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summary: A 2-identical-unit system, with either 1 or 2 vepair facilities, is considercd.
Tnitially, only the existence of the unit failure and repair time densities is assuwmed. Fqua-
tions ave derived describing the distributions of the system up, down and total repair ti-
mes, number of upuhs times of the nth unit failure and nth rs\pa‘ir compl(\ i(m zmd thc
probability t‘“‘.!. p un 1

assumption

ERLANGIan «

ed for arbitrar

1. Introduction

The -unit system has been analysed under a variety of restrictions on the distri-
butions of the unit failure times ({31, [4], [5]). In those models in which both units
may operate simultaneously, it has been assumed that at least one of the failure
times is distributed as the sum of exponential random variables. Techniques uni-
que to Marxovian distributions are then used both in the derivations of the equa-
tions and in their analysis. In Section 3 of this paper, equations describing a 2-unit
system are derived, assuming only the existence of the relevant densities. Solutions
to these equations give the joint distribution of the up, down and total repair time
in a cycle, the probability that ¢ units are operating at time ¢, and the distributions
of the number of repairs, the time of the nth unit failure, and the time of the nth
repair completion. In Section 4 the equations are solved, assuming that the com-
mon operating-time distribution is a linear combination of Erlangian distributions.
The final results are complicated, but are given explicitly in a form suitable for
numerical evaluation.
The model assumptions are:

a) There are two identical units, each of which operates whenever so capable.
There is either one repair facility (“Model 17°) or two such facilities (“Model 2
No distinction is made between an “active’” and a “standby” unit.

b) The system is up whenever one or more units are functioning, down other-
\VlSe.

o) Switching and sensing are perfect. A repaired unit is like-new.
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Notation

w Luu}'

7

=Total repair time in T
=Number of compieted repairs in U

U,=Time of the nth unit failure in 7(Uy=0)

V =Time of the nth repalr completion in T(V,=0)
Z, =T

..__rT'AA-;J repair fiaan 1y T/ 7
£ = LUbvdl k)d/.ll ULUlU llL LU., n’
N——Trr Frsmm v TS T Ty
17 = 1JOWIl UlIILICE J.U pa lU - L — U] .

7

The distribution function (d.f.) of the unit times to failure is #(t), with density f(¢)
and mean o«. The d.f. of all unit repair times except possibly the first and last is

), with densi 24 ).

{ >, mean 'q, LLT‘\LQ{iﬁ;ElmG(t\ The densi

(). In Model 1, go=g. In Model 2, g(t) is given exz 6
mown that the fnst repair has been underway for “a’ uIlltb of time prior to the
commencement of the up time. Otherwise go(f) may be approximated by G(t)/8,
the stationary forward recurrence time density. The density of a repair which
commences while another is underway is ¢4(¢). In Model 2, g,=g¢ while in Model 1,
7.=0, G=1. Define

d,(x) =D1raC’s impulse function, with mass at x=
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The density and survivor function of H are denoted by k and H, with analogous
notation for H,, L and L,. Larrace transforms are denoted by f(s) or L,(f). It
follows from the above definitions that

4()

rit)

2,(0) =E[

x(1) =L(0, 0,0, 0)=E[R] (2.1)
P.(0)=E[Z] (2.2)
£1{0) + 2,{0) = E[U] (2.3)
Pol0)=E[D] (2.4)

The changes of state of the system are represen
figures, a solid line represents a unit operating p roke
period. The possible sequences of events described b I{w, v, w, z) are given in
Fig. 1

unit 1

or
Uit 2 ‘eesassmm s cessms
Time 0 Y u 0 w 14 u

The sequence {I,} is then defined inductively, using 7,(u, z,-, ) in Fig. 2a, and
I,(v, %, ) in Fig. 2, to define [, ;.

Unit 1 ; -

Unit 2 {—~—-

Time 0 X W 1% u
Un yn,,.] Un+1 Un+2 Flg. 2a

Uy Vor1  Upet Upep TFigl 2b

From the figures, it is evident that

liw, v, w, 2)=go(w) [f(v) f (w—w) +[(u) f (v—20)] 5,(2) 3.1)

40 optimization, Vol. 14, No. 4
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Lyoi(2, v, w0, 2)= f [ gw—2)[fo—w)l, (u, z y z—(w—2))
Wz 2= (1~ )
i’ﬂ

‘

(v, z,y. z—{(w—2x)}] dydx {3.

(8]

+f {u—w) )

from which [ is expressible by iterating 3.2), or bv summing over n to vield an inte-

oral enmation. Ficure 3 cives Lhe nossible events deseribed by A {f 2 2} oiven
gral equation. Figure 3 gives the possible events deseribed by A4, u, 2), given
Lw, v, -, )
Unit 1 e -
- eee —— g —»Lﬂ;] or |e— sse u __>‘—<-g-:r
Unit 2 leee - — B -
Time 7 v u t a v u t
Uy  lUner  Vpat Uy  lUps Ynss
Fig. 3
Thus
h(t, u, 2)= f f I {u,v,w,z—{u—v)) (3.3)
u—z z—(u—7)
s (F— s or o dapda  (p =1}
/\)/ \‘/ w, w U} AR NZ7Aw N7 \IU_..LI
and similarly
holt, o, z)=f(2) yo (E—u, u) 0,(2) - (3.4)

The distributions 7(£), z,(), q(t) and p,(t) are obtained from A and I. Clearly, r(f) =
=zy(f) =¢qo(t)=1. For n=1,
(&) =P (V,=tand R=n)+P (V,=t and R=n—1)
=P (V,=tand BE=n)+ P (I'=tand E=n—1)
:Ln(oo o2, t! °°> +1T1T¢141(5: bl °°>

so that

r(t) =L{oo, 0, 8, 0o} + H(E, =, =) . (3.5)
Similarly,

2y (t) =Ly (oo, 00, o0, t) + H,, (o0, o, 1) (3.6)

q(t) = Lo, 8, oo, o) + H(oo, 8, o) . (3.7)
Also,

pot) =P (U<t=T)=H(t, 0,0)—H(0,¢ 0) (3.8)

pot)= D) P(V,=t=U, and E=n)

e

= 37 (L,(0,£,0,0)=L,(0, 0, £, 0))

n=

1
=L(0,t,0,0)—L(0, 0,t,0) (3.9)
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puty=P(T=t) = pylt) —polt)

=H(0,t, 0)— pait) {3.10)
alay= 3 @ Ly(0,0,0.0) (3.11)
4. Solutions for a Class of Failure Time Densities
Assume now that f{f) 1s ot the form
4 2 (Agt)
L (g
fo= 2" Y rake (4.1)
a=} b= M
d A, arc real, Y Larracs trans-
a.b
nal function with s well, any failure

with denmtleb

mean, and ai 1y

ing considerations.
The PoissonN probabilities f;(£) are characterized by the property

= 2 fi(t—u) fy_u) (0=u=t).
=0

rE3 N

This property may be used to put the integralsin (3.1)—(3.3) into convolution forms
and thus show that [, is of the form

4 B b
Liw v, w,z)= 3 3 r,k, D) (u—v) ¢ (v—w, w—z, 2;, a,b)
=0 i =0

where

4 B d
gilo—wow—zz5a b= 3 3/ nd%a[)j(fﬁfz‘» (v =) (fa-;90) () 3,(2)
i

¢c=0 b=0 j=a()

b—1i
+ Bl (=) (590 (0 5w(z)] ,

1
A
i ozt = 39 5 8 ufif ) o)
c=20 d=0Lij=7 k=1

Z w—2z

X | (fi-g) (2—2) f \’P;l (w—z—y, 4, x;a, b) dydx
Y I

d 7

+ 2 2 (rcd}'c.fg—if;—k) (v—w)

(fig) (z—= f ¢ (w—z—y, Y, ;¢ d) dydx].

40*
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Taking LaPLACE transforms,

4 B b

(81, 89, 83, 84) = E 2 TayAali(8)
a=0 b=0 i=0

) A B i’ “

e AU e B e RPN B o

Polsn sa sz e b)= ) D rad g

e=0 d=0 Li=v

4
LY 7 (e
Ly Ty
}:1’\
Cy 4 B
(j)?* (813

S{+8y+8q+84; 1, b)

VL W

SN dib—1—37 FERSN]

@
y L (f';?o>]i
A

WA+ T

(81) =Tghafi(81) =74 (Aaf (s +24))""

D. P. WieExns

{
A

(4.4)

Wi (s3) = Ly (f - ige) = (= 2a)" % 400 0/ (0 — )1
PP (81, 82, 83) =F2(sy, 89, 535 @, b)
051, 5) =1Ll 751, ) =t 2 g (s 54 2,)
=y as”ziazb<s1, of . wr=tes)
C ls,=0 ds; 5=0 ds 7* s=0

The necessary block matrices are built u

E?jb’crl(_sl) Ercdﬂ'cle(fg—if;) = Tcd (

up in an analogous fashion. Define

b—i+j

5

}‘Z—iliﬁ—l
) (81+/1a+lc)b'i+7+l
(0=1=b,0=5=d)

b,cd
(81)"‘ (E?.sa)c )a,e:x(),...,A ( ) (E(sl))b d=0,...,8

naby, v
uii ($1)=

{Lsi(/r/‘?—i): (=27

g:ﬁza)/(.? _7‘) -

Di(s))= diag (Dm), .. D(Asf’)) Disy)=

o (L, (9" ) =(— 1)
M'ﬁb(é‘z):—:{g 5 l-) =~ 4)
M(s;)=diag (M, ...
=d

(o) = Dis)) +Bls), Z=

Gy rp (1)
M) M(sy)=

2(sy)

5, =0

diag (Dfy,, ... DE,)
(0=i=7=0b)
(2>7)

diag (MY, ..., ML)

. —d
, AM:E ./U(Sg)
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Pi{sy, $a, 85) =2(s4) P(sy)
@" s 89, 83) = Zls) Msy) @™sa, 52 55) -
By induction,
@8y, S0y 59) = X(s) [M(sy) Z(s )T disy) n=1, 2, (4.5)
From (4.2} and (4.5),
L(si, 50, 95, 85) =T (8,) @" (3, + 83, 8 48, +55, 8 +8y+8,+5,)
=T(sy) 2 (s +5y) [M (5' 828y +84) sy 8y +sy) "
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Writing X for Z( ), T for T
a{x) =xv X [[—a WX
&

Co
b
.(

\
/ T
Z(8)=sTH{(T'ZM(s) + &' (0, ) Z[M(s) 2"~ Pk (n>1)
(8)=s ' X(s) [I—M(s) Z(s)17 1 b(s) + L(fG)}
) 2(8)) [ —M(s) Z(s)17 1 bls) + Ly(f() Fols, )}
Dols) =87 {L(F() (7400, ) —Pols, N))
+(6(0, 8)— '(s, 8)) 2(s) [ — ME(s)]~ 1 s}
Pafs) =51 {2 [2(0) = (5)] [ ~ M(s) Z1s)) 1 blo))
Pus) =571 {1 —R(0, 5, 0)} — Pofs)
The moments of B, Z, D and U may be determined numerically, since the matri-
ces involved are matrices of constants. The first moments are, from (2.1)—(2.4),

ERj=vZ[I-MX"1¢
E[D]= fmféo (t+u) G ) AF(u) dt+ o' X [IT-MU2]" ' Y

o o0
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and matrices del ed above. Their order is then (4 + S (b1

=
=
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.
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h) Suppose f(t) is better approximated by a function 0{ the form (4.1} 1
the failure rates 2, depend upon the number of unitg in operation. ie.

. U, when both units are operating
[Va when the unit is operating alone.

! o 1n fl‘\cx 1rec
£ G il 17t

t"D

b
sabifiallcve

shows that t

2 and to v, In

Tl{g) iy
A i

(381

sides, 0 =r({t) —q(t £,

¢} In Model 2, the two one-unit sub-processes are asvmptotically independent,
and the stationary forward recurrence density may be used in the determination
of the mean times. Irom Fig. 3, with o =f—w, it is seen that D has density

- Gx) e 1)
0 g [ D,
f : f
with E[D]=p/2. Elementary arguments then give E[Z]=«, E[Uj=a+a¥/23,

E[R]=u«/B. Note that the mean total repair time is the same as the mean unit time
to failure.

In Model 1 approximate mean times may be obtained, by approximating the
density of the residualservice time of a unit at the end of a repair phase of the
other unit by F(t)/oc. Standard renewal-theoretic methods then give

E[R]~=« [ Gy(t) dF(t /jF £y Gty dt

0
E(D] ([ (+u) dF{w) dt + E[R] {m ;"nuu ) 0 a
=L J’\JJ*O\‘ Vi \) "'L"JJ} \V Ty a"‘
0 0 0 0
(A e f f— F (¢ +) |
E[D]%JIG )lf(t)dt+E[Rlﬁ+JJ Glu) —— du dt;
0 6 0

E[Z]~ E[U]—?‘Q- E[R].

1f g, =G/B (i.e. if two repair facilities are available until the commencement of the
up-time), or if f(f) is exponential, then these means are exact.
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(dy If
A if L1 1 ) [ e
i) = jre wnen botn units are operating
]L ve "' when the unit iz operating alone
then in both Models 1 and 2, the marginal density of Z is ve ™" regardless of the
form of g(f). If. as well, g(t)=oce™ ", then the Larrace transform of 7 is easily
inverted. With » dencting the number of repair facilities s found that the joint

AY
N y2y
| e T [0z (w 2]y ,’J -

r /
/ —rod BT I R
(roe ™) pe 7T 101,(‘2)+{'
Nz
L

where 7,(-) is the first hyperbolic Brssur function.
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Zusammenfassung

Betrachtet werden Systeme mit zwei identischen Einheiten, in denen entweder eine oder
zwel Reparaturméglichkeiten auftreten. Zundchst werden nur die Ausfallzeit- dev Flinhei-
ten und die Reparaturzeitverteilungsdichte vorausgesetzt. Es werden Gleichungen herge-
leitet, die die Verteilungen der Arbeits- und Stilistandszeiten der Systeme, der totalen
Reparaturzeiten, der Anzahl der Reparaturen, der Ausfallzeiten der n-ten Einheit und der
Beendigung der n-ten Reparatur und die Wahrscheinlichkeit, daf ¢ Einheiten zur Zeit ¢
arbeiten, beschreiben. Diese Gleichungen werden dann unter der Annahme geldst, daf} die
Ausfallzeiten der Einheiten eine Dichte besitzen, die sich als Linearkombination von Lr-
raxcdichten darstellen 148t Fiir einige Anordnungen der Systeme werden die ersten Mo-
mente fiir beliebige Ausfall- und Reparaturzeitverteilung angegeben.

Peziome
PaccMOTpHM CHCTeMbl ¢ OBYMA MASHTHYHBIMM €IHHHIAMU B KOTOPOIl MM OZHA UIH HBA BO3-
MOSKHOCTH peMoHTa cymecTsyoT. Ciadalio HDPefmonoralnTed H3BeCTHRMH TOIBKO III0THOCTH
pacnpejeseHNsA BPEMEHH BHIX0OJA M3 CTPOA M PEeMOHTa eNWHHILL. BHINMCAHE ypaBHEeHU,
OTIMCHIBAIOIME PACIPETENeHNA NePHOJOB PaloTH ¥ 0CTAHOBKA CHCTEME, IOJHOTO BpEMEHU pe-
MOHTA, YMCIA PEMOHTOB, MOMEHTOB BPEMEHI BBIXOMNA W3 CTPOA M-0if EWHILEL H KOHOA #-I0
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PEMOHTA ¥ BEPOATHOCTb TOrO YTO B MOMEHT ¢ paGOTa}OT SIWHIIL. ITi paBHGHHF{ noTOM

DEIATCH B NPEINOI0AEHTY UTO BPEMEHa BHXO0MAA U A eguHuL 00JaNA0T TIOTHOLTEIO,
OpEeNCTaBAMON B BIe JHHEHHON KOMOMHAIHMH HIOTH oc 1“ pacnpe;:enen A DPIAHTA. I(Jm
HEKOTOPHIX PA3MEMiSHNI CHCTEMB BEINICHBAKTCA HEPBbIe MOMEHTH XA NPOL3BOIDbHBIX BDE-

MEeH BBIXOIA U3 CTPOA M DEMOHTA.





