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The ?-unit system has been analysed under a variety of restrictions on the  distri- 
butions of the  unit failure times ([3], [4], [5j). I n  those models in which bot,h unit,s 
may operate simultaneousiy, i t  has been assumed tha t  a t  ieast one of Li l t :  failure 
times is distributed as the  sum of exponential random variables. Techniques uni- 

to M,mricvisn distributions are then used both in the  derivations of the  ecjua- 
i: - clunu a.nd in their analysis. Ii; Section 3 of this paper, equations describing a. - u n i t ,  
system are derived, assuming only the existence of the relevant densities. Solutions 
to  these equations give the joint distribution of the up,  down and total repair time 
in a cycle, the probahiiity that  i units are operating at tirile i, an& the  distributions 
of the number of repairs, the time of the n th  unit failure, and the  time of the nth 
repair completion. In  Section 4 the equations are solved, assuming tha t  the com- 
n o n  operating.tjme distribution is a linear combination of Erlangian distri'mtions. 
The final results are complicated, but  are given explicitly in a form suitable for 
numerical evaluation. 

The  model assumptions are : 
a )  There are two icienticai units, each of which operates whenever so capabie. 

Tilere is either m e  repair faciiit,?; ("Model 1") or two such facilities ("Modei 2") .  
No distinction is made between an "active" and a "standby" unit. 

h) The systenz is u p  whenever one or more units are functioning, down other- 
wise. 

c )  Switching and sensing are perfect. A repaired unit is like-new. 
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2 .  Sotation 

The distributior: function (d.f.) of the unit times t o  failure is F(tj ,  with density f ( t )  
and mean a. The d.f. of ail unit repair times except possibly the first and last is 

. . 
Q ( f )  with density .l o j t ) ;  mean 9, and G( t )=  1 -Q(t).  The d ~ j i ~ j t v  .-~f the first ;..?na7i- ,- i s  - 

a,li'l. In Model 1 g a r  g. f n  Model 2 >  g,(t) is given exactly 'ny g(a + t)/c(cl.) if it is U V \  I 

known tha t  the first repair has been underway for "a" units of time prior Lo the 
commencement of the  up time. Otherwise qo(t) may be approximated by G(t)/P, 
the stationary forward recurrence time density. The density of a repair which 
commences while another is underway is gf ( t ) .  I n  Model 2 ,  q, r q while in Model 1, 
g l r O ,  Gr I .  Define 

S,(x) - Dmac's impulse function, with mass a t  x  = c 

y(t, u ) _ g i ( t )  l7 ( t + ~ )  +Gl(t) g ( t+u) (9 SU, t<m)  

iyn(t, t;, z)= p (T st, U s t c , Z g , ,  Rzn) ( g s z s t ~ z i = - \  - l - 
H ( t ,  ZL, 2 )  = P ( T  s t ,  C; s z c ,  Z s z )  = 2 Hn(t ,  21, z )  

n-0 

L 7 h ( u , v , w , z ) = P ( U n + , ~ . = . l c ,  C n s v .  P 7 n s w , Z n s z ,  R z n )  ( n z l ,  
o ~ z ~ w s v s u < m  ) 

- 
n ( x )  = 2 xnP (R ~ 1 2 )  

n = 1  

pi(t) z P (i units are operating at t  and t s T )  . 
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Some Distributions for a 8-Identical-Unit System 609 

The density and survivor function of are denoted by h and fl. with analogous 
notation for H,, L and L,. L--ACE transforms are denoted by f(s) or L,(f). It 
follows from the above definitions that  

The sequence {I,) is then defined inductively, using Z,(u, x ,  ., - )  in Fig. 2a, and 
Z,(v, x, ., - )  in Pig. 2 b, to  define la+,. 
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Time 0 v u t 0 v u t  

The distributions r ( t ) ,  zn(t), q( t )  and pi(t) are obtained from h and 1. Clearly, ro(t) = 

=zo( t )=qo( t )=l .  For nS1 ,  

r,(t)= P ( V , z t  and R z n ) +  P ( V a s t  and R=n-1) 

= P (V , z t  and R s n ) +  P ( T s t  and R=n-1) 

=A,(-. -, t, --)+H,,,_l(t ,  -, -) 

Similarly, 

Also, 
po(t)= P ( U i t ~ T ) = = I f ( t ,  0 ,  0 ) - H ( 0 ,  t ,  0 )  - 
p2(t)= 2 P ( V B ~ t ~ L T ,  and B z n )  

n = i  - 
- - d  F' (L,(o, t ,  0 ,O) - f ; , ( O ,  0 ,  t ,  0 ) )  

n=i 
=E(o ,  t ,  0 ,  0 )  -E(o ,  0 ,  t ,  0 )  
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1. Snlutio~is for a Class of Failare Time Derisities 

Assume now that  f j t )  1s ot the form 

0 

fb"(t) = 2' f? ( t  -u) fb"-&L) (0 5 t h  st) 
i = O  

This property may beused to put the integralsin (3.i)--j3.5ji11ic)cor1vcilntion forms, 
anit t h u s  show that I,, is of the form 

i 

where 
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Taking LAPLACE transforms, 
A B b  

The necessary block matrices: are birilt u p  in an ana,lngous fashim. Define 

( j )  . . 
= (  u / - ! (0 si ~ j - b )  

(i =-j) 
Db(s1) -- diag (D&, .. . D:f;) .D(sL) - diag (DYsl,, . .. , D:~)) 

. . ,. . . "  .*  .."_i', , - 
g - A  g - j  ! (u  s i s j s b j  M$ js3) = 
lo  (i =?I 
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Sornc Distributions for rz %T~li~nt ic ; t l -Uui t  S y s t e m  

Equations (4.3) and (-1.4) now become 

+ ( s ,  f s,+s:!+s/J . 
Expressions (3.3)-(3.11) may now he evaluated. Straightforward calculations 

z ( x )  = x T ' ~ '  [ I  - rJ1L'- 1 rl) 
s,(s) = , $ - I  {'S's+(B) +L,(/co)) 

&(s)  =s-1 ( ( T ' Z N ( S )  + af(O, s ) )  Z[.M(s) 21"-'+(s)) (n  > I )  

q(8)  =s-1 ((T' + ~ ' ( 0 ,  s ) )  C ( s )  [I-lTl(s) C(s ) ] -  $(s)  +L,(fGo)) 

( s )  =s- 1 { ( ~ ' 2 +  al ( s ,  S )  C ( S ) )  [ I  - C(S)]-1  +(s)  +Ls(f( . )  jO(s, .))) 
P!!(s) = ~ - l  (L , ( f ( . )  ( P , ( O ,  .) - Pn(s, .))) 

+(=. ' (o ,s) -~ ' (s .s) )Z ' (s f  [ I - N C ( s ) ] - i $ ( s ) )  

$.(s) =s- 1 (T' [C(O) - q s ) ]  [ I  - X ( s )  C ( s ) ]  - 1 +(.s)) 

@ I ( ~ )  = s - 1  (1 - R ( o ,  s ,  0 ) )  - lj2(s) . 
The moment's of R, Z j  D and U may he determined numerically, since the  rnatri- 

ces involved are mat,rices of constants. The first moments are, from (2.1)-(2.4), 

Ern] = T'C [ I  - iML'I-i$ 
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[ p a  when hoth units are operating 
A ,  = 

[ Y ,  when the unit is opersting alone. 

- - , " with =pi?.  Elemeiitary aqrumeiits the;; gi;.-e E[Zj = a ,  ttt'] + ' i . ? i . )  1 - 1 ' 7  2 

E[R] = u/,!?. Note that  the mean total repair time is the same as the mean unit time 
to failure. 

l i - i  Model i approximate riiean times may be obtained. ijv approximating - the 
density of the residualservice time of a unit a t  the end of a repair phase of the 
other unit by F( t ) / a .  Standard renewal-theoretic methods then give 

- - - I. F i t  iu) 
E[U] s J'c,(~) P ( t )  dt + E[R] [ J G h )  ---- 

a 

1 du at, 
D 0 0 J 

If go =G/B (i.e. if two repair facilities are available until the commencenlent of the 
up-time), or if f(t)  is exponential, t,hen these means are exact. 
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t h e n  iz !x;th 12iode!s 1 . s n d  2 .  the :-riar~innl denvit~v of % is :'?-"', regnrdIe?s of  ttli: 
form of g ( t j .  If. as iveii.  g ( f )  =oe-"'. then tiie Lartace tr;tn$form of is easiiy 
it::-ertec!. \L'ith r i!ez:otir?g t!>e !~t!rnber nf repair fnrilirie. it is f o i ~ n d  t h a t  the  joint 

density of ( I - .  %, PI) is 

~ e t k l i t e t  werden Systeme mit zwei idcntischeu Einheiten, in clr3tieu entweder eillt? oder 
. - zwel ileparrtt-ur~nGgliii~kr-it~ii nilftrpten. Zundvhst ;rerden n u r  (lie h~~s fa l l ze i t -  der  J?iv.hei- 

ten ulltl die Repiiraturzeitverteiiungsclict~te vorausgesetzt. E s  mertlen Gieichungen i ~ e r g c -  
leitet., (lie die Vrrteilungen cler Arbeits- und Stilistanclszeiten dcr Systume, der  toteien 
Reparaturzeiten, der Anzahl dcr Reparnturen, d r r  Ausfallzeiten der n - ten  Einheit u n d  der  
Beendigung der ra-ten Reparf i tw uncl clie IVahrscheinlichkeit, darJ i Einheiten zrlr Zeit t 
arbri ten,  beschreiben. Diese Gleichl~ngen wertlen d a n n  u u t r r  der Annahrne gelost, darJ die 
Ausfallzeiten cler Einheiten eine Dichte besitzen, die sich als Linearkombinstion von  E R -  
~ ~ N ~ d i c h t e n  darstellen lttfit. Fiir einige Anordnungen clcr Systeme werclen die ersten No- 
rnente fiir beiiebige Ausfaii- und IZe1);traturzeitverteil~iiig aiigegebeii. 

P ~ C C M O T P H ~ I  CIlCTeMbI C ABYiMR EIAeIiTPI9IlbIMH B,QIfHLIY&XII B K O T U P O ~ ~  EIJH OAHa H j r H  ABa B03- 
M O X H O C T M  peMOHTa CyllJem3ymT. C11asaJI0 IIpe~IIO.iIOraIoTCX 113BeCTI2bIXII T O J I b I i O  IIXOTHOCTK 

PaCnpeReJIeHMH BpeMeHPI BbIXOza PI3 CTpOR M peMOHTa B ~ H H H ~ b I .  B b ~ n ~ ~ c a ~ l b ~  YpaBHeHMR, 
onmbrsarowvre pacnpexenemm nepxozoB pabo~br LI OCTaIIOBKa cmxexu,  nonHoro BpeMeHw pe- 
MOHTB, YJiCJIa PeMOHTOB, MOkleHTOB BpeMeHII Bb1XO;ila PI3 CTPOX n-OI"1 e~AHPIL(b1 EI IiOHqa n-r0 
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