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ABSTRACT 

We obtain an asymptotic expansion of the  confidence coeff i -  

c i en t  f o r  an e l l ip so ida l  confidence region on the  elements of a 
normal covariance matrix. This leads  t o  simultaneous confidence 
in t e rva l s  on a l l  l i n e a r  functions of the  elements of t h i s  matrix,  

which a re  compared with those of Roy (1954).  

1. INTRODUCTION 

Using r e s u l t s  of Tyler (1982),  Wiens (1983) exhibited confi-  
dence e l l i p s o i d s  f o r  covariance matrices of el  1 i p t i c a l  l y  symmetric 
populations, and f o r  t h e i r  inverses.  For a normal 1 y d i s t r ibu ted  

population, the  e l l i p s o i d  assumes a p a r t i c u l a r l y  simple form. 

Theorem 1: Let 1 q, be i . i . d .  N (li C) random vectors.  
P 

P u t  N = n-1, q = p(p+l) /2 ,  c ~ , ~  = (p+l)(ii-p)(N-p+3)/((N+l) 
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1406 WIENS 

Then 

100 ( I 

s o i d  

-1 -1 
Yn = ncpYN(vec( i -Vn) ) ' (Vn  PVn )vec(C-Vn). Gn(y) = P(Ynsy). 

N+1 UN )" - 1 ~ 1 ~  , where U -W (1,N) . A 'n- -T '?,N t r ( ( m  N P 
. -a)% con f idence  r e g i o n  f o r  C i s  t h e  q-d imensional  . e l l  i p -  

Y ~ G - a  . Furthermore, E[Yn] = q and Yn 
L 2 - Xq . 

Proo f :  See Wiens (1983). 

I n  t h i s  paper, an asympto t i c  expansion o f  t h e  d i s t r i b u t i o n  - 
p rove  o f  Y i s  g i v e n  up t o  0(n-') . I n  S e c t i o n  2, we w i l l  

2 Theorem 2 :  Wi th P = P(xq<y) Gn(y) i s  g i v e n  by  
9 

2 ~ ~ + 3 3 ~ + 1 7 ' ~ ]  + 0(n-2) . - 24 2 The convergence o f  Gn t o  t h e  x d . f .  i s  q u i t e  s 
2 9 t h e  x -approx imat ion  a lone  i s  inadequate f o r  p r a c t i c a l  

poses. Using t h e  methods o f  H i l l  and Davis  ( l 9 6 8 ) ,  we 
- 1 + k  / n + ~ ( n - ~ ) ,  

Gn (1 -a )  = Xq;l-a p;a 

low,  and 

p u r -  

f i n d  

where, w i t h  X2 = 
2 

Xq;l-a ' 

Some va lues  o f  k a r e  g i v e n  i n  t h e  t a b l e s  o f  S e c t i o n  3, where 
P ;a 

s imul taneous con f idence  i n t e r v a l s  on a l l  l i n e a r  f u n c t i o n s  o f  

vec C a r e  e x h i b i t e d ,  and compared w i t h  those  o f  Roy (1954) .  

Nagao ( 1973) proposed 

as a t e s t  s t a t i s t i c  f o r  t h e  hypo thes is  t h a t  C = C o y  and o b t a i n e d  

an expansion s i m i l a r  t o  t h a t  above f o r  t h e  d. f .  o f  T1 . Since 

t h e  methods used here a r e  s i m i l a r  t o  those  used by  Nagao, t h e  

p r o o f  o f  Theorem 2 i s  o n l y  o u t l i n e d .  
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ELLIPSOIDAL CONFIDENCE REGIONS 

2. PROOF OF THEOREM 2 

and 

o(r3I2) . (1) 

As at (2.4) of Nagao (l973), the density of Z has the asymptotic 

expansion 

2 2 
p-1(2)112 tr~&{(3~~-6~+2)tr ZtptrZ 1 + C1+-7- k 

o ( ~ - ~ / ~ ) I  , (2) 

p(2ktpt1)/4/ r (1) . Combining (1) and (2) gives where cl = (7) 
isYn P 2 isY, 

an expression for e g(Z) . Then expanding e and 

1/Za 3 + o(k-3/2)l . .C1+(7T) 2 k (3) 

3 1 7 where al = -istrZ t trZ - $trz3 . bl = is[str~4+5pt3 7 trz31 
2 - &rZ4 , a2";'trZ, b2= 4 [(3p -6pt2)tr2~+ptr~2] . Expanding 

expi. 1 in (3) then gives, as the characteristic function in(s) 

of Y n .  
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1408 WIENS 

where 

Now l e t  vgcZ be t h e  q x l  v e c t o r  formed f rom those elements o f  

Z  on and below t h e  main d iagona l  , ordered a n t i - l e x i c o g r a p h i c a l  l y .  

D e f i n e  D  : qxq and y = q x l  by  

D  = d i a g 2  . 2  . . ; 1 2 ; 1 ) ;  - y = ( I - Z ~ S ) ~ / ~ D ~ / ~ V ~ C Z  . 
Then ( 4 )  becomes 

We may t h u s  t r e a t  y as a  N  ( 0 , I )  v e c t o r .  Wi th r e s p e c t  t o  t h i s  
q  - 

d i s t r i b u t i o n  we have, by  symmetry, E[A] = 0  . A lso  
3 3  2 E [ t r Z t r Z  I =  7 p ( p + l ) ( l - 2 i s ) ' 2  , E r t r  Z] = p ( l - 2 i s ) - 1  , 

2 P ( ? f l )  - 2  E [ t r Z  1 = - ( 1 - 2 i s )  , 
2  ~ [ t r ~ ~ ]  = $(zp + 5 p t 5 ) ( 1 - 2 i s ) - 2  , ~ [ t r ~ z ~ ] =  %(4p2+9p+7) - 

. ( 1 - 2 i ~ ) - ~  . 
S u b s t i t u t i n g  these e x p e c t a t i o n s ,  and ( 6 ) ,  i n t o  ( 5 )  and i n v e r t i n g  

qn(s )  t h e n  completes t h e  p r o o f .  

3. SIMULTANEOUS CONFIDENCE INTERVALS 

Put  a  = N/(N-p-1) , b = (~ ; ' ( l -a ) /nc  
P,N 

, so t h a t  t h e  

- 1 unbiased sample covar iance  m a t r i x  i s  S  = a  Vn , and t h e  l e v e l  

1-o conf idence r e g i o n  o f  Theorem 1 becomes 

( v e c ( C - a ~ ) ) ' ( ~ - ' @  ~ - ' ) v e c ( ~ - a ~ )  5 (ab121 . 
App ly ing  S c h e f f e ' s  (1959) niethod, we f i n d  t h a t  s imul taneous 
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ELLIPSOIDAL CONFIDENCE REGIONS 1409 

confidence in t e rva l s  on a l l  l i n e a r  functions of vecC a r e  given 

by 
2 112 

l-a=~{a(tr~s-b(tr(~s)~)'/~) trMC s a ( t rE+b( t r (MS) ) 

f o r  a l l  symmetric M 1 . 
Putting M=m 5' gives the  in t e rva l s  

a(1-b)mlSm ' ? ' E m  ' a(l+b)plSm - . ( 7 )  

Choosing M t o  hava l ' s  i n  the  ( i , j ) t h  and ( j , i ) t h  pos i t ions ,  

zereos e l  sewhere, gives 2 
s i i s j j ( l + r i j )  

1-cx 2 P{a(sij-b(-) ) 2 " .  1 j 5 

where r i j  i s  the  sample co r re l a t ion  coe f f i c i en t .  In ( 7 ) ,  choose 
- ' I 2  and o m to  have o i i  - j j i n  t h e  i th  and jth pos i t ions ,  

zeroes elsewhere; combine with ( 8 ) ,  and assume t h a t  n i s  la rge  

enough t h a t  b < 1 . Then simultaneous confidence in t e rva l s  on 

the population co r re l a t ion  coe f f i c i en t s ,  s t i l l  a t  a  combined level  

exceeding 

-2b - 
l+b 

where 
4. 

1-a , a r e  

Corresponding t o  ( 7 ) ,  Roy (1954) gave t h e  in t e rva l s  
1-a = P{m'Sm/u 5 - m'cm - srn1Sm/k - - ; a l l  p I (9 )  

where P < u a r e  such i m t  [Y,u! contains a l l  roots  of 1-'S 

with probabi l i ty  (1-a) . Using ( 9 ) ,  Anderson (1965) obtained 

(k-l+u-l)sij+(E-l-u-l)(siisjj) 112 
2 a l l  i ,  I .  (10) 

P u t  R(N,p,a) = 2ab/(%-'-u-') . Then t h e  in t e rva l s  i n  ( 7 )  
a re  shor t e r  than those i n  ( 9 )  i f  R < 1 ; those in  (8)  a re  shor t e r  
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1410 WIENS 

than  those i n  (10)  i f  R < ( ( l t r ?  . ) /2) -1/2 t [l,fl] . Tables 
1 J 

1-111 below g i v e  some comparat ive values. We have approximated 
- 1 + k /n  . For p=2 , the  values o f  R Gn (1-a)  by Xq;l-a p;a 

and u were ob ta ined  f rom Thompson (1962), f o r  p=4 and 6 they  

were ob ta ined  f rom Pearson and H a r t l e y  (1976). 

For some p a i r s  (p,N) , the  i n t e r v a l s  i n  ( 7 )  and (8 )  a re  

u n i f o r m l y  sho r t e r .  For o thers ,  1 < R < &7 , so t h a t  t h e r e  w i l l  

be values rij f o r  which each method g i ves  s h o r t e r  i n t e r v a l s .  

An a s t e r i s k  (* )  i n d i c a t e s  a combinat ion f o r  which b > 1 . 

2 TABLE I :  p.2, w .05 ,  ~ ~ ; . ~ ~ = 7 . 8 1 5  , k2, s05=76 .9603 

2 TABLE I 1  : p=4, w .10 ,  xlO. 9=15.9872, k4. 1=182.011 
3 .  3 .  

I I I 

Z TABLE I11 : p=6, a=. 1 0 , ~ ~ ~ ;  .9=29.615, k6;. 1=445 .458 

N 

*20 
*40 

60 
80 

100 

2ab 

5.183 
2.509 
1.810 
1.473 
1.269 

R-l-u-l 

5.646 
2.527 
1.785 
1.448 
1.247 

R(N,6,.1) 

.918 

.993 
1.014 
1.017 
1.017 
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