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Abstract

We summarize recent …ndings on the con-
struction of designs, to be used in experiments
for which regression is the anticipated method
of analysis. The designs are to be robust
against departures from the assumed linear re-
sponse and/or departures from the assumption
of uncorrelated errors. Included is a discus-
sion of an “in…nitesimal” approach to design.
In this approach one aims to minimize the de-
terminant of the mean squared error matrix of
the regression estimates, subject to the satis-
faction of a robustness constraint. The con-
straint is quanti…ed in terms of boundedness of
the Gateaux derivative of this determinant, in
the direction of a contaminating response func-
tion or autocorrelation structure.

1. INTRODUCTION

We summarize recent …ndings on the con-
struction of designs, to be used in experiments
for which regression is the anticipated method
of analysis. The designs are to be robust
against departures from the assumed linear re-
sponse and/or departures from the assumption
of uncorrelated errors. Departures of this …rst
type are modelled in Section 2. In Section 3
we consider regression models with correlated
errors. It turns out that, generally speaking,
robustness against both types of departures is
attained by applying, in an appropriate order,
the points from a design which is robust against
departures of the …rst type. We illustrate this
in three cases. The …rst allows for a very broad
class of autocorrelation structures; the second
for AR(1) errors. In the third case we discuss
an “in…nitesimal” approach to design. In this
approach one aims to minimize the determinant
of the mean squared error matrix of the regres-
sion estimates, subject to the satisfaction of a

robustness constraint. The constraint is quan-
ti…ed in terms of boundedness of the Gateaux
derivative of this determinant, in the direction
of a contaminating response function or auto-
correlation structure. Each approach is illus-
trated in an example.

2. MODELLING DEPARTURES
FROM LINEARITY

The regression model which we envisage
is one for which the usual parameter estimates
are biased.
Example 1 : An experiment of interest at an
environmental research station in Alberta in-
volved the treatment of wastewater with pre-
set amounts of x1 = ozone and x2 = chlo-
rine; the response variable was a measure Y
of the remaining pollutants. For various rea-
sons, including a carryover e¤ect, the reponses
were correlated over time, but in a manner dif-
…cult to model. As well, the experimenters
assumed a linear (in the parameters) model re-
lating the response to the covariates, while be-
ing aware that this was only a working approx-
imation. Thus, they desired a design robust
against these sources of model misspeci…cation.

More generally, suppose that the experi-
menter is to take observations on a random
variable Y obeying the ‘approximately linear’
model

Y (x) = zT (x)µ + f(x) + ²; (1)

for some p-dimensional parameter vector µ and
regressors z = z(x), errors ² with common vari-
ance ¾2, and an unknown contaminant f(x)
representing uncertainty about the exact na-
ture of the regression response. For example,
the elements of z could be low-degree mono-
mials in the elements of x, with f(x) being
a multinomial of higher degree. Only µ is
estimated, and then E[Y jx] is estimated by
Ŷ (x) = z

T (x)µ̂, so that Ŷ (x) can be highly bi-
ased both for zT (x)µ and for E[Y jx]. Pro-
tection is sought against this bias, and against
errors due to random variation.
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To obtain (1) we …rst suppose that the ex-
perimenter is to take n observations on a ran-
dom variable Y whose mean is thought to vary,
in an approximately linear manner, with regres-
sors z(x): E[Y jx] ¼ zT (x)µ. The sites xi are
chosen from S, a q-dimensional design space
with volume. We de…ne the “true” value of
µ by requiring the linear approximation to be
most accurate in the L2-sense:

µ := argmin
t

Z
S
(E[Y jx]¡ zT (x)t)2dx:

We then de…ne f(x) = E[Y jx] ¡ zT (x)µ and
²(x) = Y (x)¡E[Y jx], so that (1) holds. These
de…nitions of µ and of f together imply thatZ

S
z(x)f(x)dx = 0: (2)

In order that errors due to bias will not swamp
those due to variance, we shall also assume a
bound Z

S
f2(x)dx · ´2 <1: (3)

Denote by F the class of functions f satisfying

(2) and (3).
2.1 Loss functions

An exactly implementable design will cor-
respond to a design measure » placing mass n¡1

at each of x1; :::;xn. Below, we exhibit the mo-
ments of the least squares estimator µ̂ under
such a design. As is common in design theory,
we then broaden the class of allowable mea-
sures to the class ¥ of all probability measures
on S. We …nd optimal designs in this class
and approximate them, as necessary, prior to
implementation.

When the model E[Y jx] = zT (x) is …t-
ted although the true model is (1), µ̂ is bi-
ased. With b :=

R
S z(x)f(x) »(dx) and B :=R

S z(x)z
T (x) »(dx) assumed non-singular, the

bias is E[µ̂]¡µ = B¡1b and the mean squared
error matrix is

MSE(f; ») = E
n
(µ̂ ¡ µ)(µ̂ ¡ µ)T

o
= (

¾2

n
)B¡1 +B¡1bbTB¡1:

We consider the loss functions LQ = in-
tegrated MSE of the …tted responses Ŷ (x),
LD = determinant of the MSE matrix and
LA = trace of the MSE matrix. These cor-
respond to the classical notions of Q-, D- and

A-optimality, and so we adopt the same nomen-
clature. (The term Q-optimality seems to be
due to Fedorov (1972); Studden (1977) and oth-
ers have used instead the term I-optimality.)
Explicit descriptions of these loss functions are,
with A :=

R
S z(x)z

T (x)dx, given by

LQ(f; ») =

Z
S

E

·n
Ŷ (x)¡E(Y jx)

o2¸
dx

= tr (MSE(f; »)A) +

Z
S

f2(x)dx

=

µ
¾2

n

¶
tr
¡
B¡1A

¢
+bTB¡1AB¡1b+

Z
S

f2(x)dx;

LD(f; ») = det fMSE(f; »)g
=

µ
¾2

n

¶p
1

jBj
n
1 +

n

¾2
bTB¡1b

o
;

LA(f; ») = tr fMSE(f; »)g
=

µ
¾2

n

¶
trB¡1 + bTB¡2b:

We aim to construct designs to minimize
the maximum (over F) value of the loss.
2.2 Example

For the multiple linear regression model
(with constant):

z(x) = (1; x1; :::; xq)
T ; (4)

with x ranging over a spherical design space

jjxjj · r; (5)

the Q-optimal minimax density was obtained
by Huber (1975) for q = 1 and by Wiens (1990)
for q > 1. The minimax procedure involves
…rst maximizing the loss over f , subject to (2)
and (3), and then minimizing over all probabil-
ity measures ». For second and higher order
models the “min” half of the minimax problem
is quite intractable, and so the problem remains
open. Heo, Schmuland and Wiens (2001) de-
rived approximately minimax procedures which
yield design densities for general response func-
tions and arbitrary design spaces.

The designs can then be implemented by
placing design points at the quantiles of the
continuous design measure »¤ in the univariate
case, or at multivariate analogues of the quan-
tiles. Another option is to match upO(n) of the
moments. The latter approach was taken by
Heo, Schmuland and Wiens (2001) - see Figure
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1 for an implementation in the context of Ex-
ample 1. A further possibility is to take a …nite
(but dense) design space and to then optimally
choose the design points directly, through sim-
ulated annealing - see Fang and Wiens (2000),
Oyet and Wiens (2000) and Zhou (2001b,c).

Using any of these approaches one ob-
tains an implementable design »n converging
weakly to »¤, so that the optimality is pre-
served, asymptotically. A rough description
of these implementations is that they replace
the point masses of the “classically” optimal
design (which assumes the …tted model to be
exactly correct) with clusters of design points
at nearby but distinct locations.

3. DESIGNING FOR DEPARTURES
FROM INDEPENDENCE

The above approach can be broadened to
allow for correlated errors. We discuss three
approaches.
3.1 Omnibus correlations

Take

CORR(") = (1¡ ®) I+ ®Q
for ® 2 [0; 1) and Q an arbitrary autocorrela-
tion matrix. Equivalently (assuming the au-
tocorrelations to be absolutely summable) the
spectral density of the error process is

g (!) = (1¡ ®) g0 (!) + ®g1 (!)
where g0 (!) is uniform (corresponding to un-
correlated errors) and g1 (!) is arbitrary.

In the minimax problem we now maximize
over both departures from linearity and over
g1 (!), and then minimize over the design mea-
sure and the order in which the design points
are implemented. Then (under several techni-
cal conditions):

Theorem 1 (Wiens and Zhou 1996) An
asymptotically minimax design mechanism is
attained by either
(i) randomly sampling design points from the
measure »¤ which is minimax for the approxi-
mate regression model with independent errors;
or
(ii) randomly permuting the points from a de-
sign »n, where »n converges weakly to »¤:

3.2 Autoregressive errors

If more structure is imposed on the auto-
correlations, then more precise results are pos-
sible. Suppose that the errors follow an AR(1)

model, so that

COV(") =
¾2

1¡ ½2P; Pi;j = ½
ji¡jj; 0 · j½j < 1

and that the estimate is the BLUE: µ̂ =³
XT P̂¡1X

´¡1
XT P̂¡1y. Take the model de-

…ned by (4) and (5). Then:

Theorem 2 (Wiens and Zhou 1999) Fix the
sign of ½. Suppose that the empirical distribu-
tions »n(u;v) of the consecutive design points
(xi;xi+1); i = 1; : : : ; n¡ 1 satisfy:
1) The marginal distributions of »n converge
weakly to »¤ (the optimal design for uncorre-
lated errors); and
2) E»nfjjU+ sign(½)Vjj2g ! 0 as n!1.
Then the sequence of designs f»ng1n=1 is
asymptotically minimax.

When ½ < 0, requirement 2) of Theorem
2 states that the average squared distance be-
tween consecutive design points is to tend to 0.
When ½ > 0, the average of the squared norms
of the pairwise averages of consecutive design
points is to tend to 0. Thus, if an optimal de-
sign for negative ½ has support points fxigni=1,
the design with support points f(¡1)ixigni=1 is
optimal for positive ½.

For negative ½, one can implement the or-
dering by de…ning x0 = 0, and then taking
xi+1 as the nearest (remaining) neighbour of
xi, i = 1; : : : ; n¡ 1. Prior to the ordering, the
x’s can be a random sample from »¤. See Fig-
ure 2 for examples of implementations based on
»¤ of Figure 1.
3.3 In…nitesimal approach

Suppose that CORR(") = (1¡ ®) I+ ®Q
and let D ((1¡ ®) I+ ®Q) be the correspond-
ing determinant of the covariance matrix of the
LSE µ̂. De…ne the change-of-variance function

CVF(»;Q) =
d
d®D ((1¡ ®) I+ ®Q)j®=0

D (I) ;

measuring the instantaneous change in the vari-
ance as one moves from independence, in the
direction of Q. The change-of-variance sensi-
tivity in a class Q of autocorrelation matrices
is

CVS (»;Q) = sup
Q2Q

CVF(»;Q) :

A design is most V-robust for Q if it min-
imizes D (I) in the class of all designs with
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CVS (»;Q) · ®, with ® being the minimum
such bound. These designs were considered
by Wiens and Zhou (1997) . Examples are
given in Figure 3 for multiple linear regression
(q = 2) over the unit square and classes Q1 and
Q2 corresponding to MA(1) processes with, re-
spectively, positive and negative lag-1 correla-
tions bounded away from 0. See Zhou (2001a)
for extensions to approximately linear models
(controlling an analogously de…ned change-of-
bias function as well) with IMSE loss.
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Figure 1: Robust design for E [Y jx] ¼ second order in x1 = ozone, x2 = chlorine; n = 48.
Covariates transformed to unit square. Note clusters of (distinct) design points near the classically
optimal, replicated locations (corners and centre): bias reduction vs. variance reduction.
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 (b)

Figure 2: Designs for …rst order linear regression and AR(1) errors with (a) ½ < 0 (b) ½ > 0;
n = 25. The design points are randomly chosen from »¤ and then ordered using the nearest
neighbour algorithm.
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Figure 3: Most V-robust designs for …rst order linear regression and MA(1) errors with posi-
tive (left plot) and negative (right plot) lag-1 autocorrelations bounded away from 0; n = 25,
S = [¡1; 1]£ [¡1; 1]. Indices of ordered design points are plotted.
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