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Abstract We investigate methods for the design of sam-
ple surveys, and address the traditional resistance of survey
samplers to the use of model-based methods by incorporat-
ing model robustness at the design stage. The designs are
intended to be sufficiently flexible and robust that resulting
estimates, based on the designer’s best guess at an appropri-
ate model, remain reasonably accurate in a neighbourhood
of this central model. Thus, consider a finite population of
N units in which a survey variable Y is related to a q dimen-
sional auxiliary variable x. We assume that the values of x
are known for all N population units, and that we will select
a sample of n ≤ N population units and then observe the n

corresponding values of Y . The objective is to predict the
population total T = ∑N

i=1 Yi . The design problem which
we consider is to specify a selection rule, using only the val-
ues of the auxiliary variable, to select the n units for the sam-
ple so that the predictor has optimal robustness properties.
We suppose that T will be predicted by methods based on a
linear relationship between Y—possibly transformed—and
given functions of x. We maximise the mean squared error
of the prediction of T over realistic neighbourhoods of the
fitted linear relationship, and of the assumed variance and
correlation structures. This maximised mean squared error
is then minimised over the class of possible samples, yield-
ing an optimally robust (‘minimax’) design. To carry out the
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minimisation step we introduce a genetic algorithm and dis-
cuss its tuning for maximal efficiency.
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1 Introduction

Consider a finite population of N units in which a sur-
vey variable Y has population values Y1, . . . , YN and a
q-dimensional auxiliary variable x has population values
x1, . . . ,xN . We assume that the values of x are known for all
N population units, and that we select a sample s of n ≤ N

population units and then observe the values of Y for the
n units in the sample s. Suppose that there is complete re-
sponse, so that once the sample has been selected and the
in-sample units observed, the values of Yi , i ∈ s are known.
The estimation/prediction problem is to use Yi , i ∈ s and xi ,
i = 1, . . . ,N to estimate or predict the unknown finite popu-
lation total T = ∑N

i=1 Yi ; the design problem is to specify a
rule using xi , i = 1, . . . ,N to select the n units for the sam-
ple so that the estimator or predictor has optimal properties.

The estimation/prediction problem and the design prob-
lem are closely linked in that how we approach one affects
how we approach the other: The choice of estimator or pre-
dictor can lead to particular designs and the choice of a de-
sign may restrict the choice of estimator or predictor. This
is the case in both the design-based and the model-based
approaches to sample surveys. To illustrate the issues, we
consider a familiar, simple case in some detail. Suppose that
the auxiliary variable x is scalar (q = 1), x and Y are non-
negative, there is an approximately proportional relationship
between Y and x, and that we have complete response in the
sample. In this situation, the ratio estimator T̂ = Nx̄Ȳs/x̄s ,
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where x̄ is the population mean of x and x̄s and Ȳs are the
sample means of x and Y respectively, is a popular estima-
tor of T . We can view the ratio estimator from either the
design-based or the model-based perspective.

1. The design-based approach to the design problem con-
structs a proper probability distribution over a space of
possible samples. A particular sample is selected by mak-
ing a random draw from this distribution, and estimators
are evaluated and interpreted with respect to the distribu-
tion. This leads to familiar probability designs like simple
random sampling, stratified random sampling, probabil-
ity proportional to size sampling, etc. and the use of the
familiar design-based estimators associated with these
designs. In particular, if we use simple random sampling
without replacement, then we can use the ratio estima-
tor to estimate T . It is a design-biased estimator with
design-based mean squared error (1−n/N)(N2/n)(N −
1)−1 ∑N

i=1{Yi − (Ȳs/x̄s)xi}2.
2. Provided sample selection is conditionally independent

of the values of Y given the values of x (which is the
case for most of the familiar probability designs), the ra-
tio estimator is the model-based minimum mean squared
error predictor of T under the ratio model

Yi = xiθ + σεx
1/2
i εi , i = 1, . . . ,N, (1)

where θ and σε > 0 are scalar, unknown parameters and
{ε1, . . . , εN } are independent and identically distributed
random variables with mean zero and variance one. Un-
der this model, the ratio estimator has model-based pre-
diction mean squared error (1−n/N)(N2/n)(x̄r x̄/x̄s)σ

2
ε ,

where x̄r is the mean of the nonsample xs. The optimal
design is the purposive design which selects the n units
with the largest xi .

The model-based design is optimal when the ratio model
holds but it does depend strongly on the ratio model hold-
ing. For example, it is no longer optimal if the linear re-
sponse function does not go through the origin and in fact
does not even allow us to check this assumption because it
provides no data from units with small xi . It also depends on
the form of the variance function (VAR[Y |x] = σ 2

ε x) and the
assumption of independence, both of which can be difficult
to verify from data, even when the data are collected over a
wider range of xi values. Thus, the exact model-based ap-
proach depends strongly on the assumed model and is not
useful for exploring the assumptions of the model, the fit of
other possible models, model-based nonparametric methods
etc. For such reasons, many survey samplers have tradition-
ally resisted the use of model-based designs. A pragmatic
alternative is to use probability sampling to select the sam-
ple even if we then use a model-based predictor to analyse
the sample.

There are potential efficiency gains (depending on the
specific sample selected) from using a model-based esti-
mator over using a design-based estimator, but the fact that
the design has no optimality properties suggests that further
gains might be achieved by developing a more sophisticated
approach to design. For example, it is much more realistic to
assume that the ratio model (1) is a good approximation (i.e.
a working model) without necessarily being exactly correct,
incorporate uncertainties about the working model and then
construct robust sampling designs which give good results
both for the working model and for models which are close
to the working model. This idea of incorporating uncertainty
about the model into the design and analysis is fundamental
to robustness, and in this article we exploit these notions in
order to develop robust designs.

We develop robust, model-based designs for a general
class of models (and associated predictors) which include
the ratio model (and the ratio estimator) as a special case.
The problem can be put into the context of robust extrap-
olation or prediction from linear models, a general problem
studied by Fang and Wiens (2000) and Wiens and Xu (2008)
who constructed designs to minimise the (maximised) mean
square prediction error. We extend their work by incorporat-
ing special features of the sample survey problem, including
the possible need to transform the survey variable and the
use of smearing (Duan 1983) to reduce transformation bias
in the predictor (thus continuing Welsh and Zhou 2006 and
Ma and Welsh 2010).

In Sect. 2 we introduce a general working model, as-
sumed to represent the designer’s best guess, and define ex-
plicitly what we mean by the neighbourhood of this model.
We define the optimal design by minimising a maximum
loss over the neighbourhood of the working model. We ob-
tain an explicit expression for the maximum loss in Sect. 3,
and then discuss a genetic algorithm developed to minimise
the maximum loss in Sect. 4. We apply the methodology
to find the optimal design for the Sugar Farm Population
(Chambers and Dunstan 1986). The proofs of the main re-
sults are presented in an Appendix.

2 A working regression model and its neighbourhood

The minimum mean squared error predictor of T which min-
imises the prediction mean squared error N−1 E(T̂ − T )2 is

∑

i∈s

Yi +
∑

i �∈s

E(Yi |Yj , j ∈ s,x1, . . . ,xN),

and so the empirical best predictor T̂ of T is

T̂ =
∑

i∈s

Yi +
∑

i �∈s

Ŷi , (2)
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where Ŷi is an estimator of E(Yi |Yj , j ∈ s,x1, . . . ,xN),
i �∈ s (see for example Chap. 2 of Valliant et al. 2000).
To complete the construction of T̂ , we adopt a working
model for the population, use this working model to com-
pute E(Yi |Yj , j ∈ s,x1, . . . ,xN), i /∈ s and then develop an
estimator Ŷi of this expected value to substitute into (2). For
our working model, we assume that there is a known, nonlin-
ear, monotonic transformation γ such that the transformed
survey variable γ −1(Yi) follows a linear regression model
with

γ −1(Yi) = zT (xi )θ + σεg0(xi )
1/2εi, (3)

where z(xi ) is a p-dimensional vector of regressors, θ is
an unknown p-dimensional regression parameter, σε is an
unknown non-negative scale parameter, g0 : Rq → R+ is a
known, positive variance function and {ε1, . . . , εN } are in-
dependent and identically distributed random variables with
mean zero and variance one. This working model (3) is the
linear version of a parametric model discussed in Ma and
Welsh (2010). Under (3) the pairs (Yi,xi ) are independent,
so that

E(Yi |Yj , j ∈ s,x1, . . . ,xN)

= E(Yi |xi ) = Eγ
{
zT (xi )θ + σεg0(xi )

1/2εi

}
. (4)

Let θ̂ be the weighted least squares estimator of the regres-
sion parameter θ :

θ̂ =
[∑

j∈s

z(xj )zT (xj )/g0(xj )

]−1 ∑

j∈s

z(xj )γ
−1(Yj )/g0(xj ).

(5)

On the transformed scale, let zT (xi )θ̂ denote the fitted value
and

rj = γ −1(Yj ) − zT (xj )θ̂ , (6)

the residual for the j th observation. Then, following Welsh
and Zhou (2006) and Ma and Welsh (2010), we can use
Duan’s (1983) smearing method to estimate (4) by

Ŷi = n−1
∑

j∈s

γ
{
zT (xi )θ̂ + g

1/2
0 (xi )rj /g

1/2
0 (xj )

}
. (7)

Substituting (7) into (2), we obtain

T̂ =
∑

i∈s

Yi +
∑

i �∈s

n−1
∑

j∈s

γ
{
zT (xi )θ̂ +g

1/2
0 (xi )rj /g

1/2
0 (xj )

}
.

(8)

Note that if the working model includes an intercept then
∑

j∈s{rj /g1/2
0 (xj )} = 0 so, in this case, if γ is the identity

transformation, (7) reduces to Ŷi = zT (xi )θ̂ and (8) is the
usual regression predictor. Thus, our results also apply to
this familiar case.

The usual analysis of the predictor (8) is carried out under
the assumption that the working model (3) holds exactly. In
this case, the asymptotic prediction mean squared error can
be derived from the expansion (iii) in the Theorem of Ma
and Welsh (2010). Under the conditions of Ma and Welsh
(2010), the leading term in the prediction mean squared error
under the working model is

n−2N−1
∑

i∈s

wT
Nz(xi )z(xi )

T wN

+ 2n−2N−1
∑

i∈s

wT
Nz(xi )

∑

j /∈s

E
{
εia(xj , εi)

}

+ n−2N−1
∑

i∈s

∑

j /∈s

∑

k /∈s

E
[{

a(xj , εi) − α(xj )
}

× {
a(xk, εi) − α(xk)

}]
, (9)

where

wN = σε

[

n−1
∑

i∈s

z(xi )zT (xi )/g0(xi )

]−1

×
∑

j /∈s

(xj − x̄s)Eγ ′{zT (xj )θ + g
1/2
0 (xj )ε

}
,

for

a(xj , εi) = γ
{
zT (xj )θ + g

1/2
0 (xj )εi

}
,

α(xj ) = Eγ
{
zT (xj )θ + g

1/2
0 (xj )ε

}
.

The optimal model-based design under the working model
(3) is the purposive design that minimises the prediction
mean squared error under (3). As noted above, this de-
sign depends strongly on the working model. However, this
model is best viewed as an approximate description of the
population. In particular, the assumed transformation γ , the
linearity in the mean, the shape of the variance function g0

and the assumption of independence may not be exactly cor-
rect. Our goal is to incorporate these potential inadequacies
in the working model into our choice of design to produce a
robust design which is efficient for the working model and
for models in the neighbourhood of the working model.

We define the neighbourhood of the working model by
expanding this model to incorporate explicit departures from
it, and then bounding the magnitude of these departures. We
adopt a general model similar to that in Wiens and Zhou
(2008) which allows for deviations from linearity of the
mean, the assumed heteroscedasticity and independence of
the observations. Specifically, we consider the class of mod-
els of the form

γ −1(Yi) = z(xi )
T θ + f (xi ) + σεg

1/2(xi )εi + η(xi ), (10)
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where f : Rq → R is a function representing departures
from the linear mean function, g : Rq → R+ is a known,
positive function representing departures from the vari-
ance function when g �= g0, and η(x) is a random process
with mean zero and covariance function COV{η(x), η(x′)} =
h(x,x′) representing departures from independence. The
model (10) implies that

Eε,η

{
γ −1(Yi)

} = zT (xi )θ + f (xi ),

VARε,η

{
γ −1(Yi)

} = σ 2
ε g(xi ) + h(xi ,xi ),

COVε,η

{
γ −1(Yi), γ

−1(Yi′)
} = h(xi ,xi′).

The working model (3) is recovered when f = 0, g = g0

and h = 0 (which implies that η = 0). We can also consider
departures from the assumed transformation γ but it turns
out that we obtain robustness to the transformation without
having to specify the possible departures explicitly.

It is useful to express some aspects of the expanded
model in matrix notation as this simplifies the form of some
key expressions. Let

ZN =
⎛

⎜
⎝

zT (x1)
...

zT (xN)

⎞

⎟
⎠ , fN =

⎛

⎜
⎝

f (x1)
...

f (xN)

⎞

⎟
⎠ ,

εN =
⎛

⎜
⎝

ε1
...

εN

⎞

⎟
⎠ , ηN =

⎛

⎜
⎝

η(x1)
...

η(xN)

⎞

⎟
⎠ ,

let Zn and ZN−n denote n × p and (N − n) × p submatri-
ces of ZN corresponding to the n in-sample units and the
N − n nonsample units and let fn,εn,ηn be the n-element
subvectors, of the corresponding N -vectors, arising from the
in-sample units. Also define diagonal matrices

G0,N = diag
{
g0(x1), . . . , g0(xN)

}
,

GN = diag
{
g(x1), . . . , g(xN)

}
.

and let G0,n and G0,N−n denote n×n and (N −n)×(N −n)

diagonal submatrices of G0,N corresponding, respectively,
to the n in-sample units and the N − n nonsample units.
Finally, let HN be the N × N matrix with (k, l)th element
h(xk,xl). Then the first two moments of the N -vector

δ
def= (

γ −1(Y1), . . . , γ
−1(YN)

)T

are

E(δ) = ZNθ + fN,

COV(δ) = σ 2
ε GN + HN.

One issue with the expanded model (10) is that its very
general form, with the inclusion of the arbitrary function f

in the mean of γ −1(Yi), can make θ unidentifiable. Specif-
ically, we can add zT (x)φ to zT (xi )θ and subtract the same
term from f (x) without changing the mean, so that θ is
unidentifiable. We address this difficulty by defining the vec-
tor of regression parameters θ by

θ = arg min
φ

N∑

i=1

[
Eε,η

{
γ −1(Yi)

} − zT (xi )φ
]2

.

If the matrix
∑N

i=1 z(xi )zT (xi ) is invertible (as we will as-
sume below), this definition is equivalent to imposing the
orthogonality condition

ZT
N fN =

N∑

i=1

z(xi )f (xi ) = 0. (11)

To complete the description of the neighbourhood of the
working model (3), we need to impose bounds on the magni-
tude of the departures from the working model represented
by the functions f , g and h. We order matrices by positive
semidefiniteness, i.e. A ≤ B iff B − A is positive semidefi-
nite, and for finite, positive constants τ 2

f , τ 2
g , τ 2

h , we impose
the bounds

F = {
f : Rq → R : ZT

N fN = 0 and fTN fN ≤ τ 2
f

}
, (12a)

G = {
g : Rq → R+ : 0 ≤ GNG−1

0,N ≤ (
1 + τ 2

g

)
IN

}
, (12b)

H = {
H |H positive semi-definite and

‖H‖ ≤ τ 2
h/N

}
. (12c)

The purpose of (12a)–(12c) is not to capture any partic-
ular alternate model, but rather to encapsulate the notion of
‘small’ departures from (3) in the direction of (10). In (12c)
‖ ·‖ is any induced matrix norm such as the maximum abso-
lute row (column) sum or the spectral radius. The neighbour-
hood of the working model (3) is defined by the model (10)
and the sets specified in (12a)–(12c). Bounds as in (12a)–
(12c) are necessary for a proper asymptotic treatment, and
are analogous to the requirement of contiguity in the asymp-
totic theory of hypothesis testing. Without (something like)
these bounds the departures from the working model swamp
the contribution of the fitted component to the mean squared
prediction error, asymptotically.

The bounds (12a)–(12c) are quite natural but that in (12c)
looks as if it may be difficult to work with. That this is not
the case is a consequence of the following useful lemma
which is proved in the Appendix.

Lemma 1 Suppose that L(H ) is a function of positive semi-
definite matrices H which is monotonic with respect to the
ordering by positive semi-definiteness, in that

H 1 ≥ H 2 ⇒ L(H 1) ≥ L(H 2).
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For any induced matrix norm ‖ ·‖, define a class of positive
semi-definite matrices

H = {
H |H positive semi-definite and ‖H‖ ≤ τ 2},

and define the class

H′ = {
H |H positive semi-definite and 0 ≤ H ≤ τ 2IN

}
.

Then in all such classes

max
H

L(H ) = max
H′ L(H ) = L

(
τ 2IN

)
. (13)

This result shows that L(H ) is maximised over both H
and H′ by τ 2IN . A statistical interpretation of Lemma 1 is
that τ 2IN is the least favourable choice of H in both H and
H′ so the least favourable distribution for modelling depen-
dence is actually the distribution under independence.

Recall that we want to find optimal designs which min-
imise a specified loss function LN(f,g,h) over the neigh-
bourhood of the working model defined by (10) and (12a)–
(12c). We adopt a minimax approach in which we choose
the design to minimise the maximum over the neighbour-
hood of the working model of the loss function. That is, we
choose the design to minimise

RN = max
f ∈F ,g∈G,h∈H

LN(f,g,h). (14)

It is natural, since the performance of the predictor is be-
ing measured by its prediction mean squared error (pmse),
to consider a (possibly scaled) version of the pmse and to
let LN(f,g,h) be the leading terms in an expansion of this
error. This is an even more complicated expression than (9)
which was obtained under the assumption that the working
model holds exactly, and we would need to treat the prob-
lem of finding the optimal design as a completely numerical
problem. This is fine in principle but, in practice, the nu-
merical optimization will be very slow when N and n are
even moderately large, so it is of limited practical use. It is
numerically much more efficient to use analytic approxima-
tions to speed up key aspects of the computation and only
use numerical methods for parts of the computation. As we
will see in Sect. 4, there are substantial benefits to being able
to compute RN quickly so, in order to obtain a practically
useful approach, it is reasonable to take this into account in
the choice of LN(f,g,h). To this end, we begin with the
(scaled) prediction mean squared error

E(T − T̂ )2

N{τ 2
f + σ 2

ε (1 + τ 2
g ) + τ 2

h } , (15)

and derive an upper bound which we then use as the loss
function LN(f,g,h). In particular, we will show in Sect. 3
that

LN(f,g,h)

= (nN)−1 ∑
i �∈s g0(xi )

∑
j∈s E{g−1/2

0 (xi )ri − g
−1/2
0 (xj )rj }2

τ 2
f + σ 2

ε (1 + τ 2
g ) + τ 2

h

(16)

is an upper bound to (15) which produces a practically useful
loss function. We argue that, as well as being tractable, LN

is a plausible quantity to want to minimise—it is similar to
a weighted expected sum of squares of prediction errors, the
minimisation of which incorporates a reward if the sample
resembles the population.

We will show that we can maximise LN(f,g,h) analyti-
cally over the neighbourhoods (12a)–(12c) so that we obtain
an explicit expression for RN . This analytic work enables
us to run fast numerical algorithms to minimise RN over
the set of possible designs and produce an optimal robust
design.

3 The maximum loss

We suppose that the possible values of x form a set T =
{x1, . . . ,xN }; the set of n values corresponding to the units
actually chosen for the study is denoted by S ⊂ T . It is con-
venient for expository purposes to assume that the points in
T have been relabelled so that

S = {x1, . . . ,xn}.
We require the following assumptions:

(C1) The sampling fraction n/N → λ ∈ (0,1) as
n,N → ∞.

(C2) The values x1, . . . ,xN remain in a compact subset
of Rq , the covariates z(x) are continuous functions
of x, and for sufficiently large n and N , the eigen-
values of AN = N−1 ∑N

i=1 z(xi )zT (xi ) and An =
n−1 ∑n

j=1 z(xj )zT (xj ) remain in a compact subset of
the positive real line.

(C3) The terms g0(x) are bounded away from zero and
above: there exist lg, ug with 0 < lg ≤ g0(x) ≤ ug for
x ∈ T .

(C4) The derivative γ ′ exists, is continuous, monotone and
E{γ ′(γ −1(Yi) + K‖δ‖)}2 is finite for K a positive
constant.

Remark Under (C3), (C2) implies that the eigenvalues of

Bn
def= n−1 ∑n

j=1 z(xj )zT (xj )/g0(xj ) and Cn
def=

n−1 ∑n
j=1 z(xj )zT (xj )/g

2
0(xj ) also remain in a compact

subset of the positive reals.

We first establish a lemma that shows that the bounds
(12a)–(12c) are of the ‘right’ order.
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Lemma 2 Under assumptions (C1)–(C4), as n,N → ∞ we
have that

E
{∥
∥n1/2(θ̂ − θ)

∥
∥2} = O(1).

This lemma and condition (C1) imply that E{‖θ̂ − θ‖2}
is both O(N−1) and O(n−1).

Next, we show that the loss function LN(f,g,h) is an
upper bound to the normalised prediction mean squared er-
ror.

Theorem 1 The loss LN(f,g,h) given by (16) is an upper
bound for the normalised prediction mean squared error of
T̂ at (15), and is O(1) as n,N → ∞.

Remark We shall seek to minimise RN , as at (14), with LN

given by (16). As is brought out in the proof of Theorem 1,
the minimisation of RN can be viewed as minimising a
bound on the prediction mean squared error of T̂ after max-
imising over transformations satisfying (C4)—this further
maximisation merely introduces a design-independent con-
stant into RN —thus imparting additional robustness against
misspecified transformations.

Define the (N − n) × n matrix

K = ZN−n

(
ZT

n G−1
0,nZn

)−1ZT
n G−1/2

0,n , (17)

and note that ZN−n = KG−1/2
0,n Zn, so the rows of ZN−n are

linear combinations of those of Zn. Also, define an n × n

projection matrix

P = G−1/2
0,n Zn

(
ZT

n G−1
0,nZn

)−1ZT
n G−1/2

0,n . (18)

The following result gives an explicit expression for the
maximum loss and shows that it depends entirely on the
N × N matrix M = VT UV, where U and V are N × N ma-
trices defined by

U = N−1

(
n−1 tr(G0,N−n)In −n−11n1T

N−nG1/2
0,N−n

−n−1G1/2
0,N−n1N−n1T

n IN−n

)

,

V =
(

(In − Pn)G
−1/2
0,n 0n0T

N−n

−ZN−n(ZT
n G−1

0,nZn)
−1ZT

n G−1
0,n IN−n

)

.

Theorem 2 Let chmax(·) denote the maximum characteris-
tic root. Then, with

r = τ 2
f

τ 2
f + σ 2

ε (1 + τ 2
g ) + τ 2

h

and

s = σ 2
ε (1 + τ 2

g )

τ 2
f + σ 2

ε (1 + τ 2
g ) + τ 2

h

,

the normalised maximum loss (14) is

RN = r chmax(M) + s tr(G0,N M) + (1 − r − s) tr(M).

To apply Theorem 2, we do not need to specify values of
τ 2
f , τ 2

g , τ 2
h or σ 2

ε —we merely interpret r and s as the rela-
tive importance, to the survey designer, of errors due to mis-
specification of the mean and of the variances in the working
model.

4 Minimising the maximum loss

We have implemented and explored computing the optimal
robust design by minimising the maximum loss RN using
both simulated annealing and a genetic algorithm, both im-
plemented in MATLAB and R. (The code is available from
us.) The genetic algorithm is easy to program and very fast
so we recommend it over simulated annealing. For back-
ground material see Mandal et al. (2007). Intuitively, the al-
gorithm works well because we carry a small set of the cur-
rent best designs (described as ‘elite’ designs) rather than
just one and randomly explore other designs in a neighbour-
hood of the elite designs. Explicitly, the genetic algorithm
we have used is as follows.

1. Start by randomly generating the first ‘generation’ of
K = 40 designs.

2. For the current generation of designs, compute the loss
RN,k for each design, k = 1, . . . ,K , and the correspond-
ing ‘fitness levels’

fitnessk = 1

(RN,k − .999RN,min)2
, k = 1, . . . ,K,

where RN,min is the minimum value of the loss in the
current generation. Scale the fitness levels {fitnessk}Kk=1
to form a probability distribution

ψk = fitnessk
∑K

j=1 fitnessj

, k = 1, . . . ,K.

3. Form a new generation of K designs to replace the cur-
rent generation in the following way.
(a) Include the fittest Nelite = K · Pelite of the cur-

rent generation; they are the elite group which sur-
vives through to the next generation. The remaining
K − Nelite members are formed by ‘crossover’ and
‘mutation’. (We used Pelite = .05, so that Nelite = 2
and K − Nelite = 38.)

(b) Crossover proceeds as follows:

• Choose two members of the current generation
to be parents with probability proportional to
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their fitness level: If ζ1, ζ2 ∼ independent Uni-
form(0,1), then choose to be parents the current
generation members i∗1 and i∗2 , where

i∗1 = min

⎧
⎨

⎩
i :

i∑

j=1

ψj ≥ ζ1

⎫
⎬

⎭

and

i∗2 = min

⎧
⎨

⎩
i :

i∑

j=1

ψj ≥ ζ2

⎫
⎬

⎭
.

(The same ‘parent’ can be chosen twice without
posing difficulties for the algorithm.)

• With probability 1 −Pcrossover , the child is identi-
cal to the fittest parent. (We used 1 − Pcrossover =
0.1.)

• With probability Pcrossover , the parents both con-
tribute towards the child, in the following manner.
Each member of the current generation can be rep-
resented by a vector of N − n zeros and n ones,
with a one indicating that the corresponding unit
is included in the sample. The two vectors arising
from the parents are summed, resulting in a vector
with elements in {0,1,2}. The sum vector is ad-
justed to have exactly n non-zero elements by ran-
domly (uniformly) choosing an appropriate num-
ber of the ones and replacing them by zeros. Any
twos are changed to ones (which means that any
points common to both parents are retained). The
child formed in this way is added to the new gen-
eration.

(c) Mutation is applied independently n times to each
child—regardless of how the child is formed—as fol-
lows. For each mutation, randomly choose a one and
a zero. Then, with probability Pmutation, swop the
zero and the one and with probability 1 − Pmutation

do nothing. (We used Pmutation = 0.05.)
4. Step 3 is carried out until the next generation has been

formed. Then its fitness levels are computed and the pro-
cess is repeated from Step 2. The loss is guaranteed to
decrease (weakly) in each generation, because of the in-
clusion of the elite members. We run the algorithm until
the best design has not changed in 200 consecutive gen-
erations.

There is considerable arbitrariness in the choices made
in the genetic algorithm (and incidentally also in simulated
annealing), particularly in the form of the fitness function—
highly varied fitness levels are better than homogenous
ones—and in the manner in which crossovers are formed.
There may be room for improvement to these and other as-
pects of the algorithm, but part of its appeal is that even

our simple implementation works very well and is an im-
provement on simulated annealing. Indeed, varying our in-
puts typically affected only the apparent convergence rates,
and not the final results.

Whatever algorithm we use to find the optimal design,
the key factor determining the speed of the algorithm is the
time and effort spent calculating the loss function RN,k for
each design. From Theorem 2, we see that we need to com-
pute chmax(M), tr(G0,N M) and tr(M) for the N ×N matrix
M, where N is potentially very large. It is helpful to obtain
simpler expressions from which to compute these quantities.

To achieve this simplification, first partition the matrices
U, V and M as

U = N−1

(
U1 U2

UT
2 IN−n

)

,

V =
(

V1 0n0T
N−n

V2 IN−n

)

,

M = N−1

(
M1 M2

MT
2 IN−n

)

,

with

U1 = n−1 tr(G0,N−n)In,

U2 = −n−11n1T
N−nG1/2

0,N−n,

V1 = (In − P)G−1/2
0,n ,

V2 = −KPG−1/2
0,n ,

M1 = (
VT

1 VT
2

)
U

(
V1

V2

)

,

M2 = (
VT

1 VT
2

)
(

U2

IN−n

)

.

Then, with {mi}ni=1 denoting the diagonal elements of M1,
we have

tr(G0,N M) = N−1

{
n∑

i=1

g0(xi )mi +
N∑

i=n+1

g0(xi )

}

= N−1

{
N∑

i=1

g0(xi ) +
n∑

i=1

g0(xi )(mi − 1)

}

,

tr(M) = N−1

(

N − n +
n∑

i=1

mi

)

.

Note that, in repeated comparisons of designs,
∑N

i=1 g0(xi )

has to be computed only once.
The computation of the largest eigenvalue of the N × N

matrix M is more difficult as the simple approach of merely
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Table 1 Comparative times (sec.) to compute chmax(M)

(N,n) Method 1 Method 2 Method 3

(300,30) 0.061 0.006 0.002

(1000,200) 0.974 0.150 0.061

(3000,300) 19.15 1.23 0.59

(5000,500) 85.68 4.25 2.19

computing all eigenvalues and choosing the largest one
is very slow. Fortunately, better approaches are available.
For example, the “power method” given in Thisted (1988,
p. 124) involves randomly choosing an N -vector x0 and re-
peatedly computing xk+1 = Mxk/‖xk‖. Then, provided the
largest eigenvalue chmax(M) is unique, ‖xk‖ → chmax(M).
A better refinement is given by the following lemma.

Lemma 3 Let M2MT
2 = LR be the LU-decomposition of

M2MT
2 into the product of a lower triangular n × n matrix

L and an upper triangular n × n matrix R = LT . Define the
2n × 2n matrix

M∗ = N−1

(
M1 L

R In

)

.

Then, provided that n > p + 1, we have that

chmax
(
M∗) = chmax(M).

The power method applied to M∗ yields a sequence
xk+1 = M∗xk/‖xk‖ with ‖xk‖ → chmax(M∗) = chmax(M)

by Lemma 3. The use of M∗ represents a considerable po-
tential saving in that we apply the power method to a ma-
trix of dimension 2n × 2n rather than a matrix of dimension
N × N .

For comparison, we compared the computation time for
computing the loss on simulated data using three methods.
Method 1 involved computing all of the eigenvalues of M
and selecting the maximum eigenvalue; Method 2 computed
chmax(M) using the power method; and Method 3 computed
chmax(M) using Lemma 3. In Methods 2 and 3, the method
was iterated until the relative change in ‖xk‖ was smaller
than 10−5. In each case this resulted in agreement, with
Method 1, to at least four digits after the decimal point. With
simulated data and p = 3 some representative times (in sec-
onds, on MATLAB) for computing the maximum eigenvalue
are given in Table 1.

5 The sugar farm population

We have used the sugar farm population (Chambers and
Dunstan 1986) to illustrate and explore the use of our op-
timal design methodology in a small but realistic popula-
tion. This population consists of N = 338 sugar cane farms

Fig. 1 (a) Population distribution of the standardised x-variable.
(b) Best of 20,000 randomly chosen designs

Table 2 Component losses; random and optimal designs

Source Loss Design

Best random Optimal

f r · chmax(M) 0.025 0.025

g s · tr(G0,N M) 0.188 0.177

h (1 − r − s) · tr(M) 0.037 0.033

Total RN 0.250 0.235

in Queensland, Australia. The population has a single aux-
iliary variable x which is the area on each farm assigned to
cane planting. For the design calculations, it is convenient to
use the scaled auxiliary variable x/maxx even though we
describe the designs on the original unstandardised scale.
The population distribution of x/maxx is shown as a his-
togram in Fig. 1(a). The survey variable of interest (which is
of course not used in the design) is the gross value of cane.
The goal of the survey is to predict the total gross value of
cane from a sample of size n = 30.

We began by generating 20,000 designs of size n = 30 by
simple random sampling without replacement and comput-
ing the normalised maximum loss RN (14) using the for-
mula given by Theorem 2. For the normalised maximum
loss, we used the working model (3) with both a slope and an
intercept parameter, g0(x) = x, and r = s = 0.49. The com-
ponents of the loss for the best of these randomly chosen
designs are shown in Table 2, and the corresponding design
is represented as a histogram in Fig. 1(b). Using Method 3
to compute chmax(M), the process took 59 seconds on MAT-
LAB. Next, we ran the genetic algorithm described in Sect. 4
to find the optimal robust design for the working model and
the same values of r and s. The components of the loss for
this design are given in Table 2 next to those for the best ran-
domly chosen design; the final design is shown in Fig. 2(a).
For the optimal robust design, the sampled covariates, in the
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Fig. 2 (a) Minimax design obtained by the genetic algorithm. (b) Min-
imum loss of the designs in each generation

original scale, are

{
43(4),44(6),45(6),143,145,146,149(2),151,

153,156,164,183,186,213,263,280
}
.

The progress of the algorithm is shown in Fig. 2(b). The
loss decreases for roughly the first 100 generations and then
is fairly stable; the algorithm terminated in fewer than 550
generations.

Finally, we ran a simulation study to compare the opti-
mal robust designs, for different settings, with some com-
peting designs. The study was carried out by generating a
population of y-values from a model (10) which is in the
neighbourhood of the working model (3), specifying the de-
signs, fitting the working model (3) to the selected sample
data to calculate the predictor T̂ from (8), calculating the
population total T , and then averaging (T̂ − T )2 over simu-
lations and taking the square root to estimate the root mean
squared prediction error (rmspe) of the predictor. Standard
errors of these rmspe were then estimated by applying the
delta method to their simulation moments.

Each of the working and population models employed
one of the linearising transformations γ −1(y) = log(y) or
y1/2, but the same transformation was not necessarily used
for both models; this was done to investigate the robust-
ness of our methods against misspecified transformations.
We used an intercept (‘int’) or no intercept (‘no-int’) work-
ing model when the corresponding form was used to gener-
ate the population, because misspecification in the mean is
already allowed for through fN . We used g0(x) = x in all
cases.

We compared different optimal robust designs with some
other designs. For our robust designs, we used four sets of
values of r and s. Two of the designs were specified by
assigning values for r and s directly, two more (the ‘Ro-
bust β = [β1, β2, β3] designs’) were specified by choosing

r and s so that the three terms in the expression for RN

given in Theorem 2 each contribute approximately a pro-
portion β1, β2 and β3 of RN . Thus r and s approximately
satisfy r = β1 RN/ chmax(M), s = β2 RN/ tr(G0,N M) and
1 − r − s = β3 RN/ tr(M).

The robust designs we considered were:

(d1) ‘Robust [r, s] = [1/3,1/3]’: the optimal design for the
normalised maximum loss RN (14) using these values
of r and s. This choice assigns equal relative impor-
tance to misspecification of the mean, variance func-
tion and independence.

(d2) ‘Robust [r, s] = [0,1]’: the optimal design for the nor-
malised maximum loss RN (14) using these values of
r and s. This choice implies low concern for possible
misspecifications of the mean and of independence but
high concern for the variance function to be misspeci-
fied.

(d3) ‘Robust β = [1/3,1/3,1/3]’: This choice implies
equal concern for possible misspecification of the
mean, variance function and independence.

(d4) ‘Robust β = [0.48,0.48,0.04]’: This choice implies
low concern for possible misspecification of indepen-
dence but equal and high concern for the mean and
variance functions to be misspecified.

These designs were each constructed for both an in-
tercept model and a no-intercept model and are shown in
Fig. 3(a)–(h). The remaining designs against which we com-
pared our optimal robust designs were:

(d5) ‘SRS’: Simple random sampling without replace-
ment.

(d6) ‘Largest n’: the largest n = 30 values of x.
(d7) ‘Largest and smallest n/2’: the largest and smallest

n/2 = 15 values of x. See Fig. 3(i).
(d8) ‘D-optimal’: While d7) is, naively, a variance-mini-

mising design—and would be so if the x’s were sym-
metrically distributed—the design which in fact min-
imises the determinant of the covariance matrix of the
regression parameter estimates must be computed nu-
merically for this population of x’s. It turns out to
choose the smallest 18 and largest 12 values. (This as-
sumes homoscedasticity; with weights inversely pro-
portional to g0(x) the D-optimal design chooses the
smallest 16 and largest 14 values, so is almost identi-
cal to d7) and is not studied here.) See Fig. 3(j).

(d9) ‘Balanced’: The balanced designs were generated by
the sampling library on R, available from the Com-
prehensive R Archive Network (CRAN).

(d10) ‘Systematic’: The systematic designs were again gen-
erated by the CRAN sampling library on R.

Designs (d6) and (d8) are optimal for linear models with-
out and with an intercept respectively. All the designs other
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Fig. 3 (a)–(d):
Designs (d1)–(d4), intercept
model; (e)–(h):
Designs (d1)–(d4), no-intercept
model; (i)–(l):
Designs (d7)–(d10)

Table 3 Root mean squared errors (standard errors in parentheses) of designs (d1)–(d10)

Population/sample transformations

log/log sqrt/log sqrt/sqrt

int no-int int no-int int no-int

(d1) [r, s] = [1/3,1/3] 276 (7) 47 (1) 151 (2) 279 (.3) 142 (2) 29 (1)

(d2) [r, s] = [0,1] 183 (4) 47 (2) 149 (23) 279 (.3) 94 (1) 29 (1)

(d3) β = [1/3,1/3,1/3] 253 (16) 47 (1) 104 (2) 280 (.3) 82 (1) 29 (1)

(d4) β = [0.48,0.48,0.04] 241 (24) 47 (1) 97 (5) 280 (.3) 82 (1) 28 (1)

(d5) SRS 1181 (197) 179 (18) 3e5 (9e4) 140 (2) 92 (1) 50 (1)

(d6) largest n 544 (22) 47 (1) 321 (17) 280 (.3) 269 (4) 29 (1)

(d7) n/2 & n/2 194 (13) 66 (3) 113 (10) 374 (1) 80 (1) 35 (1)

(d8) D-optimal 211 (15) 73 (2) 198 (53) 467 (2) 82 (1) 40 (1)

(d9) Balanced 841 (138) 171 (21) 2e5 (8e4) 165 (2) 92 (1) 49 (1)

(d10) Systematic 802 (107) 167 (16) 5e6 (2e6) 103 (1) 92 (1) 49 (1)

than SRS, Balanced and Systematic were computed once
and then fixed throughout the study. We drew a new SRS
each time a population was simulated. For the balanced and
systematic designs we first constructed ten of each, and then
randomly chose a pair from these each time a new popula-
tion was simulated. Representative examples are in Fig. 3(k)
and (l). All 10 designs (d1)–(d10) were applied to data simu-
lated with and without an intercept, and for each of the three
combinations of transformations given in Table 3, making
60 sets of simulations in total.

We made the following choices:

• When there is an intercept, we chose z(x) = (1, x)T with
θ = (1,2)T so zT (x)θ = 1 + 2x and, when there is no
intercept, z(x) = x with θ = 2 so zT (x)θ = 2x.

• Define τ 2 = τ 2
f + τ 2

g + τ 2
h . Then, since σε = 1, τ 2

f +
σ 2

ε (1 + τ 2
g ) + τ 2

h = τ 2 + 1 and we obtain τ 2
f = r(1 + τ 2),

τ 2
g = s(1 + τ 2) − 1 and τ 2

h = (1 − r − s)(1 + τ 2). We

generated τ 2 from an exponential distribution with mean
2, then s|τ 2 from a uniform [1/(1 + τ 2),1] distribution
and r|(s, τ 2) from a uniform [0,1− s] distribution. These
values were then used to compute τ 2

f , τ 2
g andτ 2

h . (These
randomly generated values of r and s are used only to
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compute the bounds τ 2
f , τ 2

g and τ 2
h . They have no con-

nection to the fixed values of r and s used to specify the
designs.)

• Let fN1 = (x2
i ) be the N -vector of values of x2. We

construct fN by projecting fN1 on the orthogonal com-
plement of the column space of ZN (so as to satisfy
the orthogonality condition (11)) and then normalise to
satisfy (12a). Explicitly, the projection of fN1 on the
orthogonal complement of the column space of ZN is
fN2 = {I − ZN(ZT

N ZN)−1ZT
N }fN1 and the normalised

fN = U
1/2
f τf fN2/(fTN2fN2)

1/2, where Uf is generated

from a uniform [0,1] distribution, satisfies ZT
N fN = 0 and

fTN fN = Uf τ 2
f .

• We set σε = 1, g0(x) = x and generated the εi as inde-
pendent standard Gaussian random variables. We chose
g(x) = ξx1+ν with ν generated from a uniform [0,2] dis-
tribution and ξ chosen so that maxg(xi)/g0(xi) = Ug(1+
τ 2
g ), where Ug is generated from a uniform [0,1] distribu-

tion, to satisfy (12b). Explicitly, ξ = Ug(1 + τ 2
g )/maxxν

i .
• We let HN1 = (Hij ) be the N × N matrix with Hij =

exp(−κ|xi − xj |) with κ generated from a uniform
[0.1,1] distribution and normalise HN1 to satisfy (12c).
Explicitly, we set HN = (Uhτ

2
h HN1/N ||HN1||), where

Uh is generated from a uniform [0,1] distribution. The
matrix norm ‖·‖ is the spectral radius.

We generated 10,000 populations for each of the 60 cases
described above. The results are presented in Table 3; the
values of rmspe in the first four rows relative to those in the
final six rows can be taken as measures of the relative ro-
bustness of the various designs. When there was no intercept
in the working model, the optimal robust designs and the
‘largest n’ design all performed similarly—and well—even
though they are quite different (see Fig. 3). All of SRS, Bal-
anced and Systematic performed poorly except when there
was no intercept and the wrong linearising transformation
was used in the working model. This latter, and surpris-
ing, result was not replicated in the other cases, and in fact
failed drastically in some of them. When there was an inter-
cept in the model, the optimal robust β designs, particularly
β = [0.48,0.48,0.04], performed very well; the ‘largest and
smallest n/2’ design also did reasonably well. As we should
expect, the ‘largest n’ design performed poorly in these
cases. Overall, the D-optimal design did not fare well.

The performance of all of the robust designs, and in par-
ticular of the β designs, was quite stable across the vari-
ous situations. Qualitatively, this seems to derive from their
greater spread of points throughout the design space. The
message seems to be that there are substantial gains to be
made from using optimal robust designs in place of the more
naive designs tailored to unrealistically stringent conditions.
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Appendix: Derivations

Proof of Lemma 1 If H ∈ H′, then L(H ) ≤ L(τ 2IN)

and (13) holds for H′. Since τ 2IN ∈ H, the proof will
be complete if we can establish that H ⊂ H′. To show
this, let H ∈ H. Recall that the spectral radius ρ(M) =
{chmax(MT M)}1/2 is bounded by any induced matrix norm,
so that

chmax(H ) = ρ(H ) ≤ ‖H‖ ≤ τ 2.

Thus, for any non-null vector t,

tT H t ≤τ 2tT t

or, equivalently,

tT
(
H − τ 2IN

)
t ≤ 0,

so that H ∈ H′. �

Proof of Lemma 2 Using (5), (10) and (11), we can write

n1/2(θ̂ − θ) = n1/2B−1
n (bf + bε + bη), (19)

where

bf = n−1
n∑

j=1

z(xj )f (xj )/g0(xj ) = n−1ZT
n G−1

0,nfn,

bε = n−1
n∑

j=1

z(xj )εj /g0(xj ) = n−1ZT
n G−1

0,nεn,

bη = n−1
n∑

j=1

z(xj )η(xj )/g0(xj ) = n−1ZT
n G−1

0,nηn.

It follows from (19) that

E
{∥
∥n1/2(θ̂ − θ)

∥
∥2}

≤ 3

chmin{B2
n}

{
n‖bf ‖2 + nE

(‖bε‖2) + nE
(‖bη‖2)}.

By (C2) and the remark following the assumptions, it now
suffices to show that each of the terms in the numerator is
bounded. From (C2),

n‖bf ‖2 ≤ ‖fn‖2 tr(Cn) ≤ τ 2
f tr(Cn).
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For the second term, using (C2) and (12b) we obtain

nE
(‖bε‖2) = n−1σ 2

ε tr
(
ZT

n G−1
0,nGnG−1

0,nZn

)

≤ n−1σ 2
ε

(
1 + τ 2

g

)
tr
(
ZT

n G−1
0,nZn

)

= σ 2
ε

(
1 + τ 2

g

)
tr(Bn).

Similarly, for the third term,

nE
(‖bη‖2) ≤ τ 2

h tr(Cn). �

Proof of Theorem 1 We require the definition

Qij = g
−1/2
0 (xi )ri − g

−1/2
0 (xj )rj

of the difference between pairs of normalised residuals. Us-
ing this definition, the numerator of (16) is

L∗
N(f,g,h) = (nN)−1

N∑

i=n+1

g0(xi )

n∑

j=1

E
(
Q2

ij

)
. (20)

Write Ŷi in (7) as

Ŷi = 1

n

n∑

j=1

γ
{
γ −1(Yi) − g

1/2
0 (xi )Qij

}
.

Expanding around g
1/2
0 (xi )Qij and substituting into (8)

gives

N−1(T − T̂ ) = N−1
N∑

i=n+1

(Yi − Ŷi )

= −(nN)−1
N∑

i=n+1

n∑

j=1

γ ′(δi,j )g
1/2
0 (xi )Qij ,

where δi,j lies between γ −1(Yi) and γ −1(Yi)−g
1/2
0 (xi )Qij

or |δi,j − γ −1(Yi)| ≤ |g1/2
0 (xi )Qij |. (The main difficulty

with using this expression directly is that γ ′ is a complicated
function of f , g and h.) We apply the Cauchy-Schwarz In-
equality to obtain

E
{
N−1(T − T̂ )

}2 ≤ (nN)−1
N∑

i=n+1

n∑

j=1

E
{
γ ′(δi,j )

2}

· (nN)−1
N∑

i=n+1

g0(xi )

n∑

j=1

E
(
Q2

ij

)

and then bound the term involving γ ′ in order to obtain the
loss function LN(f,g,h).

To develop a bound for

(nN)−1
N∑

i=n+1

n∑

j=1

E
{
γ ′(δi,j )

2},

note that Qij is linear in the residuals, hence in the elements
{γ −1(Yi)} of δ. Thus we can write

g
1/2
0 (xi )Qij = aT

i,j δ,

where the elements of ai,j are bounded functions of {xi}.
Then we can write

δi,j = γ −1(Yi) − ti,j aT
i,jδ, 0 ≤ ti,j ≤ 1,

and hence, assuming without loss of generality that γ ′ is
nondecreasing and K is a finite, positive constant,
∣
∣γ ′(δi,j )

∣
∣ ≤ ∣

∣γ ′(γ −1(Yi) + K‖δ‖)∣∣.
It follows from (C4) that

(nN)−1
N∑

i=n+1

n∑

j=1

E
{
γ ′(δi,j )

2}

≤ (nN)−1
N∑

i=n+1

n∑

j=1

E
{
γ ′(γ −1(Yi) + K‖δ‖)}2

is bounded.
Finally, we show that the loss LN(f,g,h) is O(1). By

(C3) we have that

L∗
N(f,g,h) ≤ 2ug(Nn)−1

N∑

i=n+1

n∑

j=1

[
E
{
r2
i /g0(xi )

}

+ E
{
r2
j /g0(xj )

}]

≤ 2ugn
−1

N∑

i=1

E
{
r2
i /g0(xi )

}
.

Using (C1), the claim will follow if we can find constants
{K2

i,N }Ni=1 satisfying E{r2
i /g0(xi )} ≤ K2

i,N and

N−1 ∑N
i=1 K2

i,N = O(1). From (6), we have an upper bound
if we choose

K2
i,N = 3

g0(xi )

[
σ 2

ε g(xi ) + f 2(xi ) + h(xi ,xi )

+ ∥
∥z(xi )

∥
∥2

E
{‖θ̂ − θ‖2}],

and from (C3) and (12a)–(12c),

N−1
N∑

i=1

K2
i,N ≤ 3N−1[σ 2

ε N
(
1 + τ 2

g

) + l−1
g

{
τ 2
f + τ 2

hN

+ tr AN · E
(
N1/2‖θ̂ − θ‖2)}],

which is O(1) by C2) and Lemma 2. �

Proof of Theorem 2 We first represent L∗
N at (20) as

L∗
N = E

{
rT diag

(
G−1/2

0,n , IN−n

)
U diag

(
G−1/2

0,n , IN−n

)
r
}
,
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the expected value of a quadratic form in the residual vector
rN = (r1, . . . , rN )T . Combining (19) and (6), we have

r = fN + εN + ηN − ZNB−1
n (bf + bε + bη)

= fN + εN + ηN − ZNB−1
n

1

n
ZT

n G−1
0,n(fn + εn + ηn)

= T(fN + εN + ηN),

where T is the N × N matrix

T = IN − (
ZN

(
ZT

n G−1
0,nZn

)−1ZT
n G−1

0,n

...0N 0T
N−n

)

=
⎛

⎝
G1/2

0,n (In − P)G−1/2
0,n 0N0T

N−n

−KPG−1/2
0,n IN−n

⎞

⎠ ,

with K and P defined in (17) and (18) respectively. Thus,
with V = diag(G−1/2

0,n , IN−n)T and M = VT UV,

L∗
N = E

{
(fN + εN + ηN)T M(fN + εN + ηN)

}

= tr
[
E

{
(fN + εN + ηN)(fN + εN + ηN)T

}
M

]

= tr
{(

fN fTN + σ 2
ε GN + HN

)
M

}

= Lf,N + Lg,N + Lh,N ,

where Lf,N = fTN MfN , Lg,N = σ 2
ε tr(GNM) and Lh,N =

tr(HN M).
To obtain the maximum of Lf,N , note that Lf,N ≤

τ 2
f chmax(M), with equality if and only if fN is a character-

istic vector of M of norm τf . Any such vector is in the col-
umn space of M, hence (since ZT

NM = 0p×N ) satisfies (11)
and so is also the maximiser under this constraint. Finally,
maxG Lg,N = σ 2

ε (1+τ 2
g ) tr(G0,N M) follows from (12b) and

maxH Lh,N = τ 2
h tr(M) follows from Lemma 1. Combining

these results, we obtain

max
F ,G,H

L∗
N(f,g,h) = τ 2

f chmax(M) + σ 2
ε

(
1 + τ 2

g

)
tr(G0,N M)

+ τ 2
h tr(M)

and the result follows on dividing both sides by the normal-
ising value τ 2

f + σ 2
ε (1 + τ 2

g ) + τ 2
h . �

Proof of Lemma 3 The characteristic equation for M̃ = NM
is

0 =
∣
∣
∣
∣
∣

(
M1 − λIn M2

MT
2 (1 − λ) IN−n

)∣
∣
∣
∣
∣

= (1 − λ)N−n

∣
∣
∣
∣M1 − λIn − M2MT

2

1 − λ

∣
∣
∣
∣

= (1 − λ)N−2nk(λ),

where

k(λ) = ∣
∣(1 − λ)(M1 − λIn) − M2MT

2

∣
∣.

Thus chmax(M) = max(1, λmax)/N , where λmax is the
largest zero of k(λ). The factorization

M2 = {−G−1/2
0,n

(
n−1(In − P)1n G−1/2

0,n Zn

(
ZT

n G−1
0,nZn

)−1)}

×
(

sT
0,N−n

ZT
N−n

)

of M2 into a product of an n × (p + 1) matrix with a
(p + 1) × (N − n) matrix shows that the rank of M2 can-
not exceed p + 1. Thus, since p + 1 < n, we have that
k(1) = (−1)n|M2MT

2 | = 0, and hence λmax ≥ 1 and

chmax(M) = N−1λmax.

Now note that the characteristic polynomial of M̂ = NM∗ is

|M̂ − λI2n| =
∣
∣
∣
∣
∣

(
M1 − λIn L

R (1 − λ)In

)∣
∣
∣
∣
∣

= (1 − λ)n
∣
∣
∣
∣M1 − λIn − M2MT

2

1 − λ

∣
∣
∣
∣ = k(λ),

hence chmax(M̂) = λmax and the result follows. �
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