Miscellany

A. Parameters of m when aa <0 .

Assume (and check later) that max (no, ;TQZ) = Ko, so that
2

J, (@) =2(1-v) <1+ 3;) + 2wk,

We take —oo < o < 0. Then

(x) = (302—04) _3(962—@)
= f_ll(mg—a)dx_Q(l_SO‘)’
1
3 —da
_ 2 _
Mo = /_1{1}’171(.’1?)(13?—5(17306)7
! 3 (3 — 10a + 1502
Ko = /mz(aj)dm: ( ot 2a)
-1 10 (1 — 3a)
! 3 (15 — 42a 4 3502
Kg = /meQ(m)dx: ( @ QQ),
—1 70 (1 — 3«)
ko 5(15—42a+ 350?)
33 14(3—5a)

oy (13030 (36100 1502
Jo(a) = 2{(1 ”)<1+3(3—5a>>+y< 10 (1~ 30)° >}

Then « satisfies

d 5(1_30‘)+ d (3(3—10a+15a%)
— 174
da 3 (3 —5a) da ’

Lot
0= 37, (a)=(1-v) 10 (1 — 3a)’

so that

3(3—5a) 10(1 — 3a)?

d5(1—3a)/d <5(1—3a) 3(3—10a+15a2)>

da3(3—5a) / da
9(3—5a)*\
25 (1 — 3a)
Thus for o < 0 we have

-1

25 9(3 - 5a)>

— <v= 1—&—7( a)3 <1
25 (1 — 3a)

the limiting cases being (i) @ = 0, v = 25/106, m (z) = 32%/2 for —1 < x < 1; and (ii)
a— —oo, v — 1, m(x) — .5 for =1 <z <1 (the uniform density).
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B. Parameters of m when o« > 0 .

When «a > 0, we let § = \/«,

2_
m(x) = {b vas lal <1

0, otherwise.
3(1:2752) - 3(9{:27(1) .
— 2(1—5)2(1-‘1-25) - 2(1_\/&)2(1+2\/a)3 \/a S ‘Jj| S 17
0, otherwise.
! 2 2 9
where b = 2/ ($2—52>d.’)3=5(1—(5)(14-5—2(52)25(1—5) (1+26).
§
1 2 1
o = / *m(z)dr = 7/ z? (2% — 62) de = — (3— 562 + 265)
1 b/ s 15b
2 5 o3y 3465440 +26°
= —(1- 46% 42
15b( 8)? (3 + 60 + 467 +26°%) = S0 2) :
! 2 ! 2 2 2 4 5
ko = B m?(x )d;zc—b2 (z 5) d$_15b2( 3—100° + 150" — 85°)
2 3 o 3 (34954 85%)
= 1—6)°(3+95+88 = 0 5 i
15b2( I ) 10 (1 — 6) (1 4 20)°
ky = /1 x2m2(aﬁ)dx:2/1a:2 (22— 6%) do = 2 (15 — 4267 + 356" — 857)
2 . 2 10562
2 3 2 3 4
— 1-— 15 + 456 + 4 24
105b2( §)” (15 + 450 + 4806° + 246” + 85%)
_ 3 154450 +485” + 246° + 84"
70 (1—6)(1+26)
1 1
5:]@ (5) = (17’0 1+> +’Uk0
i 5(1+ 26) 3 (3+95+852)
= —’U S A
3 (3466 +46% + 26°) 10 (1 —6) (1 + 26)°
5 (4475 + 46°) 46 (4 + 76 + 467
Lre) = a-u|-2 i K 70+ 4)
é 3 3+65+4§2+263 10 % (14 26)°
0 = (1-vw) + v
3 3+66+452+253) 5(1—10)° (1+25)

-1
. 9 (3+65+46% +26%)°
v o= — ,
25 (1-6)*(1+20)°

2
Tog d e~ +1, v — 0, m(xz) — +o0. classical optimal design
-1
o 1+g(3+6\/a+4a+2a\/a)2 _ 2%
2 (1-va)* (1+2va)’ 106

5(1+2v/a) )+U<3 (3 + 9y/a + 8a) )

asa — 0, v—

101 - va) (1 +2va)”

(¢ = (1-v) (1+3(3+6\/&+4a+2a\/5)
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C. Check max(ko, %) =ko.

When oo < 0,

3(3—10a+15a%) 1 2
ko = 3 = — + —_—,
10 (1 - 3a) 2 45(a—1/3)
k 5(15 — 420+ 35a%) 1
722 = ( @ 205):7-#—6 5, and
35 14 (3 — 5a) 2 175 (a—3/5)
ks 6 1 1 16 1
ko — o = o — + >0
T 175 | (= 1/3)*  (a—3/5)°| 1575 (o —1/3)?
When ¢ > 0,
A ke _ 5154456 +486° +240° 4 85"
Bus 14 (1 - §) (3465 +45% +25%)°
1
asa — 0, kO/A%%E; as a — 1, kg/A — 3.
ko 21 (3495 +86%) (34 60+ 45% +26°)’
A 25 (1+26)° (15 + 456 + 480% + 246° + 86%) =~
189 ko
1512 = o <0<3.
ke > A.
)
max ( ko, -5 = ko, for all a.
3p;

D. Least favourable contaminant.

We have
K¢ = ko® ke,
A = 262/3,
M§ = 1@/142,
1

1 313
G — - - =
e = (o-g)e(=-F

and so

m(z)—1 ;c(m(x)—e’%

. )
Vg (t) = ﬁ< V(mo—3) ﬂ,i) )ﬁv

where 3 is the unit eigenvalue corresponding to the maximum eigenvalue of 2 (ko @ K2).
Since max (Ko, k) = ko, we have @ = (1,0)" and so

Ve (@) = ==
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orthogonal to (1,z)" and with fil ¥g (z) = 72/n. So the least favourable contaminant is

(1/y/n) 1y () with (for a < 0)

%(x):m%:ﬁ(gﬁ_l).

For this, as must be the case,

ansss (¢fvo) =2(1-0) (14 72 ) v (14§ B (© - 1°) =119,

E. Maximum loss T, ().

Similar to the calculation of I, (§,), we have that

1 02
I, (®,)=2(1- 1+ — 2 —
() =200 (14 33 ) 2 (.5 )

where

Il
\
S
(V)
3
—
8
o
~
QU
5

A2

—17/-1
2
= — x dx
2c i=17ti—
1< c\3 c\3
53RN
602{( +n }
I, &
= =N 4
n; it 3n?
Since ¢2 (z;¢) = 2~ ¢, (z;¢), we have
! 1
do = /_1¢72L($;C)d$:2*6,
1 )\2
0y = /_1x2¢i(x,c)dm:%

Thus



