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Abstract

Equality and proportionality of the ordinary least-squares estimator (OLSE), the weighted least-squares estimator
(WLSE), and the best linear unbiased estimator (BLUE) for Xp in the general linecar (Gauss—Markov) model .# =
{y,Xp, a>L} are investigated through the matrix rank method.
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1. Introduction

Consider the general linear (Gauss—Markov) model

M = {y,XB, L}, (1)

where X is a nonnull # x p known matrix, y is an n x 1 observable random vector with expectation E(y) = Xp
and with the covariance matrix Cov(y) = X, f is a p x 1 vector of unknown parameters, and X is an n x n
symmetric nonnegative definite (n.n.d.) matrix, known entirely except for a positive constant multiplier. In this
paper, we investigate some special relations among the ordinary least-squares estimator (OLSE), the weighted
least-squares estimator (WLSE), and the best linear unbiased estimator (BLUE) for X in the model .#.

Throughout this paper, A’, #(A) and %Z(A) represent the transpose, the rank and the range (column space) of
a real matrix A, respectively; A" denotes the Moore—Penrose inverse of A with the properties AATA = A,
ATAAT = A", (AAT) = AAT and (ATA) = ATA. In addition, let Py = AAT and Q4 =1 - P,.

Let .# be as given in (1). The OLSE [3 of B is defined to be a vector minimizing |y — X[3||2
(y — XB)'(y — Xp) and OLSE(XP) is defined to be XB. Suppose V is an n x n n.n.d. matrix. The WLSE B of B is
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defined to be a vector f minimizing ||y — X[f||%, = (y — XB)'V(y — XpB), and WLSEy(Xp) is defined to be Xﬁ
When V = 1,, WLSE; (Xf) = OLSE(Xp). The weight matrix V in WLSEy(Xp) can be constructed from the
given matrix X and X, for example, V = X or V = (XTX' + X)', see, e.g., Rao (1971). The BLUE of Xf is a
linear estimator Gy such that E(Gy) = Xp and for any other linear unbiased estimator My of Xf, Cov(My) —
Cov(Gy) = MEM' — GXG’ is nonnegative definite. The three estimators are well known and have been
extensively investigated in the literature.

Definition 1. Let X be an n x p matrix, and let V and X be two n x n symmetric n.n.d. matrices.

(a) The projector into the range of X under the seminorm ||x||%, = X'Vx is defined to be
Px.v = X(X'VX)'X'V + [X — X(VX)T(VX)]U, )

where U is arbitrary.
(b) The BLUE projector Pxx is defined to be the solution G satisfying the equation

G[Xa E()X] = [Xa 0]’
which can be expressed as
Pxjz = [X, 01X, 2Qx]" + Ui (I, — [X, ZQx][X, £Qx]").
where U, is arbitrary. The product Py =X is unique and can be written as

PxjzE = PxE — PxZ(QxZQy)'Z. (3)

The following results on the OLSE, WLSE and BLUE of X in .# are well known, see, e.g., Mitra and Rao
(1974) and Puntanen and Styan (1989).

Lemma 1. Let ./ be as given in (1). Then:

(a) The OLSE of XB in . is unique, and can be written as OLSE(XB) = Pxy. In this case,
E[OLSE(XB)] = XB and Cov[OLSE(XpB)] = PxXPx.

(b) The general expression of the WLSE of X in .4 can be written as WLSEy(XB) = Px.vy. In this case,
E[WLSEy(Xp)] = Px.vXB and Covo[WLSEy(Xp)] = Px.vXPy.y.

In particular, WLSEv(Xp) is unique if and only if r(VX) = r(X). In such a case, Px.yX = X and WLSEv(Xp)
is unbiased.
(c) The general expression of the BLUE of X in 4 can be written as BLUE(XB) = Pxzy. In this case,

E[BLUE(Xp)] = Xp and Cov[BLUE(XP)] = PxzXPy .
Moreover, Coo| BLUE(XB)] can be expressed as
Cou[BLUE(X )] = PxZPx — PxX(QxXQx) TPy.
In particular, BLUE(XP) is unique if' y € #[X, X], the range of [X, X].
Various properties of Px.y and Pxx can be found in Mitra and Rao (1974), and Puntanen and Styan (1989).
Because these estimators are derived from different optimal criteria, they are not necessarily equal. An
interesting problem on these estimators is to give necessary and sufficient conditions for them to be equal. If

this is true, one can use the OLSE of Xf instead of the BLUE of Xf. Further, it is of interest to consider the
proportionality of these estimators.

In order to compare two estimators for an unknown parameter vector, various efficiency functions have
been introduced. The most frequently used measure for relations between two unbiased estimators Ly and
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L,y of B with both Cov(L1y) and Cov(L,y) nonsingular is the D-relative efficiency

det[Cov(L,y)]

det[Cov(Loy)]

A similar relative efficiency function is also defined for the determinants of the information matrices

corresponding to two designs for a linear regression model. Other relative efficiency functions can be defined
through the traces and norms of covariance matrices, for example,

tr{Cou(Lyy)]
tr[Cov(Loy)]”

If effp(L1y, Loy) = 1, i.e., det[Cov(L;y)] = det[Cov(Lyy)], the two estimators L;y and L,y are said to have the

effp(Lyy, Loy) =

eff 4(L1y, Loy) =

same D-efficiency, and is denoted by LlyELzy.
In addition to the determinant equality det[Cov(L;y)] = det[Cov(L,y)], some strong relations between two
unbiased estimators are defined as follows.

Definition 2. Suppose that L;y and L,y are two unbiased linear estimators of f in (1).

(a) The two estimators are said to have the same efficiency if
Couv(Lyy) = Couv(Loy), “4)

and this is denoted by Llyngy.
(b) The two estimators are said to be identical (coincide) with probability 1 if

Cou(Lyy — Loy) =0, (5)
and this is denoted by Llyszy.

Clearly (4) is equivalent to

LiZL| = LEL), (6)
and (5) is equivalent to (L; — Ly)X(L; — Ly) =0, i.e.,
L =LX (7

It is easy to see from (6) and (7) that

Liy~ Loy = Liy~ Loy = Liy~ Loy,
However, the reverse implication is not true. For example, let
Y= {2 1], L, =[1,-1], L,=[-1,1].
1 2
Then
LiXL) = L,XL, =2, but (L; — Ly)X =[2,-2]#0.

Many authors investigated the equalities among these estimators using Definition 2(a); see, e.g., Baksalary
and Puntanen (1989), Puntanen and Styan (1989), Young et al. (2000), and Gro8 et al. (2001) among others. In
this paper, we use Definition 2(b) to characterize the relations between two estimators.

Lemma 2. Let ./ be as given in (1), and suppose Ly and Lyy are two linear estimators for Xp in M. Then

Ly = L,y with probability 1, ie., Llyszy, if and only if LiX=LX and LX=LX, ie.,
Li[X, 2] = Lo[X, X].

The rank of a matrix is defined to be the dimension of the column space or row space of the matrix. It has
been recognized since the 1970s that rank equalities for matrices provide a powerful method for finding
general properties of matrix expressions. In fact, for any two matrices 4 and B of the same size, the equality
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A = B holds if and only if (4 — B) = 0; two sets S and S, consisting of matrices of the same size have a
common matrix if and only if mingegs, pes, (4 — B) = 0; the set inclusion S| € S, holds if and only if
maxcs, Minges, "(4 — B) = 0. If some formulas for the rank of 4 — B are derived, they can be used to
characterize the equality A = B. In order to simplify various matrix expressions involving generalized inverses,
we need some rank equalities for partitioned matrices due to Marsaglia and Styan (1974).

Lemma 3. Let A € R™", B € R™* and C € R™™. Then

A, B] = r(A) + r{(I, — AA7)B] = r(B) + r{(I,, — BB7)A], ®)
A

r[c} = 1(A) + {C(I, — A~A)] = (C) + r{A(I, — CC)], ©)
A B

r[c 0} = r(B) + 1(C) + r[(1,, — BBT)A(, — C"C)]. (10)

The following result is shown in Tian (2002), and Tian and Cheng (2003).

Lemma 4. Let A € R™", B € R™* and C € R™*". Then

. A A B
Xlg[ég/r(A—BXC):r[A,B]—i—r{C}—r[c 0}. (11)

2. Equality and proportionality of estimators

Theorem 1. Let .# be as given in (1).

(a) There is WLSEvy(Xp) such that WLSEv(Xf) 'EOLSE(Xﬂ) if and only if PxVQxX = 0.
(b) Assume r[A,X] =n. Then there is WLSEy(Xp) such that WLSEy(Xp) X OLSE(Xp) if and only if
PxV = VPx.
Proof. From Lemma 2, we see that WLSEy(Xf) ke OLSE(Xp) if and only if there is Px.y such that
Px.v[X, X] = [X, PxX].
Let M, = [X, X] and M, = [X, PxX]. Then by (2)
Px.v[X,Z] — [X, PxZ] = XX'VX)'X'VM, — M, — (X — A(VX)(VX))UM,,
where U is arbitrary. From (11),
1})1)(1? r(Px.yM; — Mp) = m&n TXX'VX)'X'VM,| — M, — (X — A(VX)T(VX))UM,]
= 1[X(X'VX)'X'VM; — M,, X — X(VX)"(VX)]
XX'VX)'X'VM, — MZ]

+r
M,
XX'VX)'X'VM, - M, X —X(VX)"(VX) 12
J— }/' .
M, 0
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By (8)-(10) and elementary block matrix operations,

. X(X'VX)'X'VM; - M, X
AXX'VX) X'VM; — My, X — X(VX) (VX)] = r — r(VX)
0 VX
0 X
=r , o —r(VX)
VX(X'VX)'X'VM, — VM, 0

= IVXX'VX)'X'VM, — VM,] + r(X) — H(VX),

X PxX 0 0
=r|: :| :r|: :| ZF(MI),
X X X X

r

X(X'VX)'X'VM, — M, M,
=r
Ml Ml

XX'VX)'X'VM, - M, X —X(VX)"(VX)

" ) = r(My) + r[X — X(VX)"(VX)]

r

= (M) 4 r(X) — H(VX).
Also note that VX(X'VX)'X'VX = VX. Hence,

VX(X'VX)'X'VM| — VM, = [0, VX(X'VX)'X'VE — VPxX].
Moreover,

Px[VX(X'VX)'X'VE — VPxX] = PxVE — PxVPxE = PxVQyX.

Hence, {VX(X'VX)'X'VM, — VM,] = r(PxVQxX). Substituting these rank equalities into (12) and
simplifying gives

min r(Px.v[X, X] - [X, PxX]) = r(PxVQxX).
XV
Let the right-hand side be zero, we obtain the result in (a). The rank equality r[X,X] = n is equivalent to

r(QxX) = r(Qx) by (8). Hence PxVQxX = 0 is equivalent to PxVQx =0, i.e., PxV = PxVPx. Note that
PxVPx is symmetric, PxV = PxVPx is equivalent to PxV = VPx. [

Some other problems on WLSEy(Xp) = OLSE(Xf) can be investigated. For example, one can solve for
n.n.d. V from the equation PxVQxX = 0 if both X and X are given, or solve for n.n.d. X from the equation if
both X and V are given.

Theorem 2. Let .# be as given in (1). Then the following statements are equivalent:
(a) There is BLUE(XP) such that BLUE(XB) 'E« OLSE(Xp).
(b) There is BLUE(Xp) such that BLUE(Xf) ~ OLSE(Xp).

(c) PxZQx = 0, i.e., Z(EX) € 2(X).
(d) PxZ = EPx.

Proof. From Definition 1(a) and (c) and Lemma 2, we see that there is BLUE(Xp) such that
OLSE(Xp) X BLUE(Xp) if and only if PxX = PxzX. From (3), we obtain
PxX — Px;xX = PxZ(QxZQy)'X.
It is easy to verify that
rPxZ(QxEQx)'E] = r(PxEQxEQy) = r(PxZQx).
The equivalence of (a), (c) and (d) follows from this result. From Lemma 1(a) and (c), we see that

Coo[OLSE(Xp)] — Cou[BLUE(XB)] = PxE(QxEQx) EPx.
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It is easy to verify that
TPXE(QxEQx) TPx] = r[PxE(QxEQy)']
= r(PxXQxXQx)
= r(PxXQx).

The equivalence of (b) and (d) follows from this result.
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O

Theorem 2(b)—~(d) are well known, see, e.g., Puntanen and Styan (1989), Young et al. (2000).

Theorem 3. Let ./ be as given in (1).

(a) There are WLSEv(XpB) and BLUE(Xp) such that WLSEvy(Xp) X BLUE(XPp) if and only if PxVEQx = 0,

that is, R(EVX) C R(X).

®) IfV=XX+ X)', then WLSEv(Xp) is unique and WLSEv(Xp) 9 BLUE(Xp).

Proof. From Lemma 2, WLSEy(Xp) e BLUE(XP) if and only if

Px.v[X, X] = [X, Px=X].
Let M; = [X,X] and M, = [X, PxzX]. Then by (11),

min r(Px.yM; — My) = min IXX'VX)'X'VM, — M
XV

2 — (X = X(VX)'(VX)UM;]

= XX'VX)'X'VM, — M,, X — X(VX)'(VX)]

+r

M;

—r

M,

By (8)(10),

IXX'VX)'X'VM, — M5, X — X(VX) (VX)] = r

X(X'VX)'X'VM, — M,

XX'VX)'X'VM, - M, X —X(VX)"(VX)

|

. (13)
0
[X(X'VX)'X'VM; - M, X
— r(VA)
0
0 X
—r(VX)

VVX'VX)'X'VM, — VM, 0

= VX(X'VX)'X'VM, — VM,] + r(X) — (VX),

r

X(X'VX)'X'VM, — M, M,
=7r
M,

XX'VX)'X'VM; - M, X —X(VX)"(VX)
M, 0

r

= r(My),

= (M) + X — X(VX)T(VX)]

= r(My) + r(X) — r(VX).

Also note that VX(X'VX)'X'VX = VX. Hence,

VX(X'VX)'X'VM, — VM, = [0, VX(X'VX)'X'VX —

It can be verified that
r[VX(X’VX)TX’VE — VPxzX] = r(Px VEQy).

VPysE].
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Substituting these rank equalities into (13) and simplifying leads to
IIT,IiH r(Px.v[X, Z] — [X, PxzX]) = r(PxVEQx),
XV

completing the proof. [
The following results are concerned with the proportionality of the three estimators.

Theorem 4. Let ./ be as given in (1) and suppose that VX#0. Then there are WLSEv(Xp) and a scalar /. such
that WLSEy(Xp) X AOLSE(XB) if and only if =1 and PxVQxX =0, that is, there is WLSEy(Xp)
proportional to OLSE(XB) with probability 1 if and only if the WLSEvy(Xp) satisfies WLSEy(Xf) X OLSE(Xp).
Proof. From Lemma 2, there is WLSEy(Xp) so that WLSEvy(Xp) £e AOLSE(Xp) if and only if

Px.v[X, X] = [2X, APxX].
Let My = [X,X] and M; = [X, PxX]. Then we can find through the matrix rank method that

r[r%g? r(Px.yM; — AM,) = r{(1 — )VX, VX(X'VX)'X'VE — JVPxX]. (14)

Let the right-hand side of (14) be zero, we see that 2 = 1 and VX(X'VX)'X'VE = VPxE. Hence, the result in
this theorem follows from Theorem 1. [

Theorem 5. Let .4 be as given in (1) and suppose that X#0. Then there are BLUE(XB) and scalar A such that
BLUE(Xp) X AOLSE(XPp) if and only if PxX = XPx, that is, there is BLUE(Xp) proportional to OLSE(XB) with
probability 1 if and only if the BLUE(Xp) satisfies BLUE(Xp) EOLSE(Xﬂ).
Proof. From Lemma 2, BLUE(Xf) X AOLSE(Xf) holds, if and only if

X=X and XPxX =/PxsL,
which are equivalent to A=1 and XPxX = PxzX. Hence, the result in this theorem follows from Theorem 2. [
Theorem 6. Let ./ be as given in (1) and suppose that VX#0. Then there are WLSEy(XB) and A such that
WLSEv(Xf) X ABLUEXP) if and only if 2 = 1 and R(EVX) C R(X), that is, there is WLSEy(Xp) proportional
to BLUE(Xp) with probability 1 if and only if the WLSEy(Xp) satisfies WLSEv(Xp) e BLUE(Xp).
Proof. From Lemma 2, WLSEy(Xp) fl\)/),BLUE(X[S) if and only if

Pxv[X, X] = A[X, PxzX].
Let My = [X, X] and M, = [X, Px;=X]. Then by (11),

I]l)’;i:‘lll r(PxyM — /M) = min X(X'VA)'X'VM, — /M, — (X — X(VA)'(VA)) UM, ]

= IX(X'VX)'X'VM, — IM>, X — X(VX)"(VX)]
X(X'VX)'X'VM, — /M,
.
XX'VX)'X'VM, — /M, X — X(VX)T(VX)
M, 0

= VX(X'VX)'X'VM, — AVM,]
=r[(1 = VX, VX(X'VX)'X'VE — JVPy s X]. (15)

Let the right-hand side of (15) be zero, we obtain that 2 = 1 and VX(X'VX)'X'VE = VPxzX. Hence, the
result in this theorem follows from Theorem 3. [

+r

—r
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It can be seen from Theorems 4-6 that if any two of the OLSE, WLSE and BLUE for Xf in the model (1)
are proportional with probability 1, the two estimators are identical with probability 1.

Many other problems on the model (1) can be investigated through the matrix rank method. For example,
assume that the general linear model {y, X, £} incorrectly specifies the covariance matrix as 62X, where X is
a given n.n.d. matrix and ¢ is a positive parameter (possibly unknown). Then consider the relations between
the BLUEs of Xp in the original model and the misspecified model {y, X, 62X,}. Some previous results on the
relations between the BLUEs of X in the two models can be found in Mitra and Moore (1973), and Mathew
(1983). In addition, it is of interest to consider partial coincidence and partial proportionality of the OLSE,
WLSE and BLUE of Xf in (1), as well as to consider coincidence and proportionality of the OLSE, WLSE
and BLUE of X in (1) under a restriction Aff = b.
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