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1 Introduction

Consider an approximate linear regression model with additive, homoscedastic

errors:

Y (x) = E [Y jx] + " (1)

for a q-dimensional independent variable x 2 S and

E [Y jx] � zT (x)�

for a p-dimensional regressor z. We can de�ne

�0 = argmin

Z
S

�
E [Y jx]� zT (x)�

	2
dx and f (x) = E [Y jx]� zT (x)�0:

Because the mean response E [Y jx] is well approximated by zT (x)� but may not
be exactly linear, the least squares estimator �0 is no longer unbiased. Therefore,

the mean squared error (MSE) of �0 is of interest; it can be given as the sum

of squared bias and variance. That is going to be the loss function which will

be discussed later. The associated design problem is to choose the observation

sites fx1;x2; � � �;xng and tell the experimenter what the design support points
are and how many subjects should be allocated to each of these points. A design

is selected so as to minimize the mean square error averaged over the region

S. However, for instance, sometimes the experimenter is �tting a lower degree
polynomial over the region in the circumstances where the true response function

is a higher degree polynomial. Therefore, we are motivated to explore a �good�

design which can detect the departure from �tting model.

Box and Draper (1959) found the dangers of ignoring the bias when �tting

an incorrect model. In general, the regression model under the consideration of

robustness is assumed to be only approximately known. The true model can

be written as E [Yijx] = zT (xi)�0 + f (xi) + "i, i = 1; 2; � � �; n where f (x) is an
unknown function from some contamination class F . The designs must be chosen
such that the �tted model provides an adequate approximation over a range of

possible models.
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The model robust design problem has been studied by many authors, whose

investigations di¤er in speci�cation of the contamination class F , the design re-
gion, the regressors and the criteria of optimality used. For in�nite dimensional

F , there are two major types of contamination classes used in the literature. One
is the approach for which the contamination class is

F1 = ff : jf(x)j � �(x);
Z
S
z(x)f(x)dx = 0g:

Marcus and Sacks (1978) took F1 for a speci�ed function � with �(0) = 0. Li and
Notz (1982), Pesotchinsky (1982), Li (1984) considered their designs using the

contamination class F1 and extended their results to multiple linear regression.
However, F1 is too �thin�because it contains too few functions to be realistic and
all those functions are bounded by �(x): This class often leads to designs whose

mass is concentrated at a small number of points in the design space, hence it has

severely limited robustness against realistic departures from the assumed model

(Wiens 1992).

The other type of contamination class is

F2 = ff :
Z
S
[f(x)]2dx � �2s;

Z
S
z(x)f(x)dx = 0g;

where �s is a constant and assumed �small�, so that the parametric term in the

regression model is still dominant. This class is used by Huber (1975), and Wiens

(1990, 1992, 1996, 1998), and the approach for design construction with this class

is called the �Huber approach�in this report. One criticism of this speci�cation

is that only designs which are absolutely continuous on S have a �nite maximum
loss. Wiens (1992) proved that exact designs in this class have in�nite maximum

loss. Therefore, robust designs constructed for deviations in F2 are continuous
designs which are approximated by discrete designs in practice. However, in many

practical settings, the true model is likely to have some smoothness so that F
considered as in F2 space is too �broad�.
To solve the too �broad�or too �thin�problem, Yue and Hickernell (1999)

considered a reproducing kernel Hilbert space (RKHS) as the contamination class

F . A reproducing kernel Hilbert space is actually a function space in which
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pointwise evaluation is a continuous linear function, i.e., it is the space that can

be de�ned by a reproducing kernel. In Yue and Hickernell (1999), a sharp upper

bound for the mean squared error is found in terms of the norm of contamination

function which is in RKHS. This upper bound is used to choose a discrete and

exact design that is robust against the model bias.

Fang and Wiens (2000) considered the construction of integer-valued designs

for approximately linear models. The simulated annealing algorithm is given

in this report. Through this annealing approach, Fang and Wiens searched for

integer-valued, rather than continuous, designs in a �nite design space. One ad-

vantage of using simulated annealing for carrying out the numerical minimization

problem is to reduce the computing time. Another is that discrete designs are ob-

tained automatically - it is not necessary to do any implementation for practical

use after calculating the design. Most importantly however is that the analytic

work necessary to obtain the minimizing designs, using other approaches, is fea-

sible only in very simple, well-structured problems - simple linear regression, or

multiple regression without interactions, over a spherical design space, for in-

stance. In contrast, annealing can be carried for any response functions, over

any design region. It eliminates the restriction imposed by the response function.

Therefore, we have several di¤erent designs using di¤erent approaches: the

approach using F1, the Huber approach, the RKHS approach and the annealing
approach. The goal of this report is to compare some of those designs and discuss

with each other. We begin with a summary of RKHS with some fundamental

concepts and de�nitions, followed by a description of design problems for which

we seek solutions. In Section 3, we review Yue and Hickernell (1999) and calculate

designs for a linear regression model. In Section 4, we give Huber�s minimax

design for simple linear regression and approximate this continuous design. In

Section 5, the annealing approach, presented by Fang and Wiens (2000), is used

to get an integer-valued design. And with the comparison between di¤erent

approaches through variance component and bias component, our conclusion is

given in Section 6.
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2 Reproducing Kernel Hilbert Spaces

The researchers �nd that F1 is too �thin�, with the result that the robust designs
found generally have only a small number of support points and do not allow

exploration of models larger than the �tted one, while F2 is too broad, resulting
in the inclusion of too many functions in the contamination class. So that is the

motivation for us to seek a contamination class large enough to be realistic but

for minimax design is not necessary to be continuous. In RKHS, the function f

can be expressed explicitly and expanded on the basis. The minimax procedure

will boil down to dealing with kernels and produce the discrete designs directly.

In past work, in order to get a �nite maximum loss, the designs have to be

continuous. For practical purposes, it is necessary to use discrete designs to

approximate continuous ones before implementation. In this case, we are looking

for a good contamination class to achieve these two purposes at the same time.

A promising contamination class is provided by the theory of Reproducing

Kernel Hilbert Spaces, which is summarized here. A good reference is Wahba

(1990). The material in this section is largely taken from Evgeniou, Pontil, and

Poggio (2000).

Let H be a Hilbert space consisting of real-valued functions de�ned on the

design space S � Rq, with inner product h�; �iH. For instance H = L2(S), with

hf; giH =
Z
S
f(x)g(x)dx:

Perhaps more interesting is if H is a Sobolev space Wm(S) � L2(S), i.e., the
space of functions f on S having partial derivatives up to order m and

hf; giH =
X
j�j�m

Z
S
D�f(x)D�g(x)dx;

where

D�f =
@j�j

@x1 � � � @xq
f; j�j = �1 + � � �+ �q:

The cases m = 0; 1; 2 would presumably be the interesting ones. If m = 0; then

this is just L2(S). There are several di¤erent RKHS according to the di¤erent
de�nitions of kernels. For example, Sobolev-Hilbert space Wm de�ned by:
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Wm :Wm[0; 1] = ff : f; f
0
; � � �; f (m�1) absolutely continuous, f (m) 2 L2[0; 1]g

It is known that Wm is a RKHS. But not all Sobolev space are RKHS. Sobolev

space is the general term given for a space obtained by imposing on a function

f and its �rst few derivatives the requirement of a �nite Lp norm; it is not

necessarily a Hilbert space.

A reproducing kernel is a symmetric function K(x;y) de�ned on S � S, and
an associated inner product h�; �iHK

, with the property

f(x) = hf(y); K (x;y)iHK
;8f 2 H:

These arise as follows. For a set of functions
�
�j
	1
j=1

� H, take the Hilbert
space HK consisting of all

f(x) =
1X
j=1

aj�j(x); (2)

with the inner product* 1X
j=1

aj�j(x);
1X
j=1

bj�j(x)

+
HK

=
1X
j=1

ajbj
�j

(3)

for positive, square-summable f�jg1j=1. Then K(x;y) =
P1

j=1 �j�j(x)�j(y) has

the desired property and the set de�ned by (2) is a Reproducing Kernel Hilbert

Space (RKHS) with kernel K (x;y). The kernel is positive de�nite. The induced

norm in HK is

kfk2HK
= hf; fiHK

=
1X
j=1

a2j
�j
: (4)

The basis
�
�j
	1
j=1

is a basis for the RKHS (not necessarily orthonormal) and the

kernel K (x;y) is the �correlation�matrix associated with the basis functions.

The choice of the
�
�j
	1
j=1

de�nes a space of functions - the functions spanned by

the
�
�j
	1
j=1
: The number of basis element of �j does not need to be in�nite.

The elements of RKHS are all the functions f that have a �nite norm given by

equation (4). One could for instance choose
�
�j
	1
j=1

to be an orthonormal basis

for the Sobolev-Hilbert space Wm(S).
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De�ne functions kx on S by kx (z) = K(x; z). It follows from (3) that

hkx; kyiHK
= K(x;y):

Alternatively, we can start with K (x;y) such that
R
S�S K

2 (x;y) dxdy <1.
Then there exists an orthonormal sequence

�
�j
	1
j=1

� L2(S) and �1 � �2 � ��� �

0 with

K (x;y) =
1X
j=1

�j�j(x)�j(y); (5)Z
S
K (x;y)�j(y)dy=�j�j(x);Z

S�S
K2 (x;y) dxdy =

1X
j=1

�2j <1:

Now de�ne fj =
R
S f (x)�j(x)dx and let HK be the set of all functions f withP1

j=1

f2j
�j
< 1. Then HK is a RKHS with kernel K (x;y) and inner product

hf; giHK
=
P1

j=1
fjgj
�j
. Because we take the basis from H, RKHS is a subspace

of Hilbert space. Also kernel kx (�) is belongs to RKHS too if x is �xed. Wahba
(1990) proved this statement and gave the if and only if condition for f 2 HK:
To see the reproducing property, note that f (x) =

P1
j=1 fj�j(x), so that

f (�) =
1X
j=1

fj�j(�); also

K (x; �) =
1X
j=1

�j�j(x)�j(�):

Thus

hf(y); K (x;y)iHK
=

1X
j=1

fj � �j�j(x)
�j

=
1X
j=1

fj�j(x) = f (x) :

One can notice that kx (�) 2 HK since
P1

j=1f�j�j(x)g2=�j(�) =
P1

j=1 �j�
2
j(x) =

K(x;x) 8x 2S. (See Wahba 1990)

3 Summary of Yue & Hickernell (1999)

This section is a summary of the work of Rong-Xian Yue and Fred J. Hickernell

(referred to as Y&H). This project considers the design problem for linear regres-

sion. The true model is presented in (6) with unknown contamination function

6



f (x) from some class. Also it is assumed that the contamination function is

orthogonal to regressor z(x) as in (7)

Y (x) = zT (x)�0 + f (x) + "; (6)Z
S
z(x)f (x) dx = 0: (7)

Let the design measure � place mass n�1 at each of n, not necessarily distinct,

points x1; :::;xn. With

A =

Z
S
z(x)zT (x)dx; B =

Z
S
z(x)zT (x)� (dx) ; b =

Z
S
z(x)f (x) � (dx) ;

we have

E
h
�̂ � �0

i
= B�1b;

cov
h
�̂
i
=
�2"
n
B�1;

mse
h
�̂
i
= E

��
�̂ � �0

��
�̂ � �0

�T�
=
�2"
n
B�1 +B�1bbTB�1;

imse =
Z
S
E

�n
Ŷ (x)� zT (x)�0

o2�
dx

=
�2"
n
tr
�
B�1A

	
+ bTB�1AB�1b

def
= Qv (�) +Qb (f; �) :

Assume now that f varies over a RKHS HK � L2 (S), all of whose members
satisfy (7), and

kfk2HK
� �2; (8)

for a �xed constant �2. De�ne a vector of functions on S by k(y) = (kx1(y); :::; kxn(y))
T .

Set

Kn�n =


k;kT

�
HK
;

with elements Kij =


kxi ; kxj

�
HK
= K (xi;xj).
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We �rst maximize Qb (f; �) over HK. Write

Qb (f; �) = b
TB�1AB�1b = fTCTCf ;

where

Cp�n =
1

n
A1=2B�1ZT ;

fT = (f (x1) ; :::; f (xn))

=
�
hf; kx1iHK

; :::; hf; kxniHK

�
=


f;kT

�
HK
:

Then

Cf = hf;CkiHK
= hf; �iHK

;

for �
def
= Ck, and we are to maximize

Qb (f; �) = f
TCTCf =

pX
j=1

�

f; �j

�
HK

�2
:

Decompose f as f = f0+f1, where f0 = �
T� 2 span

�
�j
	p
j=1

and f1 is orthogonal

to this span. Both f0 and f1 should come from the RKHS H0 and H1. The two

subspaces are spanned by span
�
�j
	p
j=1

and span
�
�j
	1
j=p
. So Hk=H0 � H1:

Then with ej = (0; :::; 0;

j

#
1; 0; :::0)T : p� 1 and

Qp�p
def
= CKCT

we have 

f; �j

�
HK
=


f0; �j

�
HK
=


�T�; �Tej

�
HK
=


�TCk;kTCTej

�
HK

= �TC


k;kT

�
HK
CTej = �

TCKCTej = �
TQej;

with

Qb (f; �) = f
TCTCf =

pX
j=1

�
�TQej

� �
�TQej

�T
= �TQ2�: (9)
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Also,

kfk2HK
= kf0k2HK

+ kf1k2HK
=


�TCk

2HK

+ kf1k2HK

= �TC


k;kT

�
HK
CT� + kf1k2HK

= �TQ� + kf1k2HK
;

so that

�TQ� � kfk2HK
; (10)

with equality i¤f = f0 = �
T�. The loss function imse=

R
S E

�n
Ŷ (x)� zT (x)�0

o2�
dx

attains its maximum over contamination class

F = ff : f 2 Wm(S); jjf jjHK � �2Hk
;

Z
S
z(x)f(x)dx = 0g

at fmax = f0 with jjfmaxjj2HK
= jjf0jj2HK

= �2Hk
.

Y&H proceed as follows. Since

�TQ2�

�TQ�
� chmax (Q) ; (11)

one has

Qb (f; �) = �
TQ2� � chmax (Q) � �TQ� � chmax (Q) � kfk2HK

:

Let vmax be an eigenvector of Q, with unit Euclidean norm, corresponding to

chmax (Q). Put

� = cvmax

for an arbitrary non-zero constant c, and put

f = �T� = cvTmaxCk:

Then equality holds in (11) and so one has a sharp bound: For any f 2 HK,Z
S
E

�n
Ŷ (x)� zT (x)�0

o2�
dx = Qv (�) +Qb (f; �)

� 1

n
�2"tr

�
B�1A

	
+ chmax (Q) � kfk2HK

=
1

n
[�2"tr

�
B�1A

	
+ chmax

�
B�1AB�1

ZTKZ

n

�
� kfk2HK

]:
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The loss function attains its sharp upper bound at fmax = f0 =
�Hkp
chmax(Q)

vmaxCk,

since on one side jjfmaxjj2HK
= �2Hk

, and on the other side jjfmaxjj2HK
= jjcvTmaxCkjj

2
HK
=

c2vTmaxC < k;k > C
Tvmax = c

2vTmaxQvmax; then non-zero constant c =
�Hkp
chmax(Q)

:

Y&H de�ne

Jv (�) = tr
�
B�1A

	
= ntr

n�
ZTZ

��1
A
o

Jb (�) = chmax (Q) = chmax

��
ZTZ

��1
A
�
ZTZ

��1
ZTKZ

�
r =

�2"
�2" + kfmaxk

2
HK

=
�2"

�2" + �
2
Hk

;

so that an (attainable) upper bound isZ
S
E

�n
Ŷ (x)� zT (x)�0

o2�
dx �

�
�2" + �

2
Hk

�
(rJv (�) + (1� r) Jb (�)) :

The problem now is to choose the design so as to minimize r�Jv (�)+(1� r)�Jb (�)
for �xed r 2 [0; 1]. Coe¢ cient r re�ects the relative proportion of the variance
to bias. It is the prior belief of the experimenter as to the nature of the true

response function.

One observation here is that Y&H are concentrating on the imse of Ŷ (x)

around zT (x)�0 rather than around E [Y jx], which is more usual.
According to the de�nition of Q- optimality, the loss function should be

LQ(f; �) =

Z
S
E

�n
Ŷ (x)� E [Y jx]

o2�
dx:

This decomposes as

LQ(f; �) = Qv (�) +Qb (f; �) +

Z
S
f 2(x)dx

� �2"
n
tr
�
B�1A

	
+ chmax (Q) � kfk2HK

+

Z
S
f 2(x)dx

=
�
�2" + �

2
Hk

�
(rJv (�) + (1� r) Jb (�)) +

Z
S
f 2(x)dx:

To compare this design with others, we will �x the function f such that it is

orthogonal to the regressors. For example, in this report, f(x) may be quadratic

on S =[�1
2
; 1
2
]:
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f(x) =

r
5

4
(12x2 � 1): (12)

In this case
R
S f

2(x)dx = 1 and we �nd that kfk2HK
=
R
S
�
f
0
(x)
�2
dx+

�R
S f(x)dx

�2
=

60: If f(x) is cubic

f(x) =
p
7(20x3 � 3x) (13)

then
R
S f

2(x)dv = 1 and kfk2HK
=
R
S
�
f
0
(x)
�2
dx+

R
S
�
f
00
(x)
�2
dx+

�R
S f(x)dx

�2
=

8568:

3.1 Construction of HK satisfying ( 7)

Theorem 2 in Y&H shows a way to construct RKHS which is di¤erent from

Wahba (1978 Section 3) since Y&H consider the condition of orthogonality when

they construct RKHS.

As it is known, choosing a RKHS is equivalent to choosing a basis f�jg1j=1
and �j. It is also equivalent to choosing a reproducing kernel K. Now we want to

build up a space which is a RKHS but also satis�es
R
S z(x)f (x) dx = 0: The basic

idea is to build a RKHS F with kernel K0. The RKHS F can be decomposed

into two parts: HK which satis�es the orthogonal condition as above, and others

are the spanfz1; � � �; zpg; i.e.,

F = fz1; � � �; zpg �HK;

Z
S
z(x)f (x) dx = 0; f (x) 2 HK

where z1; � � �; zp is a set of linearly independent functions from F . The objective
is to �nd the kernel K for the RKHS HK:

One of the useful properties of reproducing kernels is that from them one can

obtain the representer of any bounded linear functional. De�ne

Tj(f) =

Z
S
zj(x)f (x) dx; f 2 F ; j = 1; 2; � � �; p: (14)

Let �j be the representer for Tj on F , that is

< �j; f >= Tj(f); f 2 F ; j = 1; 2; � � �; p (15)

For �xed zj 2 F , We have

�j =< �j; K0(�;x) >= Tj(K0(�;x)) =
Z
S
zj(w)K0(w;x)dw

11



Further from (15) and (14), we have

< �i; �j >= Ti(�j) =

Z
S
zi(x)�j(x)dx =

Z
S�S

zi(w)zj(w)K0(w;x)dxdw;

which forms a matrix 	 with the (i; j)th entry < �i; �j >. Let � be a vector of p

functions
R
S zj(w)K0(w;x)dw, j = 1; 2; � � �p. Y&H showed that kernel K for the

RKHS HK has the form

K(x;w) = K0(x;w)� �T (x)	�1�(w) (16)

It is easy to show that �1; ����p are linearly independent becauseA =
R
S z(x)z

T (x)dx

is nonsingular. Hence 	 is nonsingular.

The function K given in (16) satis�es an orthogonality condition. For any

�xed w 2S, we have for each jZ
S
zj(x)K0(x;w)dx= < �j; K(�;w) >

=< �j; K0(x;w) > � < �j;�T (x) > 	�1�(w)

= �j(w)� eTj 		�1�(w) = 0

It follows that K(�;w) 2 HK; for any f 2 HK � F ,

< f;K(�;w) >=< f;K0(x;w) > � < f;�T (x) > 	�1�(w) = f(w)

since < f; �j >=
R
S zi(x)f(x)dx =0; for j = 1; 2; � � �; p: Therefore, K is a

reproducing kernel for HK:

3.2 Examples

Rong-Xian Yue and Fred J. Hickernell gave several examples in their paper. Here

we summarize and discuss Example 2 in Section 3 of Y&H with s = 1. This is a

linear regression model with a one-dimensional design space. For x = x 2 [0; 1] we
set �1(x) =2

p
3B1(x); where s = 1, and where B1 is the �rst Bernoulli polynomial

B1(x) = x � 0:5. The regressor here is z(x) = (1;�1(x))
T . From (16), the

reproducing kernel for HK is

K(x;w) = [1 +B1(x)B1(w) +
1

2
B2(fx� wg)]� 1�

5

6
B1;3(x)B1;3(w);
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Figure 1: RKHS design for linear regression with n = 10:

where B1;3(�) = B1(�)� 2B3(�) is given by

B1;3(�) = �2x3 + 3x2 � 0:5;

since

B2(x) = x2 � x+ 1
6
;

B3(x) = x3 � 3
2
x2 +

1

2
x:

Here Bl is the lth Bernoulli polynomial, and f�g is the fractional part of a real
number.

The function fmax is the function in RKHS in Y&H Example 2 that maximizes

the loss function
R
S E

�n
Ŷ (x)� zT (x)�0

o2�
overHK subject to jjf jjHK = 1. This

function is determined by the reproducing kernel K from

fmax = [K(w;w)]
1=2K(x;w):
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Figure 2: RKHS design for linear regression with n = 20.

We numerically calculate the optimal design that minimizes

rJv (�) + (1� r) Jb (�) over contamination class in design space [0; 1], for a given
r 2 [0; 1]. After obtaining the design points, we use a linear transformation

to translate the design to [�0:5; 0:5]: For a �xed particular contamination func-
tion (12) or (13), we calculated the variance component and bias component with

model prior value r 2 f0; 0:1; 0:3; 0:5; 0:8g. Here the variance and bias are de�ned
as:

variance = tr
�
B�1A

	
; bias = bTB�1AB�1b; (17)
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Table 1 Bias and variance values for RKHS design at (12) and (13)

contamination function as (12) contamination function as (13)
r variance bias r variance bias

n = 10 0 1.9999 3.8713e-09 n = 10 0 1.9999 0.0009
.1 1.8323 0.0507 .1 1.8323 0.1803
.3 1.6808 0.2748 .3 1.6808 0.5033
.5 1.5683 0.7212 .5 1.5683 0.9347
.8 1.4052 2.6939 .8 1.4052 2.0569
.9 1.3333 5.0000 .9 1.3333 2.3333
1 1.3333 5.0000 1 1.3333 2.3333

n = 20 0 2.0014 2.3535e-06 n = 20 0 2.0014 0.0001
.1 1.9022 0.0147 .1 1.9022 0.0473
.3 1.7644 0.1187 .3 1.7644 0.3013
.5 1.6617 0.3267 .5 1.6617 0.6184
.8 1.4768 1.5052 .8 1.4768 1.4615
.9 1.3972 2.8787 .9 1.3972 1.9576
1 1.3333 5.0000 1 1.3333 2.3333

n = 40 0 1.9996 2.2291e-07 n = 40 0 1.9996 0.0001
.1 1.8838 0.0216 .1 1.8838 0.0401
.3 1.7654 0.1174 .3 1.7654 0.2956
.5 1.6561 0.3434 .5 1.6561 0.6027
.8 1.4691 1.6011 .8 1.4691 1.4949
.9 1.3990 2.8350 .9 1.3990 1.9738
1 1.3333 5.0000 1 1.3333 2.3333

where

A =

Z 1=2

�1=2
z (x) zT (x) dx =

�
1 0
0 1=12

�
;

B =

Z 1=2

�1=2
z (x) zT (x) � (dx) =

1

n

nX
i=1

z (xi) z
T (xi) ;

b =

Z 1=2

�1=2
z (x) f (x) � (dx) =

1

n

nX
i=1

z (xi) f (xi) :

In Table 1, we calculate the variance and bias for particular contamination

functions. The variance component values of RKHS designs are less than those

for Huber�s design. The bias component values of RKHS design are similar to

those for Huber�s design.

In Figures 1 and 2, RKHS designs are presented for n = 10 and n = 20,
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respectively, for value of q ranging from 1 (all-variance design) to 0 (all-bias

design). The design starts with uniform or close uniform design when one does

not know the model prior and obtain the classical design with all mass at the two

endpoints, when one knows the exact model. The RKHS design is a symmetric

design.

4 Huber�s minimax design for simple linear re-
gression

Huber (1975) obtained the minimax design for �tting a linear regression model

with misspeci�cation of the form as (6). Upon minimizing the maximum, over

f 2 F2, value of IMSE = LQ(f; �), Huber gave robust optimal designs with

z(x) = (1; x)T and S =[�1
2
; 1
2
]: With

LQ(f; �) =

Z
S
E

�n
Ŷ (x)� E [Y jx]

o2�
dx (18)

= �2"tr
n
(ZTZ)�1A

o
+ bTB�1AB�1b+

Z
S
f 2(x)dx

= (v�2s + 1)(
v�2s

v�2s + 1
tr
�
B�1A

	
+

1

v�2s + 1
bTB�1AB�1b)+

Z
S
f 2(x)dx

= const � (q � variance+ (1� q) � bias) + �2s

where q = v�2s
v�2s+1

, const = v�2s + 1,
R
S f

2(x)dx = �2s � 1, v = �2"
n�2s
, the minimax

design measure �0 has a density function of the form m0 = (ax
2+ b)+:We denote

by fmax the least favourable function.

The following description of the design is from Huber (1981). The dependence

of (fmax; �0 ) on �s can be described in parametric form with everything depending

on the parameter 
: If 
 2
�
1
12
; 3
20

�
, the design measure is

�0 (x) =

Z x

� 1
2

m0(t)dt = x+ 0:5 +
5

4
(12
 � 1)(4x3 � x) (19)

where the density function is

m0(x) = 1 +
5

4
(12
 � 1)(12x2 � 1) (20)
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Table 2 Variance and bias values for Huber�s design at (12) and (13)

contamination function as (12) contamination function as (13)
q variance bias q variance bias

n = 10 0 1.8182 0.0617 n = 10 0 1.8182 0.2223
.1 1.7955 0.0826 .1 1.7955 0.2292
.3 1.7481 0.1418 .3 1.7481 0.2477
.5 1.6933 0.2447 .5 1.6933 0.2744
.8 1.5659 0.7358 .8 1.5659 0.3412
.9 1.4872 1.3850 .9 1.4872 0.4226
1 1.3333 5.0000 1 1.3333 2.3333

n = 20 0 1.9048 0.0139 n = 20 0 1.9048 0.0542
.1 1.8743 0.0258 .1 1.8743 0.0656
.3 1.8125 0.0665 .3 1.8125 0.0927
.5 1.7436 0.1486 .5 1.7436 0.1293
.8 1.5931 0.5881 .8 1.5931 0.2319
.9 1.5055 1.1965 .9 1.5055 0.3310
1 1.3333 5.0000 1 1.3333 2.3333

n = 40 0 1.9512 0.0033 n = 40 0 1.9512 0.0133
.1 1.9165 0.0104 .1 1.9165 0.0215
.3 1.8467 0.0410 .3 1.8467 0.0439
.5 1.7700 0.1115 .5 1.7700 0.0778
.8 1.6063 0.5269 .8 1.6063 0.1828
.9 1.5132 1.1245 .9 1.5132 0.2874
1 1.3333 5.0000 1 1.3333 2.3333
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Figure 3: Huber�s design for linear regression with n = 10:

and the least favourable function fmax is

fmax(x) / 12x2 � 1: (21)

The parameters v and 
 are related by

v = 360
2(12
 � 1):

If 
 2
�
3
20
; 1
4

�
, Huber changes the parameter to c 2 [0; 1); with no interpretation

18



­0.5 ­0.4 ­0.3 ­0.2 ­0.1 0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

design points x

q

Plot of  Huber design points n=20

Figure 4: Huber�s design for linear regression with n = 20:

of c. Then

a =
12

(1 + 2c)(1� c)2

m0(x) =
a

4
(4x2 � c2)+ =

�
a
4
(4x2 � c2) if jxj > c

2

0 otherwise


 =
3 + 6c+ 4c2 + 2c3

20(1 + 2c)

fmax(x) = [m0(x)� 1] "

"2 =
5(1� c)3(1 + 2c)5
4(1 + 3c+ 6c2 + 5c3)

v =
18(3 + 6c+ 4c2 + 2c3)2

25(1� c)2(1 + 2c)3

and
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�0 (x) =

Z x

� 1
2

m0(t)dt =

8<:
a
24
(1� 6c2x� 3c2 + 8x3) if x 2

��1
2
; c
2

�
1
2

if x 2
��c
2
; c
2

�
1� a

24
(�8x3 + 6c2x+ 1� 3c2) if x 2

�
c
2
; 1
2

� (22)

This measure will minimize the loss function (18). But it cannot be implemented.

We will choose quantiles xi = ��10 (
i�1
n�1), then the empirical distribution of the

design tends to the true optimal design. We solve the equation

�0 (x) =
i� 1
n� 1 i = 1; 2; 3:::; n (23)

where �0 (x) is de�ned in (19) and (22). This approximates the optimal design

�0 (x) by a symmetric and discrete measure. Solving equation (23) for n =

f10; 20; 40g by MATLAB command �solve�, we can get the design points. Using
those design points, we calculate the variance component and the bias component

at particular contamination functions (12) and (13). Table 2 shows the numerical

results. The variance and bias are as de�ned at (17).

In Figures 3 and 4, Huber�s designs are presented for n = 10 and 20, respec-

tively, for values of q ranging from 0 to 0.1. When model prior q is equal to 1,

Huber�s design becomes the classical, variance minimizing design. At each of the

point �1
2
; the pointmass is 1

2
: In this case, the value of bias is 5.

5 Integer-Valued, Minimax Robust Designs of
Fang/Wiens (2000)

Fang and Wiens (2000) found exact designs which are robust against departures

from the assumed linear response function. They use an easily implemented sim-

ulated annealing algorithm that yields near-optimal solutions with no restriction

on the �tted model or on the structure of the design space. Huber�s approach

has generally resulted in �designs� that are arbitrary and possibly continuous

probability functions �0 (x) on the design space. The number of observations

allocated to a particular design point xi is n�0 (x); which need not be an integer.

In this case, the annealing algorithm gives exact integer-valued designs so that

n�0 (x) is an integer. In this integer-valued design, we suppose to have a �nite
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set fxigNi=1 of possible design points from which the experimenter is interested

in choosing n; not necessarily distinct, points at which to observe the response.

The experimenter makes ni � 0 observations at xi such that
PN

i=1 ni = n: The

design problem is to choose n1; :::; nN in an optimal manner. Equivalently, the

objective is to �nd an optimal probability distribution fpigNi=1; with pi = ni=n;

on the design space fxigNi=1: The resulting design is said to be integer valued.

5.1 Simulated annealing algorithm for minimax design

We consider models with regressors (1; x)T where x 2 [�1; 1]. Given the desired
number of observations n to be taken and the number of points in the design

space N , we seek design to minimize the average mean squared error (AMSE)

loss function. Our algorithm accommodates all (n;N) combinations. We take '

to be the set fxi = �1=2 + 1� (i� 1)=(N � 1)gNi=1 of equally spaced points in�
�1
2
; 1
2

�
.

Simulated annealing is used to search for optimal designs. The simulated

annealing algorithm seeks to assign integers ni � 0 to each of the design points
xi in such a way that the maximum, over contaminants f , of the average mean

squared error (AMSE) is a minimum. The AMSE I is de�ned in Fang and Wiens

(2000); for our purposes it is given by

I =
1

N

NX
i=1

E

��
Ŷ (xi)� E [Y (xi)]

�2�

=
�2"
n
tr
�
B�1AN

	
+ bTB�1ANB

�1b+
1

N

NX
i=1

f 2 (xi) ;

with

AN =
1

N

NX
i=1

z (xi) z
T (xi) :

Simulated annealing is a direct search optimization algorithm which has been

quite successful at �nding the global extreme of a function, possibly nonsmooth,

that has many local extrema. In an unpublished University of Alberta Ph.D.

thesis, Adewale (2006) describes the algorithm as a biased random walk consisting

of three steps:

21



0 200 400 600 800 1000 1200 1400 1600
17.5

18

18.5

19

19.5

20

20.5

21

21.5

22

22.5

Iteration number

L
os

s

q= 0.909,  loss = 17.5201

Figure 5: Simulated annealing trajectory for simple linear regression with N =
40; n = 20 and q = 10=11:

1. A description of the initial state of the process; that is, of the starting

vector of allocation n0 = (n1; :::; nN): We can calculate the corresponding initial

value of the loss function LQ(n0) based on the initial state.

2. The second step is the random choice of the next state of the process from

the optimization space. The subsequent states are generated.

3. A criterion according to which these subsequent states are accepted or

rejected.

Fang and Wiens (2000) assumed that one of (n;N) is a multiple of the other

and then chose the initial design to be as uniform as possible. If n > N , then

initial state is the uniform design, with ni = n=N for i = 1; :::; N . If n � N , then
this vector of frequencies assigned to x1; :::xN starts with the vector formed by

repeating the vector (1; 0; :::0) (with N=n � 1 0�s) [n=2] times. This is followed
by the same vector with the order of its elements reversed. If N is odd, then also
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a vector (0; :::0; 1; 0; :::0) of length N=n is inserted in the middle. Thus in either

case the initial design is symmetric and at least close to uniform.

To generate a new design, we perturb the current state as following. De�ne

vector v to be the N�1 current allocation vector. For symmetric designs rede�ne
v to be the [N=2]� 1 vector consisting of the initial segment (n1; :::; n[N=2]) of the
current allocation vector. Let J+ = fijvi > 0g; J+ = fijvi > 0g; J0 = fijvi = 0g
with cardinalities j+ � 1 and j0: If j+ � 2; generate a Bernoulli random variable

B =

�
1 with probability j0=(j0 + j+)
0 with probability j+=(j0 + j+)

choose two indices (t1; t2) from J+; at random without replacement, choose an

index t0 from J0; at random and modify the selected components of v as follows:

vt0 = vt0 +B; vt1 = vt1 � 1; vt2 = vt2 + 1�B

If j+ = 1; choose t0 from J0 at random, let t1 be the index in the singleton set

J+; and then replace v by

vt0 = vt0 + 1; vt1 = vt1 � 1:

This completes the perturbation scheme for general designs. For symmetric de-

signs, we complete the scheme as follows. If N is even, let n = (n1; :::; nN) =

(v1; :::; vN=2; vN=2; :::v1): If N is odd, then generate a uniform random variable u.

If u < 1=N; with probability 1
2
increase n[N=2]+1 by 2 then randomly and symmet-

rically reduce the remaining ni by 2; with probability 1
2
reduce n[N=2]+1 by 2 then

randomly and symmetrically increase the remaining ni. This step is omitted if

n[N=2]+1 < 2. We then construct n as described above, with the inclusion of the

new frequency n[N=2]+1.

The value of loss function LQ = LQ(en) is evaluated at the new state en and
the state is accepted with probability �; de�ned as

� =

�
1 if 4 LQ � 0

exp(�4 LQ=T ) if 4 LQ > 0

where 4LQ = LQ(en) � LQ(n): Thus, a favourable state (4LQ � 0) is accepted
with certainty and an unfavourable state is accepted according to a separate
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Bernoulli experiment with success probability exp(�4LQ=T ):We choose T such
that initially the inequality 0:5 < exp(�4 LQ=T ) < 0:9 is satis�ed. As long as

exp(�4LQ=T ) > 0 an unfavourable state could be accepted, thus providing the
possibility of the path leading out of local minima. To ensure that the process

settles at a global minimum we progressively decrease T . Fang and Wiens (2000)

decrease T by a factor of 0:9 after each 100 iterations.

In Figure 5 we present the example of designs obtained using v = q
1�q = 10;

f =
q

5
4
(12x2 � 1); �s = 1: The plot shows that loss function value will converge

to its minimum value after long enough iteration.

After a large number of iterations (3000 was used), it is expected that the algo-

rithm converges to a design with minimum loss (loss = 17:5201). In the following

examples, we will get the designs for particular contamination functions.

5.2 Example

For the purposes of comparing the Fang and Wiens design with RKHS designs

and Huber�s design, we consider approximate simple linear regression with conta-

mination functions as (12) and (13). Table 3 gives the values of bias and variance

components. We continue to de�ne variance and bias as at (17), but now

B =

Z
z (x) zT (x) � (dx) =

1

n

X
i

niz (xi) z
T (xi) ;

b =

Z
z (x) f (x) � (dx) =

1

n

X
i

niz (xi) f (xi) ;

where the summations are over the distinct design points fxig and ni is the
number of observations made at xi.

From Table 3, we �nd that the variance values of the integer-valued designs

of Fang/Wiens (2000) for both quadratic and cubic contamination functions are

slightly less those for Huber�s design. For the quadratic contamination func-

tion (12), the bias for Huber�s design is smaller than bias component values

of Fang/Wiens�integer-valued designs. But for the cubic contamination function

(13), the bias component values of Fang/Wiens integer-valued designs are smaller

than those for Huber�s design for q = f0:5; 0:8g. Note that we are comparing these
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Table 3 Variance and Bias values for integer-valued design of Fang/Wiens(2000)

contamination function as (12) contamination function as (13)
q variance bias q variance bias

n = 10 0 1.7948 0.0833 n = 10 0 1.7948 0.0547
.1 1.5165 1.0958 .1 1.5165 0.2524
.3 1.5165 1.0958 .3 1.5165 0.2524
.5 1.5165 1.0958 .5 1.5165 0.2524
.8 1.5165 1.0958 .8 1.5165 0.2524
.9 1.4282 2.2284 .9 1.4282 0.8031
1 1.3333 5.0000 1 1.3333 2.3333

n = 20 0 1.7454 0.1459 n = 20 0 1.7454 0.2623
.1 1.5434 0.8825 .1 1.5434 0.1393
.3 1.5434 0.8825 .3 1.5434 0.1393
.5 1.5434 0.8825 .5 1.5434 0.1393
.8 1.5434 0.8825 .8 1.5434 0.1393
.9 1.4870 1.3867 .9 1.4870 0.3694
1 1.3333 5.0000 1 1.3333 2.3333

n = 40 0 1.7885 0.0899 n = 40 0 1.7885 0.0863
.1 1.5585 0.7817 .1 1.5585 0.0956
.3 1.5573 0.7889 .3 1.5573 0.0964
.5 1.5573 0.7889 .5 1.5573 0.0956
.8 1.5573 0.7889 .8 1.5573 0.0964
.9 1.4995 1.2552 .9 1.4995 0.2893
1 1.3333 5.0000 1 1.3333 2.3333
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Figure 6: Integer-valued designs for linear regression with N = 20 and n = 10:

two designs from two design spaces. The integer-valued design is constructed on

a �nite design space. Huber�s design is constructed in a continuous design space.

At (13), the bias of annealing approach is smaller than that of RKHS design for

q = f0:3; :0:5; 0:8; 0:9; 1g:
In Figure 6 and 7, we present designs for n = 10 and n = 20, respectively,

for values of q ranging from 0 (all-bias design) to 1 ( all-variance design) with

contamination function (12). Instead of printing the symbol �*�, we print the

number of observations to be made at each distinct design points.

We �nd that the annealing algorithm will converge with a large number of

iteration (3000 times). The resulting designs range from an almost uniform design

(q = 0) to the classical design (q = 1). The classical design is the design that

takes the assumed model to be exact and all pointmass are concentrate at the

two endpoints of the design space. Also we �nd the designs are same when q

changes from 0.1 to 0.8.
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Figure 7: Integer-valued designs for linear regression with N = 40 and n = 20 .

6 Conclusion

In this project we have implemented the RKHS, Huber, and Fang &Wiens design

for straight line regression and compared the designs by variance and bias com-

ponent values. In comparing these designs, we �nd RKHS design and Huber�s

design produce similar variance and bias component values, integer-valued design

of Fang &Wiens gives larger bias. Fang and Wiens use �nite design space but

RKHS and Huber�s design use continuous design space. Theoretically, Huber�s

design is a continuos design which can not be used in real life directly. In this

project, practically we approximate it using a discrete design measure. RKHS

design and integer-valued design are exact designs which are implementable. Hu-

ber�s approach is feasible to only simple problems. But annealing approach and

RKHS approach can be carried out for more complicated response function such

as high degree polynomial regression. When model prior q increases from 0 to
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1, all of the three methods produce classical design. That is, the design puts

pointmass 1
2
at each of the end points of design space. Symmetry is a common

property for all of three designs.

From the computational point of view, Huber�s design is simple to calculate.

The annealing algorithm is less complicated compared to the RKHS method. It

will take around 161 seconds in network server to calculate integer-valued design

using annealing algorithm for 40 observations in 80 design point space. RKHS will

take much longer time to calculate up to 40 observations (about 1917 seconds)

because using optimization technique to solve nonlinear objective function is time-

consuming. We use a restriction of symmetry; this reduces the computing time by

about half. Also this searching solution procedure will heavily depend on initial

points and is restricted by the number of design points.
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