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ABSTRACT
We obtain an asymptotic expansion of the confidence coeffi-
cient for an ellipsoidal confidence region on the elements of a
normal covariance matrix. This leads to simultaneous confidence
intervals on all linear functions of the elements of this matrix,
which are compared with those of Roy (1954).

1. INTRODUCTION
Using results of Tyler (1982), Wiens (1983) exhibited confi-
dence ellipsoids for covariance matrices of elliptically symmetric
populations, and for their inverses. For a normally distributed
population, the ellipsoid assumes a particularly simple form.
Theorem 1: Llet y,,....y, be i.i.d. N (u,2) random vectors.
Put N = n-1, q = p(p+1)/2, SN = (p+1) (3-p) (N-p+3) /((N+1)

(N(p1) = (p+1) + 2)), V, =

H >

L (li-Z)(li-g)'/(N-p-l) . Define
i
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Y = ncp,N(vec(Z-Vn)&'(V;lﬁval)vec(z-vn), Gn(y) = P(Ynsy).

n
N+1 N -1 2
Then Yn” > Cp,N tr((N:E:T) -Ip) , Where UN~wp(I,N) . A

100(1-0)% confidence region for & is the g-dimensional .ellip-
soid {Z]YnsGal(l-a)} . Furthermore, E[Y 1 =qand Y L XZ
Proof: See Wiens (1983).

In this paper, an asymptotic expansion of the distribution
of Y, is given up to O(n_z) . In Section 2, we will prove
Theorem 2: With Pq = P(Xésy) s Gn(y) is given by

P +E{4p2+9p+7p + 6p2+17p+9P

‘gn 3 4 :

_ 20p%+47p+31,
g+é 8 ' q+2

2
_ 2p~+33p+17 -2
57 Pq} +0(n ") . )

The convergence of Gn to the Xq d.f. is quite slow, and

q+4

the xz-approximation alone is inadequate for practical pur-
poses. Using the methods of Hill and Davis (1968), we find

-1 _ .2 -2
Gn (1-a) = Xq31-a + kp;a /nt0(n"") ,
. 2 _ .2
where, with x~ = Xq;l—a s
2
_ 5 2r (4pT+9pt7) 2,2 2
knso = 2PX 3g7qw2) (qra {((X7)° + (g+4) x° +(q+2)(q+4)}
2
_ 22p“+47p+31) 2 (6p+17p+9)
“gqlgray (X Hav2) + s .
Some values of kp-a are given in the tables of Section 3, where

simultaneous confidence intervals on all linear functions of
vec £ are exhibited, and compared with those of Roy (1954).
Nagao (1973) proposed

_ -1 ,,-1,,, -1 -1 _ N -1 2
T1 = N(vec(Z0 -Vn )) (Vng Vn)vec(zO -Vn ) = Etr(vnzo -Ip)

U

N N
-~—Ztr‘(—N-"Ip

as a test statistic for the hypothesis that I = ZO, and obtained

)2

an expansion similar to that above for the d.f. of T1 . Since
the methods used here are similar to those used by Nagao, the
proof of Theorem 2 is only outlined.
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2. PROOF OF THEOREM 2

U U
Put k = N-p-1, Z = (%)1/2 log —{j » S0 that (N_—-pl:l-l-)-l =

eXP(-(%)l/ZZ)

and

_ (p1) (k+1) (k+4) Un,-1 2
Yo = 2L (p+D)k+2] tr ()7 - 1)

7z
Z

2 2 31,7 ,..4 , 5p¥3 , 2
tri© - (F) trZ” + FCE trZ" + ot trZ™] +

o(k™3/2y . (1)
As at (2.4) of Nagao (1973), the density of Z has the asymptotic

expansion

2,1/2
o(2) = o) etrtl Gz - (he® T

- 2
[1LE)He trZeps (3p2-6ps2)triZeptrZ ) +
o(k32)7 (2)
where ¢, = (%)D(2k+p+1)/4/ %(;) . Combining (1) and (2) gives
isY isY
an expression for e Ng(z) . Then expanding e " and
1/2
(%)e(k/z) z gives
. 1 . 2
isY -kp/2 - %(1-2is)trZ b
ooy o 2 e2yl2, 0100 =372
e g(z) = cie exp{(k) a1+—E+0(k )T .
b
.[1+(%)1/2a2+—% + 0(k'3/2)1 s (3)
L iererd 1,53 CiTe oA Bp¥3 L 3
where ay = istrZ” + triZ EtrZ . b1 = 1s[gtr2 + oFL trZ”]

1 -4 _p-1 1 2 2 2 .
- ptrl s = tr, b,= 17 [(3p“-6p+2)tr-Z+ptrZ~] . Expanding

exp{-} in (3) then gives, as the characteristic function wn(s)

of Yn .

-1 . 2
wn<s)=cle'kp/2 J e 7(1-21S)tY‘Z [1+A(%)1/2+'%+0(k-3/2)]d29

Z=7' (4)
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where
A= AltrZ+A2trZ3 , B = Bltthrz3+Bztr22+83tr22+B4trz4+sstrzz‘,
2
= Eil = (1 l T - 3 1 = 3p +6p+2
A]. 2 o Az (1S+6)’ B]. (p+1)(15+‘g)a BZ _1’2_ s
- 5p+3 L. .D die 1] Criee 132
By = =31 1%z » By=gls = 15 B =(is+ )" .

Now let VSCZ be the gx1 vector formed from those elements of
Z on and below the main diagonal, ordered anti-lexicographically.

Define D : gxq and y = gxl by

D = diag(1,2,...,2;...31,2,31); y = (1-2i5)/20  2vgcz
Then (4) becomes vy}
-ly'y)/e 2.1/2.8. ., -3/2
v (s) = c j e [1+A(2) /2480 (k-3/2) 14y | (5)
n e (Zﬂ)q72 k k <
where ( ) P
c = (Zﬂ)p/z(1-213)_q/28-kp/2(£) p 2k+p+1 /4/ i r (k+@+1)
2 a=1
= (1-2is)"9/2[ 1. ?%E(2p2+3p-l) +0(k%)7 . (6)

We may thus treat y as a Nq(g,I) vector. With respect to this
distribution we have, by symmetry, E[A] =0 . Also
ECtrZtrz>]= Sp(pl) (1-2i8)72 , E[trz] = p(1-2is))

etz = BB (1.245)72
Prs.2 -2
7(2p )
- (1-21s)7% .
Substituting these expectations, and (6), into (5) and inverting

wn(s) then completes the proof.

Eftrz]

+5p+5)(1-215) 2, Errz>1= ap?rops7) -

3. SIMULTANEOUS CONFIDENCE INTERVALS

Put a = N/(N-p-1) , b = (G;l(l-a)/ncp N)l/2 , so that the

untiased sample covariance matrix is S = a'lvn , and the level

l-a  confidence region of Theorem 1 becomes
{2l (vec(z-as)) ' (5718 5 )vec(z-as) < (ab)
Applying Scheffe's (1959) method, we find that simultaneous

2y,
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confidence intervals on all linear functions of vecZ are given

by
L-c=P{a(tris-b(tr(Ms)2)1/2) < trMz <a (eris+b(tr(Ms)?)L/2
for all symmetric M} .
Putting M=m m' gives the intervals
a(l-b)m'Sm< m'sm = a(l+b)m’'Sm . (7)
Choosing M to have 1's in the (1‘,j)th and (j,i)th positions,

zereos elsewhere, gives

2
s..5..(1+r5.)
1-c = Pla(s; ;-b(— 337 i37H1/2y <oy ®
2
S..5..(1+rs.)

als (T8 5 an 4,y (8)

where r.. is the sample correlation coefficient. 1In (7), choose
W1y -1/2 th .th s

m to have o4 and 533 in the i and J positions,

zeroes elsewhere; combine with (8), and assume that n is large
enough that b <1 . Then simultaneous confidence intervals on
the population correlation coefficients, still at a combined level
exceeding l-a , are

-2b 2b

+ +
Top (Mtrigd *ryy =gy =g (g * vy

where

+ -

iy - max(O,rij) .

Corresponding to (7), Roy (1954) gave the intervals

l-a = P(m'Sm/u <m'tm <m'Sm/& ; all m} (9)
where £ < u are such that [L,u] contains all roots of z'ls
with probability (1-a) . Using (9), Anderson (1965) obtained

(SL-1+u'1)s..-(JL_l-Lfl)(s,..s..)l/2
l1-q 2P { N N dI e 5., <
2 RS N
(z‘1+u'1)si.+(2’1—u'1)(511S--)1/2
i JJ all 4,5} . (10)

Put R(N,p,a) = 2ab/(ﬁ—1-u'1) . Then the intervals in (7)
are shorter than those in (9) if R <1 ; those in (8) are shorter
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than those in (10) if R < ((1+rfj)/2)'1/26 [1,/2] . Tables

I-T1T1 below give some comparative values. We have approximated

-1 2 -
Gn (1-a) by Xg31-a + kp;u/n . For p=2 , the values of &

and u were obtained from Thompson (1962), for p=4 and 6 they
were obtained from Pearson and Hartley (1976).

For some pairs (p,N) , the intervals in (7) and (8) are
uniformly shorter. For others, 1 <R < V2 , so that there will
be values rij for which each method gives shorter intervals.
An asterisk (*) indicates a combination for which b > 1 .

2

TABLE I3 p=2, 6=.05, x5, gc=7.815 , Kk, (.=76.9603
1 -1
N 2ab gLy R(N,2,.05)

20 1.723 2.285 754

40 1.047 1.360 -770

60 1810 1,050 771

80 682 885 1770

100 -600 779 1770

TABLE 11: p=d, a=.10, x5, 4°15.9872, ky, (<182.011

N 2ab PR R(N,4,.1)
%20 2.980 3.479 .857

40 1.640 1.836 .894

60 1.231 1,369 -899

80 1.021 1,135 2900

100 1890 .990 -899

TABLE IIT: p=6, 0=.10,)5,, 4°29.615, k,, ,=445.458
1 -1

N 2ab gl R(N,6,.1)
%20 5.183 5.646 .918
%40 2.509 2.527 -993

60 1.810 1.785 1.014

80 1,473 1.448 1.017
100 1.269 1.247 1.017
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