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Abstract

There are various robust GM-type testing procedures. Some of these procedures
are simple but less accurate, while others are more accurate but difficult to use in
practice. This thesis then concerns the construction of a testing procedure which has
better accuracy and still can be used easily in practice.

First, we review some GM-type testing procedures and some techniques used in
this thesis. Then a higher order asymptotic expansion of the GM—estimators is derived
by using the Edgeworth expansion. Later, a testing statistic @), for the robust M—type
linear regression problem is given and its asymptotic distribution is investigated. It
turns out that the @, statistic is approximately F' distributed to the order of O(n™2).
Finally, the simulation study on some selected testing problems will demonstrate the

advantages of using the @, statistic.
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Chapter 1.  Introduction

Though systematic research on the problem of robust estimation started later than
that on testing, still far less attention has been given to robust testing procedures.
But the need for robust testing procedures is obvious: we cannot estimate robustly
the parameters of a model and then use unmodified procedures to test hypotheses
about these parameters. Some robust testing procedures were defined and investi-
gated by Markatou, Stahel and Ronchetti (1991). All these test statistics turned out
to be approximately Xg—distributed for some number ¢. Also some higher order ap-
proximations in these cases have been derived by Field and Ronchetti (1990). Their
approximations are sometimes amazingly accurate; the problem is that they are com-
putationally very intensive and difficult to use in practice. It motivated us to find an
easily explained and implemented modification to the normal theory test statistics,
i.e. a’t’ or 'F statistic with the degrees of freedom modified to take into account the
estimation method, perhaps with a scaling factor added.

We begin with a short introduction to the linear regression model and the robust
G M—type estimation in Section 1. This section serves as a motivation which helps
readers understand the robust regression model presented in this dissertation. Section
2 provides an overview of some common testing procedures following G M —estimation.
In Section 3, some notations and results about (multiple) asymptotic expansions are

reviewed since we will apply them to many of our derivations.



§1.1 The linear model and the robust testing prob-

lem

The linear model with which we are working is defined as follows. Suppose that
the observed data {(x;,v:),? = 1,2,...,n}, which are independently and identically

distributed random variables, can be modeled as

Y=X0+¢ (1.1)
where Y = (y1,92, -+ ,¥s)” € R™ the n x m design matrix X has rank r < m,
§ € Q C R™ is a m—vector of unknown parameters and € = (e, €9, -+ ,€,)7 € R™ is
the error.
The hypotheses of interest are
Hy: CO=0

(1.2)
H : CO#0

for some (m — q) X m matrix C with rank (m —¢q) <.
Under Hy, we have § € (row(C))*, ie. 6 = Do (r—m+q)0r—m+q)x1 for some 0,

where the columns of D form a basis for (row(C))*. Thus X6 = X D§ under H,.
Now, let the columns of the n x (r — m + ¢) matrix I'; be an orthogonal basis

for col(X D). Notice that we can extend it to (I'y : Ty

x(m_q)» @ orthogonal

nX(r—m+q)

basis for col(X), and to I' = (T'y, ..o T2 me) * D3uxur ), @0 Orthogonal basis
for R™. Then (1.1) can be written as
Y =IT"X0+¢
I7X0
| ITX0 | +¢
rTxg



where I'7 X = 0, and under Hy, [T X0 =T7XD§ = 0.
Put ¢, =ITX0, ¢ =TTX0, ¢ = ( zl ) [y = (i), then
2
Y = i Iy) < é1 ) +e
2
=Lop +€

with I'J Ty = I, and under Hy, ¢o = Oppx1.

Therefore, without lose of generality, one can always assume that ¥ = X6 + ¢,

where 0 = ( Zl ) fn » and XX = I,,,. Furthermore, the hypotheses become
5 _
Hy: 02 = 0@n_p)x1,
(m—p)x (1.3)
Hy: 0, ?é O(mfp)xl
with #; unspecified.
Robust tests usually rely on some G M—estimators of 6 and o defined by
1 Zn ) yi—xfén o
n Lai= 7’](XZ, G )XZ =0
' " (1.4)

i ;Tén
i x(FFE) =0,
The function 7 is assumed to be continuous, piecewise differentiable, odd in r and
n(xz,r) > 0 if r > 0. The function x is assumed to be continuous, piecewise differen-
tiable and even. If, however, n(x,7) = r and x(r) = r? — 3 for some suitable 3, then

f,, and &,, are the least squares estimators.

§1.2 Some robust GM—-type testing procedures for
linear models

For hypotheses (1.3), three classes of tests have been introduced and investigated

by Markatou, Stahel and Ronchetti (1991):
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(1) The Wald type test uses a quadratic form of the second part én,g of an GM-
estimator of 0,
Wé, = 05,0 0,5
as its test statistic. Here, C' is a suitable positive definite (m — p) x (m — p) matrix,
which will depend on the design. It is most naturally chosen to be an estimate of the
covariance matrix V,, of én,g.

(2) The scores type test is based on the test statistic
R%’,n = ZEM(22.1)071M(22.1)Zn,

here 7, = £ X e M with = (50 ) P and by, 8, e
where = = > . X, —=)X;2 With x; = an 1, O
n n i=1 X, on 2,2 ) X2 m—p ) n,ly Yn

the GM —estimators obtained assuming Hy to be true, C is again a suitable matrix
and M(lel) = MQQ — M21M1_11M12 Wlth M = MH M12 = E[T]2(X, T’)XXT].
My Moo

(3) The drop-in-dispersion type test is given by a test statistic of the form:

~
-~ ~

n T T
Sha = 2 Dl M) — o, M)

where 7 is such that 7(0) = 0 and n(z,7) = 27(z,7), é”, 6, are the GM -estimators
obtained when assuming Hj is true, én, 0, are the GM —estimators obtained from
the full model.

By investigating the influence functions of these test statistics, one can show that:

(1) nW§,, is asymptotically x;,_,~distributed if C is chosen to be an estimate of
the covariance matrix.

(2) The scores type test statistic R%}n and the drop-in-dispersion type test statistic
S%n are asymptotically equivalent to Wan, if we choose C, 7 properly. Thus they

will also be asymptotically an_pfdistributed to the order O(n™1).

4



Example 1.1: Consider the ordinary M—estimation of a location parameter with

scale known:
0, = a solution to Zw(yZ —6)=0.
i=1

The null hypothesis of interest is:

H()I 0 =0.

I) A natural Wald type test statistic is 72 with T,, = 5?5 L where

ﬁ Z?:l wQ(yi - én)
w2t (V' (g — 0))?

is an estimate of var(y/nf,). Note that nT? is approximately x> distributed. If, how-

52(én) =

ever, Y(r) =, 0,, then becomes the least squares estimate and Sg(én) = ﬁ S (yi—
0,)?, therefore nT? is F! ,~distributed since then \/nT), is the ordinary normal theory
t-statistic. In another words, we are using a x? random variable to approximate an

F!_, random variable under least squares.

% 2?21 "p(yz)

— . It can be
n Ei:l wz(yi)

IT) A scores type test statistic is given by W2 with W,, =
easily shown that under least squares,

Fay
1 11
1-141F

n n—1

2
nW, =

Once again, we are using a x? random variable to approximate an F! ;-related ran-
dom variable.

This example motivated us to find some T>-based or W?2-based test statistics
which are approximately F'—distributed in general case and exactly F'—distributed

under least squares and the normality assumption on the error distribution.



81.3 Stochastic and Edgeworth expansions

Since the stochastic asymptotic expansions and Edgeworth expansions will be
used frequently in this thesis, a brief review of these topics becomes necessary. More

details can be found in Field and Ronchetti(1990).

81.3.1 Stochastic asymptotic expansions

Let {Y,} be a sequence of continuous random variables and
Y, = Xo + b1, X1 + 02n Xo + -+ + by X, + Op(b(m—l—l)n) ’ (15)

where the distribution of {Xi, X5, -+, X,,} does not depend on n; by, = a/\/n,
by = b/n, -+, or by, = a/n, by, = b/n?-- for some constants a, b, ---. Usually (
1.5) is called a stochastic expansion for Y.

An important question of interest is the relation between (1.5) and the asymptotic
expansion of the corresponding characteristic function.

Example 1.2: Suppose that

1 1
Y, =Xo+ —X; + —Xo + O, (n%?),
0+\/ﬁ 1+2n 2 + p(n )

then the characteristic function of Y,, becomes

g(YTL’ t) = E[eitYn]
E[eit(Xo-I-ﬁ)ﬁ—kﬁXﬁ-op(n—ii/?))]

itX, 1 . _
7 + %(tiz —12X%) +0,(n7%/?))]

. 1 . 1.
= E[e"Y] + %E[eZthitXl] + %E[e“XO (itXy — t2X2)] + O(n=%/?),

= E[eitXO(l +




provided E(O,(n~%2)) = O(n=3/2). Thus it is possible for us to obtain the asymptotic
characteristic function of Y, from its stochastic expansion under certain conditions.
Furthermore, we could also have the corresponding asymptotic density and distribu-

tion functions.

§1.3.2 Edgeworth expansions

Let S, be a random variable with distribution function F'(x), characteristic func-
tion £(t), cumulants k., 7 = 1,2, ---; let Y be a standard normal random variable with
distribution function ®(z), characteristic function n(t), cumulants v,, r = 1,2,---.

Recall that
Ko = (—1)" 4= log () |i=0

n(t) = e~ t’/2 (1.6)
Y1=0, %=1, v =0, r>3.

Then by formal Taylor expansion we have

log @ = Z(KT - ’Yr) (it)r

nt) = rl
and
€(1) = exp(3_ (5, ) ). (1)

Furthermore, by Fourier inversion of (1.7), we obtain

H(z) = exp(3 (5, — ) 2L

r=1

)@(z), (1.8)

r!

where D denotes the differential operator.
If the terms in (1.8) can be collected according to the powers of some index n,

then (1.7) and (1.8) form the Edgeworth expansion of S,,.



Example 1.3: Sum of n iid random variables

Let Xy, -+, X, be n iid random variables with distribution F'(x) and E(X;) = 0,
var(X;) = 0? > 0, and cumulants 3,(X1) = p,o”, r > 3. Let S, = ﬁ Sor & with
distribution function F,(z), characteristic £(t), and cumulants «,. Then we have

K,1:O, KQ:l,

(1.9)
ke =0 207 ™nB (X)) = pn 27D forr > 3.
By applying (1.6) and (1.7), we have
— o (i)
g(t) = eXp(Z nr/2-1 T) eXp(_t2/2)7
r=3
and by expanding exp()_ 2, —T (iﬁgr ), we obtain
) =1+ Py s % + pil’ +O(n%?)
6/1 2n 24n '
Finally, by applying (1.8), we obtain
psHy(z) | psHs(x) p§H5(:E) —-3/2
F, =d(x) — 1.1
o) = 0(a) — o) B+ OO L B L0, (L10)
therefore the density function of S, is
psHs(x) = psHi(x) P§H6(33) —3/2
(@) = B(x){1 0 , 1.11
fule) = o)1+ 2B ) I oy, )

where the H,.(z)(the Hermite polynomials of order r), r = 1,2,--- are defined by

B(e)Hola) = (~1)7 2 p(z).

Notice that under certain assumptions, Edgeworth expansions can also be applied to
nonlinear functions of sums. An example of this can be found in Barndorff-Nielsen

and Cox (1989).



Chapter 2. Stochastic Asymptotic
Expansion of Robust GM-type Estimator

We continue our discussion by considering the linear regression model as in §1.1.
It is further assumed that

(I) the parameter space €2 is an open and convex set;

(IT) the errors €;, i = 1,2,--- ,n are independently identically distributed random
variables with the symmetric distribution G(<), where o > 0 is a scale parameter;

(I1I) the design matrix X satisfies X7X = I;

(IV) ¢ and x; are independent .

For the hypotheses (1.3), the test statistic under investigation in this thesis is W2

with

_xT §
S (g, By
o R
VI (g, B

where éml, 6, are the GM estimators obtained when assuming Hy in (1.3) is true.

: (2.1)

We choose W? as our subject because it has a much simpler form than that of the
others.

In this chapter, we first review some notation and results related to Kronecker
products and the calculus of matrix differentiation in Section 1. Then we apply them
to the derivations of stochastic asymptotic expansions of the robust estimators in

Section 2. Section 3 involves some examples of M —estimation problems.



82.1 Kronecker Products and the Calculus of Ma-
trix Differentiation
§2.1.1 Basic Notation

Definition 2.1 (Kronecker product) Let A = (aij)mxn, B = (bij)pxq, the Kro-

necker product A ® B is defined as the mp X ng matrix

Definition 2.2 (vec operator) Let A = (aij)mxn = (a1,a2,---,a,), the vector
operator vec of A is defined by
ai
as
vec(A) =
ap
Definition 2.3 (vec-permutation matrix) Let A = (aij)mxn, the matrix I,

defined by
vec(A) = Iy, - vec(AT)

is called a vec-permutation matrix.
Definition 2.4 (Matrix differentiation) Let X be an m X n matrix, and let Y

be a p x ¢ matrix, whose elements are functions of the elements of X. Let 6% be a

matrix of derivative operator %. Then g—};, the derivative of Y with respect to X is
ij

defined symbolically by

oY

9 \yr
X = vec(Y) - (vec(a—X)) :

§2.1.2 Some Basic Properties

10



Some basic properties related to Kronecker products and matrix differentiation

are listed below.

P1:

P2:

P3:

P4:

P5:

Peé:

P7:

P8:

P9:

P10:

Pi1:

P12:

P13:

P14:

P15:

Pie:

vec(Amsxn * Buxp) = (I, ® A) - vec(B) = (BT @ I,,)vec(A);
(AC)® (BD) = (A® B)(C ® D);
(A@B) '=A"1® B
(A® B)I' = AT @ BY;
vec(ab’) = b ® a;
Bpxq ® Amxn = Imp(A® B)Iyn;
L - Ingn = Iinn;
Im,l = Il,m = ILy;
(B® A) -vec(X) = vec(AX BT);
Woaloo) = (77 @ L) 3% + (I, @ V) 8%;

If Z=21,Ys,..,Y,) and Y; = Y;(X), then g_)z( =y gé_ . ‘32;

vec(Yimxn @ Zpxs) = (In ® Ins @ L) - (vec(Y) ® vee(Z));

2 (Yinxn ® Zpxs) = (In ® Iy ® 1)) - (vee(Y) ® 22 + 9% ® vec(Z));
(bf ® Amxn)anp = (az;p ® 1) (b, ® vec(Amxn));

(Amxpt ® a5) (by ® vec(Bsxi)) = Amxpi(by ® Bl,)as;

If I, = (e1,e2,..€,), then vec(l;) = >"! e, Qe

More properties of the Kronecker products and the matrix differentiation may be

found in Wiens(1985), Graham(1981), Henderson and Searle(1979).

11



82.2 Asymptotic expansion of GM—estimators
§2.2.1 Preliminaries

Put &, = (07,6,), & = (67, 0)7, where 6, 6,, are the G M—estimators defined by
n 0

(1.4), and 6y, o are the true parameters defined by

Eln(x, *252)x] = 0

(2.2)
Elx(*=5)] =0
Notice that under the null hypothesis in (1.3), this is
Elp(x, “24%0)x] = 0
T (2.3)
Ex(*=)] =0,
Withx:<xl>p and00:<010>p .
X9 m—p 0 m—p
Put
€ — XzT (én - 00) . .
nij(xiae’iagﬂ):n(xia ,;—"O' )xija /[':]-:"' y Ty .7:]-7 y D,y
€ — XZT (én —_ 0())
77i,p+1(xia6ia§n) :X( ,&l_no_ )a 1= 13 y Ty
77¢(Xi, €, Sn) = (nz'l(xia €y gn)a Tt :niQ(xia €, gn))T’ with ¢=p+1,
then under Hy (1.4),(2.2) can be rewritten as
1 Z" (3 € -
n Lai= nz(xm Ezaé-n) =0
' (2.4)

EEO [771 (Xa 3 go)] =0.
We first list several assumptions made on (2.4)(Bhattacharya and Ghosh, 1978).
Suppose s > 3, £ € O.

A1) There is an open subset U of RY, such that

12



I) for each £ € O, one has K¢(U) = 1, where K¢ is the distribution function of
y; given £ = (67, 0)T;
II) 7; has a v** derivative with respect to £ for each |v| < s.
A2) For each compact K C©,and 0 <v <s—1,
aIJ
sup B [[[veczm (%, € §)le=e ] < oo,
€o€ 3
and for each compact K C O, there exists € > 0, such that

S

sup Eg,[( max |lvecozn:(x, €, §)[])°] < oc.

oeK ll€—€ol|<e 865

A3) For each & € O, the matrices

8771 (X, €, 5)

Ap = 0 Eg| o le=¢o)

and

Efo [771 (X, €, 60)77{()(’ €, 60)]

are nonsingular.

A4) The functions I(§) = —1A4¢(¢) and for 1 <wv, v/ <,

v—1 v —1
Eefuee( g (.. €)veel gmrm (e, €.)']

are continuous on O.

A5) The map £ — K¢ on © into the space of all probability measures on R is
continuous when the latter space is given the (variation) norm topology.

A6) For each £ € ©, K, has a nonzero absolutely continuous component whose

density has a version k(y; &), which is strictly positive on U.

13



Theorem 2.1 (Bhattacharya and Ghosh, 1978) Assume A1)—A6) hold. Then
there is a sequence of statistics {&,} such that for every compact K C © and 6, € K,
0= % > milxi, €, &)

i=1 X

— % Z[ﬂz’(xi, €, &) + Z((fn &M e 1)

v=1

vee( i aa—guu??z' (X4, €5, )| e=¢o)
V!

] + Op(n_2+€) )
(2.5)
where (£, — &) =&, — &, (& — &)V = (& — &)V @ (6, — &) for v =2, 3.

Now, for 0 <v <3, 1 < i < n, write

14

0
U,,,Z- = vec(a—gum (Xz', €, f) |§=€o)>

1 n
U, =2 U
=1
=T

=1 =T =T =T
U = (UO’UlaUQ’US)’

=7
a' = E[U ] = (ug, 11, 13, 13),

then U,;, U, are ¢"T' x 1 vectors, U and a are Q x 1 vectors, g = E[Ug] = 0gx1
s q

and (2.5) can be rewritten as

(e - 21T,
0,1 = Up + Z (K §O)y' ) + 0,(n721). (2.6)
v=1 :
Furthermore, define s, : R? x R? — R as
3 T
t— &)Y ®I)u,

sq(u,t) = up + Z ((t = &) ol o) ) (2.7)

v=1 ’

where u” = (u},uf,ul,ul) isa 1 x Q vector. Notice that s,(a, &) = 04«1, then by
the Implicit Function Theorem, there is a function H : U € R? — H(U) € RY such

that H(a) = & and s,(u, H(u)) = 0 in a neighbourhood of a.

14



Following Field and Ronchetti(1990) we have:

Lemma 2.1 H(U) — &, = 0,(n72%°) for any € > 0.

Proof: cf expression 2.39 and 2.40 of Bhattacharya and Ghosh (1978).

The next step is to expand H in a Taylor series expansion about a. The result is

the following expression:

&n = H(a)+((U - a)" @ I)vec(H'(a))

+((U - a)¥" @ I)vec( H”2(a)

HIII (a
6

)

) + 0,(n""). (2.8)

~—"

+((U - a)[3]T ® I,)vec(

Putting this equation together with Lemma 2.1, we have that for every 6, in a compact

subset of O,

H®)(a)

” (U —a) + 0,(n3/29) . (2.9)

=vn) (U-at " el)

However, (2.9) cannot be used directly unless we are able to evaluate H®)(a) for
v =1,2,3 in some way. The next section will then focus on the derivations of the first

three derivatives of H about a. Later a simplified version of (2.9) will be provided.

§2.2.2 Derivations

We first list some notation which will be used in this section.

Definition 2.5 Define

Zn = (Uogur * Anguy * Bn o Cnyy )

Zp = E[Zn] = (0

ax1 : AOqu : Boqxq2 : Coqxq3)

15



U, vec(Uy)
- U, vec(Ay)
U=| _ | =vec(Z,) = :
U, vec(By)
U; vec(Ch)
and
qul U@C(qul)
7 vec(A
a= ' = vec(Zp) = (o) ,
M2 vec(By)
s vec(Cy)

or equivalently,by

An B %Z?:l(ni()ci, Gi’g)(%)Tk:fO)’ AO = E[nl(xa ¢, 5)(%)T|§:§0] ’
B, = %2?21(%(3(1', eiaf)(ai)[Q]Tk:ﬁo)a By = E[Th(X, €, f)(%)mip‘&:ﬁo] ) (2.10)
Co = 15 (e ) (2) P [ecgy), Co = Elm (e, €)(2)P

A

]T|§=€0] .

s

Next, we continue our discussion by evaluating (2.9) term by term. Define

1

t—¢ v

1) = | wend |, Lut)= gtul(t), v=1,2,3,

2

(tf‘ﬁo)[:”]
3!

then
s,(u,) = (I (£) ® [,)u, (2.11)

and H(u) = t is defined by s,(u,t) = 0 in a neighbourhood of u = a. Notice that

H(a) = &.

16



v=1:

Differentiating equation (2.11) with respect to u once gives

Opxo =1"(t) @ I, + (u" @ I)(L1(t) ® Uec(Iq))a—u. (2.12)
With some algebra, it can be shown that
01><q
ol(t I
L) = 20 _ o, q ,
ot (t—&)®1,
st—&Pel,
where
1 leq leqz leqB
0gx1 I 0gxq2 0gxgs
Qs = 1
0p2x1 Og2xq i(lq2 + Igq) 042 g3
Ogsx1 Og2xq 0g2xq? %(Iq3 + (L ® Igq) + qu,q)
Thus from (2.12) we have
iH(u) _ ot _ B Yu,t)1T(t)® I,) = —1"(t) ® B }(u,t) (2.13)
ou ou ’ 1 T
with
B(u,t) = (u! @ I)[L1(t) ® vec(1,)). (2.14)
When (2.13) is evaluated at u = a, t = &, we have
leq
:, T 2, T 2, T Iy
B(a,&) = (014 ® 1, i py @I,y @I, 1 g @ 1,) 0 ® vec(l,)
a*xq
0g3xq

= (M{ ® 1,)(1; ® vec(ly))
= (vec' (4) ® 1) (I, ® vec(l,))

:A01

17



and

IT(&)) ®Iq = (Iq quqz quq:a quq4) .

Therefore

H'(a)gxg = (—Ap " F Ogxg2 © Ogseg? * Ogxgt) - (2.15)

Now by applying (2.15), (2.9) becomes

Vn(én — &) = — Ay ' (vin Uo)

3 _ T (v) a) —
+ \/ﬁZ((U —a)l " Iq)H V!( )(U —a) +0,(n 7327, (2.16)

where |

U, = ( EZZ’:1 n(xi, ;l)xi,l ) ’

%Z?:l x(%)
9 1 [ Bl (x2)xix{] E[n'(x,5)xi]
Ap = Eln(x,e, &)x(=)T] = —= 7 7 7 )
[n(x.€, &) (ag) =~ < Epe(£)xT) ER(9) )
v=2
Since

{a‘ivec(Bl(u, t)], fixed) = —[B T (u,t) ® B (u,t)] Zvec(B(u,t)|, fixed):

Svec(B~H(u,b)|, fixeq) = —[B T (u,t) ® B*(u,t)] 2vec(B(u,t)|, fixeq)

(’2.17)
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differentiating (2.13) with respect to u gives

o? 0%t 0 -1 T
i) = s = gl OO 1)
=—(1(t) ® I, ® I)[5—vec(B~ (u,t)], fixed)

+ 2 vee(B (w4), figed) o] ~ Lo ® B ()5 @ wee(z,)

0
=1t)® I, ® 1)(B ' (u,t) ® B !(u, t))(é%vec(B(u, t)|; fixed)
ot

+ e B, 0), ixed)ae) — (lo ® B~ (0, 0)[(La(t) 50) © vee(,)]

= (1(t) ® B~ (u,t) ® B”'(u, t))(%veC(B(ua t)l; fixed)

+ %vec(B(u, t)[, ﬁxed)g_:;) - (Ll(t)g—z) ® vec(B!(u,t)). (2.18)

Now, from (2.14) we have
1) Dee(Blu, ), ixed) = aALLE () © vee(l,)” Lo © vee(Ty)), gyea)
=(LitH)® vec(Iq)T ® I;)(1g ® vec(ly))
= (L1(4)]0) ® (veel1)" © I,) (1, ® vec(,))]

=LTt)® [(Z e] ®el ® Iq)(Z I, ®@e; ®ej)]

=IT(t)® {Z Z(eiT 1) ® (e @ I)(e; ® €;)]}
=IT(t) ® (Z e ®e;)
=L{(t)® I,

and

[1(t) ® B’T(u, t) ® B '(u, t)]%vec(B(u, t)], ﬁxed)
={[1(t) @ B (u,t)]L{ (t)} ® B"}(u,t)

=1(t)® [B"(u,t)L] (t)] ® B~ (u,t) ;
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I7) %vec(B(u, t)], fixed) = ;[(I @ u' @ I)(vecLy(t) @ vee(ly))|, fixed!

=(I,® ul ® Iq)[avec(Ll (t)) @ vec(l,)] ,

and

1(t) @ B (u,t) ® B‘l(u,t)]%vw( (u,t)],, ﬁxed)gt

={[A(t) ® B~ (u,t))(L, ® u")| @ B~ (u, t)}[av%(Ll(t)) ® vt“/C(Iq)]g—f1
=[1(t)® B T(u,t) ®u’ ® B !(u, t)][%vec(Ll (t)) ® vec(Iq)]g—lt1 )
Thus (2.18) can be rewritten as

0%t

50z —1t) @ (B (w t)LI(t)] © B (u,t) - (L1(t)§—£) ® vec(B ' (u,t))

+1(t) ® B (u,t)®u” ® B~}(u, t)][%(vec(Ll(t)) ® uec(fq))]g_fl . (2.19)

However, since

1(t) ® [B™" (u, t) L (t)[ = (1(t) ® I,) B~ (u, t) L7 (t)
ot

= (L))",
1(6)@ B "(u,6) = (1(6) @ [)B "(u,) = ~(5)",
(2.19) becomes
O L®2)T 0B () - (L) 0% @ vee(B (,))
ot r 1 . 0L, (t) Ot
~15) oo (g gy @l
= (L) 5 © B (1,6) — (Li(6) 00) @ vee(B~(u, 1)
155" @ (B (w0 Z,))(Ls(t) t) (2.20)
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where

leq
L) =21 ®Q X )
2(t) = 5rLa(t) = (L ® Qs) 50 Uec( (t—&) o1,
(t_EO)m@Iq
2
d t—&)A @I
=, ® Q:’,)[%qavec(oqxl; ot —&)" ®1, - 2 ?)
01><q

P vec(1,)

= (L, ® Q)¢ q

49t | (b—&)® vec(l,)

(t—&0) I Dvec(ly)
2

Oyxq
0424
I, ® vec(Iy)

Iq — — Iq
(t 50)‘;(’5 £0)® ®U60(Iq)

= (Iq X Q?’)I%,q

When (2.20) is evaluated at u = a, t = &, we obtain

H”(a)quQ = - (OQxl : H'( )qu : Oqu OQXq3) & Aal

01><Q
H'(a
- S ® vec(Agl)
0420
0g3xq
— (H'(a)" ® Ay'Zo)La(é0)H'(a) . (2.21)

Now by applying (2.21), (2.16) becomes

V(& — &) = — Ay (V/nl) — %\/ﬁh - %\/512 - %\/513

_ - ®)(a) —
VO -2 e 1) B @) 1o, (222)
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where
L =[(U—-a)"®L][(0gx: : H'(a)" : Ogxge : Ogugs) ® Ag')(U —a),
01><Q
o H'(a) o
¢ =[(U—-a)’elL] ® vec(A;))(U — a),
0,250
0q3><Q

Iz =[(U-a)"® L][H(a)" ® (A7 Z0)]La(&) H'(2)(U — a) .

The next step is devoted to the simplification of I;, I and I;.

Define vy by vo = A4, 1Ty, then

NI ={[(U —a)" (0gx1 : H'(a)"  0gyg> : 0gxg2)] ® Ay} (U —a)

Uy — 1o
. 1. . U, - m
= — (Ogxq : vg ® AO1 D 0gxgs * Ogxqt) | —
U, — po
ﬁa — M3
=— (v ® A.1)(U1 — ) (2.23)

= — Aal(An — Ao)VO 3

NI, =[(Uy — )" ® L][H'(a) ® vec(4;))(U — a)
=~ [(U1 — )" ® L][vo ® vec(4y )]

= — Aal(An — Ao)VO y
(2.24)

where the last line is obtained by noticing that vec(A; ') can be written as vec(A;') =
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Y e; ®d;, where I, = (ej, ey, -+ ,e,) and Ay' = (dy,dy, -+ ,d,);

HI)I; =[(H'(2a)(U - a))" ® (45" Zo)|L2(&) H'(2) (U — a)
=[vo ® (45" Zo)|L2(&)vo
:[Vg ® (AEIZO)](Iq ® Q3)I%7qvec((0q><1 t Ogxg Vg ® Iyt Ogxqe))

=[vi ® (A" Zy)|vec(E)

=vec(Ay ' ZyEvy)
:Uec(AalBov([)Q})
=Ay'Byvi?, (2.25)
where
01xq
E = Ly(&)vo = Ouxa

%VO QI+ %Iq ® Vo

043%4
From (2.22)(2.25) we now have

V(& — &) = — Vnvo + VnAg (4, A)Vo——\/_A lBOV()

+\/ﬁ(ﬁ_a)[2]TH(33)'( a) — a) +0p(n—3/2+e) . (2.26)
v=3:
Define
Ri(u,t) = L (t )g—u
Ry(u,t) = Ly(t) 5,
t\T

R3(u,t) = (&) ® (B (u,t)Zy) ,
then (2.18) can be rewritten as

82

E = RT(u,t) @ B~} (u,t) + Ri(u,t) ® vec(B~*(u,t)) + R3(u,t)Ry(u,t). (2.27)
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Now notice that
I) vec(Ri(u,t)@vec(B *(u,t)) = vec(R;(u,t))@vec(B™*(u,t));

IT) since for any cgx1,de
q

w1 €qx1 and £y

(Ie ®IQ,Q®Iq)(IQQ ®@Ip)(c®de®f)
q ’q
=Ioe®Ip,R1,)(dRc®e®f)
=(d®e®c®f)

lge® L)(codaen),
we have (Io ® Ig,q ® Iy)(I @ ® Ip2) = Ig,q ® Iy, and therefore

vec(RT (u,t) ® B~'(u,t)) :(I% ®Ig,® Iq)(IQ,% ® Iz2)[vec(Ryi(u,t)) ® vec(B™' (u,t))]

=(Ig.0 ® I,)[vec(Ri(u,t)) ® vec(B~'(u,t))] . (2.28)

Then from (2.27)-(2.28) we have

vec(g—:;) =— (I,o2 + 19,0 ® I)[vec(Ri(u, t)) ® vec(B™ ' (u,t))]

+ U@C(R:J,(u, t)RZ(u7 t)) ’

and so
3
% =— Q4[%R1 (u,t) ® vec(B '(u,t)) + vec(Ri(u,t)) ® %Bl(u, t)]
U LAY NOY) Ke L )

where Q4 = I,g2 + I, ® I,.
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In order to get H"(a), (2.29) has to be evaluated term by term as follows.

8R1(u,t) . @ T Ll(t)@ 6_2t
ou _[(Gu) %] Ju Jdu +lle® Ll(t)]au2

=H't)T® I%)Lg(t)H'(t) + [Io ® Ly (t)|H"(t);

I)

(2.30)

IT) From (2.17), we have

0B !(u,t)
ou

0B(u,t) ot

= - [B_T(uat) ® B_l(uvt)]( |t fixed + TLJ ﬁxed%)

0B(u,t)
L
=—[B"(u,t) ® B™'(u,t)]-

®) @1, + (L ew' © L)L) 52) © vee(l,)])

= —[BT(u,t)LT(t)]® B '(u,t) — [B T(u,t) ® B *(u,t)]-

[(La(t)H'(t)) ® vec(1y)]
=—[B™"(u,t) L7 (t)] ® B~'(u,t) — [B~"(u,t) ® (B~ (u,t)Z,)]L2(t) H' (u) ;
(2.31)
1905 w - (%[(IQ ® B~'(u, t))((g—Z)T ® Z,)
ot 0B~ !(u,t) .
:(a—u ®Zn®IqQ)(IQ@)IQ,q@Iq)[’UEC(IQ) ® au ] + [IQz ®B (11, t)]
(1@ I ® I)vec((5)") @ o + 2-((00)") @ veel Zy)]

aB_l(u,t)]
Ju
1 ot 1 0%t
1,8 T0 ® B (m,t)ec((5)7) © g + (Tou g o) ® ul;

—[2% (7] @ To)la,) @ IylIvec(lo) @

(2.32)
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6R2(u, t) . @ T BLg(t) @ 6_213
(2.33)
and since

vee(La(t)) = {1, ® [(I; ® Qs)Ig JHo,

: : L@t —&)T+(t-&)TT®L
vec((Ogxq & Oguqz & Iy @ vec” (1) + 2 ® (t = &) ;( &) ®1, ® vec' (1,)))

=([,®1,Q3)({,® I%q)IQ,q-
04251
0431
vec(I, ® vec(ly))
%(Iqs,q ® I+ 1, ® Ipg ® Ip)((t — &o) ® vec(ly) ® vec(ly))

we have
0Ly (t)
Ls(t) =
:(Iq ®1I;® Q3)(Iq ® I%,q)IQ,q
0424
0,
o (2.34)
0yt xq
%(Iqs,q QI +1,®1p,® Iq) (Iq & vec(Iq) ® vec(Iq))
Now when (2.29)-(2.34) are evaluated at (u,t) = (a, &), we obtain
H’”(a) = T11 + T12 + T13 + T21 + TQQ + T31 + T32 y (235)
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where

(T = —Qu{[(H" () ® To)Ls(&)H'(a)] ® vee(4q )},
Ti2 = —Qu{[(Ig ® L1(&)) H" ()] ® vec(A5™)}
Tis = Qu{vec(L1 (&) H'(a)) ® [(A5" LT (&) ® Ay + (A5 ® (45" Zo)) La(&0) H' ()]}
Tor = [(L2(60) H' ()" ® Iyl [H'(2) @ (Z5 ® Ig)1q.0) ® Ig]-

{vec(Ig) ® [(A; LT (%)) ® Ayt + (4,7 ® (A" Z0)) Lo () H' (a)]}
Ty = _[(L2(50)Hl(a))T ® Iol(I; ® IQ,% ® Agl)[vec(HlT(a)) ® Ig + (Ig H"(a)) ® al ,

(40" Z0))(H" (2) ® Ig) Ls (&) H'(a),
A

T31 = —[IQ ® H’T(a) ®
(T = ~[lo ® H' (2) ® (4, Z0)](Iq ® L2(&)) H"(2) -

Again, [(U — a)@" @ I,JH" (a)(U — a) has to be evaluated term by term as follows:

I) [(U-2)?" @ I)T11 (T — a)
=—2(T -2 @ LI{{(H" (a) ® Io)(~La(&)v0)] ® vec(4, 1)}
=2(U~a)" ® LJ(H" (a) ® Iq ® L) vec(E) ® vee(45")]
=—2(vl® (U—-a)’ @ I)(vec(E) ® vec(Az "))
= —2(vec” (E) ® A7) (vo ® (U — a))
= —2(vecT(E) @ I)(Io ® Ay ") (vo ® Io) (U — a)
=~ 2((vec” (E)(vo ® I)) ® Ay |vec(Z, — Z)
= —2((Evo)" ® A" vec(Zn — Zo)

= —245(Zn — Zp)Evy

1 1
= — 2A61(Bn — Bo)(§V0 ® Iq + §Iq ® VO)VO
A (B, — Byv? (2.36)
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1) [(U—a)?" ® I,]T15(U — a)
=—2[(U-a)"" @ I){[(Io ® L1(&))H"(a)(T — a)] ® vec(4; ")}
=-2{(U-2a)" ®[(U-a)" (Li(&) ® I,)| ® I} [(H"(2)(U — a)) ® vec(4, )]
= —2[(U - a)" @ vec" (A, — Ay) ® L)((H"(a)(TU — a)) ® vec(4;1))
= —2{[H"(a)(U - a)]" ® A;"}[(U - a) @ vec(4, — Ay)]
=—2{(U~-a)" ® 45" (4, — A)|}H"(2)(U - a)
=24, (40 — A)[(U ~ )" ® [JH"(2)(U - a)
= — 245" (An — A0)[245" (An — Ao)vo — Ay Bovy)]

= — A[A7"(An — Ag)vo + 245 (A, — Ag) Ay By (2.37)
IIT) Since

(457 L1 (&) ® Ag'](U —a) + [A4g" ® (45" Zo)] L2 (&) H'(2) (U — a)
:’Uec(Aal(Zn — ZO)L1 (&))Aal — AalzoEAal)
=vec(Ay (A, — Ag) Ayt — Ay "By(vo ® I,) Ay 1Y)

:=vec(Pyxg) ,
we have

[(U=-a)?" @ I]T13(U — a)
=2[(U — a)" @ I][vec(Ly(&)H' (a)) ® vec(P)]
=2[vec’ (L1 (&) H'(a)) @ P][(U — a) ® vec(Z, — Zp)]

=2((U - a)" @ (P(Z, — Zo))Jvec(L1(&)H'(a))
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—2vec(P(Zy — 7o) L1 (&) H'(2) (T — )
= — QP(AH — Ao)VO
= — 2[4 (A — Ao)Pvo + 245 Bo{vo ® [A5 " (An — Ao)vol}

= — 2[A5 (An — A)|Pvo + 245 Bo{I, ® [A5 (A, — Ao)]IVE (2.38)

V) [(U-a)?" ® )T (U - a)
=[vec(Ly(&)H'(a)(U — a)) ® (U — a)" ® [(H'(a) ® Z5 ® I,q)-
(Io ® I, ® I)[vec(I) ® vec(P)]
=~ [vec(F) ® (U —-a)’ @ I](H'(a) ® Z3 ® I,q)vec(ly® P)
= — [vec(ZyEH'(a)) ® (U — a)” ® I,Jvec(lg ® P)
=-[(U-a)T® ]Iy ® P)vec(ZyEH'(a))
— — PZ,EH'(a)(U — a)
=PZyEv,
=A5" (A — A)) Ay ' Bovi — Ay Bolvo ® (A7 By) Vi

=AY (A, — Ag) AT Bovi? — ATIBy[I, ® (A7 By) v (2.39)

V') define Fy by vec(Fy, ) = H"(a)(U — a), then by applying the similar procedure

axQ

as in IV'), we have

(T—a)!" @ 1,]T5 (T — a)
=ec’(E)® (U -2a)" @ L)(I; ® IQ’% ® Ayt)-

[vec(H'"" (a)) ® vec(Z, — Zo) + vec(FT) ® a
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=[vec"(E) ® (U — a)” ® IJvec(H" (a) ® (A5 (Zn — Z0)) + FT @ (A;'Zy))
=[(U-a)" @ L][H" (2) ® (A (Zu — %)) + FI' ® (Ay" Z0) vec(E)
= — Aal(Zn — Z())EV() + AEIZOEFl(ﬁ — a)

= — A7 (B — Bo)vi) + A3 By(vo ® I)[(U — a)” ® I,]H"(a)(T — a)

= — A7 (B, — Bo)vE! 4+ 2A5 ' Bo{vo ® [Ay " (An — Ao)vo]} — Aj ' By[ve ® (A; Bevi))]

= — Ay (B — Bo)viy + 247 Bo{I, ® [Ay (An — Ao)]}vi) — AT Bo[I, ® (Ag'Bo)lvi ;

VI) define F» by
1
UGC(Fquq4) = E(Iq"*,q ® I+ 1, ® Iz g ® Iy)[vo ® vec(ly) ® vec(ly)] ,
then

Flvy =vec(vi Fy)
1
:i{[lqz’,q + (L ® I ® VOT}[VO ® vec(ly) ® vec(ly)]

:v([)Z] ® vec(ly) ,
and therefore

[(U—-2a)?" @ I,]Ty (U — a)
={[(T - (Io® H" (a))] ® (A5 Zo) }(H" () ® Ig)Ls(&)vo

v @ (A5 Zo) s (&) vo

]T

=[(A5'ZoQs) ® vy Jvec((Ogxq | Ogxqr i Ogugs  Fo,_,))

aXq

=vec(Vg (Ogxg * Ogxgz * Ogxgs : F2qxq4)[(A51ZO)T ® Vo))
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qul

0 2%1
=4 Zyevi)| "7
0q3><1
F2TV0
=((45'Co) ® VIV FIvy = Ay Covl (2.41)

VII) [(U-a)?" @ LT3 (U — a)
=—{[(T-a)" (Ig ® H" (a))] ® (A7 Zo)}Iq ® La(&)lvec(Fy)
={(U—-a)" @[(vs ® (Ag'Z0))La(é0)|}vec(Fr)

=vec([vg ® (Ag ' Zo)] L2 (&) F1(U — a))

Ogxq
— A Z50s Ouxq Fi(U - a)
I, ® vec(ly)
Ogixq
{[ o Bollg2 + Ip.q)] ® v HIF1 (U — a)] ® vec(I,)}

%[Ao Bl + T (0 )] &)

= A5 ' Bo{[F1(T — a)] ® vo + vo ® [F, (U — a)]}
=247 Bo{[A5" (An — A0)] ® I}v() — A7 Bol(A7" Bo) @ Ilvg . (2.42)
Now from (2.26) and (2.35)—(2.42), we have
V(6 — &) = = Vo + Vids (4, — Ag)vo - A7 By’
AT (A~ AV + 347 (B — BV
— 3A5 1 (An — Ao)Ag ' Bovl) — 445 Boll, ® (At (An — Ao))Ivi)
— 247" Bo[(A7 " (An — Ao)) ® Iv§) + 245 Bo[I, ® (A5 By) vy

+ A7 Bo[(Ay ' By) @ IV — A5 CoBovE} + 0,(n73/%) . (2.43)
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Finally we summarize this result with theorem 2.2.

Theorem 2.2 Assume that A1)-A6) hold and vo = 2, R, = AGtA,, S, =

— iyn &)y,
0Ay ' By, So = 0 Ay "By, Ty = 02 Ay ' Cy, where vy = Ay Uy, Ug = < n 2ot (X )%

1 n €;
22 x()
and Ay, By, Co, Ay, By, C, are defined as in (2.10). Then the following is valid uni-

formly on compact subsets of the parameter space for any € > 0.

VI = 80) g VAR, — 1% - S0

g

- %{6(&1 — I,)%%0 + 3(Sn — So) ¥4
- 3(Rn - Iq)SO‘N"([)Z] - 4SO[Iq ® (Rn - Iq)]‘??]
— 280[(Ry — 1) ® IJ9E + 25,(I, ® So) ¥

+ So(So ® I)¥E — Tow} + 0, (n=3/27¢) . (2.44)

(fn_fo)

From (2.44), the approximate cumulants of vn - can then be derived and by ap-

plying an Edgeworth expansion, the approximate distribution could also be obtained

if necessary.

§2.3 Examples

In this section, we will present two examples of M—type estimation problems. As

we will see, (2.44) can be further simplified in these cases.

Example 2.1: Ordinary M-estimation of a location parameter with scale known.

The model of interest in this example is
yi:9+€i7 i:1a27"'7na
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where ¢;’s are independently and symmetrically distributed with known scale param-
eter o (without loss of generality we assume o = 1). Then the ordinary M—estimator
0 of the location parameter 6 solves the equation Yo ¥(yi —6) = 0. By applying

the notation in Theorem 2.2 we have ¢ =1, &, = é, &9 =10y, 0=1and

o= AESG)
To = St
T =13 ¢(a), Vo= l%pzﬁ(()])

If we further define

ﬁZ:E[Q/](Z)(e)]a i:071a2a3 )
- s (2.45)
Xi: %Zy:ldj(”(ej)_ﬁza i:071a273 ;
then we have fy = f = 0 and (2.44) can be written as
- v <3 - =2 2
- Xo X1Xo 18X, 1XoX, X;Xo
Vn(f — ) =v/n(—— + + - - - —
OIS T T s e A
+ 0,(n3/%T€) (2.46)

for any € > 0.
Once we have (2.46), we may then take the Edgeworth expansion to get the
asymptotic distribution of /n(d — 6,). In order to do this, we first need to evaluate

the cumulants of \/n(f — ), which with some algebra are given by

(1= 0(n™?),

Ko = ”—% + 52 + O(n™?),
< K3 = O(n_Q)a
(K4 =52+ O(n?),




where

Koy = — 3E[X2X1] 2 B[ XoX,) - ﬂ3”°

+ 2,
E[X?Xl] + 122 B[XoX5] + 12”0”1 — g

I
= E[(¥™(e))?] and X; = @ (ey).

Ka2 = —%
with 8; = E[w(i)(e)], v,

Next, the expression

1\2 N3 4 )
expli)ss + (s )t G U eXp(—%;—%)

gives us an approximation of the characteristic function of /n (6 — 6;)

(2.47)

n . Expanding
the first exponential factor, one may reduce (2.47)

exp(— ’;jjf)(l LW (R 02

(2.48)
It follows that the density and distribution of \/7_7,(@ — 6p) can be approximated by

f(@) = (14 5 (%82 Hy(z) + 52 Hy())) 9oz (2) + O(n~?),
F(z) = ®,2(x) — L

(2.49)
g n(%Hl(‘r) + %Hg(.f))ﬂﬁgg (‘7;) + 0(7172) )

where of =

2 bo2(z), ®y2(x) are the normal N(0,0?%) density and distribution
functions respectively, and Hy(z) is defined by

If the assumptions A1)—A6) hold, Bhattacharya and Ghosh have proven that for
every compact K C O, one has

sup [Py (V0 — 00) € B) - /B f(z)dz] = o(n™")

uniformly over every class B of Borel sets satisfying

sup sup ¢o2(z)dr =0(e) as €0
9ocK BeB J(aB)e
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and therefore our asymptotic expansion is valid under A1)-A6). However, (2.49)
gives a somewhat poor approximation in the tails when n is small.

Example 2.2: Ordinary linear regression M—estimation problem with scale un-
known

The model in this example is the same as in §1.1. Then the ordinary M—estimator

A

& = (0,0) of regression/scale parameter & = (6y, o) solves equations
i—xiTa
i YE)xi =0
i—0\
%Z?:l x(*=) =0,

for some odd function 7/ and even function x, where 1 and x are both assumed to be

(2.50)

continuous and piecewise differentiable at least three times.

Proceeding as in example 2.1, we can derive the asymptotic expansions of f(a o)

and @, and then calculate their cuamulants and joint/marginal distributions by
using Edgeworth expansions. However, the expressions become lengthy quickly. For

example, if we define

(a1 = o B($(22%)x)(2)7],
iy = oS B(Zw (X)) (2 if (4, §) # (1,0),
You = o E[Zx (2],

g

Vs = ot L2200 (2) it () # (0,1), (251)
Xij = totHay Yn 1[(36,:@(@)&)(%%1 —
|Vig = 207 Sop (2 (B2E2)) (2] — i
then one can show that
{ VU000 — /i = /1(©1 + O3 + ©3) + 0, (n~H?+), (2.5
ﬂ“ ) = /% = /a(Sh + By + Ts) + 0, (n37H)

for any € > 0, where
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(01 = —Xy,
02 = X1,0X0,0+ X0,1Y 0,0 — 1,1 X0,0Y 0,0,
O3 = al,lyo,ovo,o?o,l + (7(;—2 + 041,1)70,1?3,0 - Y1,170,0?0,0
4 — 7ioyo,o - 71,070,1?0,0 + (—04%,1 - %al,l%,z + %041,2)70,0?(2),0
+ é(a?,,ofg?j]o — 372,075]0041,170,0) — 70,171,070,0 + 041,170,0?1,070,0

—[2] — _ - o L L o
+ %VZ,OXE),]OXOJ + (Xl,oal,lXO,OYO,O —+ al,le,OXO,OYO,O)

¥ 2 ~ 2 — = —
\ - %XQ,OXEJ,]O - %XOJYO,O - X0,1Y0,1Y0,0’
(2.53)
and
(Y, = —?0,0,
_ o . ,
Yo =Y10X00+Yo1Yo0,0— %727())(([)}0 - %VO,QYO,O’
Ty = (=315 + 7)Y 00 ~ YooV 10X01 — Yoo¥ 11 Xo00 — $¥20X0y
Y2y V. Y. X v 2 — = =
\ —5Y00Y02 = V1,0X1,0X00 = Y00Y 01 = YooY 10X0, (2.54)

—[9] — - L o
+ %’)/2,0X([),}0Y0,1 + (V10001 X00Y 00 + Y2 1,0X00Y 0,0)

_2 - _ _ o L o o
+ %'YO,QYo,oYo,l + '72,0((X1,0X0,0) ® XO,O) + ’YZO(XO,O ® Xo,l)Yo,o

X Y A4 2] —= —[2] —
= 10011 X00) ® Xo,0)Yo0 = %VO,QVQ,OXE),]OYO,O + %72,1X£),]0Y0,0.
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Chapter 3. A Statistic Related to Scores
Type Test for Some Ordinary
M-estimation Problems

In Chapter 2, we discussed the asymptotic expansion of an ordinary G M—estimator
and ended up with an explicit asymptotic expression (2.44). Thus any test statistic
based on G M—-estimators can be further investigated by using this result.

To make it clear, let g(e,&,) be any function of a GM-estimator &, that has a
Taylor expansion with respect to &, in a neighbourhood of &:

vee(3g:9(€,)) e
V!

9(e,&) = g(6.&0) + Y (G —&)" @ 1) +Reale,6),  (3.1)

then by plugging in (2.44), the terms in (3.1) can be collected according to the
powers of n to get an asymptotic expansion of g(e, &,). Next, by applying Edgeworth
expansion again, one can find the asymptotic distribution of g(e, &,). The validity of
this procedure is assured by the result from Bhattacharya and Ghosh(1978) under
the assumptions A1)—A6). Furthermore, by choosing g¢(¢,&,) appropriately, it is
possible to get some statistic go(€, &,) which is an easily explained and implemented
modification to the normal theory test statistics such as ’t’ or "F”.

In this chapter, we will apply this procedure to some function of the scores type
test statistic W2 described in Chapter 2 for location and regression M—-estimation
problems. We choose W2 under investigation because it relies only on the estimation
of scale and g(e, &,) will have a much simpler form than that of the others. In Section 1,

the simplest case—M—estimation of location with scale known—will be investigated.
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As we will see that, g(e, &,) in this case is a constant with respect to &,. In Section 2,
the linear regression M—estimation problem, where g(¢, &,) is a multivariate function

of estimators, will be discussed.

83.1 M—estimation of location parameter with scale

known

The model of interest is the same as in example 2.1. Then the scores type test

statistic for testing the null hypothesis
H() :0=0

is given by W2, with
% 2?21 ¢(€z)
% > V2 (€)

Notice that this form is quite simple since no estimator of parameter has been in-

Wn:\/ﬁ

(3.2)

volved, i.e. we do not even need to know the distribution of the M—estimator, hence
the result from Chapter 2 will not be used here. However, since this case shares many

techniques with some other common cases, we will investigate it first.

§3.1.1 The asymptotic distribution of W,

_ Z L Zui w2 W (ei)
)R- () e
Z2 nZizl Z2z nzi:ﬂﬁ (61)
then E(Z) = p = ( Z; ) = ( E[1/g(e)] ) and W, can be rewritten as W, =

Vn(H(Z) — H(p)) where H(a,b) = a/v/b (so H(p) = 0). Next, we follow the com-

Define

mon practice to calculate the “approximate moments” of W, by expanding H(Z)
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around pu, keeping a certain number of terms, raising to an appropriate power and
taking expectations term by term (the so-called delta method ). These “approximate
moments” will then be used to obtain a formal Edgeworth expansion of the distribu-
tion function of W,,. The validity of this procedure has been proven by Bhattacharya
and Ghosh(1978).

Now, a Taylor expansion of H(Z) around u = ( /? > yields the statistic
2

-2

W, = (-2 23 (B ety

k 2

with W, = W! + 0,(n"(¢=2/2) for s > 2. Take s = 4, then we have

1 _ nz _1(72—/@) §72—M22
W= Vi 5 SR (34)

and W,, = W/ + o,(n"1). It can be expected that an asymptotic expansion of the
distribution function of W, will coincide with that of W,.

In order to get an asymptotic expansion of the distribution function of W), the
first four cumulants have to be calculated (approximately) first. For example, if we

put U; = Ww) V=2 1 =2 — 1, then E(U;) =0, var(U;) = 1, E(V;) = 0 and

"2

E[W!] =v/nE[u(-1 — %5+ 262)]

_ 1<~ ElUV;] 3 = E[U;V;Vi]

== 3 \/_E[U?’]

=0(n"?)  (Assuming € has a symmetric distribution).

By raising W, to an appropriate power and taking expectations term by term, it is
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easy to check that
(E[W;] = 0(n™?),

) EW;]=1+0(n™),
EW;]=0(n™?),
|EW.]=3-2E[U} +O(n?).

(3.5)

Now if we write k = E[U}] — 3, then from (3.5) the first four cumulants of W/ are

given by
(k1 = O(n™2),
kg =1+ O(n_2)7
¢ (3.6)
k3 = O(n™?),
\I{4 = —an—+6 + O(TL_Z).

Proceeding exactly as in example 2.1 yields the approximate density and distribution
functions of W,,:

Jw, (@) = (1 — 52 Hy(z))¢(z) + O(n?)
Fyw, () = ®(x) + 53 Hs(z)d(z) + O(n2)

12n

(3.7)

where Hj(z) = 23 — z, Hy(z) = z* — 62 + 3 are the Hermite polynomials of order 3

and 4 respectively.

§3.1.2 A test statistic related to W,

Once the probability density function of W,, is obtained as in (3.7), we can then

proceed to get the moment generating function of W?:

B2 = / el (1 — ’“”“I;n?’m(x))qs(x)dx +0m?) .
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With some algebra this is

2 A 2A
Ele™»] =1 - =) —2t)"2 4 =1 — 2t)73/2
n n

- §(1 —2t) 24+ 0(n ?) (3.8)

with A = &3,
It can be further verified that the mean and variance of W2 are

p(Wz) =1+ 0(n7?),

(3.9)
o?(W2) =2—-28 4L 0(n™?) .

Remark 1. From (3.8), it is obvious that to the order of O(n™'), E[e"7] =
(1 —2t)~'/2 which is the moment generating function of the x? distribution. i.e. the
X3 approximation of W72 is of order O,(n1).

Remark 2. It is known that if the random variable X,, has a distribution tending

to the XZ as n —» 00, then the monent generating function of X, is of the form

(1 —2t)~42(1 + nitgy) + O(n~?) for some constant a(Barndorff-Nielsen and Cox,

1989). Thus to the order of O,(n %), W?2 can not be approximated by a single x?
with a scaling constant and an adjustment to the degree of freedom.

Remark 3. When the higher order moments of W? have been calculated, it has
been found that W2 behaves like a random variable with a F' distribution. In fact, if
we let ¢(x) = z (i.e. the least squares estimation) and assume that e has a N(0,1)

distribution, then the statistic @, = (1 — 1) - Wv’z% has a F! | distribution. However,

n

what happens to @, if we do not assume normality and least squares criteria? It
seems natural to expect that (),, would also be approximately F' distributed, possibly

with a scaling constant and an adjustment to the degrees of freedom.
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From Remark 3, it then becomes necessary to investigate the statistic @, first.

Now, since @, is a function of W, from (3.7), the moment generating function of @,

is given by
t(1-L1yw?
w2
E[e'®"] =Ee =7 ]
t(1—1)a?

= [ @0 - 5L Hile)da + O ).

12n

By noticing that

te2(1-1)

2
e % = (EH00)

1
= + —et2?(2®* — 1)+ O(n " ?) ,

n

(3.10) becomes

Bl = Bl + 1+ 0(n7)

where

[= / e 52(32 — 1) (z)dz

=126(1 — 2)75/2 + 10t(1 — 2t)73/2 + 2(1 — 2t)~1/2

1 3 1

i n\a—ar 1-u

Substituting (3.8), (3.12) into (3.11), one has

) .

Bl =(1 - 2y - 2n7e 4 A1

(3t — A)

- (1-2t)"24+0(n™?).

+

From (3.13) one can further have

ElQr] = (2r - 1)1 + 2%2 n r(l- g)én—i- 3)

42
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) +0(n7?),

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)



which gives us the approximate uncentered moments of statistic ,,. A deeper inves-
tigation of (3.14) shows that all the leading terms of these moments agree with that of
an F-distributed random variable. Therefore, it is natural to use a scaled and degree
of freedoms modified F' to approximate (),,. Our proposal here is to assume that @),
has a (1 — -%)F, (1n_1)(1_ p) distribution. Then by matching the first two moments of
Qn with (1— ﬁ)F(ln_l)(l_ﬂ), we can fix the values for o and 8 and then check if they
also agree to the high orders.

To make it clear, let u}, pf, be the first two uncentered moments of (1—%)F(1n_1)(17ﬂ),

then we have

pp=1+2820 1+ 0(n?),

(1-8
- (3.15)
wh =3+ 73(671(21:}2) A+ 0(m™2) .
On the other hand, from (3.14), it follows that
ElQu)=1+2+0(n"?),
(3.16)

E[Q7] =3+ 232 +0(n7?).
Now, by matching E[Q,] with 4} and E[Q?] with uj, we have o = —2k and § =

£_. Next, in order to compare the higher order moments, the moments of (1 —

w ‘

ﬁ)F(ln_Ua_g) have to be evaluated first as follows. It is well known that the rth
uncentered moment of a F)! random variable X is given by
L(“5)0(25%) v 2
E X" = 2 2 (32, r<—=. 3.17
S IR ; 817

When (3.17) is applied to our problem, it becomes

3("’71)*27‘
ow (14 TS gy
E[((l + 3( _ 1))F3(n—1)) ] = 1 3(n—1) ( 3 _ ) ’
n s F(E)F(z(?,—n)) K
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which can be further rewritten as

2K 2K 3n-1)
El(Q+ —Fl ) ]=Cr— Q1+ —)I_, 3= 1
(04 gy Pl V) = Cr = D0+ g6 T g (019
When (3.18) is expanded in powers of n~!, we obtain
2K 2r2 r(1—=r)(k+3)
El(14+ 5—=)Fsu 1) 1= 2r-1)N1+— ). (3.1
(14 52 Pl Y] = Cr-pi1+ 22+ LEEEE D) 0y g

Now, by comparing (3.19) with (3.14), we see that all the moments of statistic @,

agree with that of a (1 — 3(3—51))F§(3n_7_;) random variable to the order O(n?) and
therefore the characteristic functions also agree to that order. This can be summarized
by Theorem 3.1.

Theorem 3.1 Assume that A1)—A6) hold. Then to the order O,(n2), the test

Statistic Qn = (1 — %)le iS approximately (1 _ ﬁ)Fl

w2 (n—1)(1—p)distributed, with

_ > Y(e) __2 _ K _ Byt _
W, = oL a=—3K, ="5and Kk = CEOE 3.

Remark 1 Under normality and least squares, we have ¥(z) = x, K = 0, therefore
a = B = 0and @, will have exactly a F}! | distribution which agrees with the ordinary
theorem.

Remark 2 This approximation is valid for k < 3. As we know,since xk = 3
corresponds to the case where ¢)(x) = z and € has a double exponential distribution,

which has a very thick tail, it is virtually not a restraint at all.

83.2 Linear regression M—estimation problem with
scale unknown
In this section, the linear regression model under investigation is as given in Ex-

ample 2.2. The hypotheses of interest are the same as in (1.3) except we will only
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focus on the special case m—p = 1. i.e.,we only test if some specified scalar parameter
05 is equal to zero. Then the scores type test statistic for testing the null hypothesis

in (1.3) is also given by W2, but with

b,
S ()

= ; (3.20)
\/Zz 1 wQ — :;1 n)x?g
where 6, 6 are the M—estimators under null hypothesis defined by
n i_x;r én
%2151 1/J(y &n’l )xi,l =0
(3.21)

yi—x2,0,
%Z?:l x(=5=+) =0,
for some odd function ¢ and even function y, where 1) and x are both assumed to be

continuous and piecewise differentiable at least three times.

Unlike the situation in Section 3.1 where no estimator has been involved in the
test statistic, we are unable to write W,, as a function H(Z), where Z is a vector of
averages of independent random variables. So the delta method used in section 3.1
can not be applied here directly to W,,. In fact, W,, has to be approximated first by
some statistic W to which the delta method applies.

W can be obtained by using Taylor expansion twice as follows. First, define

«T ~
x; 16n
n

( ) Zz 11/)( & )xZQa
H(E) = 2 S, v (™,

then W,, = \/n—=2 ZEn)  and a Taylor expansion of W,, with respect to &, = (én, o)

Tl

around the true parameter & = (6y, o) gives

(3.22)

— W) + 3y W) &= (329

o vl o

v=1
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where W, (fo) = agv Wi (&n)le=¢, for v =1,2,3 are given as follows.

(Wi (&) = valH T ~1Z H 12|,
W) = il 92 — SZ T 15H - LA H(Z)re
R R v C e
Wi(&o) = Vil P22 — \H 2L @ uec(2Z) + Z H * %0
3 +F_%% ®vec(%2§) —7ﬁ_%% ®vec(%2§)
+H ()T - SH P @ vec(()" )
TS E) - §H O @ vec((2)" )
+ZH L))+ H P2 @ vec((2L)7%E)
\ —3ZH 2 @ vee((20)T )¢,
(3.24)
Now, if we define
Ly = 32(5%), Ly = 1 (522,
Qy = (En;&O)T%(&n;fo)’QH (fnaﬁo)T?{;éI(Enafo), (3.25)
C = (5527 By(252), C = (25)27 By (25),
with Bz = %({%)[2 , Bi = GE(£)P, then with some algebra,we have
( 1
Wn(&) =vnZ H *,
W (60) (6 — &) = VA(H *Ly — Z H *Lu),
Y (€ — &)W (&) (& — &) = VA(H *Qr — Y2 H *Qu — H *LyLy+ 37 H *12),

1 ___3 3 ___3
(& — €)W (€0)(€n — &) = VR(H Cy—3H LyQyz — Y7 H Cy — ¥H *LyQn
_____5 5 T
\ +9Z H *LyQu+9H *LyL, - ¥Z H *LY),
(3.26)



and therefore W, can be represented in terms of Z, H, Ly, Ly Qz,Qu,Cz and Cg.

Secondly, if we define
_xT
(Vo,o = EW’Q(‘I/O—*&O)@]’

vij = 0T Bl(Z 02 () w,) (5)F"T i (i, 5) # (0,0),

—xTg
g Bij _G+JVOOE[(8UJ (310710) )(%) i ],
o d it —5 n j yr—xt 160 T % N d
Ziy = Loy 2 Y p_ [(Ev () m ) (2)E], Zii=2ij— Bij,
— i _ y—x7T 8o T —% —_—
| Hij = 50"v50 2k (2 (a2 20) (27 H;; = H;; — v,
(3.27)

then by noticing that X7 X = I,,, and 1 is an odd function, we have

Bij=0, ifi,j<3andi+j<3.

(3.28)
Vi =vi,1 = V12 = O1xp, V30 = O14p3,
and thus if we let
Ly = (% — BIZ))(25%), Ly = (52 - E[32)(=5%),
% = (o8 — BRED=), i = (50 (5~ D),
Cy, = (272)7(Bz — E[Bg))(22)P, Oy = (252)"(By — E[Bu))(25:2)P,
(3.29)

then one can show that

(L;=135,Qz = Qy,Cz = C + 3008

Ly =Ly +vy.%,
4 (3.30)
Qu = Qf + 12002 + 15,32,

\CH = C}k{ + 31/2,19[2]2 + 1/0,323,

with © = (9}%), ¥ = (%;%) and W, can be rewritten as

—

W, = Wi + 0p(n~2) = W) + W3 + W5 + Wi + 0,(n2) (3.31)
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—_3

( 27/0 2H + 31/0 1)Z22 - il/Q,O@[Q}Z F

——I/QlH 2L*2+1H ZQZ—i-lH 2,630@

(VIR \/

G H *ZLyS —Z H °Qy — LH (41/0,3H2 + 1505, — 18v0,1102) Z5°

_7
2

=
I
§

— ___7T — —
(—3Hwvo, 1000 + 2H 151)0PZS — VH *(=3H1Z, + 2H 195) L} %

3 3 1
TP L Ly — Lun OPH P Ly — Lty HO7RQy + LH 2Cy).
(3.32)

Now a Taylor expansion of VIA/; with respect to H around its expectation gives

Wi = Wi+ 0,02 = Wi+ W3 + Wy + W3 +0,n %) (339)

Wl* = \/7770,0,

W5 = n(Ly — 3012y 0E — 124 o Hy o),

*

W:s: = \/ﬁ(_%iz,olﬁi + é(‘QVO,? + 3’/3,1)7;,022 - %VZ,O@p]Zy;,o - %L*ZHO,O

%”0,111*22 + %Q*Z + éﬂ&O@[g} + %VO,IZZ,OH;,OE + %ZS,OH;,OZ)’
WZ* = \/ﬁ(guo,jz’op;[z - %ZZ,OQ*H - ﬁ(4y0,3 + 151/8”1 — 181/0,11/0’2)73’023
— 2(—3vo,1v20 + 2001)OBIZ (X — L(=302 | + 20) Ly %% + 3101 Ly S Hy
— SLy Ly — Y gOBLY — 1y 1 SQY + 1C5 — 583000 Hy g — £ 70 Hy o
VO 1ZOOZHOO + V20@ ZooHoo + ( Vo2 — 16’/0 1)ZooE Hoo

+ %Zo,oquﬁo,o - ZQ*ZHO,O + %L*ZHO,O )-
(3.34)
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Finally, by noticing that (3.29) can be rewritten as
(L = 7100 + Z;, %,

Ly =H,0 + H,,%,

Qy = Z,,0 + 27 0% + 7,52,

- - - (3.35)
Qy = H, 0% + 2H, |0 + H,,52,
Cy = 74,08 + 37, 0%, + 37,052 + 7,33,
\Cy = H, 0P + 3H, ,6P% + 3H, ,05° + H, ,¥?,
substituting (3.35) and (2.52) into (3.34) yields
Wr =W +0,(n~2) = Wi + Wy + Wi + Wi +0,(n7?) (3.36)

with
( %
Wl* = \/ﬁZ 0,0>

* =%

x _ 1 x5k 175% T3+ S* % -
Wy = \/H(QVOJZO,OYO,O - QZO,OHO,O - Z0,1Y0,o - ZI,OXO,O)a

 _ 175* <* 2 1 1 Tt 2 % ¥ ¥ ¥ ¥ *
Wy = \/ﬁ(_§Zo,1’Y2,0X0,0[ I+ (5’70,2 - §VO,I)Y0,0 + Zo,1Y0,1Y0,0 + Z0,1Y1,0X0,0
% H* F 1 * S Tk 3 =k =% =% 1 5k * SF
- al,lXo,OZLoYo,o - §V0:1X0,0Z1,0Y0,0 - ZVO,IHO,OZO,OYO,O - §V0,1Y1,0X0,0Z0,0
1 —* Tk % 1 1 <* [9] 5+ =¥ =k
- 5”0,1Y0,1Y0,OZO,0 + (ZVO,l’VZO - ZV2,0)X0,0[ ]Zo,o + Z1,1X0,0Y0,0
175% % 2 S* ok 7k S* ok ¥ 1 3.9 1 Tk 9t
+ §ZO,QY0,0 + Z1,0X0,1Y0,0 + Zl,OXl,OXO,O + (ZVO,I’YOJ + 5%,1 — ZV0,2)Y0,0 Zo,o
+3Ho0Z01Y 00+ 5H00Z10X00 T 5H012Z00Y 0,0 + 3H1,0X00Z0,0 + 542,0%X0,0

+ §Z0,OHO,0 - 653,0X0,0[ ) - ZVO,QYO,O Zo,o);

| Wi = g(%) for some odd function g, see below for details.

(3.37)
Notice that we did not give the explicit expression for W in (3.37). There are two
reasons for this. First, the explicit expression for W is so lengthy that it will take
at least one whole page to hold it. Secondly, knowing that W is an odd function is

enough for our later derivations.
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Now, by putting (3.31), (3.33) and (3.36) together, we have
Wy =W +0,(n2) = Wi+ Wy + W5 + W)+ Op(n?) (3.38)

where W}*'s are shown as in (3.37).

In order to get an asymptotic expansion of the distribution function of W, again
the first four cumulants have to be calculated approximately first. The method used
here to obtain those approximate cumulants is similar to what has been used in loca-
tion case (Section 3.1), but the calculations become more complicated. However, with
the help of some mathematical software packages such as Maple, we have obtained
the first four uncentered moments of W, as follows.

(I). By checking the expressions in (3.37) term by term, it is noticed that W;}'s
are in fact some odd functions of £, and by realizing that < is assumed to be sym-

metrically distributed, it follows that E[W;¥] = 0 and therefore
E[W,] =0(n™?). (3.39)
(IT). By noticing that W3 can be written as

W3 = Wi+ 3Wr2W5 + 3WiW32 + 3Wr2W5 + 3Wi2Wy

+OWS Wy W5 + Wy 4+ O,(n?), (3.40)
which is also an odd function of £, we have
E[W3] = 0(n™?). (3.41)
(IIT). By noticing that W*? can be written as

Wt = Wi+ 2Wi W5 + W3 4+ 2W W5 + Oy(n™?), (342)
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and by taking expectations term by term(with the help of Maple), we have
E[W?] =1+ 0(n?). (3.43)
(IV). By noticing that W;;* can be written as
Wi = Wit + AW BWy + AW P 4+ 6W2Wa2 4 0,(n™2), (3.44)

and by taking expectations term by term(with the help of Maple), we have
B ()]

(B2 (7)a3)?

Now if we write kK = s — 3, then from (3.39)-(3.45), the first four cumulants of W,

EWY =3- 2% +0(n™?) with s = (3.45)

are given by

(k1 = 0(n™2),
ke =1+0(n"?),

\ (3.46)
k3 = 0(n?),

(kg = =20 4 0(n?) .

Comparing (3.46) with (3.6) , we find that we have reached exactly the same
result as we had in the location case. Thus proceeding exactly as in Section 3.1 yields
the same conclusion as in the location case. Finally, we summarize this result with
theorem 3.2.

Theorem 3.2 Assume that A1)—A6) hold. Then to the order O,(n~?), the test
w2

— is approximately (1 — %) F(ln_1)(1_ g)~distributed, with

_wi
n

statistic Qn = (1 — %)

- > e 11/1(% il )«’1312 2 K
i Xl Gn 1
\/Zz le y Unl )xz?,Q
and s is defined as in (3.45).
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Chapter 4.  Simulation Study results

Up to this point, we have developed approximations for the cumulative distri-
bution of the @), test statistic for both the location and the simultaneous linear
regression/scale case. It turns out that the order of approximating @,, by F'(short for
(1-— ﬁ)F(lnq)(k g)) is higher than that of approximating W2 by x3. It is expected
that the F' approximation should be better than the x? approximation especially in

the tail area of the distribution which is of interest. This chapter is then devoted to

the comparison of the accuracy of these two approximations.

§4.1 Location case with scale known

In order to give an indication of the accuracy of the approximations in this case,
we consider the following situation.

I) Suppose that € has a contaminated normal distribution
e~ (1 —06)N(0,1) +3N(0,7%) (4.1)

for some small 0 < ¢ < 1 and specified 7 (7 is fixed to be 3 in our study).

IT) 4 is chosen to be the Huber function, i.e.

) if  |z| <k
Yle) = {k ~sign(z) if  |z| >k (42)

for some specified k. In our study, k£ is chosen to be 1.345.
Under 1), II) and for each combination of § = 0,0.05,0.10 and n = 5,10, 20, we
a) obtain a random sample {y;}" , with distribution (4.1) by using Monte Carlo

method;
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b) calculate the W? and @, statistics from {y;}" ,;

2 N

c) repeat a) and b) N = 30,000 times to get the random samples {w;, };_; and

{an,; 11115

d) calculate the sample means, variances and selected percentiles from {wflj };Vzl
and {gy; }jvzl respectively;

e) calculate the corresponding quantities from their approximations.

The calculated means, variances and their ' and x? approximations are as given
in Exhibit 4.1, while the percentiles (tail area) and their F' and x? approximations

are as given in Exhibit 4.2.

n 5 10 20
§ 0 .05 .10 0 .05 .10 0 .05 .10
MC| 1.000 1.003 1.004| 0.991 1.001 1.005| 0.994 1.000 1.005
mean | F 1.000 1.000 1.000
X3 1.000 1.000 1.000
MC 1.239 1.251 1.242] 1.591 1.604 1.607| 1.784 1.823 1.820
var F| 1.239 1.234 1219| 1.619 1.617 1.609| 1.810 1.808 1.805
X3 2.000 2.000 2.000

Exhibit 4.1

Means and variances for W2 from Monte Carlo method (using contaminated normal error

distribution and Huber function with k=1.845) and their corresponding F and x?
approximations.

Notice that in both Exhibits, M C' represents the quantities calculated from the
Monte Carlo results for W?2, x? represents the corresponding values by using x? to
approximate W2, and F represents the corresponding values by using F' to approx-
imate @, which is, however, re-represented in terms of W? so that the comparison
between F and x? approximations can be performed. The blank cells appeared in the

Exhibits mean the values in these cells are the same as in the nearest cell in the same
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row. Also notice that, although o and S are related to 0 in the F' approximation, we
will always choose 6 = 0.10 to get them, since for any real data set we never have a

chance to know exactly how many observations have been contaminated and

n 5 10 20
) 0 .05 .10 0 .05 .10 0 .05 .10
MC | 1.537 1.538 1.547| 1.387 1.396 1.427| 1.356 1.357 1.362
0.2500 | F | 1.474 1475 1.479| 1.397 1.398 1.399| 1.359 1.360 1.360
X2 1.323 1.323 1.323

MC | 2749 2790 2.765| 2.699 2.751 2.742| 2.679 2.740 2.760
0.1000 | F | 2.679 2679 2.679| 2.719 2.719 2.719| 2.716 2.716 2.716
X3 2.706 2.706 2.706

MC | 3440 3.454 3.448| 3.705 3.723 3.754| 3.750 3.806 3.810
0.0500 | F | 3.401 3.400 3.396| 3.693 3.692 3.690| 3.780 3.780 3.779
X3 3.842 3.842 3.842

MC | 3.940 3.926 3.929| 4.619 4.634 4.644| 4.801 4.867 4.844
0.0250 | F | 3.935 3.933 3.928| 4.598 4.597 4.591| 4.839 4.838 4.835
X3 5.024 5.024 5.024

MC | 4375 4.349 4.351| 5.748 5.687 5.691| 6.134 6.288 6.175
0.0100 | F | 4.399 4.397 4.391| 5.661 5.658 5.649| 6.200 6.198 6.192
X2 6.635 6.635 6.635

MC | 4561 4.557 4.558| 6.418 6.417 6.336| 7.179 7.279 7.202
0.0050 | F | 4.616 4.615 4.609| 6.355 6.352 6.340| 7.188 7.185 7.175
X2 7.879 7.879 7.879

MC | 4.835 4.825 4.826| 7.659 7.608 7.508| 9.576 9.296 9.437
0.0010 | F | 4.889 4.868 4.864| 7.623 7.618 7.603| 9.306 9.301 9.285
X3 10.83 10.83 10.83

MC | 4.947 4949 4.972| 8.646 8.494 8.393| 12.13 11.83 11.71
0.0001 F | 4972 4972 4971| 8.757 8.752 8.737| 11.88 11.87 11.84
X3 15.14 15.14 15.14

Tail Area

Exhibit 4.2

Percentiles for W2 from Monte Carlo method (using contaminated normal error

distribution and Huber function with k=1.845) and their corresponding F and x?
approximations.

0 = 0.10 is a typical value for the proportion of contamination. This kind of
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loglFrd1-Fr])
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Figure 1: Exhibit 4.3a. log(F,/(1 — F,)) versus = for normal error distribution and
Huber function (k=1.345).
approximation could reduce the accuracy of our F' approximation. However, as we
will see, even if o, 8 are treated in this way, using F' to approximate @, is still better
than using x? to approximate W? in almost all the situations, especially in the tail
area which is often of interest.

A glance at the Exhibit 4.1 shows that while both F' and x? approximate the
means obtained from the Monte Carlo simulations very well, F' gives a much bet-

ter approximation than x? does regarding the variance. In fact, the relative errors

( approximate-simulated

<imilated | x100%) from F' approximation are never greater than 1.8%

for all the cases. As a comparison, for n = 5 and with no contaminated observations,
the relative error from the x? approximation is as large as 61.3%. However, it seems
that better accuracy does not always come with larger sample size although we know
that the apppoximation is of order O(n=2).

When we look into Exhibit 4.2, we can find that the F' approximation also gives us
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log(Fr[1-Fr))

[ R

Figure 2: Exhibit 4.3b. log(F,/(1 — F,)) versus = for contaminated normal error
distribution (6 = 0.05) and Huber function k=1.8/5.

loalF w1 -Fr) e h=10 n=20

oo -

Figure 3: Exhibit 4.3c. log(F,/(1 — F,)) versus x for contaminated normal error dis-
tribution (6 = 0.10) and Huber function (k=1.845).
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more accurate percentiles. The relative errors remain well under control even well out
into the very tails for n as small as 5, while the x? approximation gives us relatively
poor results. For example, for the samples with 5 observations, the relative errors
from the F' approximation when tail area= 0.0001 are about 0.6%, and this number
from the x? approximation is 206%. A graphical display of Exhibit 4.2 is given
in Exhibit 4.3, where the value of log(F,/(1 — F},)) is plotted against percentile z.
Here F;, represents the cumulative probability. These graphs again strongly suggest
the advantage of using the F' approximation instead of using the x? approximation,

especially when sample size is small.

§4.2 Simple linear regression case with scale unknown

We now turn to the simple linear regression case(with scale unknown) where the
robust M—type estimates of the regression/scale parameters have to be obtained first
to get the W2 and @, statistics. In this case, suppose that the simple linear regression
model is given by

Yyi=0p+b6xi+e€ t=1,.n (4.3)

where x; has a N(0,1) distribution and is independent of ¢;, which again has the

contaminated normal distribution (4.1). The null hypothesis of interest is
Ho : 01 =0. (44)

Now, given (4.2), we choose x to be x(£) = 3(¢*(£) — C) with C' = Ey, »[¥*(£)].

This corresponds to ”Proposal 2” of Huber (1964) and gives translation and scale

equivariant estimates.
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Similarly, for each combination of § = 0,0.05,0.10 and n = 10, 20, 40, we calculate
the same quantities as in Section 4.1 except that we apply (3.20) to obtain the W,
statistic. The following iterative algorithm gives an outline of how to calculate the

regression/scale estimates 00,6 from a random sample {z;,y;}*_;(Huber, 1981).

a) Choose

{e@ =13 vl s

o =[5 Z?: V2 (yi)
as the initial values of 5, 0.

b) Given o™ (™ m > 0, put r; = y; — ™ then obtain o™ by using the

formula
m T
R\ F ey ZW L) with € = By [67(5)].
c) Put
ri =y; — 0™
Y i) (4.6)
r, = ¢(a(m+1))0 ’
n 10 20 40
§ 0 .05 .10 0 .05 .10 0 .05 .10
M 0.997 1.001 0.998] 1.006 0.996 0.990| 1.003 1.008 1.006
mean F 1.000 1.000 1.000
X; 1.000 1.000 1.000
MC| 1.252 1.245 1.248| 1.576 1.537 1.493| 1.761 1.823 1.795
var F | 0858 0.851 0.828| 1.429 1.425 1414 1717 1.713 1.707
%1 2.000 2.000 2.000

Exhibit 4.4

Means and variances for W2 from Monte Carlo method (using contaminated normal error

distribution and Huber function with k=1.845) and their corresponding F and x?
approximations.
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Tail Area o 10 20 40

) 0 .05 .10 0 .05 .10 0 .05 .10

MC | 1503 1.513 1.523| 1.436 1.411 1.414| 1.379 1.355 1.375

0.2500 | F | 1.517 1.517 1.520| 1.425 1.426 1.427| 1.375 1.376 1.377
X2 1.323 1.323 1.323

MC | 2.623 2.613 2.618| 2.720 2.682 2.688| 2.730 2.772 2.735

0.1000 | F | 2.691 2691 2.689| 2.720 2.720 2.720| 2.719 2.719 2.719
X3 2.706 2.706 2.706

MC | 3339 3.349 3.356| 3.676 3.643 3.548| 3.761 3.939 3.829

0.0500 | F | 3.447 3.445 3.437| 3.662 3.661 3.657| 3.758 3.757 3.755
X3 3.842 3.842 3.842

MC | 3.998 4.001 3.983| 4.537 4.539 4.408| 4.756 4.877 4.875

0.0250 | F | 4.091 4.087 4.073| 4.545 4.542 4.533| 4.782 4.781 4.776
X3 5.024 5.024 5.024

MC | 4.695 4.745 4.712| 5.638 5.469 5.412| 6.050 6.157 6.181

0.0100 | F | 4.799 4.792 4.768| 5.611 5.606 5.589| 6.093 6.090 6.080
% 6.635 6.635 6.635

MC | 5203 5.185 5.149| 6.319 6.310 6.120| 7.043 7.095 7.172

0.0050 | F | 5.245 5236 5.206| 6.344 6.337 6.314| 7.044 7.040 7.025
X2 7.879 7.879 7.879

MC | 6333 6.030 6.038| 7.748 7.760 7.902| 9.364 9.268 9.138

0.0010 | F | 6.064 6.050 6.006| 7.829 7.817 7.777| 9.107 9.098 9.071
X3 10.83 10.83 10.83

MC | 7.331 6.808 7.139| 9.533 9.280 9.137 10.96 9.991 10.88

0.0001 F | 6880 6.862 6.801| 9.525 9.505 9.441| 11.72 11.70 11.65
X3 15.14 15.14 15.14

distribution and Huber function with k=1.845) and their corresponding F' and x5

Exhibit 4.5

Percentiles for W2 from Monte Carlo method (using contaminated normal error

approzimations.

29

2




log(Frd[1-Fr])

n=10 =20 — n=40

F E E Fr
e MC M MC
-.999
]
w A
-+ .99
m.a95
[V m.90
e
T T T T T :':
2 4 G a 10

Figure 4: Exhibit 4.6a. log(F,/(1 — F,)) versus = for normal error distribution and
Huber function (k=1.345).

then obtain §(™+1) by using the formula
pomt) — gim) 4 gL f: rk
n "t

where 0 < [ < 2 is an arbitrary relaxation factor.

d) Repeat b) and c¢) until #™*) and ¢(™*+Y converge.

The numerical results are as given in Exhibit 4.4, 4.5 and 4.6. These exhibits
are similar to what we have gotten in Section 4.1. Although the results are not as
perfect as those in the location case, we are still convinced that the F' approximation
is better than the x? approximation.

To give a feeling of the difference between F' approximation and x? approximation
in tail area., Exhibit 4.7 shows some p-values for normal, contaminated normal(§ =
0.10,7 = 10) and Cauchy distributions when using two kind of approximations with

sample size n = 16. It is noticed that our F' approximation usually gives a smaller
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Figure 5: Exhibit 4.6b. log(F,/(1 — F,)) versus x for contaminated normal error
distribution (6 = 0.05) and Huber function (k=1.345).
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Figure 6: Exhibit 4.6¢c. log(F,/(1 — F,)) versus x for contaminated normal error dis-
tribution (6 = 0.10) and Huber function (k=1.845).
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p-value.

N(0,1) Contam Cauchy

X2 F X2 F X2 F
1.60 0.65 1.60 0.79 1.60 0.62
3.60 2.57 3.60 2.53 3.60 2.76
9.30 4.49 5.30 4.46 9.30 4.65
770  7.33 7.70 7.31 7.70 7.42

Exhibit 4.7

Selected p-values for normal, contaminated normal (6 = 0.10, 7 = 10) and Cauchy
distributions from F approzimation and X2 approzimation
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