = max tr (uspE(A;f,2))

and we seek

A, g = in £(A
o = arg gnelgﬁ( )

The problem of minimizing £(A) leads to an easily interpreted and intuitively pleasing result: the
minimax linear predictor turns out to be the usual ‘universal kriging’ predictor, upon adding « to each
diagonal element of the variance matrix F of the measurement errors, and SK to the covariance matrix
G of {X(t) : t € T}. There is some precedent for this approach of seeking robust linear estimates after
maximizing over departures from the nominal model—Marcus and Sacks (1976), and Heckman
(1987) are examples. In these cited works, however, the optimal linear estimator was not a least
squares estimate.
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Example 1: If p = 1 and z(t) = 1, then X(t) has constant mean 6. Then if M = 1 and C = (1,...,1)
we are predicting Xrow = ) 7 X(t) by a linear function Xrow = a'y. The loss in this case is
L(a) = maxfwg;fE[(XTotal - XTotal)z]-

Example 2: Suppose that M = N — n and C is the incidence matrix for 7\S, i.e. C is the result of
omitting, from Ly, rows iy, ..., i,. Then we are predicting X(t) by a linear function X(t) = al'y for
each t¢ S. The matrix A has rows atT, and the loss is

pax 3 [0 —x©)]

If instead M = N and C = I, the loss is

max B[ (X(t) - x(0)’]

the total mean squared prediction error.

The minimax linear predictor is obtained in Section 2. Of course there are strict limits to the amount
of robustness which can be expected of any linear procedure, and so we discuss, in Section 3, a
‘robustified’ predictor, optimized for use with a generalized M-estimate (GM-estimate) of 6. Robust
estimation of the nuisance parameters is considered as well.

We also give the results of a simulation study in Section 3. A summary of our findings is that
considerable benefits are to be gained by robust estimation and prediction procedures, when the error
distribution is contaminated, for only a small premium in efficiency at the assumed model. In Section 4
we revisit a data set from the literature, in order to illustrate an application of our methods.

2. MINIMAX LINEAR PREDICTION

We first determine the loss £(A) for a fixed M x n matrix A. The observed data vector y may be
decomposed as y=Q(x+¢), where Q : nxN is the incidence matrix for S, x=
(X(t,),...,X(ty))" and & = (e(t;),...,e(ty))". For a generic N x N matrix M we write M, for
QM and M, for QMQ". Thus M refers only to the elements of M corresponding to sample values.
Define:

Z=(2(t)),...,z(ty))"
Z,=QZ :nxp
211 =F11+G11 nXn

In this notation the covariance matrix of y is Xy, assumed positive definite. With

Byy 2AQ - C

the unbiasedness condition (1) is equivalent to

BZ = 0.,

The form of the maximum loss £(A) follows immediately from the definitions of F,, and Gs.

Copyright © 2004 John Wiley & Sons, Ltd. Environmetrics 2005; 16: 191-203
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Theorem 1. Let A be a fixed M X n matrix defining a linear unbiased predictor Ay of Cx. For fixed
functions f and g, we have

tr(MsPE(A; f, g)) = tr(AF;A") + tr(BGB")
The maximum over f € F,, g € Gg of tr(MSPE(A;f,g)) is
L(A) = tw(A(F) + aI,)AT) + tr(B(G” + SK)B")

where the superscript ‘0’ denotes evaluation at fy and g.
Define:

Aa.ﬂ = 2(1?) +0¢I,1+6K1] tnXn
H;=GY + 5K : Nx N

Note that £(A) is the trace of the MSPE matrix of Ay, in predicting Cx, if F(l(p is replaced by

Fﬁ) + al,, G by Hj and hence Eﬁ) by A, 5. The minimax linear predictor, subject to (1), is then the
universal kriging predictor computed from A, 3 and Hg. It can be described in terms of

-1
Ros = (ZIALZ1) ZIALL o pxn

Theorem 2. The minimax unbiased linear predictor of CX is (&)LIN = A, gy, where A, =
CP,s5 : M x n for

P.s=7ZR,3+ HEJA;’}Q (I, —ZRop3) : Nxn (2)
Minimax loss is
£(Aus) = u{C[P.APT , — P H,, —HE PT +H|CT)

Remarks:

1. It can be shown that Theorems 1 and 2 continue to hold, with K = I, if G; is changed to
/ 0)\2 1/2
7, = {0l (w6 - 6) "< 5.6 20

and L£(A) to

the trace of the MSPE matrix, with each diagonal element maximized independently.
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2.Interms of Ry = (Z] =0z 20, the generalized least squares (GLS) estimate of 6 is
OcLs = Ropy. Then, with fitted values X = Zlgrs, ¥ = Z10g.s and residuals e =y —y, an
alternate expression for the predictor is

(&)LIN = C(Pwﬁe + f‘)

(Here we use the fact that R, sZ; = I,,, so that I, — Z;R,, 3 is orthogonal to y and P, sy = X.) This
highlights further possible sources of non-robustness of the predictor—outlying observations may
have an undue influence both through their effect on x (through 0) and through their effect on the
residual vector. In the next section we propose to address these points by replacing O s by a
generalized M-estimate O, and e by a corresponding vector of robust residuals. We do this first
for known values of F(*) and G%, and then propose a robust method of estimation for these quantities
as well.
Where possible we will now drop the subscripts § and «, (.

3. GENERALIZED M-ESTIMATION AND PREDICTION

3.1. FO and G completely specified

Let 0, be a scale functional for € such as (n’ltrF(l(;))l/ ? and put § = Zg(;) /o?. Then we have

v=U0+1py

where v = 8§72y, U = §7/?Z, and where n = S_I/ZQ(s + 0) has covariance matrix o2I,,. Here S'/2
is any matrix satisfying §!/281/2" — §. For the numerical work we use lower triangular square roots
obtained from the Choleski decomposition. Denote by {u!}"_; the rows of U.

For absolutely continuous, bounded, odd, weakly increasing functions v); and a continuous,
bounded, even function x, the GM-estimate (90M and corresponding scale estimate &, are defined
as members of any sequence satisfying:

zn: [x (Z—) - Tn} = op(n'’?) (4)

for 7, = v; — uiTéGM and a bounded sequence of constants {7,}. For consistency at the normal
distribution we take 7, = E¢[x(n/0,)]. Common choices of 1; are ¥;(r) = w(u;)1(r/s(vw;)) for
positive function w(-),s(-). With s(u) = 1 this describes a Mallows-type GM estimate (Hill, 1977).
Schweppe (Merrill and Schweppe, 1971) proposed s(u) = w(u). Corresponding to these proposals,
one-step estimates for linear models with independent errors were investigated by Simpson et al.
(1992), and Coakley and Hettmansperger (1993). For ordinary M-estimators (s(u) = w(u) = 1,
¥; = 1), Silvapullé (1992) proved asymptotic normality for fixed (by design) carriers in such
models; Wiens (1996) extended these result to GM-estimators, and to approximately linear models.
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See Field and Wiens (1994) for a study of one-step ordinary M-estimators of regression, under
dependence.

To robustify the predictor, we replace the GLSE by 0w, and the residuals e = S'/ 2y — U@GM) by
robustified residuals S'/?p, where p has elements &,1;(7};/6,). This results in the predictor

(Cx)p = C(PS"2p + %cm) (5)

where Xgym = Z0gMm.

3.2. Fo and Gy unknown

The preceding development has assumed a known covariance structure. In practice, one would
typically posit a parametric form for this structure, and substitute parameter estimates. Robust
methods for variogram estimation were studied by Cressie and Hawkins (1980) and by Genton (2001;
see also references to earlier work therein). Both employ judiciously chosen order statistics of the
differences |X(t) — X(t')|, or the second differences. (In particular, it is assumed in the references of
this paragraph that X(t) is observable, i.e. that o% = 0.) Non-parametric covariogram estimation is
studied by Genton and Gorsich (2002). Militino and Ugarte (1997) propose 1-step Schweppe-type
GM-estimation of regression, after applying a transformation, based on the residuals from an initial
least trimmed squares fit which ignores the dependence structure, to achieve an approximately
diagonal covariance matrix.

We propose here a method of GM-estimation of the regression parameters, and correspondingly a
robust method of prediction, appropriate when measurement errors are present. We suppose that the
experimenter assumes the measurement errors (t) to have common variance o7, and the covariance
function to be of the form

g(t.t) = a3pa(llt —t]])

for an isotropic correlation function p) depending on a, possibly multidimensional, parameter \. In the
notation of previous sections, and with @ = (p,(||t; — tk||));\fk:,, we have

Fo = o1y, Go = 05 ®

Under this model the data vector y has covariance matrix o7S, where S = ZE(P Jot =1, + (D@,
for ( = 03/07. Our rationale in what follows is that if the errors were Gaussian then the elements
of §71/2 (y — Z,0), being uncorrelated, would be independent and so standard asymptotics
would apply. We propose a series of iterations where, at each step, current parameter estimates are
used to transform to approximately uncorrelated data values, from which revised estimates are
computed.

Regression/scale step (‘R/S’): Given a trial value S= I, + f(ilu, putv = S*I/zy, U= S*I/zll and
obtain trial estimates 6 = gy and 61 = 6, as at (3) and (4), with 1;(r) = w(u;)v.(r), x(r) = V2(r),
Ye(r) = sign(r) - min(c, |r|) and

7 = Es[U2()] = 1 — 28(—c) — 2¢(6(c) — cB(—c))
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Specifically, we update the estimate by carrying out three iterations of reweighted least squares—see
Huber (1981, §7.8):

0 — (U'WU) 'U"Wv

1 v —ulf
~2 217 i 22
A s ()

where

vi—u'f
. wl< &l]l‘ )
W:dlag ’ﬁ’

Covariance step (‘C’): Putr =y — Z,0 and write r; = r(s;), where s; is the location at which r; is
obtained. Under the assumptions of homoscedasticity and isotropy the variogram is

27 (|Ih][) = var[r(s +h) — r(s)]

say. The correlogram is then

_ +(|[h])
pr(|[h]) =1 —W

In terms of p), we have

pa([h]}) = I—Z%(nmn

We replace r by the residual vector r =y — 7.0, use the differences 7; — 7i(i # j) to compute robust

estimates ,(dx) for selected distances dj, ..., dx, and then estimate A by
A K 2
A = arg min w di) — pd
gmi ; klox(di) — p(di)]
where:
1+¢ 1
pldi) = | === pr(d)
¢ 0
~ ’?r(dk)
dy) =1 —
pride) MAD(r)?

we = 0.5 +0.51(p(dy) > 0)
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Here H(l) denotes truncation at 0 and 1 and MAD(r) is the median absolute deviation of the residuals
around their median, normalized through division by ®~!(0.75) = 0.6745. From A we compute

® = (p;(lIt; — )

To update ¢ we exploit the relationship S — T = (®; to carry out a one parameter least squares fit of
the elements of $ — I on those of (I)“, under the constraint that the slope C be non-negative.

Finally, Sis updated to I, + C(I)“ and 02 to 07y C , whence we return to R/S.

To estimate the variogram, we use a modiﬁcation of a proposal due to Cressie and Hawkins
(1980). Write r; = r(s;), where s; is the location at which r; is obtained. Divide the range of
{llsi = sjll|1 <i<j<n} intoK intervals I, of cardinality L = n(n — 1) /2K each and with medians
dy,...,dg. Compute

29(dy) = [median{|r(s;) — r(s))| : [|si — ;|| € I} /@~ 075)]

Computational details: It seems generally sufficient to iterate between R/S and C about four times.
We have used ¢ = 1.5. In our simulations the only non-constant regressors are the locations t, so that
influential carriers are not an issue. Thus we took constant weights w(u;) = 1 in R/S. We chose

= [n/2], so that K = n — I (n is even).

Robust prediction: The robust predictor can now be computed by substituting estimates into (2) and
then (5):

{ACAW'MN’ K=1I
(1+B)63®, K =Gy

Ao #S+(@+PL, K=I
&%S + ol, + ﬁé’%q)”,K =Gy

— LA 1/2 . N
(Cx)gy = C(BS'*p + ZBoy)

3.3. Simulation study

A simulation study was carried out to test these methods. The main conclusions remained
approximately constant across a range of inputs, and are reported in detail here for two situations.
In each, we considered an N = 10 x 20 grid of equally spaced locations. We simulated 100
populations of size N, and from each randomly chose a sample of size n = 20. Various combinations
of estimation and prediction methods were applied to each sample.

The distribution of the measurement error € was either N(O,J% =1) (‘clean data’) or (‘con-
taminated data’), this distribution was mixed with 10% N(0, 0% = 25) variables per sample. In
the case of contaminated data we also introduced heteroscedasticity, by replacing each € by Ue, with U
being a randomly generated Uniform (1,2) variable. The marginal distribution of 6(t) was
N(0,03 = 1). Thus ¢ = 1. The regression response was E[X(t)] = zT(t)0, with 0 = (10, 10, 10).

In the first situation the true correlations were of an exponential form, with py(d) = e ¢ for
d(t) = ||t|| and A = 30.58 chosen for a nearest neighbour correlation of 0.2. In the ‘clean data’
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simulations it was assumed that the experimenter would fit the true correlation model. In the case of
contaminated data we assumed that the correlation model would be misspecified, and that the
experimenter would fit Gaussian correlations py(d) = e 4",

In the second situation the true correlations were anisotropic, with py(d) = e for d(t) = ||A'/?t]|
with A = diag(1, 2). We took A\ = 4.24, for a nearest neighbour correlation of 0.8. We assumed that
the experimenter would fit an (isotropic) exponential correlation model.

In both cases we took K =1, o = &f, 6= &%. With contaminated errors or covariances the ‘best’
parameters (o7, 03, A) are no longer those used in the simulations. Thus we base our comparisons on
the accuracy in the estimation of § and on the accuracy of the predictions of X(t). The former is gauged
by the percent relative norm of the bias of 0:

16 0]

%RNB = 100~ ——
6]l

The latter is gauged by the percent average relative prediction error:

%ARPE = 100 averer ("%D

with X (t) computed as at (5) with C = Iy and by the relative total prediction error,

S IR - x()
FRTPE = 100 = = ol

The results from the simulations are presented graphically in Figures 1 and 2. In Figure 1 we give
the %RNB for the classical and robust estimation methods. To assess the sampling variability we
carried out paired sample r-tests of (equality versus) the hypothesis that the %RNB resulting from the
GM estimates was significantly less than that resulting from the GLS estimates. The p-values are given
at the ends of the bars. As one would hope, with respect to this measure the robust estimation method

] ]

0.94 1§

F

0 5 10 15 20 25 0 5 10 15 20 25
(@) (b)
Figure 1. %RNB and accompanying p-values for the GLS estimator (light shading) and for the GM estimate (darkshading).

Plot (a) 1: clean data, situation 1; 2: contaminated data, situation 1. Plot (b) 1: clean data, situation 2; 2: contaminated data,
situation 2

0.8
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5 0 5 o 5 0 5 0
4 0.91) 4 0 4 0.96 4 0
3 0.98) 3 0 3 1 3 0
2 0 2 0 2 0 2 0
1 o 1 0 1 0 1 0

0 5 0 5 10 0 5 0 5
(a) (b) (c) (d)
5 1 5 0 5 1 5 0
4 1 4 0 4 1 4 o
3 1 3 0 3 1 3 0
2 0.98 2 0 2 1 2 ]
1 0.92 1 0 1 0.97 1 0
0 5 0 5 0 5 0 5
(e) (f (@) (h)

Figure 2. Measures of predictive accuracy: (a)—(d), situation 1; (e)—(h), situation 2. (a), (€): %ARPE, clean data; (b), (f):

%ARPE, contaminated data; (c), (g): %RTPE, clean data; (d), (h): %RTPE, contaminated data. Contrast 1 compares the minimax

predictions (darker shading) with the classical kriging predictions (lighter shading) when GM estimation was used. Contrast 2

compares instead the methods when the GLS estimate was used. Contrast 3 compares the effects of GM estimation (darker

shading) and GLS estimation (lighter shading) on the minimax predictor; Contrast 4 instead assumes the use of kriging. Contrast
5 compares GM estimation + minimax prediction (darker shading) with GLS estimation + kriging

performs almost as well as least squares on clean data, and significantly better—both statistically and
practically-when the data are perturbed.

In Figure 2 we give the %ARPE and %RTPE for five contrasting methods. As in Figure 1, the p-
values measure the effectiveness of the new methods. Again the general message is clear—on clean data
there is at most a small premium to be paid for the use of the robust methods, with significant
protection obtained on contaminated data.

4. EXAMPLE

We have restudied the ‘coal-ash’ data given by Gomez and Hazen (1970) and described in Cressie
(1993). There are 208 coal-ash core measurements obtained from the Pittsburgh coal seam, at sites
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Figure 3. Designs and predictions for coal-ash study. Top row: design contains location (5, 6) of outlier. Bottom row: Location
(5, 6) replaced by (3, 6). Predictions from various methods are plotted against each other

throughout a grid, as displayed in Figure 3. The object of our study is to obtain efficient and robust
estimates of the effects in the east—west and north—south directions, corresponding to positive and
negative values of #; and 1,, respectively. We considered two sampling designs, of sizes n = 25 each
and shown in the first column of plots in Figure 3. The first contains the location (5, 6) of an apparent
outlier (Cressie, 1993). The second replaces this location by (5, 4). An isotropic correlation model with
pa(d) = (1 + \d)~* was decided upon. Using both GM and GLS estimates we obtained the values
shown in Table 1. The corresponding standard errors of 6y, 8, 6>, determined from the approximate
covariance matrix

A ‘7% E{w (”il)} (UTU)—I (6)

approx.cov|0| = — 5
T )

are also given in Table 1. We call this an approximate covariance matrix since it is asymptotically
correct only for independent v,—see Section 3.1. In fact the v; are at most only approximately
uncorrelated, and hence approximately independent if Gaussian. The expectations in (6) were
estimated by the corresponding sample averages (using ‘n — p’ as the divisor for the expectation in
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Table 1. Parameter estimates (standard errors in parentheses) for coal-ash study

Design o 0, 0, o 63 A
GM-estimates

1 11.58 (0.29) —0.24 (0.02) 0.01 (0.02) 1.49 0.79 0.02

2 11.33 (0.19) —0.20 (0.02) —0.01 (0.01) 1.34 0.26 0.00
GLS estimates

1 12.66 (0.39) —0.21 (0.03) —0.06 (0.02) 1.64 2.76 0.15

2 11.21 (0.21) —0.17 (0.02) —0.00 (0.01) 1.49 0.32 0.00

Table 2. Predictive measures for coal-ash study

Design Xso 2ot (X(t) - Y(t))

2

Minimax Kriging Minimax Kriging

GM-estimates

10.85 10.63 275 311
2 10.22 10.25 262 266

GLS estimates

14.91 14.22 324 489
10.24 10.28 254 260

[N

the numerator). Bootstrapping, as studied recently for dependent data by Lahiri (2003), is a possibility
which we have not yet explored.

The effect of the outlier on the GLS estimates was considerable; that on the GM-estimates was
much less so.

We then obtained predictions, using various methods. They are plotted against each other in
Figure 3. Some measures of the effect of the outlier (Yso = 17.61) are given in Table 2; again this
effect is seen to be much more severe on the least-squares-based predictions.

Robust design strategies are studied and applied to these data in Wiens (2004).

5. SUMMARY

In this article we have derived robust methods for the estimation and prediction of spatial processes.
Our framework assumes that the stochastic process of interest is itself subject to measurement error,
and has a mean structure relying on a set of regressors. The measurement error variances and the
correlations between observations made at differing locations are typically only partially known, and
may be incorrectly specified by the experimenter. We have exhibited a minimax linear predictor, in
which mean squared error loss is first maximized over neighbourhoods quantifying the various sources
of model uncertainty, and then minimized over the coefficients of the predictor subject to a constraint
of unbiasedness. Robustifications of these methods have also been introduced. These are based on
Generalized M-estimators, and are robust against contaminated error distributions.
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A simulation study has shown that the procedures perform much as hoped, affording a substantial
level of robustness when these model inadequacies are present, while being almost as efficient as more
classical methods otherwise.
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