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Abstract: We exhibit regression designs and weights which are robust against

incorrectly specified regression responses and error heteroscedasticity. The ap-
proach is to minimize the maximum integrated mean squared error of the fitted

values, subject to an unbiasedness constraint. The maxima are taken over
broad classes of departures from the ‘ideal’ model. The methods yield par-

ticularly simple treatments of otherwise intractable design problems. This
point is illustrated by applying these methods in a number of examples includ-

ing polynomial and wavelet regression and extrapolation. The results apply
to generalized M-estimation as well as to least squares estimation. Two open
problems - one concerning designing for polynomial regression and the other

concerning lack of fit testing - are given.
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7.1 Introduction

In this article we synthesize some recent findings concerning the interplay be-

tween the choice of design points for regression based data analyses, and the
weights used in weighted least squares or generalized M-estimation. The re-

gression model which we envisage is described in Section 7.2, and is one for
which the ordinary least squares estimates are biased due to uncertainty in the
specification of the response function by the experimenter. Furthermore, we

allow for the possibility of error heteroscedasticity of a very general form.
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118 Douglas P. Wiens

The experimenter seeks robustness in the form of protection from the bias
and efficiency loss engendered by model misspecification. The recommenda-

tions made here are that these robustness issues be addressed both at the design
stage and at the estimation stage. We exhibit designs and regression weights
which minimize the maximum loss, with the maximum evaluated over broad

classes of departures from the fitted response function and from homoscedastic-
ity, subject to a side condition of unbiasedness. The designs also leave degrees

of freedom to allow for the exploration of regression responses other than the
one initially fitted.

An appealing consequence of our methods is that some otherwise very in-
tractable design problems become amenable to simple remedies. This latter

point is illustrated by applying these methods in a number of examples. The
case of multiple linear regression, over ellipsoidal or rectangular design spaces,

is addressed in Section 7.3. Section 7.4 covers polynomial regression, a partic-
ularly difficult problem in robust design theory. Wavelet regression is treated
in Section 7.5; in Section 7.6 we consider designs for the extrapolation of the

regression estimates beyond the design space. In Section 7.7 we discuss post-
design inference, in particular lack of fit testing. Section 7.8 treats generalized

M-estimation. Two intriguing open problems are given - one in Section 7.4
and the other in Section 7.7.

7.2 General Theory

We suppose that the experimenter is to take n uncorrelated observations on a
random variable Y whose mean is thought to vary in an approximately linear

manner with p-dimensional regressors z(x): E[Y |x] ≈ zT (x)θ. The sites xi are
chosen from S, a Euclidean design space with finite volume defined by

∫

S
dx =

Ω−1. We define the “true” value of θ by requiring the linear approximation to
be most accurate in the L2-sense:

θ := argmin
t

∫

S

(E[Y |x]− zT (x)t)2dx. (7.1)

We then define f(x) = E[Y |x] − zT (x)θ and ε(x) = Y (x) − E[Y |x]; these

definitions together with (7.1) imply that

(i) Y (x) = zT (x)θ + f(x) + ε(x), (ii)

∫

S

z(x)f(x)dx = 0. (7.2)

We allow for the possibility that the variance of ε(x) is proportional to a function

g(x), with g varying over some class G: VAR[ε(x)] = σ2g(x). We take the
bound

∫

S

g2(x)dx ≤ Ω−1, (7.3)
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implying that σ2 = supgεG

(

∫

S
VAR

2[ε(x)]Ωdx
)1/2

. Note that (7.3) allows for

homoscedastic errors G = {1}, where 1(x) ≡ 1.
We require a further condition in order that errors due to bias not swamp

those due to variance. In keeping with the L2-nature of (7.1), we assume that
∫

S

f2(x)dx ≤ η2, (7.4)

for some positive constant η2. Neither σ2 nor η2 need be known to the exper-

imenter in order for our results to be applied.
The balancing of bias and variance can be achieved in other ways than (7.4).

Pesotchinsky (1982) and Li and Notz (1982) among others take

|f(x)| ≤ φ(x) (7.5)

for a known function φ(x) satisfying various assumptions. An apparently un-
avoidable consequence of this rather thin neighbourhood structure is that the

resulting ‘robust’ designs have their mass concentrated at a small number of
extreme points of the design space, and thus afford little opportunity to test the

model for lack of fit or to fit alternate models. The neighbourhoods implied by
(7.4) can on the other hand be viewed as somewhat broad, since for them any

design with finite maximum loss must be absolutely continuous, hence must
be approximated at the implementation stage. For details and discussion see

Wiens (1992), where the conclusion is reached that “Our attitude is that an
approximation to a design which is robust against more realistic alternatives
is preferable to an exact solution in a neighbourhood which is unrealistically

sparse.” Indeed, simulation studies carried out to compare the implementa-
tions of the continuous designs with some common competitors have consis-

tently shown these designs to be very successful at reducing the mean squared
error, against realistic departures which are sufficiently large to destroy the

performance of the classical procedures yet small enough to be generally un-
detectable by the usual tests. See Wiens (1998, 1999) and Fang and Wiens

(1999).
We propose to estimate θ by least squares, possibly weighted with non-

negative weights w(x). Let ξ be the design measure, i.e. the distribution plac-
ing mass n−1 at each of {x1, . . . , xn}, and denote by K(x) the corresponding

distribution function. Define matrices A,B,D and a vector b by

A =
∫

S
z(x)zT (x)dx, B =

∫

S
w(x)z(x)zT (x)ξ(dx),

D =
∫

S
w2(x)g(x)z(x)zT(x)ξ(dx), b =

∫

S
w(x)z(x)f(x)ξ(dx).

In a more familiar regression notation these are

B = n−1ZT WZ and D = n−1ZT WGWZ,
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where Z is the n × p model matrix with rows zT (xi) and W,G are the n × n
diagonal matrices with diagonal elements w(xi) and g(xi) respectively. The

motivation for writing these quantities as integrals with respect to ξ will be-
come apparent below, where we broaden the class of allowable design measures
to include continuous designs. Note also that although it is mathematically

convenient to treat ξ as a probability measure, we do so only in the formal sense
of a non-negative measure with a total mass of unity - there is no implication

that the xi are measured with error.
Assume that A and B are nonsingular. The mean vector and covariance

matrix of the weighted least squares estimate θ̂ = B−1 · n−1ZT WY (where Y

is the data vector) are

E[θ̂]− θ = B−1b, COV [θ̂] =
σ2

n
B−1DB−1. (7.6)

We estimate E[Y |x] by Ŷ (x) = zT (x)θ̂, and consider the resulting integrated

mean squared error : IMSE =
∫

S
E[(Ŷ (x)−E[Y |x])2]dx. This splits into terms

due solely to estimation bias, estimation variance, and model misspecification:

IMSE(f, g, w, ξ) = ISB(f, w, ξ) + IV (g, w, ξ)+

∫

S

f2(x),

where, with H = B−1AB−1, the Integrated Squared Bias (ISB) and Integrated

Variance (IV) are

ISB(f, w, ξ) =

∫

S

(

E[Ŷ (x)− zT (x)θ]
)2
dx = bTHb,

IV (g, w, ξ) =

∫

S

V AR[Ŷ (x)]dx =
σ2

n
· trace(HD).

We adopt the viewpoint of approximate design theory, and allow as a design

measure ξ any distribution on S. It can be shown - a formal proof can be
based on that of Lemma 1 of Wiens (1992) - that if either of supf ISB(f, w, ξ) or

supg IV (g, w, ξ) is to be finite, then ξ must necessarily be absolutely continuous.
The resulting designs may be approximated and implemented by placing the

design points at appropriately chosen quantiles of K(x).
We say that the pair (ξ, w) is unbiased if it satisfies supf ISB(f, w, ξ) = 0.

Equivalently, E[θ̂] = θ for all f . The pair is minimum variance unbiased
(MVU) if it minimizes supf,g IMSE(f, g, w, ξ) subject to being unbiased. The

following theorem, which can be established as in Wiens (1998) by standard
variational methods, gives a necessary and sufficient condition for unbiasedness,

and minimax weights. Before stating it we require some definitions. Let k(x) =
K ′(x) be the design density, and define m(x) = k(x)w(x). Assume, without loss
of generality, that the average weight

∫

S
w(x)ξ(dx) is 1. Then m is a density

on S and each of b, B depends on (k, w) only through m. Rather than
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optimize over (k, w) we may optimize over (m,w) subject to the constraint
∫

S
m(x)/w(x)dx = 1. Define also lm(x) = zT (x)Hz(x).

Theorem 7.2.1 a) The pair (ξ, w) is unbiased iff m(x) ≡ Ω.

b)For fixed m(x), maximum Integrated Variance is

sup
g
IV (g, w, ξ) =

σ2

n
Ω−1/2

(∫

S

(w(x)lm(x)m(x))2dx

)1/2

,

attained at the least favourable variance function gm,w(x) ∝ w(x)lm(x)m(x).

Maximum IV is minimized by weights wm(x) ∝ (

l2m(x)m(x)
)−1/3

I(m(x) > 0).

c) MVU designs and weights (ξ∗, w∗) for heteroscedastic errors are given by

k∗(x) =
(z(x)TA−1z(x))

2

3

∫

S
(z(x)TA−1z(x))

2

3 dx
, (7.7)

w∗(x) = Ω/k∗(x). (7.8)

The least favourable variances satisfy g∗(x) = w∗(x)−1/2. If the errors are
homoscedastic (G = {1}) the exponents 2/3 in (7.7) are replaced by 1/2.

Part c) of Theorem 7.2.1 is an immediate consequence of parts a) and b), since

m(x) ≡ Ω implies that lm(x) ∝ z(x)TA−1z(x). Note that under heteroscedas-
ticity the minimax weights w∗(x) are equal to g∗(x)−2; recall that if g(x) is

known then the efficient weights are proportional to g(x)−1.
In our consideration of the special cases in the following sections, we will

take mathematically convenient, canonical forms of the design spaces. This is
justified in each case by the following lemma.

Lemma 7.2.2 Suppose that the variables x ∈ S are subjected to an affine trans-

formation x → Mx+c =: x̃ with M nonsingular, that S̃ := {x̃|x ∈ S} and that
the regressors are equivariant in that z(x̃) = Pz(x) for some nonsingular ma-

trix P. If (ξ∗, w∗) are MVU for the design problem with regressors z(x), x ∈ S
then the induced design ξ̃∗ with distribution function K̃∗(x̃) = K∗(M

−1(x̃−c)),

and weights w̃∗(x̃) = w∗(M
−1(x̃ − c)), are MVU for the design problem with

regressors z(x̃), x̃ ∈ S̃.

Lemma 7.2.2 is established by checking that (7.7) and (7.8) hold when ap-

plied to (K̃∗, w̃∗).
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Figure 7.1: MVU design densities over the square S = [−1, 1]× [−1, 1], robust
against heteroscedasticity as well as response uncertainty. (a) Design for esti-

mating a second order response. (b) Design for extrapolation of a first order
fit to T = {[−1, 2]× [−1, 2]} \ S.

7.3 Fitting a Second Order Response in Several

Regressors

The following two examples illustrate the ease with which the MVU approach
can be applied to otherwise quite intractable problems. Unconstrained, i.e.

without the requirement of unbiasedness, minimax designs were obtained by
Wiens (1990) for a greatly simplified version of the model in Section 7.3.2:
z(x) = (1, x1, x2, x1x2), S = [−1, 1]× [−1, 1], G = {1}; even then the solution

was very complex.

7.3.1 S an ellipsoid

Let x = (x1, ..., xq)
T . Suppose that the experimenter anticipates fitting a full

second order model, so that z(x) contains the elements 1, xi, x
2
i , xixj (1 ≤ i <

j ≤ q), and that S is a q-dimensional ellipsoid. By virtue of Lemma 7.2.2 we

may assume that S = {x| ||x|| ≤ 1}. We then find that the MVU design has
density

k∗(x) ∝
(

1 +
||x||2
µ1

+

( q
∑

i=1

x4
i

)

(

1

µ2
− 1

2µ3

)

+ ||x||4
(

1

2µ3
− µ1

µ2(µ2 + qµ1)

)

)
2

3

,

(7.9)
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where

µ1 = Ω

∫

S

x2
1dx =

1

q + 2
,

µ2 = Ω

∫

S

x4
1dx =

3

(q + 2) (q + 4)
,

µ3 = Ω

∫

S

x2
1x

2
2dx =

1

(q + 2) (q + 4)
.

7.3.2 S a q-dimensional rectangle

If x is as in Section 7.3.1 but S is a q-dimensional rectangle, which we may take

as {x| |xi| ≤ 1, i = 1, ..., q} by appealing to Lemma 7.2.2, then k∗(x) is as in
(7.9) with µ1 = 1/3, µ2 = 1/5, µ3 = 1/9. See Figure 7.3(a) for a plot of k∗(x)
with q = 2.

7.4 Fitting a Polynomial Response

The problem of designing for a polynomial fit, when it is assumed that the
fitted polynomial form is exactly correct, has a long and rich history - see

Pukelsheim (1993). Considerations of robustness against incorrectly specified
response functions have entered the literature relatively recently. Stigler (1971)

proposed a robustness criterion of designing for a polynomial fit of particular
degree, whilst maintaining a lower bound on the efficiency if the true response

is a higher order polynomial of fixed maximum degree. He gave particular
solutions in the case of a linear fit with a quadratic alternative. Studden (1982)

characterized this problem in terms of canonical moments and gave solutions
for a linear fit against an alternative of arbitrary maximum degree. More
recent approaches have focussed on minimizing a scalar-valued function of the

covariance matrix of the estimates of the coefficients of the fitted polynomial,
subject to a bound on the bias under alternative models. One can also seek to

minimize bias while bounding variance. See Montepiedra and Fedorov (1997)
for applications of this approach with polynomial alternatives and Liu and

Wiens (1997) for arbitrary alternatives in neighbourhoods defined by (7.5).

Unconstrained minimax solutions for models given by (7.2) and (7.4), with

z(x) = (1, x, x2, . . .xq)T , have been notoriously elusive. It is a straightforward
matter to maximize the loss over f - see Theorem 1 of Wiens (1992). However,

even in the case q = 2 the problem of finding a design to minimize the resulting
maximum loss remains unsolved. For q = 1 the solution was obtained by
Huber (1975). Rychlik (1987) addressed concerns over the required continuity,

hence lack of implementability, of Huber’s (1975) design by proposing that one
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Figure 7.2: MVU design densities on [−1, 1], robust against heteroscedasticity
as well as response uncertainty. (a) Polynomial regression. 1: k∗(x, q = 3); 2:

k∗(x,∞). (b) Wavelet regression. 1: k3,0(x); 2: k3,2(x). (c) Extrapolation
of a cubic fit. 1: k0(x, t0 = 1.5), symmetric extrapolation; 2: k0(x, t1 = 1.5),
asymmetric extrapolation; 3: k0(x,∞).

require f to be a polynomial of fixed maximum degree, but to otherwise satisfy

(7.2) and (7.4). For IMSE loss he showed that, for large values of η, any design
is minimax as long as its moments agree with those of Huber’s design, up to a

certain order. Thus he was able to construct discrete minimax designs. Heo
(1998) extended these results to determinant loss.

In contrast, the MVU designs and weights are easily evaluated, for polyno-

mial fits of any degree. By Lemma 7.2.2 we may take S = [−1, 1]. For qth

degree polynomial regression we write the optimal design density k∗ as k∗(x; q).

This density turns out to be most conveniently expressed in terms of orthog-
onal polynomials, and this leads to an interesting connection to the classical

D-optimal design ξD, i.e. the discrete measure minimizing the determinant of
the covariance matrix of the ordinary least squares estimate θ̂. In the following

result we denote by Pq(x) the qth degree Legendre polynomial on S, normalized
by
∫ 1
−1 P

2
q (x)dx = (q + .5)−1.

Theorem 7.4.1 Define a density on [−1, 1] by hq(x) = (q+1)−1zT (x)A−1z(x).

Then the design density k∗(x; q), MVU for polynomial regression with het-
eroscedastic errors, satisfies

k∗(x; q) ∝ hq(x)
2

3 = .5(Pq(x)P
′
q+1(x)− P ′

q(x)Pq+1(x))
2

3 .

See Wiens (1998) for a proof. The exponents 2/3 are replaced by 1/2 for

homoscedastic errors.

It can be shown that the local maxima of hq(x), hence those of k∗(x; q), are
the zeros of (1 − x2)P

′

q(x). But these are precisely the points of support of

ξD. In this sense, k∗(·; q) is a smoothed version of ξD, which has the limiting
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density (1− x2)−1/2/π = limq→∞ hq(x). The limiting MVU density is

k∗(x;∞) =
(1 − x2)−

1

3

2
1

3 β( 2
3 ,

2
3 )
.

See Figure 7.4(a) for plots of k∗(x; 3) and k∗(x;∞).

Placing designs points at the modes of k∗(x; q) would recover the classically

optimal but non-robust design ξD. We recommend placing design points at the

n quantiles xi = K−1
∗

(

i−1
n−1 ; q

)

, i = 1, ..., n. Of course replication at a smaller

number of locations is also an option, and is the subject of current research.

7.5 Wavelet Regression

The flexibility of wavelets in function representation methods has in recent

years stimulated interest in wavelet approximations of regression response func-
tions for the analysis of experimental data - see e.g. Antoniadis, Gregoire and

McKeague (1994) and Benedetto and Frazier (1994). A primary attraction of
wavelets in regression is their ability to approximate response functions which

lack the smoothness properties of, e.g., polynomial responses. For instance if
one assumes only that the response function is square integrable, with no fur-
ther smoothness assumptions, then a Haar wavelet approximation is suitable.

When the response is smoother, but not necessarily continuous, then a multi-
wavelet (Alpert 1992) approximation may be more appropriate. The class of

multiwavelets contains the Haar wavelets.

Related design questions have arisen concurrently. For models in which the
response function can be represented exactly as a linear combination of Haar

wavelets see Herzberg and Traves (1994) with extensions by Xie (1998). Both
unconstrained and constrained minimax design problems for wavelet approxi-

mations of the response function have been studied by Oyet (1997, 1998). Here
we summarize the constrained solutions; details may be found in Oyet (1997)

and Oyet and Wiens (1999).

Take S = [0, 1) and assume that the regression response E[Y |x] is in the
space L2(S) of square integrable functions, so that it may be approximated

arbitrarily closely by linear combinations of multiwavelets. Denote by zN,m(x)

the N · 2m+1 × 1 vector consisting of the wavelets {φl(x), Nν
−j,k
l (x) | j =

0, ..., m, k = 0, ..., 2j −1, l = 0, ..., N−1} in some order. The elements of zN,m

form an orthogonal basis for L2(S) asm → ∞. When N = 1 they coincide with

the Haar wavelets; in general they are described as follows. Recall from Section
7.4 that Pl denotes a normalized Legendre polynomial. In this notation φl(x) =√

2l+ 1Pl(2x− 1)I[0,1)(x); also Nν
−j,k
l (x) = 2j/2

Nνl({2jx})I([2jx] = k), where
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{x} = x − [x] denotes the fractional part of x. The primary wavelets Nνl can
in turn be developed recursively; examples are 1ν0(x) = I[0,1/2)(x) − I[1/2,1)(x)

and

2ν0(x) =
√

3(4|x− 1/2| − 1) · I[0,1)(x),

2ν1(x) = 2(1 − 3|x− 1/2|) · (I[0,1/2)(x)− I[1/2,1)(x)).

By virtue of the orthogonality of zN,m(x), Theorem 7.2.1c) can be reduced to

a particularly simple form in this case.

Theorem 7.5.1 (Oyet and Wiens 1999) For the multiwavelet approximation
the MVU design density kN,m(x) for homoscedastic errors is

κN ·
[

φN−1({2m+1x})φ′N({2m+1x}) − φ′N−1({2m+1x})φN({2m+1x})
]1

2 ,

where the normalizing constant is

κN =

(∫ 1

0

[

φN−1(x)φ
′
N(x)− φ′N−1(x)φN(x)

]
1

2 dx

)−1

.

The exponents 1/2 are replaced by 2/3 for heteroscedastic errors. The limiting
density (for homoscedasticity) is

k∞,m(x) =
{2m+1x}−1/4(1− {2m+1x})−1/4

β( 3
4 ,

3
4)

.

A comparison with Theorem 7.4.1 reveals that kN,m(x) is a scaled and dilated
copy of k∗(x;N−1), extended periodically over S with period length(S)/2m+1.
Some particular cases are k2,m(x) = 2.51 · [({2m+1x} − 1/2)2 + 1/12]1/2 and

k3,m(x) = 8.00 · [(({2m+1x} − 1/2)2 − 1/20)2 + 1/100]1/2. See Figure 7.4(b) for
plots of k3,0(x) and k3,2(x) for heteroscedasticity, scaled to x ∈ S = [−1, 1) for

purposes of comparison with the densities in (a) and (c).

7.6 Extrapolation Designs

Spruill (1984) and Dette and Wong (1996) constructed extrapolation designs for

polynomial regression, robust against various misspecifications of the degree of
the polynomial. Draper and Herzberg (1973) extended the methods of Box and

Draper (1959) to extrapolation under response uncertainty. In their approach
one estimates a first order model but designs with the possibility of a second
order model in mind; the goal is extrapolation to one fixed point outside of the

spherical design space. Huber (1975) obtained designs for extrapolation of a



Bias Constrained Minimax Robust Designs 127

response, assumed to have a bounded derivative of a certain order but to be
otherwise arbitrary, to one point outside of the design interval. These results

were corrected and extended by Huang and Studden (1988).

If the goal is extrapolation to a range of values outside of S, robust against
broad classes of alternate models, then the conclusions of Theorem 7.2.1 apply

with only minor changes and yield easily implemented procedures. Suppose
that one is to extrapolate the estimates of the regression response to a region T
disjoint from S, with (7.2)(i) holding on T ∪S. In the expressions of Section 7.2
replace the range S of the integrals defining IMSE, ISB and IV by T , obtaining

in this way integrated mean squared prediction error, etc. Redefine H to be
B−1AT B−1, where AT =

∫

T
z(x)zT (x)dx. Then Theorem 7.2.1a),b) apply

to the minimization of the resulting IMPSE, subject to sup IPB = 0. The

minimax design density under heteroscedasticity is (Fang and Wiens 1999)

k0(x) =
(z(x)TA−1AT A−1z(x))

2

3

∫

S
(z(x)TA−1AT A−1z(x))

2

3dx
(7.10)

(the exponents are 1/2 for homoscedastic errors) and correspondingly optimal

weights are w0(x) = Ω/k0(x).

7.6.1 Extrapolation of a polynomial fit

For qth degree polynomial regression we find that

k0(x) ∝




∑

i,j

αijPi(x)Pj(x)





2/3

, x ∈ S = [−1, 1],

where αij = (i + .5)(j + .5)
∫

T
Pi(x)Pj(x)dx for 0 ≤ i, j ≤ q. For example, for

quadratic regression and a symmetric extrapolation region, i.e. T = [−t0, t0]\S,

we find that k0(x) = k0(x; t0) is given by

k0(x; t0) ∝ [5t30(t0 +1)(3x2−1)2−t0(t0 +1)(5x4−22x2 +5)+4(1−2x2+5x4)]
2

3 ,

(an even function of x) while for one-sided extrapolation (T = [1, t1]) we find
that

k0(x; t1) ∝ [5t41(3x
2 − 1)2 + 5t31(3x− 1)(x+ 1)(3x2 − 1)− t21(5x

4 − 30x3 − 22x2

+10x+ 5)− t1(x+ 1)(5x3 − 15x2 − 7x+ 5) + 2(10x4 + 5x3 − 4x2 + x+ 2)]
2

3 .

For both types of extrapolation region and for arbitrary but fixed q, k0(x;∞) ∝
(

P 2
q (x)

)2/3
. See Figure 7.4(c) for plots of k0(x; 1.5) in both the symmetric and

asymmetric cases, and of k0(x;∞).
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7.6.2 Extrapolation of a first order response in several variables

S an ellipsoid

Suppose that S is as in Section 7.3.1 and has been transformed to a sphere of

unit radius, that T is, after this transformation, the annulus {x|1 < ||x|| ≤ t2}
and that z(x) = (1, x1, ..., xq)

T . Evaluating (7.10) gives the optimal unbiased

extrapolation design density

k0(x, t2) ∝
{

1 + (q + 2)
tq+2
2 − 1

tq2 − 1
‖x‖2

}2/3

.

S a q-dimensional rectangle

Suppose that again z(x) = (1, x1, ..., xq)
T but that S is the q-dimensional cube

[−1, 1]q, and that the extrapolation region is the possibly asymmetric perimeter
T = [−t3, t4]q\S, where t3, t4 ≥ 1. One of t3, t4 may be unity, for one-sided

extrapolation. We find that

k0(x, t) ∝







(

1 + 3µ1

q
∑

i=1

xi

)2

+ 9

(

µ2 −
1

3µq
3

)

‖x‖2 − 1

µq
3







2/3

, (7.11)

where µ1 = (t4 − t3) /2, µ2 = (t4 + t3)
2 /12 and µ3 = (t4 + t3) /2. For sym-

metric extrapolation t3 = t4 and µ1 = 0.

See Figure 7.3(b) for a plot of k0(x) of (7.11) with t3 = 1, t4 = 2.

7.7 Lack of Fit Testing

If weighted least squares is used for reasons other than to address heteroscedas-

ticity, then degrees of freedom are lost in estimating the error variance. The
following result is Theorem 3.2 of Wiens (1999).

Lemma 7.7.1 Suppose that the data obey the linear model Y = Zθ+ ε, where
Zn×p has rank p and the elements of ε are uncorrelated random errors with mean

0 and variance σ2. The weighted least squares estimate θ̂ =
(

ZTWZ
)−1

ZTWY

has mean θ and covariance matrix σ2C, where

C =
(

ZT WZ
)−1 (

ZT W2Z
)(

ZT WZ
)−1

and W is the diagonal matrix of regression weights. Let PV be the projector

onto the column space of V := (Z
... WZ) and denote the rank of PV by r.
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Then S2 = || (I −PV)Y||2/ (n− r) is an unbiased estimate of σ2. The vector
(I −PV)Y is uncorrelated with θ̂. If the errors are normally distributed then

(n− r)S2 ∼ σ2χ2
n−r, independently of θ̂ ∼ N(θ, σ2C).

The projector PV will typically have rank r = 2p when the weights are non-
constant, so that p degrees of freedom are lost in the estimate of σ2, relative

to ordinary least squares. Note that S2 is easily obtained as the mean square
of the residuals in a regression of Y on the columns of V. Inferences on linear

functions of θ are then carried out in the usual way, with the required change
in the degrees of freedom.

As an example, consider the standard test for lack of fit, based upon groups
of replicated observations and assuming the errors to be homoscedastic. The
experimenter takes ni observations Yij at each of locations xi, i = 1, ..., c. He

computes the Pure Error estimate of σ2: S2
PE =

∑

(ni − 1)S2
i /(n− c), where

S2
i is the sample variance of {Yi,1, ..., Yi,ni

}, and computes also the regression

estimate S2 of Lemma 7.7.1. Then the test of the hypothesis that f ≡ 0 in
(7.2) consists of rejecting for large values of

T =
(n− r)S2 − (n− c)S2

PE

(c− r)S2
PE

.

Under the null hypothesis both estimates of σ2 are unbiased. Under
(7.2) S2

PE is unbiased but S2 is positively biased, with bias E[S2 − σ2] =

|| (I− PV) f ||2/ (n− r). Here f = (f(x1), ..., f(x1), ..., f(xc), ..., f(xc))
T with

f(xi) appearing ni times. If the errors are normal then T has a non-central

F c−r
n−c distribution (central under the null hypothesis). In this case the power of

the test is an increasing function of the non-centrality parameter, which is in any

event an intuitive measure of the quality of the procedure. This non-centrality
parameter is λ2 = nB(f, w, ξ)/σ2, where B(f, w, ξ) = n−1|| (I − PV) f ||2. A

somewhat more informative expression is determined as follows. Let ξ be the
design measure placing mass ni/n at xi and define r-vectors qw(x) and df,w,ξ,

and an r× r matrix Q by

qw(x) =
(

zT (x), zT(x)w(x)
)T
,

df,w,ξ =

∫

S

qw(x)f(x)ξ (dx) ,

Qw,ξ =

∫

S

qw(x)qT
w(x)ξ (dx) .

Assume that Qw,ξ has full rank. Then

B(f, w, ξ) =

∫

S

f2(x)ξ (dx)− dT
f,w,ξQ

−1
w,ξdf,w,ξ

=

∫

S

(

f(x)− qT
w(x)Q−1

w,ξdf,w,ξ

)2
ξ (dx) .
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From this last expression we see that B(f, w, ξ) is the squared L2(ξ)-distance
from f to the closest linear combination of the elements of qw(x).

Wiens (1991) showed that for ordinary least squares procedures, i.e. w ≡ 1

and qw(x) = z(x), the continuous uniform design with density k(x) ≡ Ω has
the property of maximizing the minimum value of λ2, hence of the power of the

test under the normality assumption, as f ranges over the class

F+ =

{

f(x)|
∫

S

z(x)f(x)dx = 0,

∫

S

f2(x)dx ≥ η2
}

.

The inequality in the definition of F+ serves to separate the null and alternate

hypotheses. A related and open problem in the current context is to choose
maximin weights wξ for a fixed design ξ, i.e. wξ = arg minw minf∈F+ B(f, w, ξ).

7.8 Generalized M-Estimation

For a Mallows-type generalized (or ‘Bounded Influence’) M-estimate defined by

θ̂GM = argminθ

∫

S
ρ

(

Y (x)− zT (x)θ

σ

)

w(x)ξ(dx)

the asymptotic bias of
√
n θ̂GM is B−1b and, with ψ = ρ′, the asymptotic

covariance matrix is νB−1DB−1 where ν = σ2E[ψ2(ε/σ)]/E[ψ′(ε/σ)]2. See

Hampel et al. (1986) and Wiens (1996) for background material and details of
the asymptotics, respectively. A comparison with (7.6) shows that the optimal-

ity properties of the MVU designs and weights, derived under the assumption
that the estimation is to be carried out by weighted least squares, in fact hold

for the case of generalized M-estimation as well.
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