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Abstract 

For the approximately linear model Yi,~ = /~z(xi)  + n-1/2fn(xi) + el, with i.i.d, errors ei and fixed carriers z(xi), we 
establish the asymptotic normality of a generalized M-estimator of regression/scale. The estimator minimizes a weighted 
Huber-Dutter loss function. The function f , (x )  contributes a bias term to the asymptotic normal distribution; apart from 
this term the estimator is C~-equivalent to the estimator obtained assuming the response to be exactly linear. Several 
estimate/design combinations are compared, in a simulation study. 
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1. Int roduct ion 

In this paper we establish the asymptotic normali ty of  generalized ("bounded influence") M-est imators  of  
regression and scale, assuming the carriers to be fixed rather than random, and without assuming the linear 
model  to be exactly correct for finite samples. 

Silvapull6 (1985) proved the asymptotic normali ty of  ordinary M-est imators  in the fixed carriers case, 
assuming the linear model  Yi = xTifl + ei to be correct. Maronna and Yohai (1981) established the asymptotic 
normali ty o f  G M  estimates with random carriers, and without the assumption o f  exact linearity. There is thus 
a gap in the literature, to which this paper is aimed. 

Our model  of  approximate linearity is as follows. Suppose that one observes {(Y~,n, xi): i = 1 . . . . .  n} obeying 

Yi.n : gn(Xi) -- gi, 

where ~ . . . . .  en are i.i.d, errors, Xl . . . . .  xn are fixed design points chosen within a design space S c_ ~q, and 
gn is some scalar valued function. This function is thought to be approximately linear: 

q.(x) ~ fl~z(x) 
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for some p × 1 vector z(x) of regressors. The "correct" vector /~, of regression parameters may be defined 
by 

min f{yn(x)-/~Tz(x)}2 dx = f {9.(x)-/~nTZ(X)} 2 dx. (1.1 ) //. Js Js 

Then if we introduce fn(x) = v/-n{9,(x) - /~Tz(x)} we obtain 

Yi, n = f l T z ( x i ) + n - l / 2 f n ( X i ) + e i ,  i =  1 . . . . .  n; (1.2) 

fs Z(X)fn(X) dx = O. (1.3) 

We will impose conditions below which ensure that fn(X) is well behaved as n--+ oc; in this sense the 
conjecture of linearity of ,qn(X) is asymptotically correct. 

Condition (1.1) was introduced only as one possible way of motivating the model - our derivations assume 
only (1.2). Even without (1.1), (1.3) may be assumed without loss of generality, and it then ensures that 1/~ 
is well defined as long as the matrix fs  Z(x)zT(x) dx is non-singular. 

The estimate /~, -- (/~nf, 6n)V is the nth member of any sequence satisfying 

n 
n -1/2 ZUi(/gn) P-~ 0, 

i=1 
where 

for a bounded sequence of positive constants n-lAn. The function ~'i = ~li, n is weakly increasing and bounded, 
and satisfies further conditions given in Section 2. Boundedness is assumed for mathematical convenience and 
for robustness; our final results clearly hold for the least squares estimator, with the unbounded and non-robust 
~b(x) = x. Following Huber and Dutter (1974) and Huber (1981) we take gi(r) = f o t  d~-(t). Examples are 
given by 

IPi(r ) = Wn(Xi )~(r/Vn( Xi ) ) (1.4) 

for a sufficiently smooth function ~b and functions wn(x),vn(x) weighting the independent variables. With 
v,(x) = 1, (1.4) describes a Mallows-type GM estimate (Hill, 1977). Schweppe (Merrill and Schweppe, 
1971) proposed v,(x) = w,(x). Corresponding to these two proposals, one-step estimates for exactly linear 
models have been investigated by Simpson et al. (1992) and Coakley and Hettmansperger (1993). 

For a sequence {6n} defined in Assumption (B) below, we set 

V i = I//i ( ~nn ) z(xi) ) 

Zi - - - -  
n 

Qn = n-I ~ cov[Vi], 
i--1 
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bo = (n6n)  -1 
i=l 

Mn = (n6n)- I 

i=1 

E I ( ~ n )  ~1/ ( ~ n ) l  fn (X i )  ) ' 

E [(~nn) I~tl( (~nn)] zT(xi) 

Put 0n =(flY, 6~)T. In Section 3 we prove: 

)] 
Theorem 1. Under assumptions (A) - (E)  of Section 2 below, we have 

(a) Asymptotic expansion: 

x/~(O,, - 0.) = Mn-lbn + Mn-ln -1/2 ~ Vi + Op(1). 
i=1 

(b) Asymptotic normality: 

x/n(On - 0.) is AN(Mn-lbn,M -inn ~nM-ln )" 

Our assumptions are detailed in Section 2. The results of a simulation study are reported in Section 4. 

273 

(1.5) 

2. Preliminaries 

Define 

= {0 =(flT, o')T: fl C ~P, if>0}. 

For 0 ¢ O define 

Fi, n(O) = (Yi, n -- flTz(xi))/O'- 

Let @(r) be a weakly increasing function with two continuous derivatives, satisfying conditions stated below. 
(For asymptotic results under weaker smoothness conditions, see He and Wang (1995) and He and Shao 
(1995)). For pi(r) = fo ~bi(t)dt, define 

n 
Ln(O) = a Z (pi(ri, n(O)) + n-lAn). 

i=1 
The gradient and Hessian of Ln(O) are 

L,n(O)= _ ~-~ ( ~i(ri, n(O))z(xi) ) 
i=1 \zi(ri, n(O))- n-lAn ' 

ri, n(O) ~ ri, n(O) /I ' i=1 
so that Ln is convex. Assume 
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(A) The function pi(r) has three continuous derivatives, and E[pi(ri, n(O))] may be differentiated under the 
integral sign three times with respect to 0. 

Define 

L,(O) = E[Ln(O)], 

- 0  
Ui(O) = ~a{pi (r i .n (O))  + n - IA , } ,  

Tn(O) = --n-l/2 L U i ( 0 )  = n-1/2Ll.(O), 
i=1 

T,(O) = E[T,(OI] =- n-1/2 -L'n(O) 

Bn(O) = n-lL~nt(O), 

~n(0) = n - t  ~ t (0) ,  

(n°)-I L ( E[t~[(ri'n(O))]z(xi)z(xi)~; 
i : 1  • E[ri'n(O)•[(t'i'n(O))]Z(xi)T 

E['*~,n(O)~' ("i,n(O) )]Z( X~ ) "] 
E["~n(O)~'(~,n(8))] J '  

_2_" 
C.(O) = c o v [ T . ( 0 ) ]  = n - I  )_£  c o v [ U i ( 0 ) ] .  

i=1 

Let {/}.}, {0.} be sequences asymptotically minimizing n-l/2Ln(O), n-l/e-£.(O), respectively, so that 

rn(0n) ~ 0, 7n(0n) --' 0. (2.1) 

Assume 

(B) The errors are centred so as to satisfy the condition 

n 

n-l~2 Z E  ~ ~n z(xi) ---+ 0, 
i=1 

where {fin} is a sequence of  positive constants satisfying 

n -1/2 E )~i ~ - n - l A ,  ~ O. 
i=1 

See Carroll and Welsch (1988) for a discussion related to Assumption (B). Similar to Proposition 1 in 
Silvapull~ (1985) we have that a sufficient condition for {~,} to exist and be bounded away from zero as 
n---~oc is that the largest jump t/ in the error distribution satisfy the following assumption. 

(C) ~/< l iminf(1 - (n-lAn/vn)), where 
17--0(3 

v, = rain n -1 Z i (~ ) ,n  -1 Zi(-cxD . 
i=1 i=1 
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Apart from the term bn defined in Section 1, 0n turns out to be x/~-equivalent to the estimator obtained 
when f .  ~ 0. Thus, define 

Yi, n = Yi, n - n - I / 2 f n ( x i )  = f inZ(Xi) Jr- g,i, 

{5 } £n(O) = a (E[pi(i~i,n(O))] + n-lAn) , 
i=l 

] ~ H  

~,,(o) = n-~/2£'.(o), ~, , (0)  = n -  Ln(0) ,  

Cn(0 )  = v/ 1 ~-'~ cov  I ( O i ( r i ' n ( O ) ) z ( x i )  
i:, zi(ri, n(O))-n- 'A. )]"  

By (A) and (B), 

T,( t ) , )  --+ 0. (2.2) 

Assume 

(D) The eigenvalues of  

M, :=/),(~),,) and Qn := C~(~)~) 

are bounded above, and away from zero, as n ~ o~. 

Now define 

dJ 
di/, = sup rk~r/ ~gi(r ) . 

Assume: 

(E) (i) The following are O(1) as n-+oo:  

t/ n 
• d 2 n -1 f2 (x i ) ,  H--1 '~"~d~00llz(xDll 2, n - '  ~'~ /01, 

i : l  i:1 i=l 

// // 

n -1 dil2, n -1 ~-~di,2llz(xi)ll 2, n-' ~-~fli23 Ilz(x)ll 2, 
i=1 i:1 i:1 

H-l  ~ d i j k ,  n - l  ~-~dijk[[Z(Xi)]] 3 , H- l  ~ - ~ d i j k f 2 ( x i ) ,  
i=1 i=1 i=l 

17 - I  ~ dijkIIZ(Xi)]]f2(xi), n -1 ~ dijkl[z(x,)II2If,(x,)l for 0~<k~<j, j = 1,2. 
i=1 i=l 
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(ii) The following are o(1) as n ~cx~: 

n -l/2 maxdijk, j=0 ,1 ,2 ,  k~>0, Ik- j l~<l;  
l<~i<~n 

n - 1 / 2  m a x  dijkllz(xi)ll, ( j ,k)  = (0 ,0) , (0 ,  1) , (1 ,0) , (1 ,  1). 
l~i<n 

For $i as at (1.4) we have the simpler 

k d / (E') (i) r T~7~j~b(r) is bounded for O<~k<~j+ 1~<3. 
(ii) The following are O(1) as n---*c~: 

n - 1  2 X n - 1  fg( ~), ~w2(xi)[lz(x,)ll  2, 
i=1 i=1 

a n d  f o r  ( = 0, 1 , 2  a n d  Un,[ (Xi)  : =  wn(xi)/ufn(xi), 

n -1 ~--~Un, f (x i )  ' 
i=1 

n -1 ~ Un/(Xi)l[z(xi)llf2(xi), 
i=1 

n 
2 2 n-I Z Wn(Xi)Vn(Xi)' 

i=1 

n 

n -1 ~ Un,~(xi)llz(xi)ll 3, 
i=1 

n 

. - '  ~ U.,'(x')f~n (X'), 
i=1 

n -1 ~ u.,~(x,)llz(xi)ll21L(xg)l • 
g=l 

(iii) The following are o(1) as n---~c~, for { = - 1 , 0 ,  1" 

rt -1/2 max u.,e(xi), rt -1/2 max u./(xi)llz(xi)ll. 
1 <.i<~n I <~i<~n 

n -1 ~ w"(xi)v"(xi)llz(xi)ll 2, 
i=1 

3. Derivations 

Before proving Theorem 1, we establish a number of  lemmas. Throughout this section we write zi for z(xi)  

Lemma 1. As n - + c ~ ,  -On(On)  - -  Bn(On)--- -+O.  

Proof. Note that 

rim(On) : Fi, n(On) ~- n- l /2~nl  fn(Xi). 

For k, E~<p and 2i E [0, 1] we then have, by Taylor's Theorem, 

n Ip] (ri, n (On) )]Zi kgi{ I-Bn(On)- /~n(/Jn)lk, e = (nffn) -~ Z E[~((r,,n(On))- ' ~ ~ 
i=1 

n n -  1/2 ~ n  1 ~ i fn(Xi  ) ) ] f n ( X i  )ZikZi{/V/'H6n = (T/~n) -1 ZE[~I/ t (Fi ,  n(On) "-I- 
i=1 

n -  3/2 ~n2 ~ d i20 I A ( x i ) I  Izi*llzie, I. 
i=1 

Thus 
p n 

I~.(o.) -/L(o.)lk,~ ~ P~-~/=~n 2 ~ di201f~(x~)l IIzill 2, 
k,f =l i= l  
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which is o(1) by assumptions (C) and (E). Similarly, 

P 

Z IBn(0n) - Bn(On)lp+l'{ <~ pl/2n-g/2~n2 ~ d,211f.(x~)lllz~ll 
' = l  i = l  

and 

277 

a = p + l , b ~ p  

a = b = p + l  

a,b<~p 

d ~ p  

--~r . 2 ~ E[ ~ff ( ri ) ]ZiaZibZi( 
1 

__~ ,2 ~ E[ ~ff (ri ) ÷ ri@t'( ri )]zi,zib 
1 

- a .  2 ~ E[r~'(r~) + r2~ff (rilzil 
1 

Elementary bounds then give 

( = p + l  
n 

--~r*2 Z E[Ip[(ri ) ÷ ril[l'(ri)]ZiaZib 
1 

n 

--a;2 Z E[2riqff (ri ) ÷ r2i ~ff (ri )]zib 
1 

n 

- a  *2 Z E[r2i ( 3~k[ (ri ) + ritPff (ri ) ) ] 
1 

n -3/2 [Rn, E(Y, 2,)[  ~< n-3/2K2a. 2 ~ {p3/Zdi2o][Zi[]3 + 3p(dilo + di21 )l[zi][ 2 
i = l  

+X/~(5dill + 3di22)llzill + 3di12 + di23}, 

n 

_</7-3/26-2 lB.(l}.) -/~.(/~.)l p+l,p+~ ~ . z..di22[fn(xg)] 
i = l  

are botho(1)  a s n ~ .  [] 

The linearizations presented below in Lemmas 2 and 5 are similar to that in Theorem 1 of Silvapull6 
(1985). 

Lemma 2. Tn(/~n + n-1/2•) = Tn(0n) + Bn(On)r + Pn(~), where sup{llpn('~)[] : Ilrll ~<g} --, o as n ---+ c,~, for 
any K>0 .  

Proof. By Taylor's theorem, 

"Tn(0n + n-I/2"f) = "Tn(On) q- Bn(On)r 4- n-3/2-Rn(]~,~.), 

where R.(~, 2) has dth element 

en,,('~, 2{) = ~T F ~2 --! -'- ÷ n_l/2~ .y)] 

and 2, E [0, 1]. For ]]~]] ~<K we have 

_ p+l ~2 --t 
IR.,,(~',2,)I <<.K2a,Zb=l ~oobLn'e(O* ) 0.=~,,+.-'-;~,~, 

and so it suffices to show that this last term is o(n 3/2) and to then apply Lemma 1. 
Write ri for ri,,(O,). Then the terms of (c32/~OaOO6)L'n,e(O,) are given by: 
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which is o(1) by (C) and (E). [] 

Lemma 3. (a) ~, := x / n ( O .  - 0 . )  is  O(1) a s  n---~oc.  

(b) -if, is bounded away f rom zero as n---~vc. 

Proof. The proof of (a) is based on the expansion of  Lemma 2. It is very similar to that on p. 1493 of 
Silvapull6 (1985) and so is omitted. By (a), #,  - #, ~ 0 so that (b) then follows upon applying (C). [] 

Lemma 4. (a) B , ( 0 , )  - B,,(0,,) pr 0. 
(b) B,,(0,,) - B,,(/J,,) -+ 0. 
(c) B , ( ~ . )  - ~,(0 , )  pr O. 

( d )  Cn(O.) - Cn(O.) --+ O. 
(e) The eigenvalues o f  B~(O~) and C,(O~) are bounded above, and away f rom zero, as n---+oo. 

Proof. (a) Put IIBII = (tr BBT)I/2, Ci = (zT, ri,~(0,)) T. Then 

p+l p+l n 

E[IIB.(0.) - B.(0.)II 2] = ~ VAR[B.(0. k / ]  ~<n-2ffn 2 Z Z E[{~(ri,n(-~n))cikei(}2] 
k , / : l  k./-I i=1 

n 
= n-2~;? 2 ~_. E[{~5(r,.n(O.))}2{r~.(O.) + Ilzill2} 2] 

i=l 
n 

g/--2~ -2n ~V~ (d~l 2 -/- 2d~, , [Izill 2 + d21o Ilz, l14). 
i--1 

This last term is %(1) by (E) and Lemma 3(b). 

(b) Write 0~ =/J~ + n-I/Z~n , where ~, is bounded by Lemma 3(a). Then 

where 2,,k,e E [0, 1]. Now proceed as in Lemma 2. 
(c) Immediate from (a), (b) and Lemma 1. 
(d) First note that 

, - '  { VAR[ li(ri, n(On))]i 
i = I  

+2 Ilzi III c o v [ ~ ( r i , , ( 0 , 1 ) ,  )~i(ri, n( On ))]  --  COV[ ~Ji( ei,.('O n )), )~i( ei, n(-O n ))]l  

-~[VAR[Zi(Fi, n(On) )] -- VAR[)~i(Fi.n(-On) )][ } .  

Write 

(3.1) 

ri, ,(0,) = ri , ,(0,) + n-'/2ti, ,  

where tin = fn(Xi)/~n. We then find that the first difference of  variances in (3.1) may be bounded by 

4dioodi,oti./ x/n + 2d~,ot2i~/n, 
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that the difference of covariances may be bounded by 

2(dilodiol  + d i o o d i l l t i n ) / V ~  + 2dilodi l l t2n/n 

and that the final difference of variances may be bounded by 

/ 2 2 4dim dillti , /  x/n + 2dilltin/n. 

By (E) and Lemma 3(b), Cn(0,) - (Tn(0n) ---+ 0. Now 

is shown in a similar fashion to be %(1). 
(e) Immediate from (a)-(d),  using (D). [] 

Lemma 5. Tn(On + n - l / 2 ~ ) =  Tn(On) +Bn(0n)~ + qn(T), where sup{Llq~(y)[[ : IIT[] ~<g} --~ 0 a.s. as n - - ~ , f o r  
any  K > O. 

Proof. Similar to the proof of Lemma 2. Expand by Taylor's theorem, then use Lemma 3(b), Lemma 4(a) 
and (E). [] 

Lemma 6. (a) Yn := x/n(On -On) is Op(l) as n---~oo. 
(b) ]7 n - M~-lbn ---+ 0 as n---+oo. 

Proof. (a) The proof is similar to that of Lemma 3(a), but is based on Lemma 5 rather than Lemma 2. 
(b) In Lemma 2, replace y by ~, to obtain 

Tn(0n) = Tn(0n) + &(tJn)~n + Pn(Yn)" 

By (2.1) and Lemma 3(a), 

Yn +/~,. '  (~Jn)Tn({Jn) ---+ 0. (3.2) 

Now expand ~i(ri, n(On)) = ~i(ei/ffn + sin), where sin = n - I / 2 f n ( x g ) / ~ n ,  around sin = 0 and substitute into the 
definition of Tn(0n) to get 

-Tn(()n) = Tn(On) - hn - n-3 /2Rn(~. , l~ , s ) /2~n2,  (3.3) 

where 

/}.(~.,#,s) = E " ~ s ~=l \ [zi ( ~  +/*in ~n)] 

and )~in,l~in 6 [0, 1]. By (E), n-3/zkn(A, #, s) ---+ 0. This, together with (2.2) and (3.3) gives 

T,(tJn) = -bn + o(1 ) 

which, with (3.2), completes the proof. [] 

n 

Lemma 7. Y,(0n)= -n-l/ZEVi + Op(1) as n--+oo. 
i=1 
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Proof. Define 

tin = fn(xi) - v/-n(~. - ~n)TZi, Sn = v/n(- f fn -- ~n), 

blin 7- tin --giSn/~n = fn(xi) -- (Z/T, ei/ffn)~n. 

Then 
n n --T 

i=, i=, ~, z i ( ( r , , . -~ . z i ) /~ . ) ) -  x,(~i/e°) J 
n v "  t" (~i((~i + , - ' /2t~.) / (a.  + , - I l l s ° ) )  - ¢,,(~/a.))z~ ) n-l/2 Z.,  

i=1 • Zi((gi q- n-l/Ztin)/(~n q- n-I/2sn)) -- Zi(ei/ffn) J 
I I 

i=1 Z[(ei/#.) } ui. + 2n-3/2D.(2,s.,t.), (3.4) 

where D.(2,s., t . )  has [th element defined as follows. 

l~<,~<p: Dn,~(2, sn, tn)= ~-~(tin,sn)H(Oi,2f, sn, t n ) ( t i n ) z i ,  
i= 1 \ Sn 

Dn p+l(~,Sn, tn) = ~ (tin'sn)H()~i'~'('Sn'tn) ( tin ~; 
' i=l k S .  / 

2: = (2:l,2:2),2:j E [0, 1]; 

( O['(r~) -riO['(r~ ) - O[(r~) ) 
O(~li,~,Sn, tn) = (~n ~- n-1/2,4{2Sn) - 2  • _ri~l/t(Fi ) _ ~ff(ri) r2~[t(ri) + 2ri~t(ri) ' 

ri = (ei + n-1/22~1 tin)/(~n + n-1/22ezSn). 

It now suffices to show that: 

(i) coy (ne.)  -1 ~ = ~  k z~(~/~.)  ui,. ~ 0, 

(ii) n-3/2D~,e(2,s~,t~) P~ 0 for each [. 
Then by (3.4), 

- T n ( - O n ) - n - ' / z Z v i  = E  (n6n) -1 ( O / ( f ' i / e n ) z i  i=l i=l \ Z~(ei/ff.) ui,. + O p ( 1 ) = b . - M . ~ . + O p ( 1 )  

and this last term is o(1) by Lemma 6(b). 
For (i) the inequality Va r [X-  Y] <.2E[X 2 + y2] may be used to bound the trace of the covariance matrix 

by 
t t  

2n-Z~n2 Z { d2'ollzill= fff(xD + I]~.]12(llzill4d~,o + Ilzill2d~l,) + d2,,f2(xi) + II~.llZ(llz~tl2d~,, + aft,2)}. 
i=1 

which is o(1) by (E). 
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For (ii), denote H(Oi,21,sn, tn) by Hi. For sufficiently large n we have 

2ff22 ( di2o die1 +dilo ) <~4~n2(di20-q-di21 +dilo+di22 q-2d i l l ) .  
IIH/II~< \ di21 + d i l o  di22 + 2dill 

Then for 1 ~< ( ~< p, 

n 

n-3/2D.,e(2, s., t.) <~ n -3/2 Z (ti2n q- S2)llHi I[ IIz, II 
i=l 

n 

~<2n-3/2 Z (fn2(xi) + I1~. 112(1 + II z/llz)llH'llllzzlt), 
i=1 

which is o(1) by (E). The case ~ -- p +  1 is similar. [] 

Proof of Theorem 1. (a) By Lemmas 5 and 6 with ~ = ~n, then by Lemma 4 (c) and (2.1), 

~n = (-Bn(-On))-l(Tn(On) - Tn(-O,,) - qn(~n)) = - M n  1Tn(On) + Op(1 ). 

Now write V~(/J~-/~n) = ~ +]Tn and apply Lemmas 6(b) and 7. 
(b) We must show that 

Qnl/2n -1/2 ~ V i a N(O,I). 
i--1 

Denote the smallest eigenvalue of a matrix by chmin. Note that for any 2 E R p+l with tl211 = 1 we have 

n n 

n-3/2 Z E[I2TQ21/2(Vi - E[Vi])I3] ~< n-3/2(chmin(Qn))-3/2 Z E[IfVi - E[Vi][13] 
i=1 i=1 

<~ 2n-3/2(chmin(On)) -3/2 ~ (d~oolfZill 3 + d~ol ), 
i-I 

which is o(1) by (D) and (E). This implies the Lindeberg-Feller condition (see, e.g. Serfiing (1980, p. 30) 
with Xi = tTVi for any t; then apply the Cram~r-Wold theorem) and so 

O~ -I/2 n -1/2 V i - E [ n - 1 / 2 Z V i ]  a N ( 0 , / ) .  
i=1 i=l 

This, with (B), completes the proof. [] 

4. Simulations 

We have simulated samples satisfying 

yi= 1 +xi+n-l /2f(xi)+ei ,  i= 1 ..... n, -l<~xi<~½, 

where: 
(i) n = 2 0  or n = 4 0 .  

(ii) 80% of the E i were N(O, 1), the remaining 20% were N(0,a 2 = 25). 
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(iii) f(x)= v/5(6x 2 - 0 . 5 ) .  Then (1.3) holds and 

_1/2 f 2 ( x )  dx = 1. (4.1) 
1/'2 

(iv) The xi were chosen according to one of  three designs: 
(a) "Classical" (C):  ½n designs points at each of  +½. 
(b) "Uniform" (U) :  xi = {(i - 0.5)/n} - 0.5. 
(c) "Minimax" (M):  Huber (1975) derived a design density which minimizes the maximum integrated mean 

squared error ( IMSE) of  the fitted values, when the estimates are obtained by least squares. The maximum 
is evaluated subject to (1.2) and (1.3), and is attained at a quadratic f as in (iii) above, if  the errors are 
homoscedastic. When as well a 2 = 1 and (4.1) holds, the minimax density is given by 

mo(x)  = a + 12(1 - a)x  2, with a = 0.68217. 

We have taken xi = M o l ( ( i -  0.5)/n), where M0 is the corresponding distribution function. 
For these designs, assumptions (E ' )  (ii), (iii) are easily verified. 
(v) Three types of  estimates were computed: 
(a) W2: a Schweppe estimate - as at (1.4) with w, (x i )  = vn(xi) = x/1 - h i i ,  where {hii} is the diagonal 

of  the hat matrix. See Handshin et al. (1975) and Huber (1983). 
(b) WI :  a Mallows estimate - as at (1.4) with v n ( x i ) =  1, w n ( x i ) =  v/1 - h i i .  
(c) W0: a Huber estimate - as at (1.4) with wn(xi)  = vn(xi) = 1. 

In each case we used Huber 's  ~b(x) = sign (x) .  min(k, [x]) with k = 1.5. Although this ~b does not satisfy 
all of  our assumptions, it can be approximated arbitrarily closely by sufficiently smooth functions and hence 
serves as a test of  the sensitivity of  Theorem 1 to these assumptions. Corresponding to this if, 

£i(r)  = 0.5(v(xi ) /w(xi  ) )~Z(r ) = 0.51)(xi )w(xi )llt2(r/v(xi ) ). 

In analogy with classical least squares, and for Fisher consistency at the normal distribution, we took 

An = ((n - p) /n)  E Eq~[gi(e)]. 
i 

The computing algorithm consisted of  alternating between a regression step - weighted least squares with 
weights ui = ~(r i ) / r i  - and a scale step: 

0"2 :=  O"2 E zi(ri)/An 
i 

until convergence was reached. For each set of  n random errors, all nine design/estimate combinations were 
computed. This was repeated 1000 times, for each value of  n. 

The assumption of  a symmetric error distribution implies (B), and that the regression and scale estimates 
are asymptotically independent. With Z representing the n x p design matrix we then have 

Qn = ZT DQZ/n @ do/n, 

Mn = ZTDMZ/n • dM/n, 

where DQ and DM are diagonal matrices with 

DQ, ii = E 
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and 

E(() V dQ = E Zi ~,, - n - l A .  , 

dM=ieZ o 

After computing W2, these quantities were estimated from the residuals ri = ri(O) using 

2 / CIQ/n = var (zi(ri)),  clM/n = aver (F i @i (Fi))" 
i i 

Here, var denotes the usual sample variance. For W1 and W0 we used 

.l 

ClQ/n = 0.25 aver wZ(xi) • v a r  O2(ri), 

L ) M ,  ii = W n ( X i )  " a v e r  (O'(rj)), 
J 

ctM/n = averi w,(xi)  • aver(rZi tY(ri)). 

Some numerical results are presented in Table 1. There, the term bias(O) refers to the simulated-sample 
estimate of  E[O]-  O, viz. ~ ° ° ° ( O j  - 1)/1000. The var. ratio for an estimate 0 is the ratio of  two estimates 

of  the variance of  0. The numerator of  this ratio is obtained from the average of  the 1000 estimates of  the 
asymptotic covariance matrix. The denominator is obtained from the sample variances of  the 1000 simulated 
values of  0. The quantity n.  IMSE is an estimate of  

/_ 1/2 

n E[{33(x) - E[y(x)]} z] dx = n .  VAR[/~0] ÷ (n/12)" V A R [ / ~ I ]  
, 1'2 

+n.  bias2([lo) ÷ (n /12) .  bias2@l) + f f 2 ( x ) d x ,  

obtained from the means and variances of  the 1000 simulated values, and (4.1). 
For all three designs the estimators perform quite similarly. For C the three regression/scale estimates are in 

fact identical - the methods differ only in the manner in which the asymptotic covariance matrix is estimated. 
Note also the huge, but not unexpected, biases of  the intercept estimates for design C. For M and U, both 
W1 and W2 are slightly superior to W0 in terms of  bias, somewhat more so with respect to IMSE. 

In all cases, the estimated variance of  the scale estimate was too large. The var. ratios for the intercept 
estimate tended to be closer to unity when W2 was used, while those for the slope tended to be farther 
from unity. An attempt was made to correct the estimated covariance matrices of  the regression estimates, by 
multiplying them by K 2, where K = 1 + {p(1 - m ) / m n ,  } and m = aver(~b/(ri)) for W2, = aver (~ ' ( r i ) )  for W1 
and W0. (See Huber, 1981, p. 173 ft.). This resulted in slight improvements in the estimates of  the variances 
of  the slope estimates, when n = 40. In all other cases, it tended to move the var. ratios farther away from 
unity. Similarly, a suggestion of  Simpson et al. (1992) - multiply the covariances by {U/ (U - p)},  where 
U is the number of  non-zero regression weights ui - proved to be deleterious in all but one of  the 18 cases. 

The empirical quantiles of  33( 1/4) =/~0 + 0.25/~1 were compared with those of  the Student's t distribution on 
0.6n degrees of  freedom. This follows a suggestion in Field (1982). For n = 20 there is very close agreement, 
while for n = 40 the degrees of  freedom could perhaps be increased. The Q-Q plots are available from the 
author. 
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Table 4.1 
Biases, variance ratios and integrated MSE values based on 1000 simulated samples, for each of three designs and 
three types of estimates 

n = 20 n = 40 

Design + Estimate---+ W0 W 1 W2 W0 W 1 W2 

M n • bias 2 (intercept) 0.054 0.045 0.052 0.049 0.045 0.048 
n • bias 2 (slope) 0.054 0.054 0.052 0.005 0.005 0.005 
var. ratio (intercept) 1.053 1.055 1.021 1.022 1.023 1.006 
var. ratio (slope) 1.042 1.045 1.053 0.979 0.980 0.978 
var. ratio (scale) 1.569 1.579 1.598 1.504 1.508 1.509 
n- IMSE 5.199 5.184 5.174 4.919 4.913 4.908 

U n • bias 2 (intercept) 0.003 0.006 0.003 0.004 0.006 0.004 
n • bias 2 (slope) 0.068 0.066 0.062 0.008 0.007 0.008 
var. ratio (intercept) 1.050 1.053 1.018 1.021 1.022 1.005 
var. ratio (slope) 1.033 1.039 1.071 0.975 0.976 0.985 
var. ratio (scale) 1.554 1.578 1.593 1.499 1.498 1.508 
n.  IMSE 5.624 5.617 5.585 5.324 5.323 5.308 

C n .  bias 2 (intercept) 4.791 4.791 4.791 4.731 4.731 4.731 
n • bias 2 (slope) 0.047 0.047 0.047 0.000 0.000 0.000 
var. ratio (intercept) 1.032 1.032 1.003 1.010 1.010 0.994 
var. ratio (slope) 1.021 1.020 0.991 0.985 0.985 0.970 
var. ratio (scale) 1.634 1.634 1.634 1.552 1.552 1.552 
n. IMSE 8.801 8.801 8.801 8.530 8.530 8.530 

A q u e s t i o n  d e s e r v i n g  fu r t he r  i n v e s t i g a t i o n ,  a n d  s u g g e s t e d  b y  t h e s e  c o m p a r i s o n s ,  c o n c e r n s  t he  i n t e r p l a y  

b e t w e e n  the  c h o i c e  o f  d e s i g n  po in t s ,  a n d  the  c h o i c e  o f  w e i g h t s  w n ( x i )  fo r  W 2  a n d  W 1 .  T h e  d e r i v a t i o n  o f  

su i t ab l e  c o r r e c t i o n  f ac to r s  fo r  t he  v a r i a n c e / c o v a r i a n c e  e s t i m a t e s ,  a n d  e s p e c i a l l y  fo r  t he  v a r i a n c e  o f  the  s ca l e  

e s t i m a t e ,  is a n o t h e r  a rea  r e q u i r i n g  m o r e  r e sea rch .  
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