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Abstract

We present schemes for the allocation of subjects to treatment groups, in the presence of
prognostic factors. The allocations are robust against incorrectly speci/ed regression responses,
and against possible heteroscedasticity. Assignment probabilities which minimize the asymptotic
variance are obtained. Under certain conditions these are shown to be minimax (with respect
to asymptotic mean squared error) as well. We propose a method of sequentially modifying
the associated assignment rule, so as to address both variance and bias in /nite samples. The
resulting scheme is assessed in a simulation study. We /nd that, relative to common competitors,
the robust allocation schemes can result in signi/cant decreases in the mean squared error when
the /tted models are biased, at a minimal cost in e4ciency when in fact the /tted models are
correct.
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1. Introduction

In this article we pose a generalization of the following problem of interest in clinical
trials, and study its solution. Suppose that n subjects enter a clinical study and are to
be assigned to one of the two treatment groups, referred to here as ‘treatment’ and
‘control’. Corresponding to each subject is a vector x of prognostic factors or covariates,
upon which the mean response relies through a vector z(x) of possible regressors. Upon
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observing x, the experimenter is to assign the subject to one of the groups. The aim
is to obtain an e4cient and robust estimate of the diGerence in the mean responses to
the treatments.
A complicating factor calling for a robust solution is that the /tted model relating the

response to treatment/covariate eGects may be only approximately valid. We entertain
two such approximate models:

Model 1 :Y = �1u1 + �2u2 + n−1=2fu(x) + �u�;

Model 2 :Y = �1u1 + �2u2 + zT(x)�+ n−1=2fu(x) + �u�:

In each case u= (u1; u2)T = (1; 0)T for the treatment group, u= (0; 1)T for the control
group and � denotes random error with zero mean and unit variance. We are interested
primarily in the parameter �1−�2. The function fu(x) is unknown to the experimenter
and serves to formalize the approximate nature of the /tted models, which are Ŷ =
�̂1u1 + �̂2u2 and Ŷ = �̂1u1 + �̂2u2 + zT(x)�̂, respectively.
Section 2 of this article concerns static, i.e. nonsequential, allocations in an asymp-

totic framework. In Section 3 we consider a sequential implementation scheme.
We show that the existence and properties of fu follow from a natural identi/ability

condition on the regression parameters. The purpose of the n−1=2 in the models, which
has no eGect in /nite samples since it can be absorbed by f, is to ensure that bias
and variance are of the same order asymptotically.
Throughout, �̂ denotes a least-squares estimate. Our results would remain essentially

unchanged, although there would be some minor complications in the derivations, if
these estimates were to be replaced by (ordinary) M-estimates. This is a consequence
of the asymptotics in Maronna and Yohai (1981).
The presence of fu(x) biases the estimate �̂1 − �̂2, so that an optimal assignment

of subjects to groups should aim at the minimization of the mean squared error (mse)
rather than merely the variance. Since fu(·) is unknown, we shall propose a method
for sequentially estimating this quantity.
Ethical considerations often dictate that there should be some randomness in the

assignment of subjects to treatments. Thus, we shall derive a probability �(x) according
to which a subject exhibiting covariates x is to be assigned to the treatment group.
The actual assignment is then made after carrying out a Bernoulli trial with success
probability �(x).
In Section 2 we present a generalization of this problem to p¿ 2 treatment groups,

and give a formal de/nition of the neighbourhood structure referred to above. To
express the loss associated with this problem, we /rst obtain the normalized mse matrix
of a complete set of contrasts of the regression parameters, conditional on the covariates
and on the assignments made. We then evaluate the almost sure limit of the determinant
of this matrix. Optimal assignment probabilities are de/ned as the minimizers of this
loss function.
Atkinson (1982) obtained D-optimal designs for problems similar to those considered

here, but assuming the /tted models to be exactly correct. Thus variance minimization
was the only concern. Heckman (1987) considered a problem closer in nature to ours.
Her approach assumed p = 2 and a single continuous regressor, i.e. z(x) = x in the
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notation above. She assumed a neighbourhood structure somewhat less broad than ours,
and obtained allocations which were minimax when employed with estimates �̂ which
were themselves minimax, for the given neighbourhood structure, within the class of
linear estimates.
In Section 2 we show that, if minimization of the asymptotic variance is the goal,

then the optimal probabilities of the assignments to the treatment groups are constant,
i.e. independent of the covariates. This is surprising in the context of Model 2, since
we make no assumptions implying that the regression and treatment eGect estimates are
uncorrelated. It is however not unprecedented. A precedent is in the aforementioned
minimax approach of Heckman (1987), discussed at the end of Section 2. Under certain
side conditions determining fu, constant assignment probabilities are minimax (with
respect to asymptotic mse) for our version of this problem as well.
The variance minimizing probabilities should be viewed only as asymptotic goals,

rather than as exact /nite-sample prescriptions. Also, asymptotic bias is of course an
equal contributor to mean squared error. Thus, in Section 3, a sequential approach
to making the assignments, similar to that proposed by Atkinson (1982), is outlined.
Here the goal is to adjust sequentially for bias and variation, as well as to guide
the empirical assignment frequencies towards their intended asymptotic values. This
is in contrast to proposals of Taves (1974), Pocock and Simon (1975), Begg and
Iglewicz (1980) and others in which interest centres on the maintenance of balance
across treatment groups and covariates. These proposals in turn seek to improve on the
commonly used permuted block design, which divides the experiment into blocks and
within each block assigns units to treatment in a random but balanced manner.
Efron (1971, p. 404) remarks that permuted blocks “can be quite eGective in elim-

inating unbalanced designs but... suGer from the disadvantage that at certain points in
the experiment the experimenter knows for certain whether the next subject will be as-
signed as a treatment or as a control”. This raise the issue of the role of selection bias
in sequential clinical trials. Atkinson (2002) de/nes this as the probability of correctly
guessing which treatment is to be allocated next, and compares a number of allocation
methods with respect to this criterion. In this article however, we concentrate only on
estimation bias arising from model misspeci/cation.
The methods of Section 3, and those employed by the researchers mentioned above,

yield designs which are sequential but not adaptive, viz. each allocation depends on
the previous allocations and prognostic factors, but not on the responses. There is of
course a very practical motivation for this: in many clinical trials, assignments must be
made before the responses to previous assignments have been obtained. For a further
discussion of some ethical problems which may also arise in connection with adaptive
designs in clinical trials, see Bather (1995).
A consequence of this approach is that the usual /xed-sample size tests of hy-

potheses, carried out conditionally on the assignments and covariates, remain valid.
The power of such tests typically increases with the precision in the estimation of the
parameters being tested; thus optimal designs may be expected to lead to optimal tests.
In Section 4 we assess our allocations numerically and compare them with those

of Atkinson (1982), modi/ed for possibly heteroscedastic errors. We /nd that the ro-
bust allocation schemes can result in signi/cant decreases in the mse when the /tted
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models are biased, at a minimal cost in e4ciency when in fact the /tted models
are correct.

2. A generalized design problem

We consider regression models in which a subject with covariates x1; : : : ; xt yields a
response Y satisfying

Y = E[Y |u; x] + �u�;

where up×1 is a vector of non-random regressors taking on, only /nitely, many values
and xt×1 is the vector of covariates ranging over a space S. Our results are expressed
for known scales �u, with the understanding that estimates will be substituted at the
implementation stage. We assume that x has a density m(x), with respect to a measure
� on S. A common special case is x = (xT0 ; x

T
1 )
T, where x0 is a vector of discrete

covariates ranging over a space S0, and x1 is a vector of continuous covariates ranging
over a space S1. Denote counting measure on S0 by �0, and Lebesgue measure on
S1 by �1. Then in this case m(x) = m(x0; x1) is the density on S = S0 × S1, with
respect to � = �0 × �1.
The regression response is a function of u and of random regressors z(x)q×1, al-

though these regressors are not necessarily modelled by the experimenter. We consider
two cases. In each,

E[Y |u; x] ≈ vTu (x) : (1)

In Model 1, the /tted response is Ŷ=uT�̂ and we take vu(x) ≡ u,  =�p×1. In Model 2
the /tted response is Ŷ =uT�̂+zT(x)�̂ and we take vu(x)=(uT; zT(x))T,  =(�T;�T)T
for a vector �q×1.
De/ne P to be p for Model 1 and p + q for Model 2. The ‘true’ parameter  P×1

is de/ned by

 = argmin
�

∑
u

∫
S

{E[Y |u; x]− vTu (x)�}2�(dx): (2)

We assume that the approximation (1) is su4ciently accurate that the integrals in (2)
exist for all � in some open set. Now de/ne

fu(x) =
√
n{E[Y |u; x]− vTu (x) };

so that

Y = vTu (x) + n−1=2fu(x) + �u� (3)

with, by virtue of (2),∑
u

∫
S

fu(x)vu(x)�(dx) = 0: (4)
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In order that errors due to model misspeci/cation not swamp those due to random
variation, we shall assume that∫

S

f2u(x)�(dx)6 �2u (5)

for given, /nite bounds �2u.

Example 1.1. Suppose that there are p=2 treatments, a discrete covariate x0= Gender
coded as −1 (Male) or 1 (Female) and a continuous covariate x1= Weight, scaled to
[ − 1; 1]. Then S = {−1; 1} × [ − 1; 1]. Let u = (u1; u2)T be the vector of treatment
indicators taking values u1=(1; 0)T, u2=(0; 1)T. Denote by m(x0; x1) the joint probability
that X0 = x0 and density of X1. For Model 1, in which the covariates are observed but
not /tted, the orthogonality requirements (4) become∑

i=1;2

∫ 1

−1
{fui(−1; x1) + fui(1; x1)} dx1 = 0: (6)

For Model 2 take z(x)=x, so that vu(x)=(uT; x0; x1)T. Then the orthogonality require-
ments become

0 =
∑
i=1;2

∫ 1

−1
fui(−1; x1) dx1 =

∑
i=1;2

∫ 1

−1
fui(1; x1) dx1

=
∑
i=1;2

∫ 1

−1
x1{fui(−1; x1) + fui(1; x1)} dx1:

For Model 1 only the treatment eGects are estimated. The conditional bias, as derived
at (A.2), is

E[�̂ − �|x] = n−1=2
(
aver fu1 (x

T1)

aver fu2 (x
T2)

;

)
; (7)

where averfui(x
Ti) denotes the average value of fui(x), over all sampled covariates

x accompanying individuals receiving treatment i.

For Model 2 the mean responses are given by

Treatment Gender

M F

1 �1 − �0 + �1x1 + n−1=2fu1 (−1; x1) �1 + �0 + �1x1 + n−1=2fu1 (1; x1)
2 �2 − �0 + �1x1 + n−1=2fu2 (−1; x1) �2 + �0 + �1x1 + n−1=2fu2 (1; x1)

and an expression for the bias, similar to but more involved than (7) can be derived.

Example 1.2. Suppose that all covariates are continuous and that, after an a4ne trans-
formation, x=x1 follows a q-dimensional unit normal distribution restricted to a sphere
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S =S1 which is of /nite measure, but large enough to contain all of the data with
high probability. In practice, one could /rst transform to standardized covariates, viz.
x → S−1=2(x − t), where S is a scatter matrix and t a location estimate, and then
choose a radius at least as large as the maximum value of ‖S−1=2(x− t)‖.
Formally, if �(x) denotes the q-dimensional standard normal density and H (·) the

�2q distribution function, then for some c slightly less than 1 one may take S =
{x| ‖x‖26H−1(c)} and m(x) = �(x)=c; x∈S.

Suppose now that u takes on only p possible values ui = (0; : : : ; 0;

i
↓
1; 0; : : : ; 0)T (i =

1; : : : ; p) and that a subject with covariates x is assigned to a group de/ned by u= ui
with probability

�i(x) = P(i|x);
independent of all other assignments. Then the joint density of the covariates and
probability that a covariate results in an assignment to group i is given by

mi(x)�(dx) := �i(x)m(x)�(dx):

Also put fi(x) = fui(x), vi(x) = vui(x), �i = �ui and �i = �ui .
The experimenter is assumed to be interested in estimating a complete set of p− 1

orthonormal contrasts W0�. De/ne Wp−1×P =W0 for Model 1, =(W0 0p−1×q) for
Model 2. Then W0�=W in both models. We shall derive the mean squared error ma-
trix MSE(W0�̂) of W0�̂, conditional on the covariates and the treatment assignments.
The loss function is taken to be the almost sure limit of the normalized determinant
of this matrix:

L(�1; : : : ; �p;f1; : : : ; fp) = lim
n→∞|nMSE(W0�̂)|:

Theorem 1. Assume that∫
S

‖vi(x)‖2m(x)�(dx)¡∞ for i = 1; : : : ; p:

Of the n subjects entering the study, let ni be the number assigned to group i. Assume
that all ni → ∞ in such a way that ni=n approaches a limit. De8ne P × 1 vectors
and P × P matrices

bi(fi) =
∫
S

vi(x)fi(x)mi(x)�(dx);

Ai =
∫
S

vi(x)vTi (x)�(dx);

Bi =
∫
S

vi(x)vTi (x)mi(x)�(dx);

and

A =
p∑
i=1

Ai ; B=
p∑
i=1

Bi ; Q=
p∑
i=1

�2i Bi ; b(f1; : : : ; fp) =
p∑
i=1

bi(fi): (8)
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Assume that A, B and Q are positive de8nite. Then the limiting determinant of
the normalized mean squared error matrix is

L(�1; : : : ; �p;f1; : : : ; fp) =

|WB−1QB−1WT| ·
(
1 + ‖(WB−1QB−1WT)−1=2WB−1b(f1; : : : ; fp)‖2

)
: (9)

In the proof of Theorem 2, and elsewhere, we will make use of the following result.

Lemma 1. If the rows of Wp−1×p are mutually orthonormal contrasts, so that T :=(
(1=

√
p)1 WT

)T
is an orthogonal matrix, and if Up×p is a non-singular matrix, then

(i) (WU−1WT)−1 =WUWT − WU11TUWT

1TU1
,

(ii) WT(WU−1WT)−1W =U − U11TU
1TU1 ,

(iii) |WU−1WT|= 1TU1
p|U| .

De/ne �= (�1; : : : ; �p)T. The /rst factor in (9), i.e.
L0(�) := |WB−1QB−1WT|

arises from variance alone. It turns out that this term is minimized by constant assign-
ment probabilities

ri =
∫
S

�i(x)m(x)�(dx): (10)

Theorem 2. Constant assignment probabilities �(x) ≡ r := (r1; : : : ; rp)T minimize
L0(�). De8ne matrices Dr = diag(r1; : : : ; rp), D�2 = diag(�21 ; : : : ; �

2
p), D = D−1

�2 Dr .
If the �i(x) are constant then

L(�1; : : : ; �p) =
trD
p|D| ; (11)

and so optimal probabilities r1; : : : ; rp must minimize trD=|D| subject to 06 ri6 1,
p∑
i=1

ri = 1.

The minimizing ri are obtained from the following theorem.

Theorem 3. Suppose that �i(x) ≡ ri. Assume that the groups have been re-labelled,
if necessary, so that �21 = max16i6p �2i and hence �i := �21=�

2
i ¿ 1 for i = 2; : : : ; p.

De8ne a function

h(!) = ! − 1−
p∑
i=2

(�i − 1)(p − 1 + �i!−1)−1; !¿ 0:
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Table 1
Optimal probabilities r∗2 (upper value) and r∗3 (lower value) when p = 3

1 2 3 4

1 0.333
0.333

2 0.360 0.309
0.281 0.309

3 0.375 0.327 0.297
0.250 0.278 0.297

4 0.385 0.339 0.310 0.289
0.229 0.257 0.275 0.289

Then:

(i) There is a unique zero !∗ of h, and !∗¿ 1.
(ii) The probabilities minimizing (11) are r∗

i =(p− 1+ !−1
∗ �i)−1 for i=2; : : : ; p and

r∗
1 = 1−∑p

i=2 r
∗
i .

Corollary 1. When p = 2, optimal constant assignment probabilities are �i(x) ≡
�i=(�1 + �2) for i = 1; 2. When p= 3 they are obtained from

!∗ =

√
�2�3 + �2 + �3

3
cos

(
1
3
arctan

√
(�2�3 + �2 + �3)3

27�22�
2
3

− 1
)
:

When all �2i are equal, optimal constant assignment probabilities are �i(x) ≡ p−1

for i = 1; : : : ; p.

For p= 3 some representative values of the r∗
i are given in Table 1.

Remark. Under a diGerent set of side conditions determining the nature of contami-
nation, the assignment probabilities of Theorem 3 are minimax, in that they minimize
maxf1 ;:::;fpL(�1; : : : ; �p;f1; : : : ; fp). To see this, suppose that (4) is replaced by the
requirement that

∫
S

fi(x)vi(x)m(x)�(dx) = 0 for each i. The intuitive content of this
requirement is that fi(x) has mean zero and (in Model 2) is uncorrelated with the
regressors. Then in Theorem 1 we have that bi(fi) ≡ 0 if the �i(x) are constant;
thus the bias vanishes and constants minimizing the variance component of mse are a
fortiori minimax.

For p = 2 and q = 1, it is possible to compare our results with those of Heckman
(1987), who obtained minimax allocation schemes in the case of a single continuous co-
variate x∈ [ − 1; 1], as brieSy described in Section 1. In our notation
the neighbourhood structure used was as at (3) with fi(x) replaced by fi(x′; x)
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satisfying |n−1=2fi(x′; x)|6 �i(x′)|x− x′| for speci/ed x′ ∈ [− 1; 1] and functions �i(·).
The allocation probability �H (x) = P(treatment|x) was obtained as

�H(x) =
1

1 + [�22"(x)=�
2
1]
1=3

with "(x) = �2(x)=�1(x) assumed known. These assignment probabilities are constant
if �2(x)˙ �1(x). In particular �H(x) ≡ r∗

1 if �2(x)=�2 = �1(x)=�1.

3. Sequential assignments

Efron (1971) introduced the biased coin design to clinical trials, the intention being to
achieve balance by giving preference in a sequential assignment to an under-represented
treatment. Pocock and Simon (1975) gave an extension of the method to account for
prognostic factors. Atkinson (1982) proposed a modi/cation whose purpose was to
increase the e4ciency of the design while hastening the convergence of the sequence
of assignments to a balanced state. All assumed the /tted response function to be
correct and the errors to be homoscedastic.
We propose an extension of Atkinson’s design to allow for departures from the /tted

response, and from homoscedasticity, as outlined in Section 2. We give the details
only for discrete covariates; in the continuous case some grouping will be necessary.
Suppose then that there are L levels of the covariates, denoted x(1); : : : ; x(L). Suppose
that n subjects have been assigned to treatment groups, and that the (n+ 1)th subject,
with covariates x∗ ∈ {x(1); : : : ; x(L)}, is to be assigned. Our method assigns this subject
to group k with probability

P(k|x∗) =
r∗
k d

∗
k b

∗
k∑p

i=1 r
∗
i d

∗
i b

∗
i
; k = 1; : : : ; p; (12)

where r∗
k is as in Theorem 3, d∗

k = dk(x∗) is a measure of the sequential reduction in
the determinant of the covariance matrix of W0�̂ to be realized by an assignment to
group k, and b∗

k = bk(x∗) is a measure of the inverse bias to be eGected by such an
assignment. Atkinson (1982) assumes that the model is correctly speci/ed and that the
errors are homoscedastic; he then takes r∗

k = b∗
k ≡ 1.

Each of r∗
k , d

∗
k and b∗

k must be estimated. The /rst of these is estimated by sub-
stituting estimates �̂i into the expressions of Theorem 3. To express and estimate d∗

k ,
let the ni subjects assigned to group i have covariates xij, j = 1; : : : ; ni, i = 1; : : : ; p.
Let Vn be the n × P model matrix determined by the /rst n assignments, with rows
vTij := (uTi ; z

T(xij)) ordered lexicographically. For Model 1, of course vij = ui. For
Model 2 denote by Zn×q the last q columns of Vn. Let fn be the n×1 vector with ele-
ments fi(xij), ordered compatibly and estimated as in (14) below. De/ne Bn=VTnVn,
Qn = VTn.nVn, where .n =⊕p

i=1�
2
i Ini . If the (n+ 1)th assignment is to group k these

become

V(k) =

(
Vn

v∗Tk

)
; f(k) =

(
fn

f∗
k

)
;

B(k) = Bn + v∗k v
∗T
k ; Q(k) =Qn + �2kv

∗
k v

∗T
k ;
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where v∗k := vk(x∗) and f∗
k := fk(x∗). Now partition B−1

n QnB−1
n as

B−1
n QnB−1

n =

(
U−1

n ∗
∗ ∗

)
(13)

with Un being p × p and (in Model 2) with * indicating terms whose speci/c values
are not important. De/ne U(k) via a corresponding partitioning of B−1

(k)Q(k)B
−1
(k) . From

(A.1) and (A.2), based on n observations W0�̂ has mse matrix

MSE(W0�̂) =WB−1
n QnB−1

n WT +
1
n
WB−1

n VTn fnf
T
n VnB−1

n WT:

Let COV(W0�̂) and COV(k)(W0�̂) denote the covariance matrix before and after the
assignment to group k. We take

d∗
k =



∣∣∣COV(W0�̂)

∣∣∣∣∣∣COV(k)(W0�̂)
∣∣∣ − 1



+

;

(the positive part); by Lemma 1(ii) and (iii) this becomes

d∗
k =

( |U(k)|
|Un| · 1

TUn1
1TU(k)1

− 1
)+

:

We estimate d∗
k by replacing the variances in Q(k) by estimates.

The bias component of the MSE matrix is proportional to WB−1
n VTn fnf

T
n VnB−1

n WT.
Since this has rank 1, the Euclidean norm coincides with the trace and with the max-
imum eigenvalue; their common value has

‖WB−1
n VTn fnf

T
n VnB−1

n WT‖= fTn VnB−1
n WT ·WB−1

n VTn fn

= fTn VnB−1
n

(
Ip − 1

p11
T 0

0 0

)
B−1
n VTn fn:

Some approximations yield the ad hoc estimate

f̂ i(x(l)) = sign(ẽ i; l)

√
ẽ2i; l +

�̂2i
ni; l

; (14)

where ni; l is the number of times, in the /rst n assignments, that a subject with
covariates x(l) has been assigned to group i and ẽ i; l is the median of the residuals at
these data points. We then take

b∗
k =

{
f̂T(k)V(k)B

−1
(k)

(
Ip − 1

p11
T 0

0 0

)
B−1
(k)V

T
(k) f̂ (k)

}−2

:

In the rare case that the term in braces is 0 we set this b∗
k = 1 and all others = 0.
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Instead of our d∗
k Atkinson (1982) uses the quantity d

A
k := nv∗Tk B

−1
n WT[WB−1

n WT]−1

WB−1
n v∗k . In the case of homoscedastic errors some algebra reveals that for Model 2,

dAk = n
{
1 + zT(x∗)(ZTZ)−1z(x∗) +

(1− 1TZ(ZTZ)−1z(x∗))2

n − 1TZ(ZTZ)−1ZT1

}
d∗
k :

For Model 1 this reduces to dAk = (n+1)d
∗
k . In either case dAk =d

∗
k does not depend on

k and so both forms yield the same values of (12).
For Model 1 there is considerable simpli/cation in d∗

k and b
∗
k even for heteroscedastic

errors. If the /rst n subjects have ni assignments to treatment i then we /nd that

d∗
k =

∑
i 	=k ni=�

2
i

nk
(∑

i 	=k ni=�
2
i + (nk + 1)=�

2
k

) :
For homoscedastic errors this becomes d∗

k = ((n=nk) − 1)=(n + 1). Now let n(k)i; l and

n(k)i denote the frequencies after the (n + 1)th subject is assigned to group k, and let
*(k)i be the weighted fi-estimate *(k)i =

∑L
l=1 n

(k)
i; l f̂ i(x(l))=n

(k)
i , with an average V*

(k) =∑p
i=1 *

(k)
i =p. Then

b∗
k =

{ p∑
i=1

(*(k)i − V*(k))2
}−2

:

A reduced MSE may be attained at a cost of increased imbalance, and so we propose
a measure of the imbalance after the nth assignment. This measure is de/ned through
the estimated variances of the �i(x). First de/ne n·l=

∑p
i=1 ni; l, and ni·=ni analogously.

We adopt an empirical probability model under which x(l) occurs with probability
P(x(l)) = n·l=n. We estimate �i(x(l)) by �̂i(x(l)) = ni; l=n·l, with 0=0 := 0. Then the
expected value ri of �i, as at (10), is estimated by

r̂i =
L∑

l=1

�̂i(x(l))P(x(l)) =
ni·
n
;

and VARx[�i(x)] by

S2i =
L∑

l=1

(�̂i(x(l))− r̂i)2P(x(l)) =
1
n

L∑
l=1

n·l

(
ni; l
n·l

− ni·
n

)2
:

Note that S2i is a natural measure of the imbalance in the allocation of the covariates
to the ith treatment. Our overall measure of imbalance is

S2� =
p∑
i=1

S2i :

4. Simulations

We consider two examples.
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Example 4.1. If there are p = 2 treatments and a single covariate X taking values
{−1; 0; 1} (on each of which points � places mass 1=3) then the constraints on f1 and
f2 are∑

i=1;2

{fi(−1) + fi(0) + fi(1)}= 0;

f2i (−1) + f2i (0) + f2i (1)6 �2i (15)

in Model 1, and in addition
∑

i=1;2{fi(−1) − fi(1)} = 0 in Model 2. All three con-
straints, with equality in (15), are satis/ed by

fi(x) =
(−1)i�i√

2
(2− 3x2); i = 1; 2: (16)

In Model 1 the indicators of the treatments are the only regressors; in Model 2 the
assumed response is

E[Y |x] =
∑
i=1;2

�iI(Treatment i) + �x:

In each case design robustness is sought against possible contamination of these re-
sponses by fi(x), and against heteroscedasticity.
In our simulations we have used �1 = �2 = � = 1 and normally distributed errors,

with �21 = 1, �
2
2 = 1=4. Thus r

∗
1 = 2=3, r

∗
2 = 1=3. The standard deviations �1 and �2 are

estimated by the median absolute deviations of the corresponding residuals, normalized
in the usual way for consistency at the normal distribution. We investigate the cases
�1 = �2 = 0 and �1 = �2 = 3.
Of course the experimenter is unaware of the true value of the �i. If he believes

strongly that his response function is exactly correct, i.e. that all �i = 0, but wishes
to guard against heteroscedasticity, then a modi/cation of the technique of Atkinson
(1982) would seem to be appropriate. The modi/cation consists of using non-constant
values of r∗

k , as in Theorem 3, and in (12) to account for possible heteroscedasticity.
Then use constant values b∗

k ≡ 1 so that bias is discounted.
The results using both methods—our robust method, and this modi/cation of Atkin-

son’s method—are illustrated in Fig. 1 (a)–(d), where we plot the estimated root-mse√√√√ 2
J

J∑
j=1

∣∣∣W0(�̂j − �)
∣∣∣2 =

√√√√ 1
J

J∑
j=1

(-̂j − -)2

(-= �1 − �2), from J = 200 simulated runs, after each new subject is assigned. As an
indication of simulation variability we have also calculated the standard errors of the
diGerences of these root-mse values. Their averages over the 30 new subjects appear
in parentheses in the plots of Fig 1. The corresponding imbalance measures are plotted
in Fig. 2 (a)–(d).

Example 4.2. In this example, we consider the case of 2 treatments, with two covari-
ates X1; X2 taking labels ±1. In Model 1, the assumed response is the same as that in
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Fig. 1. Root-mse versus new subjects for the examples of Section 4. Dotted line is for Atkinson’s method
(b∗

k ≡ 1) modi/ed for heteroscedasticity; solid line is for the robust method. Average (over the 30 subjects)
standard error of the diGerence in parentheses.

Example 4.1; in Model 2 it is

E[Y |x] =
∑
i=1;2

�iI(Treatment i) + �1I(x1 = 1) + �2I(x2 = 1):

The constraints imposed by Model 2, hence by Model 1 as well, are satis/ed by
fi(x1; x2) = (−1)i�ix1x2=

√
2. See Figs. 1 and 2(e)–(h).

Both examples lead to similar conclusions. Allocation schemes which model possible
biases arising from model uncertainties can signi/cantly decrease the mean squared
error of the estimates when such biases actually exist. When there are in fact no such
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Fig. 2. Imbalance versus new subjects for the examples of Section 4. Dotted line is for Atkinson’s method
(b∗

k ≡ 1) modi/ed for heteroscedasticity; solid line is for the robust method.

biases these schemes perform as well as the competing method of Atkinson (1982).
The gains are often, but not always, achieved at a cost of some increased imbalance
across prognostic factors.
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Appendix. Derivations

Proof of Theorem 1. We give the details of the derivation of MSE for Model 2, and
then specialize the results to Model 1. Denote by y the n×1 data vector, with elements
yij ordered lexicographically. Then

y = Vn + n−1=2fn + .1=2n �;

where Vn, .n and fn are as de/ned in Section 4. Conditional on the covariates and the
treatment assignments, the least squares estimate  ̂ =(VTnVn=n)−1VTny=n has covariance
matrix

COV[ ̂ ] = 1
n

(
VTnVn

n

)−1(VTn.nVn

n

)(
VTnVn

n

)−1
(A.1)

and bias vector

E[ ̂ −  ] = 1√
n

(
VTnVn

n

)−1 VTn fn
n

: (A.2)

Put Pi
n = ni=n. Then

VTnVn

n
=

p∑
i=1

Pi
n



ui ui · 1ni

ni∑
j=1

zT(xij)

∗ 1
ni

ni∑
j=1

z(xij)zT(xij)


 ;

VTn.nVn

n
=

p∑
i=1

Pi
n�
2
i



ui ui · 1ni

ni∑
j=1

zT(xij)

∗ 1
ni

ni∑
j=1

z(xij)zT(xij)


 ;

VTn fn
n

=
p∑
i=1

Pi
n



ui · 1ni

ni∑
j=1

fi(xij)

1
ni

ni∑
j=1

z(xij)fi(xij)


 :

By the strong law of large numbers these expressions of the form Pi
n
∑ni

j=1 /(xij)=ni
tend, with probability 1 as ni → ∞, to

P(group i) · E[/(x)|i] =
∫
S

/(x)mi(x)�(dx)
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and so, with probability 1, VTnVn=n → B, VTn.nVn=n → Q and VTn fn=n → b =
b(f1; : : : ; fp) as de/ned at (8). Thus

nMSE( ̂ )

=nCOV[ ̂ ] + (
√
nE[ ̂ −  ])(

√
nE[ ̂ −  ])T a:s:→B−1(Q+ bbT)B−1; (A.3)

and W0�̂=W ̂ satis/es

|nMSE(W0�̂)| a:s:→ |WB−1QB−1WT|(1 + bTB−1WT(WB−1QB−1WT)−1WB−1b):

These expressions are valid for Model 1 as well, with the sole change vi(x)=ui.

Proof of Lemma 1. For (i), note that TU−1TT = (TUTT)−1. The lower right-hand
block of TU−1TT is WU−1WT; that of (TUTT)−1 is the inverse of the matrix on the
right-handside of (i). Now (ii) is a direct calculation. Statement (iii) is obtained by
writing TU−1TT in partitioned form and substituting (ii) into

|U−1|= |TU−1TT|= |WU−1WT|
p

{1TU−11− 1TU−1WT(WU−1WT)−1WU−11}:

Proof of Theorem 2. We must establish that, subject to (10), constant �i(x) minimize
L0(�). To obtain L0(�) we /rst de/ne matrices

P=
∫
S

�(x)zT(x)m(x)�(dx) : p × q;

N =
∫
S

z(x)zT(x)m(x)�(dx) : q × q;

N� =
∫
S

z(x)zT(x)

( p∑
i=1

�2i �i(x)

)
m(x)�(dx) : q × q:

If B−1QB−1 is partitioned as at (13), then by Lemma 1(iii)

L0(�) =
1TU1
p|U| : (A.4)

If BQ−1B is partitioned as

BQ−1B=

(
F11 F12

F21 F22

)
;

then U = F11 − F12F−1
22 F21. We /nd that

B=

(
Dr P

PT N

)
;Q=

(
D�2Dr D�2P

PTD�2 N�

)
;
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and we then calculate

U =D−D−1
�2 PF

−1
22 P

TD−1
�2 :

If �i(x) ≡ ri then with nq×1 :=
∫
S
z(x)m(x)�(dx) we obtain

U =D−D1(nTF−1
22 n)1

TD

and then

1TU1= (trD)(1− (trD)(nTF−1
22 n));

|U|= |D|(1− (trD)(nTF−1
22 n)):

Thus (A.4) reduces to

L0(r) =
1TD1
p|D| ;

establishing (11).
Now de/ne M =D−1

�2 PF
−1
22 P

TD−1
�2 and for t ∈ [0; 1] put

Ut =D−M + tM;

l(t) =
1TUt1
p|Ut | :

Then U =U0, D=U1 and we will have

l(0) =L0(�)¿L0(r) = l(1); (A.5)

thus completing the proof, if l(·) is a decreasing function of t. Note that Ut is positive
de/nite. With chmax denoting the maximum characteristic root we /nd

d
dt
log l(t) =

1TM1
1TUt1

− tr(U−1
t M)6 chmaxU−1

t M − tr(U−1
t M)6 0;

establishing (A.5).

Proof of Theorem 3. To minimize trD=|D| subject to the given side conditions on the
ri, it is convenient to introduce r̃i = ri=r1; i= 2; : : : ; p and r̃1 = r1 =

(
1 +

∑p
j=2 r̃j

)−1
.

With respect to these variables trD=|D|= (∏p
i=2 �

2
i )g(r̃2; : : : ; r̃p), where

g(r̃2; : : : ; r̃p) =


1 + p∑

j=2

r̃j




p−1
1 + p∑

j=2

r̃j�j


/ p∏

j=2

r̃j ; 06 r̃2; : : : ; r̃p ¡∞:

Since g → ∞ as any r̃i → 0;∞ there is a minimum, corresponding to a critical point.
We have

@ log g
@r̃i

=
1
r̃i

(
(p − 1)r̃i
1 +

∑p
j=2 r̃j

+
r̃i�i

1 +
∑p

j=2 r̃j�j
− 1
)
:
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In terms of the original variables a critical point then satis/es the equations

ri = (p − 1 + !−1�i)−1; i = 2; : : : ; p (A.6)

!= 1 +
p∑

j=2

(�j − 1)rj: (A.7)

Substituting (A.6) into (A.7) gives the equation h(!)=0. Note that h(0)=−1, h(∞)=∞
so that there is a zero, necessarily ¿ 1 since h(!)6 ! − 1. Since

h′′(!) = 2(p − 1)
p∑

j=2

�j(�j − 1)((p − 1)!+ �i)−3¿ 0;

h is convex and the zero !∗ is unique. With r∗
i given by (A.6) with != !∗ we have

r∗
1 = 1−

p∑
i=2

r∗
i ¿ 1−

p∑
i=2

(p − 1 + !−1
∗ )−1 = (!∗(p − 1) + 1)−1¿ 0;

so that r∗
1 ; : : : ; r

∗
p satisfy the required side conditions.
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