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ABSTRACT

We consider the problem of estimating the location vector and scale
matrix of a random vector, when the distribution is only approximately
known. Within the ellipse Er = {QJ(Q—E)'Z_I(Q—E) < rz}, the density of
the random vector z is elliptically symmetric, and arises from a known
density through e-contamination. Outside of Ep the distribution is
arbitrary and unknown. The problem is to estimate u and I.

It tums out that the parameter point (y,I) is not identifiable in
the model, and so we estimate instead the identifiable point 6 = [E,¥%%SJ,
where 1(+) is a scalar-valued function such as I;;. Following Huber [3]
and Collins [1] we use the method of M-estimators and re-descending
influence functions. The estimators are defined as the zeroes of a
function of the form Zg(gi;é). In order that the observations from out-
side of Er(e) should ;ave no influence on the estimators, ? is chosen to
vanish off of Er(é)' We show that 6 is a consistent estimator of 6, and
that /nb is asymptotically normally distributed. Confidence regions for
linear functions of 6 are constructed. In the case r = « our results
complement those of Huber [5] and Maronna [8], who considered related
problems assuming global symmetry.

The associated optimization problem - that of finding functions V¥
which minimize the maximum asymptotic variance of 6 as the distribution
of x varies - is also considered. It is exhibited as a special case of
the problem of minimaxing a general variance functional which typically
arises in problems of robust estimation. Under fairly general conditioms,
this problem is solved for the e-contamination model.

iv
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0. INTRODUCTION

In this thesis, we apply Huber's theory of robustness to the prob-
lem of multivariate estimation of location and scale, when the under-
lying distribution is only approximately known. It is assumed that
within an ellipse of fixed radius, with centre and shape defined by the
unknown parameters, the observations are symmetrically distributed, and
with probability exceeding 1/2 are generated by some known law. The
remaining, ''contaminated" observations from within this ellipse are
symmetrically distributed, but according to an unknown law. The obser-
vations from outside the ellipse may be arbitrarily distributed.

Although there is no particularly compelling reason to believe that
contaminated observations should be even locally symmetrically distributed,
the assumption of local symmetry is mathematically necessary. Otherwise,
there is no natural parameter point which can even be identified, let
alone estimated. On the other hand, global symmetry may be unduly re-

strictive.

Definition of the model
An unobservable random vector (r.vec.) y € Rm, m > 1, has a

partially known density

; 2
Q-e)w(y) + evly), yysr,

u(zj) = (1)

arbitrary, Q'Q > r2.

Here, ¢ € [0,1), r € (0,»] and w(y) are known and fixed. The densities
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u, w and v are spherically symmetric in that they depend upon y only
through a'g = [a|2. One observes 7 independent realizations of an
affine transformation Z§+E of y, where u € A" and Loxm > O are
unknown. For the moment, Z% will represent any matrix satisfying

= I, in a class within which it is unique.

We denote by Er(E’Z)’ or simply by Er where possible, the ellipse

-] .
{gl(g-g)'z (x-u) < rz}, and by Dr the sphere EP(Q,I). Put

- | 1
w(xsu,z) = IZI %(Z‘i(.g-;_;)),
(2)
S5 g
vizsu,I) = I @ @),
1
Then the observed r.vec. & = Zﬁa+g has density
(I-e)w(xsu,z) + evlzsp,I)s, 2z € E (u,1),
ulzsy,z) = (3)

arbitrary, z £ Er(E’Z)‘
Define

ue,r = {u(g;E,Z)IE B Rm, mem > 0; wu is given by (3) for
some v(g;g,z) which is elliptically symmetric throughout

Er}'

Our original intention was to estimate p, and I itself. As will be

shown in Section 1, however, the parameter point (u,I) is not identifiable

in UE »° Although y is identifiable if I is known, I is only identifiable

up to a scalar multiple, even if y is known. For this reason, we will



- B =

instead construct an estimator of [E,;?%SJ, where 1(-) is some scalar
valued, linear function such as Z,, or tr(L). An immediate consequence
of this is that affine invariance is lost. Also, if r < «, then T(I)
must be assumed to be known. The consequences of imperfect knowledge
of 1(Z) are discussed in Section 3.
In Section 1, we derive necessary and sufficient conditions on

€ and r under which [E’??%SJ is identifiable. Intuitively, the mass of
(1-e)w(x;su,Z) within Er must be slightly greater than 1/2, the limit of

1/2 being approached as r + «,

In Section 3, we will define the estimator é of © =n[g,1(§)J as
the Newton-Raphson solution to an equation of the form .Z Q(gi;é) = 9.
In order that, asymptotically, the asymmetrically distrigited observa-
tions should have no influence on the estimator, the functions ¥ will be
chosen to vanish off of Er(é)' This poses problems with uniqueness of
solutions, which are dealt with in Section 2 by constructing a prelimin-
ary, consistent estimator of 6 which is used as the starting value of
the iterative process. As is shown in Section 3, this implies that 6 is
consistent for 6. A simple one-step Taylor expansion, and the multi-
variate CLT, establish asymptotic nommality of Vn6. The limiting co-
variance matrix of vn(6-6) is exhibited. This leads to the construction
of asymptotic confidence regions for arbitrary linear functions of 6,
based on the normal theory. We will as well show that the Newton-

Raphson method may be replaced by a much simpler fixed point process

which, asymptotically, has the same optimal convergence properties.
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The limiting covariance matrix of V76 is the product of a matrix
depending only upon 6, and a scalar functional depending only upon ?
and u. A natural optimization problem is then suggested: find functions
Y which are "most robust" in that they minimize, with respect to the
ordering by positive definiteness of p.d. matrices, the maximum asymp-
totic variance of V%6 as u ranges over Ue . We will exhibit this

s
problem as a special case of a more general problem - that of mini-
maxing a general variance functional which typically arises in connection
with robust estimation problems. Under fairly general conditions, this
problem is solved in Section 4, for the e-contamination model. Special
applications include the solutions to the optimization problem for ue,r'
These are given in Section 5.

In the one-dimensional location problem considered by Huber [3],
the most robust estimator tumed out to be the maximum likelihood es-
timator for that density which is "least favourable" in the sense that
it has minimum Fisher information. For that reason, this estimator is
termed an M-estimator. Although a treatment of these problems in a more

general framework requires a broader formulation of "information', and

the interpretation of the estimator as a maximum likelihood estimator

is obscured, we retain the term M-estimator for historical reasons.
Huber [5] and Maronna [8] have considered the problem of estimation

of location and scale, under the assumption of global symmetry. Their

analyses are essentially carried out in our class U . In Section 3

0,

we will discuss the applicability of their results to the class Ue ?
b

€ > 0. It will be argued that in this case our approaches are significantly
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different, that their results are not merely limiting cases, as r + o,

of ours, and that the estimators should be considered as competitors.

Notation

Recall (1) - (3). We define f,g,h,fé,gs,hs: R -+ R by

ul@) = £,y = £y,
wy) =k @'y = w(yD, (%)
vy =g 'y = glyD.

This formalizes the notion of spherical symmetry of u, w and v.
If y ~ u(y;0,I), then on Dr’ Z =y'y has d.f. Fm(z) and density

mC
£, = 52" (o, (5)

m/2
n . =
where Cﬁ = f?ﬁ7§fiii is the volume of Dl’ We define hm’ Hh, gm and Gﬁ

analogously. 1In the important special case that w(y;0,7I) is the m-variate

normal density ¢(y3;0,I), so that hs(z) = (Zn)_M/Ze—Z/z, we write %i(z)
3 . (2/2)m/2 -le-z/z
and xm(Z) for Hm(z) and hm(z) = 2T /2)

Model Assumptions

f

Ml) The r.v. Z has a finite first moment:

©

(y'y)u(y;Q,I)dy = j aﬁw(z)dz < o for all y € U€ .
- e — = 0 ’

A"
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M2) The function hs(z) is non-increasing on [O,PZ]. Until
Section 5, we do not assume that hs(z) is continuous.
The following assumption is made purely because it proves to be
mathematically convenient at one point.

2 2
M3) For every u € UE o fé is non-constant on [a ,r ], for
)

every a®.




1. IDENTIFIABILITY

‘Definition: Let m(+) be a matrix valued function. The pair
(4,»m(E ) is (n-) <identifiable in U_  if

u, @su,,2,) = u,(@s5u,,5,) € Ug’r implies (u,,m(Z;)) = (u,,m(Z,)).
The following lemma shows that when ¥, = U,, we cannot distinguish

Z, from I, = al, for o in a neighborhood of 1, even if r = =,

LEMMA 1.1 For any ¢ € (0,1), » € (0,»], u € ', I > 0, the pair
(E’Z) is not identifiable in UE % if w(z;0,7) is continuous on
d -4

D_(0,1).

Proof: Let 0 < a < 1, and define

~
8
'O
~
N
]

max{le;e(w(-’f;(_),al—)"w(_xjg,l-)),0}, ‘E € DI,(_Q’O‘I);

- max{lei(w@g;g,n-w(ag;g,af)),0}, & €D (0,al);

<
N
~~
18
10
Q
~
-
[

<
N
8
o
~
e
1l

(1—5)&7(.’2;9,1-) + Evl(g;gsl’), ‘E € DT(Q’I);

(1-e)w(x;0,al) + ev,(x;0,al), z €D (0,al);

&
N
~~
18
10
Q
M~
"
I

u, (£30,1),

8

£ D,(0,al);
and define these functions to be zero elsewhere. Then

(1—€)max{W(3_C;9,I) ,w(:g,g,aI)}, -'-E € DP(Q,GI);

u, (230,1),

18

£ D,(0,al);

= ul(g;Q,I).
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and v

The functions vl 2

Dr(g,aI) respectively.

are spherically symmetric on DP(Q,I) and

It is easy to see that for a sufficiently

close to 1 the functions defined above are possibly sub-stochastic,

densities, and so u, = u, € U _.
1 2 €.r

the result. n]

1

Transforming to 1z + Y yields

If € is sufficiently small and r is sufficiently large, we can

identify the representatives of certain equivalence classes of the

parameter space. Let M be the class of mxm real matrices, M+ the

positive definite members of M.

Let 7: M > R be a continuous linear map which

. ; ; e
commutes with the expectation operator and whose restriction to M is

positive; e.g. T(M) = Mll’ T(M) = tr(M).

LEMMA 1.2 For I, I,, L, > O and a > O:

2
5 F
= I= =
L Emals ooy <
L L
11) & - g _ Ly
1
144) T =132 %53 % impli
i = 2 1 2 J.mp les
Z L, T I

) 1@, 1@ kD)

The proof is trivial and so is omitted.

By parts ii) and iii), and the fact that U

€y

transformations, [E’??gi) is identifiable iff [E’

is identifiable.

. I
1ff [g’;YYSJ

V1 (Z)

is closed under affine
L
J is identifiable
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LEMMA 1.3 1If Z-l has eigenvalues Al S e 2 Am > 0, then

1 ' I‘2
max & & 2 U g+ —.
E
r

Proof: Without loss of generality, Z—l = diag() .,Am), so that

107

i} 2 . .2
E, = {glgki(xi u)" s rth

The following result will be used to obtain bounds on ¢ and »

which ensure identifiability of {H’;T%SJ.

THEOREM 1.4 Let Dr = EP(Q,I), Er = Er(E,Z). Suppose that

Dr N Er # @, and that f:Rm + R is a function with the property
that on Dr N Ep, f is both spherically and elliptically symmetric;
ie. f@) = f1('s) = £,(@w 27 @) on D N E, for two

functions fl’fé : R > R. Then either

: I | _ L_|.
v low) - o)

ii) u # 0 and f is constant on Dr n Er; or
iii) p = 0 and f is constant on D, NEN {o}.

Proof. We may assume that flx) = fl(g'g) throughout Dr’ and that

flz) = fé((Q'E)'z_l(E-E)) throughout Er’ since f, and f, may be

0

extended symmetrically through these regions. Denote by D;, Dr’
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E; and Eﬂ the boundaries and interiors of Dr and Er' Let x and

z, be any two points in Dr N Er’ and suppose that u # 0. We will

and x, lie on in-

show that f(gl) = f(x,), by showing that z Z,

1

tersecting surfaces, along each of which the symmetry of f forces
it to be constant Define rz =z 32 = (x )'Z_l(x ), and
' i Zg=g % T MR =R

- 2y, 2
assume that r; < r,. Then f(gi) = fl(ri) = f}(si).

Case i): 0 < s, <8, <r

To show that f(gl) = ngz), we need only show that there is some

' ! . 2, _ 2 _ _ 72
z, € Drz n Esl, since then f(gl) = fé(sl) = fz(so) = f(go) = fl\ro)
= fl (rg) = f(‘fz)’ using first the elliptical, then the spherical,

symmetry of f. To establish the existence of Zys it suffices to

0 4
show that D; intersects both Es and (Es )c (complementation).
1

2 1
But since z. € D' NE cD NE._, this will follow from
=2 s 8, B, 8, i
D' n (Eo )¢ # @. Suppose for contradiction that D' C E . Then
r, 8, 2, 8

D €D ¢ E° , so that D' N E' =@, contradicting x, ¢ D' nE'.
r, r, 8, r, 8, =1 r, 8,
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Case ii): 0 < sl < s, <r

In this case, 2, €¢E. ND ,D <cD ,andE cE_, so that
- -1 8, ry ry r, N s,
\J
x, €' ND andx €D NE_ . IfE_ N () # @, then
-1 8, r, -1 r, s, 8, r
there is an z, € ' N D, . If D, N (E))° # @, then there is
= 8, r, ry s,
an x, € D; N E; . In either case, we may argue as in Case i)
1 2
0

to get f(z;) = f(x,). Suppose then that E' cD , and that

= = 8, r,

The points

and x, can be connected by intersecting surfaces

2l

along which f is constant. We do this by constructing the largest

sphere around 0 intersecting E's , then the largest ellipse around
1

p intersecting this sphere, etc. The surfaces so generated must

\}
eventually intersect Dr , unless y = 0 and either z, = 0, or Eg
2 1

is in fact a sphere centered at 0.



2 H
ax £ &, and suppose that ri, is

2
To this end, define rll =

3 2 2
attained at x,_.. Then F cD s% and z, € E' =»r" =zlx <r
=11 s, rll -1 5, 1 -1-1 11
=D, <D, ,sothatD UE <D andz, € ' np .
1" l"11 & P11 a 8 M1
Define g ™ max((g—g)'z (x-u)), and suppose that s?z is attained
D' T
11

at P Then Dr c Es and z, € D; n E; . Continue, gener-
11 12 11 12
ating the chain D. UE_ <Cc D CE cD € ;.v3 wWith
1 % 11 812 13
z € D; n E; ; @y, € E; n D; , & € D; NE, oo
1 1 1 11 12 11 12
Suppose that r1;2n+1 -+ ® as n > «», Then the connected surface

n

\}
U Dr U E; ] Uge' U D; intersects D; for some 7.
=0\ T1, 2741 1,27+2 1 1 2

Since the symmetry of f forces it to be constant everywhere on
this surface, we will have ngl) = f(gz).

-1
To see under what conditions r > o, let I have
1,2n+1
2

eigenvalues Al 3 e B Am > 0. By Lemma 1.3, ryy, 2 E'E + si/km.

%

2
Thus ES contains a sphere of radius [E'E + sl/km] , and so 312//;;

12
the length of the shortest semi-axis of Es , is at least
1 A 1

2

25 1 ' 2 2

. With k = ;—-2 1, we have s% 2 Mput ksl. Again
m

' 2
[E u o+ sllxm] 5

2 ' 2 ' 2 o 5
by Lemma 1.3, rj, > pu + slzlkm 3 (kty 'y + ksl/xm. Continuing,
noay, kns§
z k )E u+ o unless y
=0 m

9 and either k¥ = 1 or

r >
1,2n+1 ~ [

If y = 0 and k = 1, then £ = al for a = Al = e = Am, so

that [E’;YESJ = [Q,T(ﬁ) . If y=20 and sf = 0, choose new points

z.5%, # 0 and repeat the argument, thus seeing that f is constant

on Dr n Er except possibly for a discontinuity at 0 = u. a)
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The following corollary is immediate.

COROLLARY 1.5 Suppose that f = f; throughout Dr’ that f = f,

z I .
throughout Er’ and that [E’T(X)] # [Q’T(I)). Consider the
following possibilities:

1) E_c D 3
r r

ii) D <€ E ;
r r

iii) E} d Dr’ Dr q Er’ 0 ¢ Er;
iv) E, ¢ D, D, q E,»u€D,;

v) Er q Dr’ Dr q Er’ 0 ¢ Er’ u ¢ Dr'
Corresponding to these cases f is constant, except possibly at p

if p = 9, on

i) Er

ii) Dr

iii) Dr

iv) Er

y (@ADL ) U EANED)
v R, PR, ’
2 ! 2 o 8 -1 3

where r, = E;n xz x and 2, B;n(&g u) I (x E))' a)

The pair [E’¥?§3J is not identifiable in U B if ¢ is so large or
b

r so small as to permit the existence of two disjoint ellipses Er(Ei’Zi)
supporting (1-e)w(g;gi,zi). One is then unable to determine which

region carries the symmetric mass and which the asymmetric contamination.

It is thus necessary that
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y j(l—e)w(g;gi,zi)dg = 2(l-€)Hm(P2)

7=0,1

exceed unity. Intuitively, the proportion of symmetric, uncontaminated
mass must exceed 1/2. This rather appealing bound is not quite sufficient
if r < », however, as the following example, based upon Corollary 1.5(v),
shows.

Let m = 2, 2(l—e)H2(r2) > 1. Consider two overlapping disks DP(Q,I)

and Dp(E’I)’ where p = (2r—k,0)'. Write w(x,y) for w(x;0,I), and define

vy (2,y) = 2@k, 00w (z,y)) on D (0,DND_ (0,13
v, (@) = 5 (r-k,0)-0(@-(2r-k),5)) on D (1) \ D (1,13

and let v, and v, be zero elsewhere.

Define
(l—s)w(x,y)+evl(x,y) on DP(Q,I);

u, (©,430,I) = u,(x,y3u,I) = '(l-e)w(x—(Zr—k),y)+ev2(x,y) on D (u,1);3

arbitrary, elsewhere.

We have defined u and u, in such a way that the outer annuli of
the disks, generated by rotating the region of intersection, each carry
constant density of (l-e)w(r-k,0). The disks within these annuli each
support a "bi-variate (1l-¢)-.w(x,y)." It can be shown that for sufficiently
small ¥ > 0 the functions defined above are densities, and so
Uy = U, € us,r' It appears that that mass on the union of the over-

lapping disks, which is added through requiring constancy on the annuli,

is for small k less than that mass which is removed through no longer
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having the region of intersection appear twice in the two disjoint disks.

Another way in which [E’¥T§SJ may fail to be identifiable in ("

is if constant density, necessarily exceeding (1-e)w(u;u,Z), is permitted

s

throughout Er' Although this is precluded by our assumption M3), it is
in any event ruled out by € < 1 - [l+hs(0)Vol(Dr)—Hm(r2)]_1, which re-
quires the contaminating mass to exceed unity in order that u attain
constancy on Er' Since this bound on € exceeds the previous bound for
sufficiently large », it too is generally insufficient.

These observations prove part i) of Theorem 1.6 below.

. _ 2 1 2
For O < r, s rs e, define f(r,rl) = Hﬁ(rl) - Ehs(rl)VOI(Dé\Drl)'
£4 * *
Define € ~ €5 by

* . * % % . % %
€1 = m1n(e3,e“), € mln(eq,ss),

2
(1-e5)” = f(r,2) + inf f(r,r) = B (2) + inf f(r,r)),
[0,r] [0,7]
(1-e,) ™" = 1+ 27(,0) - fr,7) = 1+ 7 _(OVol(D,) - B (=7,
(1-ep)™ = 2f(r,r) = 28 ().

THEOREM 1.6 In order that [E,;zgsJ be identifiable in U

s

i) It is necessary, but not sufficient if » < «, that e bg less

h *
than 52.

*
ii) It is sufficient that ¢ be less than €

Also

...**ld*;

iii) €, € €, € 5» and €, > 7 as r > «.

iv) 1If f(ro,O) + 1 - 2f(r0,r0) > 0, where r, is the root of

2y _ £k
4hs(r0) = hs(O), then €, €, for all r.
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v)  If w(x;u,I) = ¢(%;u,I), then

2 2 2,2 2,2
Xm(r ) + Xm(rl) + xm(rl), m> 2, or

% -1 % -1 = 2
a) (l-e,) - = (I-e,) = m = 2 and r° > 2,
2
2.2 r 2
X, @) +5-5m=2,r" <2,
where r, € (0,r) is the sole positive root of
PT + mrT-z - rm = 0.

* 2
b) For fixed € 2> 0, the minimum permissible value of r as

= = |
m » « is asymptotically equal to m + v2m @ 1((2(1—6?)) s

* * * *
Proof: We first prove iii). That €, £ &, follows from €3 € €g,

*
which in turn follows from the definitions. Clearly, €, € 1/2.

*

%
= €,, since ¢, ~ 1l as r» » », Thus

*
For sufficiently large r, ¢ Y

1

the second assertion of iii) will follow from 1 > inf f(r,rl) > 1
r, [0,r]
as r ~» ». For this, put x = S S° that

inf f(r,r) = inf flr,r@) = inf {H (»’z%) + i 7(1-2Mh_ (%) ).

[0,1] [0,1] L

Suppose that the limit, as r» -+ «», of this last term is less than
one. Then there exists § > 0, and sequences {r}, {xr}; r > o,

such that

2 9 i 8 m m 2 2
Hﬁ(r xr) + ECmr (l—xr)hs(r xr) <1 -8 for all . (D)

-1
Then H (rzxz) <1-6, so that rzxz < H (1-¢8) = k2, say. But
m r » m

then
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Y

m m 2.2 m m 2
v (= b ') 3 2 (-] yh (KO

v

@"-K"n_(x*)
> ® as p > o,
contradicting (1).

* *
Proof of ii): Let r be large enough that g, > 0, and let 0 < ¢ < €5
E
so that e < min(ea,su,es). By Lemma 1.2 iii), it will suffice to
derive a contradiction from the supposition that [9;;z§)J is not

identifiable in U » Suppose then that there exist
s

Uy (x3u,z) = ul(g;Q,I) B ue,r’ with [H’;?%S} # [9,;?§5J. For some

densities vl(g;g,I) and vz(g;g,z) on Dr and Er;

-~
~~

18
10
~
p—

1

(1-e)w(x;0,1) + ev (230,I) on D,
and
Uy (Z31,2) = (l-e)wlxsp,I) + ev,(x5u,1) on E .

Denote by u(x) the common value of ul(g) and uz(g).

0
We cannot have Dr n E£ = @, since then

J u(x)de > (1-¢) j w(x;0,1)dx + (1-¢) J w(zsp,Z)dx
.4 D E

n r

1-¢ 1-¢ s 1.

2
- 2(l_E)Hm(P ) = 1—25 2 1-¢3

Thus Corollary 1.5 applies. If u(x) is constant throughout Er
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(or E;\{E}), then this constant must exceed
L
(1-e)w(ysu,I) = (1-¢)|z| zhs(O). Thus

) l-¢ -1
v, (zsu,I) 3 ——(|z] " (0)-w(z;u,I)), and so

f v, (z5u,2)dz > 1:: h(0) J Izl'l”“dg - f w(g:;y,z)da_c}

Er Er Er

l-¢ 2
e {hs(O)Vol(Dr)-Hm(r )}

e* g¥
1-€ b =8 _ 1 51
£ 1-e7 ~ ¢ l—ef :

%
L
Similarly, u(g) cannot be constant on Df\{g}’ If u(g) is constant
0
on (D\D ) U (E’\EO ), then this constant exceeds
r r rr,

1
2 -1 2
(l—e)max(hs(rl),|2] hs(rz)).

r

) _ 2 -5 2
With ¢ = max(hs(rl), |z h (),



s (1-€) J

= 10 =

fuaju +Ju +ju +% u
ot EP ENE? pADp°
Pl r2 r Pz X Pl
w(z;0,1)dx + j wlxsyu,Z)de + ¢ J 1 de + %- 1 dx
p° E° ENC D A\D°
r, r, r'F r r
r -
2
f ) h (r?)
2 2 2 - s 1
(1-¢) Hm(r1)+ﬁﬁ(r2)+hs(r2) ) |zl i+ —_E__—'J 1 fg
ENE DND
4 Pz P PL

2 0
« (l-e)li(Hm(rths(rz)Vol(Dr\ Dﬁz)) + (Hm(rf)-l-%hs(rf)Vol(Dr\Drl))J.

The first term in brackets above can be shown to be a non-increasing
function of r_ , assuming only that % _(-) is non-increasing, but not
2 S

necessarily continuous. The second is f(r,rl). Thus

2 1-¢ 1l-¢
J u 2 (1-¢) Hm(f (e ) 2 1—e§ ? 1-¢] ks

These contradictions to [E’T(E)J # [9,;?§3J prove ii).

* *
Proof of iv): That € = €, is equivalent to

f(r,r) + inf f(r,rl) <1+ 2f(»,0) - f(r,r). Since
[0,r]

inf f(r,rl) < f(r,0), it is sufficient that f(»,0) + 1 - 2f(r,r)
[0,r]

exceed zero. But this latter function is minimized at ro.

Proof of v): 1If w(xzsp,z) = ¢(x3u,z), then hs(z) = a")-m/ze—zlz’

so that r§ = 4In2 ~ 2.8. An integration by parts gives
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2 2
f(ro,o) + 1= 2f(r0,ro) =1 - 2Xm+2(r0) >0

% *
for m 2 2, so that €, = €54 for all ». From

-1

( m 2
_ eZ, 2 2_(m m m “F1i2
f(rarl) _Xm(rl) + {m2 r['z'] (,Y‘ ‘I’l)e
we get
’
m -1 2
m -r°/
- 2_|m 12 m_m-2_m
fz(r,rl) = |m2 F[z) r 2 (r1+mr1 -r ).
2 J Pz
Thus for m = 2 and r“ < 2, inf f(r,rl) = f(r,0) = - For m > 2,
2 [0,r]
orm =2 and r~ > 2, the extreme values of f(r,rl) in (0,r) are
attained at zeroes of p(rl) = rT -+ mrT—z - r". Since p(0) < 0,

p(r) > 0, and p'(rl) > 0; p has only one positive zero, f(r,rl)
has only one positive critical point, and this point 2, is in (0,r).

Since fz(r,0+) < 0 and fé(r,r) > 0, this point provides a minimum

. . m m m-
of f(r,rl). At this point, r - ro= mrl 2, so that

m -1 2
_ 2,2 2 (m)| m-2 TWh_ 2 2 2,2
flpye, ) = Xm(rl) + |2 P[z} r.oe = Xm(rl) + Xm(rl).

This proves a).

2
For b), we use the fact thata.xm r.v is asymptotically normally

distributed, with mean m and variance 2m. From this, it follows that

* %
the minimum permissible value of r2 for fixed e, = & is asymptoti-

=1 *. =] . 2
cally equal to m + V2md ((2(1—€2)) ). But if r" > m as m > =,

X —1 /m—2 . .
then p(x) < 0 for v = 2 . Thus the zero r of p satisfies

r =9 /m'_2

—

22 , and so r. ~r as m >~ ». But this implies that

1

g

€

- %

*
~ €, as m,r > » in the manner described. This proves b). o
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The case ¥ = » is sufficiently interesting that we state the simpler

result for U€ . as a corollary.
s

COROLLARY 1.7 The pair (E,Z) is not identifiable in UE - if

w(g,Q,I) is continuous. The pair [E,??ESJ is identifiable iff

e € 1/2. o
Remarks:

=il
1) It is easy to construct an example - m = 2, w(g;g,I) =T cos(g'g),

' 2

* % *
xxsr £ - in which e:L+ may be smaller than both €3 and €gs OT lie be-

=

tween them, depending upon the value of r.

2) For the normal case w(g;E,Z) = ¢(x3u,L), the asymptotic values
given in iii) and v) of Theorem 1.6 are approached rapidly. Table I
below gives the minimum permissible values of », for specified propor-
tions er of symmetric contamination. The figures in parentheses are the
minimum permissible amounts of uncontaminated mass, i.e.

*
JE (1-51)¢(§;E,Z)d§. Table II gives the maximum permissible proportion
r

€ of symmetric contamination for specified » and m.
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TABLE I
m
E%\ 2 3 4 5 10 20 30 Mo
1
0 |1.306  1.614  1.892  2.137  3.089  4.420  5.434 m?
(.574)  (.543)  (.534)  (.529) (.518) (.513) (.510)  (.500)
L
.01 [1.314  1.622  1.900  2.145  3.098  4.429  5.443  (m+.018/m)”
(.572)  (.542)  (.533) (.528) (.518) (.513) (.510)  (.500)
L
.05 [1.349  1.659  1.937  2.183  3.136  4.466  5.481  (m+.093v/m)*
(.568)  (.540)  (.531) (.527) (.518) (.512) (.510)  (.500)
L
.10 |1.397  1.710  1.989  2.234  3.188  4.519  5.533  (m+.198/m)*
(.561)  (.537)  (.529) (.525) (.516) (.511) (.509)  (.500)
TABLE II
r
N | Ls 2 3 4 5 6 ©
2 |.190  .405  .493  .500  .500  .500  .500
3 - .294  .483  .499  .500  .500  .500
4 - .110  .463  .498  .500  .500  .500
5 - - 432 .496  .500  .500  .500
10 = - - .303  .497  .500  .500
20 - - - - .367  .492  .500
30 - - = - - .363  .500




2. CONSISTENT ESTIMATORS OF U AND it .

(L)

.In Section 3, we will define estimators of &, J as solutions to

T(Z)
¥ ~ 3
certain non-linear equations of the form z ¢(§.;E,————J = Q. In order

~

=1 =t T @)
that, asymptotically, the asymmetrically distributed observations should

have no influence on the estimators, the functions y will be chosen to

vanish off of F [ﬁ, f ]. As a result, the solutions are not unique if

T @)

r < ©® - any pair [E’ § J which is such that the associated ellipse ex-

t(Z)

cludes all of the observations will constitute a "solution'. However, if
the starting value of the iterative process used to solve the equations
is itself a consistent estimator of the parameters, and if the true
parameters are asymptotic solutions, then the solution to which the process
converges will be consistent. Choices of 9 can then be made to minimize
the maximum asymptotic variance of the estimators, over the class of
symmetric contaminating distributions.

In this section we construct an initial estimator of [E’??%SJ and
show that it is consistent. Before beginning the construction, we
require some elementary facts about truncated spherical distributions.

1
If y m'w(a;g,I), then the conditional density of x = Zﬂa + u,

given that x € Er(E,E), is
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;
w(x;gzzz), z €E
B (") £
w(z|E,) = {
0 x £ E .
o= rn

We say that x ~ w(glEr) if = € Er and has conditional density w(g[Er),

and that x ~ ¢(§|Er) if w(zsu,I) = ¢(zs5u,I).
LEMMA 2.1 If z~ w(z|E)), then
%
1) y =1 '@ ~wln)
ii) E[z] =y, E[ (z-p) (@-p)'] = aX, where

2
. Jr zhm(z)

——, da.
o ™ (@)
If the columns of L ™ Hgl e gnH are independently distributed as
_ 1l Xx' -niz’ -1
w(z|E,), if £ =— , V) =————, and V. =a 'V, then
ii1) E[z] =y, E[V] =1
If |E_) th X (@) | Xow?
x~ ¢(x r) then a = m+2(r ) m(r e o

A rough description of the method of estimation is as follows.
Given a sample of size n from u(x;u,I) € Ue P Ve form all subsets of
= - s
size Zn. The sequence {Zn} grows sufficiently slowly that at least

some of the subsets will consist entirely of observations from w(glEr),

with arbitrarily high probability, as n -+ «. Each subset is randomly
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partitioned into two parts. From one part we form the mean vector é
and covariance matrix V, adjusted for unbiasedness at the ideal dis-
tribﬁtion, as in Lemma 2.1. Then if x is a member of the other part, it
is independent of (é,V).

If {n, én, 7t are members of, or estimates formed from, subsets all
of whose members are from w(§|Er), then (én,Vn) converges in probability
to (y,I), and an = (Vn)-%(gn—én) converges weakly to y ~ w(Q|DP), as
n » o, This implies that the corresponding empirical distribution
functions (e.d.f.s ) converge uniformly to the d.f. W(Q|Dr) of y. Thus
the minimum distance, with respect to the sup norm, between W(Q|Dr) and
the e.d.f.s. of the [ZZ] sub-samples {QZ}, tends to zero. The estimators

() 2 —zgy corresponding to the e.d.f. which mini-

mizes this distance. 1In Theorem 2.3 we show that these estimators are

Z -
of U and ——< are the x and 3

consistent.
We shall require the following version of the Glivenko-Cantelli

Theorem.
LEMMA 2.2 1If
i) W(x) is an absolutely continuous d.f. on Rm,

ii) {Gn(g)} is a sequence of d.f.s converging pointwise to W(x),

zm;z < @,

144 {mn} is a sequence of positive integers satisfying
n

iv) {Fn(g)} is a sequence of e.d.f.s of independent samples, of

size m , from G ; then
n n
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sup|F_(C)-W(C)| a.e. O,
cec

where C is the set of measureable convex subsets of Rm.

Proof: Consider Fn(g) as the e.d.f. based on m independent real-

izations 51(w)"'°’§ﬁ (w); where the zi are r.vec.s on a probability
n

space (Q,F,P), with d.f. Gn' Let C be a convex, measureable subset

of Rm, and define mn independent r.v.s gj(C,w) by

1 if X ()€,

Ej(C,w) -
0 otherwise.
"
Then mnFn(C,w) = jzl Ej(C,w) mlb(mn,sn), where Gn = Gn(C) > 8§ = W(C).

Let € > 0 be arbitrary, and let N be large enough that IGn—6].< e/2

for » > N. Then

lim P(|Fn(C,w)—6| > ¢ for some n > W)

N

A

lim P([Fn(C,w)-anI > ¢/2) for some n > N)
[l

< lim ) P([Fn(C,w)—énI > ¢/2)

N> n=N
= E[(F,(C,)-5,)"]

< lim .

N+ n=N (e/2)

o |3m262(1-6_)24m 6 _(1-6 ) (1-65 (1-5))

_ 16 13 nn n nn 0 n 0
T e 4

g Noowo n=N m

n

=0,
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by iii). The third inequality is Chebyshev's Inequality. We have
shown that Fn(C,w) E2les § = W), i.e. for a.e. w, Fn(’,w) 42+W(‘).

'The uniformity then follows from Theorem 4.2 of R.R. Rao, [10]. 0o

*
...,gn be a random sample from u € UE e with € < €~

s

Now let gl,

For any such u,

s}

= Pz oz | B)) = j (1-e)w(zsp,L)de

E
r

(1-e)  _(l-e) 1

> =

(1-0)E (z°) =

x_ *
21-))  2(1-e))
Define the r.v. Ln by Ln = "Number of members of the sample from
w(gIEP)". Then Ln«w b(n,p). Let {Zn} be a sequence of positive integers
satisfying
Z -2
i) 7?—+p as n > « (implying Z 1 < ),
. 7
=4
11) [ n* (@ mp)” < =
n
s n
e.g. Zn = [np-n p], where 3/4 < § < 1. Put a, = [Z ), and let
n
{T?,...,TZ } be the set of all subsets of {gl,...,xn} of size Zn' Let
n m B
- n =2 :
mn = Zn - o(n). Then - + p and Zmn < o, For each 7, randomly partition
7 as otu E?, where |D7| =m and [Eﬁ[ =17 -m . From the elements of
Z 7 z % 7 7 n n

EZ, calculate the mean vector xz and adjusted covariance matrix VZ. Note
that the set T. = {«:57,V4>,x7.|x7.€07,15j5m } is totally independent,
z -1" 1 "=1g3'=1g 1 n
and that its distribution does not depend upon <.
Let n » », and consider the infinite array, with independence between

the rows,



Put Bn = {1,2,...,an}, B = i B . For b € B, i.e. for b = <b1""’bn"">’

n
n

1
" 1 .
where 1 ¢ bn sa, define Tb = <Tb1"°"Tzn"">' Then {TbIQEB} is the

set of all sequences through the array, with one set chosen from each

row. We claim that

1 = 1lim P (There exists a sequence T
Y>>

8 with the property

that for all k > n, Ts consists entirely of vectors
k
from w(g[Er).

This claim is equivalent to

o
I

lim P (There exists a row k in the array, with k > #n,
N>
no member of which contains only vectors from w(glEr))

lim Z P(Lk<Zk).
N> k=n

This follows easily from ii) and Chebyshev's Inequality.

If T, is any such sequence, then the corresponding sequence

B
L B noy .
{fs ’VZ } converges in probability to (u,2), so that if {zg } 1s a

n n n
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sequence of independent r.vec.s, all of which come from w(gIEP) from

some point onwards, then

1
- -7
)73 ) By~ wylp). &)
Bn n  *n . -
In particular, if gz € Dz , then (1) holds. Now form "standardized"
n n
n . _n n .
set SZ from the Ti' Define SZ = {gi’l,...,gi,m }, 152 an, by
0 £ Vi 40
n -
Yi,d
L - 5
h Bt -z if VP s 0; . € D?, l<dsm.
% -1 =7 7 -1J 7 n

The members of the SZ are 7.7.d., and their distribution does not depend

upon Z. By (1),

D
S “’?”w(-lfwr)’ (2)

i th that th : i 2
< “oe e e e cee
in e sense a € sequence y ,1 ’ ,ysl ,ml ’ ’yB )1 ’ 9y8 ,m ’

converges weakly to y. Let Gn be the d.f. of SZ’ and let Fz be the

e.d.f. Define

= 54 K
Xﬁ,i gzgan,i( ) W(CIDr)la
i}

Xﬁ = min Xn £
o geg ™
n
where C1 is any fixed subset of C. By (2) and Lemma 2.2, Xh 8 éLEL»o,
s

n
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a.e. -7 . z
so that Xﬁ — 0. Let xa, VZ be the mean vector and covariance matrix

5O

corresponding to X .
7,0

b

*
THEOREM 2.3 1If e < €,, then

= |erd)
X - |H, .
o T(Vn) — k)

o
Proof: We first show that

st 2y ~wD,). (3)

Let Gn be the d.f. of the members of SZ. For fixed Yy, put

s

Gn,a(g) = Gn’ W(Q|Dr) = 8. Then (3) will follow from

6n —_ S, %)

But Xn 2255 implies that Fn 0L(x) 8-, Since
L0 =

b

mnFn,a(g)'V b(mn,ﬁn) the second moments of the Fn’a(g) are uni-

formly bounded in 7. In the presence of this condition, conver-
gence a.e. implies convergence in Ll: E[Fn O‘(.ac)] + §, which is
,0 =
(4).
-n 7 2 e g
By the WLLN, z, and , converge in probability to their expec-
tations, say By and Za,which exist by assumption (model assumption

z
M1)). Since 1(*) is continuous, [x 5 & ] L - [u & ].
¢ T(VZ)

s
- (X
o TN a)

The result will then follow from
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Za z
ey - ) )

Recall that D’ and S are related by 2°. = (V) Y
o o =aJ o

" n o oon " : n D N P .
Qaj € Da’ gaj € Sa. Since gaj —_— g by (3), and (ga,VZ) —_— (Ea’za)’

n D
B == z ~ w(galEr(Ea’za))' For a randomly chosen x € {gl,...,gn},

m
lim P(x€D) = lim 2 = p,
N> e N> T
1 -m
lim P(x€E") = lim 22 = o,
N> - % N> "

and lim P(zfT)) = 1-p.

>
Thus the limiting distribution of x is simultaneously U(Q;E,Z) and
Pz |E, (1,2 ) + (1-p)G (x), (6)

for some Ga(g) whose restriction to Er(E,Z) 18 symmetric. Further-
more, Gu must be differentiable. W.l.o.g., we now assume that

(¢,2) = (0,I), and write Dr for DP(Q,I), Er for Er(Ea’Za)' Equating
u(Q;Q,I) to the derivative of the term at (6), and inserting the

definitions of p and w('IEP), gives
u(z;0,I) = ((l—e)w(a_c;ga,la))lEr + (1-p)g  (2)

for some density ga which is symmetric within Dr' But by definition,

D

u@;0,I) = ((1-e)w(x;0,I) + ev(x;0,1))1, + n(@)1e
r r
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for some symmetric v and arbitrary n. We cannot have Dr n Er =0,
else Ju > Ju + Ju > 1. Thus Theorem 1.4 applies. If

r r

L
a L , ;
[EG’T(Za)J # [Q’T(I)J’ and if Er C Dr’ or Dr c Er’ then the required
% *

constancy of u# on the inner region violates e < € < €, Constancy

of u on an outer annulus of Dr violates assumption M3). This leaves
b)

a | _ I :
only [Ea,;?EZDJ = [9’¥7E7)’ which is (5). o



3. CONSISTENT, ASYMPTOTICALLY NORMALLY DISTRIBUTED

M-ESTIMATORS

In this section we derive M-estimators of p and that multiple of I
which has 1(Z} = 1. We assume that the observations come from
u(zsp,z) € U;’P = {uEUE’r|T(Z)=l}. This is equivalent to assuming that
the observations come from a general u € UE’PO, but that the region of
known symmetry is {gl(Q—E)'Z_l(g-g)sr§=r2/r(2)}. This is a serious
drawback to the model, if » < =, but is forced by the identifiability
problem. Even if, as is assumed, r is known exactly, the user must still
substitute an estimate of T(I) in PZ/T(Z). An incorrect estimate yields
an estimator of I which either excludes symmetrically distributed obser-
vations, hence has reduced efficiency; or includes possibly asymmetrically
distributed observations. If r» = © then T(Z) need not be known.

The parameter spaces are 0, = Rm, 8, = {Vﬁxm|V>0}, 0 = 91 x 0,.
The members of ©, will be thought of variously as matrices, or as the

. m+ 2 ey - n
vectors in Rm( D/ consisting of the functionally independent elements

of these matrices Put 60 = (E,Z), 61 = [x , ], from Theorem 2.3.

A

We will derive a system of equations, and define an estimator 6
as the Newton-Raphson solution to these equations, with 61 as starting
value. We show that é is a consistent estimator of 60, and that
/%(é—eo) is asymptotically normally distributed. From this, asymptotic
confidence regions for linear functions of 60 are constructed. We will

also show that 6 may be obtained as the limit of a simple fixed point
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iteration process which, asymptotically, has the same optimal convergence
properties as the Newton-Raphson method.
In the case r» = », it will be shown that under fairly mild restric-
tions, the solution to the equations is asymptotically unique, and so
the construction of 61 is "asymptotically unnecessary."
1

Throughout this section, 2/i is assumed to be upper triangular with

positive diagonal elements.

Derivation of the equations

If & ~ u(g;eo) € U; 2 then 6, is characterized uniquely by
3

o) E[ao«g-g)'Z_l(g—g))(g—g)] = 0 for all functions ao(-) vanishing
off of [0,r2];

|
1
-2

15°) E[az«g—g)z_l(Q—H))E-%(Q—E)(Q—E)'Z ] = klh for all az(')
vanishing off of [O,PZ] and k = k(az,v);
iii) t(2) = 1.

1 L

Pre- and post-multiplying by £? and £? in ii), then applying T to
both sides (recalling that T commutes with the expectation operator),
and using iii) gives k = E[T(az(-)(g—g)(g-g)')]. It follows that ii)

and iii) are together equivalent to

iv) E[az(.){z‘l”"’(a_c—g) (a_c—g)'z‘l”i (@) (z-w) I =0 .

Let ao(z), az(z) be continuous, piecewise smooth functions vanish-
ing off of [0,r2]. For any 6 = (¢,V) € © and sample values Lyseees 3

define
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=1 '
q = (---,ao((gi-f) 4 (Qi-f)),---) s 1% 1, 1)
R a1 i ) %
A= dlag(...,az((gi t) v (gi t)),...) tmxn (2)
X = Hgl...gnH T nxn T=|tse..rtll :+ nxn. (3)

In analogy with i) and iv), we seek the appropriate zero of

2
F: g HIEHEI2 5 bined by

1!
4

-1 -1 ' z S =
Fn(e) =n ((X-Da,[V 4(X—T)A(X-T) 1% —T(iX-T;AiX—T)')I]).
0Of course, the zeroes of Fn coincide with those of

6,(8) = n (-1, [(I-DAX-T) '~ (F-DIAX-T) I7]). 4)

The first function is better suited to the calculations which follow.

The second is the one to which the fixed point process referred to above

is applied.
The estimator of 60 is
. *
The Newton-Raphson solution 8 to Fn(e) = 05
starting with 61, if the iteration process

converges;

§ = (5)

61, otherwise.

\

Consistency of 6

1
Put y; = 1%4 z(gi—f), and define




Vo (2,30) =a,(y

Y . TIPS S )
by (2;30) = a, Gy My VgV )

vz 38) = (9, (x50, (x.:0)).

Then F_(8) = n* ] y(z,36) —— Ely(z:6)], and so F (8;) —— 0
7
by i) and iv) above. We show that

a
cl) 1lim P(6=6 ) = 1,

c2) 6 — ©

A ay P,
C3) nFn(e) = % g(gi,e) 0.

Of course, Cl) implies C3). Since a,, a, are piecewise smooth, we have

oF
i) Around each 6 € © is an open neighborhood within which [86 ]

exists, and is continuous, with probability one.

In Lemma 3.4 below, we give conditions ensuring that

oF e
ii) 1lim {—lq =F [~—J is non-singular.
0

qadio 96 96 6

Points 1) and i), together with F (8 ) £ 0, imply that 6 is

asymptotically a point of attraction of the iteration process:

iii) There exists an open neighborhood S of 6, such that starting

anywhere in S the iterates remain in © and converge to 60.

Then iii) and the consistency of 8, establish C1) and C2).



Asymptotic Normality of 6

m(m+1)
2

By the mean value theorem, there exist tl,...,t

Put p = , and denote by fl,... the components of Fn'

’fm+p

mtp € (0,1) such that

/n(F, (8)-F, (8,)) = B(8,6,) (Vn(6-6,)), (6)

where

B(8,8y) = Il...,(grad f (8 +¢ (-6 ) ",... (m4p) x (mp)

d
96
eO

The first term on the left of (6) tends to 0 in probability by C3), and

the second is

D

-1
nt ) u(E;30) — B (Qscoviily ).
7 0

Thus the right-hand-side of (6) is asymptotically normally distributed

as well, and so

-, | -1

P
/n(6-6,) N W | 0 EHEJ
6

3y
< %
cov[g]eo) E [ae .
0 - 0

‘ The proof of Lemma 3.4 will then complete the proof of consistency
and asymptotic normality of 6. This result is stated formally as
Theorem 3.5 below, where the limiting covariance matrix of /%8 is given
explicitly. It is of rank one less than its order, due to the ondition

() = 1. In Lemma 3.6, this singularity is removed.
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We first introduce a system of zero-one matrices which will be used

to determine cov[lk]6 (Lemma 3.2), and to exhibit certain Jacobian

. 0 oY
matrices (Lemma 3.1) required in the calculation of E[{gg) ] (Lemma 3.3).
)

Matrix notation
For the purpose of calculating Jacobian matrices, we enumerate the

elements of symmetric and upper triangular matrices row-by-row on and

above the main diagonal; viz.,

V= {vll""’vlm;vzz""’vzm;"';vmm}'

If A s B and C. are matrices, then
mxm’> ~mxm /2

A®B = (a..B) : m? x mz;
1d

m m
ifl Ci = diag(Cl,...,Cﬁ), so that Im ® B = if B;

! 2

vec A = (all,...,alm;aZI,...,aZm;...;aml,...,amm) :

N , ..,y mOmtl)
vec A = (all,...,alm,azz,...,a fees il ) *x 1.

m nm : 2
8 2

Thus if A and B are symmetric or upper triangular, the (i,j)th element
- [8/1) , mrtl)  m(mtl)

is the partial derivative of the ith element

3Bf 2 2
of vec A with respect to the jth element of vec B.
S 8

Extensive use is made of the following zero-one matrices.



m-1+1

(0)i- ”
Tq = Wbyl = t‘}l ! s mox meitl;
m=-1+1
m .
Fa & J. dvecA.mzxm(rrri-l)_
owa T 9 vec 4° 2 7
7=1 s
=1
e. = Jif. = (1,0,...,0)": m—i41 x 1; e = = vec I: mGrtl) x 1
=7 1%7 = p 2
e
=m
Then Jig. = 'fz and Je = f
] m
_ 'y _ovecAd 2 2, - v
F (fjfi) 5 vec 4 - XM Fd =1 f$f$ :

The (i,j)th block of F has 1 in the (j,i)th spot, zeroes elsewhere.

m(m+l) /2
Pl m ' '
P = — , where P, = ||f.e.|---|f e ||» is the permutation
€1 =
P2 mlm=1) 12 1 1 m=m

matrix defined by its action

P(v:c 4) = (all,azz,---,amm;alz,a13,---,alm;a23,...,azm;...;am_l’m)
lim

for any A: m x m. Thus, e.g. Pe = .
0fm(n-1)/2

The most frequently employed properties of these matrices are:



Z1) J'(vec A) = vec 4;
s

Z2) F(vec 4) = vec A';

23) F(ARB)F = B ® A
z4) vec A = (I®A')f = (ARI)f, vec AB' = (4RB)f;

z5) f'(vec A) = tr A;

26) FF,=F,, Ff = Fdf; Is
\J
zZ7) PP =1 - PP = & e.ei, the diagonal matrix with e as its
171 272 f=1 ~t7T =
diagonal.
LEMMA 3.1

1) If V is symmetric and non-singular, then

1
oV~ _ v -1l =1 ;
[_QV ] = = (V "QV 7)) (I+F Fd)J, (7)
and so
-1 -1
oV _|aV = ' ¥
[ﬁ } -[—av_lJ -/ (V) ([+F Fd)J.

ii) If W is upper triangular, then

_1 ]
[:;_w ] - ' oWt yg,

J' (T+F) (W' RI)J,

——
&
Q
%2
<
]

J' (I4F) (IeW)J .

<

1
iii) If v > 0, V % is an upper triangular matrix satisfying



iv)

v)

vi)

Proof:

reade

i):

so th

-
-1 v
=V , and A = [5?- J, then

5

'y
1

AT = —J'(I+F)(V%®V)J.

If A is upper triangular, then

3Ay ' ' '
[BTJ = lfy' e Ifu' o = @ @y')d.

'y

{—SQ—J = J ((a@iﬁ)+(1ﬁ@g)).

3t (zz') N

[ BJ_CJ Gz et)) e e st (G taly)-

We prove i), iii) and vi), the others are left to the

r.

For any parameter ¢,

at

-1
oV ) -1(er) -1
ERRRE o

Putting ¢ = v.., then ¢ = vjk (J<k) gives

Thus,

[av‘l
0V 5. s
Jd

Jd
—1 -
| =g [%Z'ZJ -V GHHELPT
)

representing 7! as (v
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il ~1 =1 o g
v |9V _ |3V _ i L
W, [Bv..J fi[av..J‘fZ TR e
Jd JI” ;a7 Jd
2L -1 -1 - . .
v~ |3V _ |3V _ ¢ td Lk, ik 1]
W, [av.] —'fi{av. Jfl et
Jk Ik ;57 J

or 47+ (1) (L)) - ()2
. T 1 - _ - | - i = ¢
YAk Y ARAY VAL sy UL W Jp oy
' et
® = (MxV)(I+F—Fd)J.J'(I+F)(V 2 ®I)J by i) and ii),
1 —1/' 1]
= —J (VQV)(I+F) (V 2 ®I)J, using (I+F—Fd)JJ (I+F) = I+F,
"
= 7' (I+F) (VsV) (V" 2 &I)J by Z3)
1
= 7' (I+F) (VRV)J .
vi): This follows from "EE' = z x,beftf‘;, and the linearity of
Lsd
T @ (m}

_1
For x ~ u(x;u,2) € Ue 5 put ¥y = I ’5(3_0-1_1). Define
’ -

2 2, 1
1 = Bl @ 9l

a = E[Zyiaé(y'y)+a0(y'g)], a, =
2 2
¥ = E[yfyzaz(g'g)], v, = Ely1y3a5 @',
L v, L 2, 1
§ = Ely,a,( ¥, 8, = Ely;a, @ ¥)1,
2 ’
B = Elyja,(y »)].
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A property of spherically symmetric functions is that § = 3y and
' 2
61 = 3v,. Represent I° by its columns as I~ = ”il"'ém”’ and in

partitioned form as

-1 m-7+1

Ri1 Riz
1
12 =
@ Ria
m=1+1

m , 1
Put R = ®R. =J (IR *)J. An identity which will prove useful,

i=1 .

and which follows from the triangularity of Zﬁ, is
' 15'
JR = (I®r? )J. (8)

Define mxm matrices S and T by

1 \i j ] ) §
By * T(filj"'ljfi)’ 7 e T(liﬁj"'ljﬁi)'
m@m-1)

The vectors Ed:le and T x 1 of diagonal and off-diagonal

0° 2

elements of T are defined by

P(vec T) =
s

m(m+1) N m(m+1)

Define 2 > matrices
H = (8+2Y)(I+PP)), 4, = [a_v'l”i] _
av V=g,
G, = 7' (1&8)Js" (3 2=I)d, G, = J' (I&1)J,
G =8G - (842)G,, D =20 &I . .,
D= PlPl 4 AP B, = A188(1sdyns st ilsyecnsdfonnils231)



_}/ | 3 . ]
Im ZEId 1ty |m

0 I m(m=1)/2
LEMMA 3.2 The covariance matrix of y at eo is
| 1
cov[g]eo =a,] 9 y,P UD,UP,

and has rank one less than its order.

1

0

\l

Proof: We have U[ T4

] w1 - 1t .1 = 0, since

Ly
gl = W) T = () = @) = (@) = L.
7 7

Since the only linear constraint on y is that imposed by () =1,
the second statement of the lemma follows.

L

With y = Z—z(g—g), put

L
ao(g'y)zzy, zZ, = az(y'y)(yy')

(R
I

Z, = az(g'g)T(Z%gg'Z% I, Z=12,-Z,.
Then
E[zz'] E[g(vgc 2)"
CovMi]"o i E[ (vec 2)z']  E[(vec z) (vee 2)']

s s

Since a, and a

0 vanish off of [O,rz], the distribution of y is

2

symmetric on the range over which the expectations are taken. Thus
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Elz(vec Zl)'] = 9 and
="

0mxm(m+1)/

E[g(v:c Zz)'] = E[ao(g'g)2%€ . az(z'g)T(Z%gg
= Z%E[ao(g'g)az(g'g)%r(z%gg'zg')]gi

The ith component of the vector of expectations is

Ela, (g'zi)a2 (zi'g)yir ():l'i‘ziy_'zl'5 )]

= 1(Ela, @ 'Y)a, (zi'g)yii%gzi'zl/z D

L v 1 ' '
T Flay @', @'Yy py'1E?)

T(Omxm) = 0.

Thus E[z(vec Z)'] =0 Clearly, E[gg'] = 0,L, and so

s mxm(m+1)/2°

cov[lk]e = aIZ ® E[ (vec Z) (vec Z)'].
0 S S

We have, by properties Z1) and Z4),
E[ (vec Z)(vec 2)'1 = J'E[ (I22)ff' (I82)]J
s s -
= {E[AI]-E[AZJ—EIAZ] +E[A3]}J,
where

A, = (T8Z)ff' (I92)), A, = (I&El)ff'(I@ZZ), A, = (I22)ff' (TeL,).
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1) B[4,] = Bl (Ba, ¢ 'y)yy Vff (T2, @ "pyy ]

Ela) (4 "y) ey ff oy )]

E[ai(g'g)(vec gg')(vec gg')'].

The (k,Z)th element of the (i,j)th block of the matrix of ex-

pectations is

61=3'Y1 R k:z:i:j;

BLa3 @'Yy iy ¥7) = v, » kelbisd, keiflsg, kejtl=is

0, otherwise;
« ayth s
so that the (Z,j)  block is

0, t#J;
Yy szfl;*'f,]f;) + 9)
YlIs =53

and so E[4 1= v, (ff +F+I).

i1) E[4,] = E[ (Imz(g'y)}izi')j_"f'(ﬁoaz(y'zi)r (z%;ﬁ'zl’ )I)]

L 1 i ] 1
E[ai (y'g)r (Z’iy_y_ E;i ) (Teyy Nff (I®I)]

I® E[ai(zi'g)r (z%gg'z% )gzi']._ff'.

The matrix of expectations has (i,j)th element
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1 1.8 2 1.0

E[ai(y'y)T(Zjéy'Zz R T(E%E[a @'Yyy'y.y.1ze ). (10)
— = - J 2 = BES YRy

The last matrix of expectations coincides with (9) above, so

that (10) is

['c (0), 2#7;

v, T fif_‘jz +L fjfiz ) +

le(Z), =73

0, i#J;
' ) §
. YlT(liljﬂljz‘-i) +
Yl’ =7
2 ' 1/2 v ;5' '
Thus E[a, (y )t (Tyy 27 dyy 1 = yl(I+T), and
E[4,] = v, URUH)Ef' = v, (ff'+(vee TIF').
]

' o Y ' , L vk
iii) E[A,] = E[ (I%a, (y 'y)1(Cyy 27 2D £f (®a, @ y)tCyy 17 )]

= Bla2 ("2 @y T2 IEE S

where the expectation is
1

1 1 1.t v L
E[ai(y'g)r(z""’r Gyt yy't? )]

15 2 ' 15 [ 15' ] ;é
T E[az(y y)t (T Yy L Jyy 12°)

1 1.t
Yl'r(Zzi(I-l%T)Z'i ) as above,

v, W @as? ).
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1 1
Expanding T (2 rs? ) gives
= \J ] Al
F14,] = v, (hegr Hx e I

m
Summing up, and using J'FJ = @ gigé = P'Pl, we get
=1

E[(v:c Z)(vgc Z)'] = yl[I+P;P1+(16£0+%1é1d)€§'—(vgc T)g'-g(vgc T)'].

The result then follows from

PE[ (vec Z) (vec Z)']P' = v,UD 0. O
§ - 1951

LEMMA 3.3 The expectation of the Jacobian matrix of y at 60 is
ay A} ]
— = - @ ‘ .
E[{ae)eo} aIﬁ ¥ (H+§g G)R Ao

Proof: Make the following transformations:

1
2

6 = (¢,V) » (t,W), where W = V ° is upper triangular, and

W'w=1v "3

(t,W) + (y,W), where y

]
x
~

0
Ik
N

(ysW) » (2,2), where z = a 'YWy = b, (x30),

and Z = az(g'g)[yy'—r(w-lyy'w_l )] = gz(g;e).
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Then [B_Q] 5 [a?-’z].[azisﬁﬁ [ag,w1

80 8y W) (at,W) (at,V)
Clearly, [3727)90 = Im @ Aye From Lemma 3.1 iv) and (8),

ol 1

3Y s W —W| (I® (z-t) ') [-z—%‘ (Imoag')JR']
[ ]90 [ 0 | I 0

Wl (g(Za(; (g'g)}i') + ao(g'g_/)I)e

L 1, 1 ' '
26(2a0 (g g);zizi - a, (Z_j_ g)I).

aW_laO (a'a)gw M‘l]
| .

'—l
[
N’
——
QJ|QJ
=] 1
@
o
[

' - YA
a, 'y T2y )J[aw ]eo.

T (W_lay'w_l ' ) oW Lyy (a7l
iii) [-&J = -a_(y'ye s 1 [ - J[_%gj_] ]e
aje, g ¢ oWy Jeo oW 0
L r) vy (oW
= -a,(y g)g[ 3 ]x=z%éIm®g )J[W ]eo



i [_'()_Z) _ [aaz(ﬂ'a)lﬂi!J [Baz(zi'a)T (W-la‘zi'w-l )]
v) g = ——— -
0

L] 3y JER

3a, (4 'y) oy’
= gl 2 N ' e
) [(VSC o )[ oy ) +a2Qza)[ %y H

_ voda, y'y) a1 (xz ') W Tyy
EEET ey RN o T ey |

0

3yy'
[Za @'y (vee yy Yy +a,l w[ 7 H

T 3T(§§')

1 | % ' ' 1 %
‘é[zaz(éi PrCig's My +a, ?i)[ oz ]x=zl”izz }
We have
e BE,Z BQ,W 3§aw
#[[zs), | - ol A, e
36 oY sW| | ot W otV
65 A ="dg 192 g
; 8.2- _1/2 . aé 22 = 1
1 | R L e P
) . (Im@Ao).

S E [FACE S (oM

. )

As in Lemma 3.2, the two off-diagonal blocks are zero, and

93y — 3
El:[@]eo,] = ar -, so that



From iii) above,

e o1 (') =1
0z ' == ' W
=l i) :
oW 6(1 _ 8.’£ -'£=Z,§Z_/ m = oW 60
- < .th . .th
The vector of expectations is 1 x m2. The j term in the 7 block

(1¢<Z,jgm) is, from Lemma 3.1 vi)
' v i Lo
Ela, (91 Y1y e+ gfi)yj]
- ( "Ny I "y) '
T f_‘iE[aZ(g ¥y Y117 41 Ela,(y ¥ ayj]fi)
_ v B Y
= r(sfisz +82 fjfi)
= BT(f%lj+ljfg)
= Bsij'

]
Thus the vector of expectations is (vec S) , and so

- =1
22) 7 . (oW
E[[BW}SOJ se (vec S) J[aw }eo

1 1
= 'Bg((l'@S'),f)'JJ'(2/51592:,5 )J by Z4) and Lemma 3.1 ii),

= —pef' TwS)aV' R (Tex® )T
= -gef" (I&S)JJ'():I%I)JR' by (8)

= -Bee'GR". (12)
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Calculations very similar to those in Lemma 3.2 give

37 .y
E'U@J 0, (7, )_l JR

= (B+2Y) (7' (I+F) - e(vec T)')JR'

(B+2y) ((I+P]P,) - e(vec T)'J)R'

(H@+2y)ee'J' (IRT)I)R' by 24),
= (#-(8+2y)ee'G,)R’". (13)

Substituting (12) and (13) into (11) gives

By

- 55, ' '
E[[SEJGOJ = —alh ) (H+€§ @GR Ao. [a)

It is not difficult to show that e¢'G.e = g'ng = 21(2) = 2,

= 12

He = 2(B+2y)e, and €'G, = e'G. = (vec T)'. From Lemma 3.2 iii) and (8),
- & R TEY -

-1

5
; -J' (I+F) (2 %g5)d

A

1 1 b
= -J' (I+F) (2 %1 %) (I 2 )J

1 1/2 15 1
= =J (I+F) (£%c*)JR ,

— 1
so that (R'AO) . —J'(I+F)(212E%)J. The following lemma may then be

verified directly.

(9% »
LEMMA 3.4 Assume that none of o, B8, B+2y is zero. Then [E[Eiﬂe'}] y
0

exists and equals
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<7 o @'a)V@ + Y etvee T)')EL,
m 0 B"'s

’ —1= 1 ! ' —1_ ' 1/2‘_1/2
where H 5?5}577(2I Plpl) and (B AO) = =] (I4F) (£ R °)J. o

3y -1 Yy -1
Evaluating [E[Igg}eo]) (cov[y]eo)[E{IggJeoJJ gives

THEOREM 3.5 Under the conditions of Lemma 3.4, the estimator 6,

defined at (5), is a consistent estimator of 60. Furthermore,

5 D o T '
M@0 = T 3y /2 GF P geyz M)

v, L Li . >
where A = [J (CRE?) (I4F)T] [I-%e (vec T) 1D
- s
1 ' ;i ;5' '
and A = J(I+F) (z22) (I+F)J + 21 (Z°TZ* ) (vec I)(vec I)
8 s
L L' oy L L' '
-2(vec £)(vec £°T5> ) - 2(vec I°Tz? )(vec L) . O
S S S s
Remarks:
1 1Y
: _ %03 _ ' '
1) With = Hgl,...,gmH, we have (Z°T: )ij T(9i9j+9j9i)’ so

1
that AA' is independent of the choice of e,
2) The location and scale components of § are asymptotically un-
correlated, hence asymptotically independent. Upon expansion

: o Y1
1im v Cov(oik’cjl) = Wz(cijokl + ijoiz)

>

])5 14' ' 1 ' ]
+ 2t (X °Tz )oikcjl - ZT(gi—k+9k9i)on - 2T(9j92+929j)6¢k}°

We will now remove the singularity



= BE

in A. Essentially, this involves removing from 8, one of the diagonal
elements of I, and making the corresponding changes in 8 and AA'. By
a re-enumeration if necessary, we may assume that it is le which is

to be removed.

m(m+1)
2

sult from removing the (m+l)th elements from each of 6o and 6 . Define

Put p = , and let ¢0 and $ be the p+m-1x1 vectors which re-

K: p-1 x p by K = ”gle_ Then, e.g., g = (Iﬁ@K)eo. Since cov[g]eo

1”‘
has rank mtp-1, A has rank p-1. It is easy to see that Ae = 0, so

that, partitioning A as A = ”gIAIH, where Ay AK' is pxp-1 with rank

p-1, we have 0 = Ae = ¢ + A Ke. Solving for ¢ then gives

' | P | \J ] ¥ 58 ]
M= A (T, +Kee KA, = MK'(T,_ +Kee'K)KN'.

e B Kee'K'
A version of (I +Kee K )* is [I + ——————J. This gives
pm1 = Pl 1avm
o : Kee'K' Kee'K'y |
e = o[y + ]
71 1+/m M LU P 1+ ;

We then have

LEMMA 3.6 Under the conditions of Lemma 3.4, the estimator $ is

consistent for $gs and

Fi(ho) 2 0, = o 55
n(6=¢ ) — N _[_,—2-2@———— ],

, Kgg'K'
where B = KAK [I . ——————J : p-1 x p-1 is non-singular. o
Pl 14
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As preparation for the next sections, it is convenient to re-
parameterize the expectations in Lemma 3.6 in terms of ly{ = X. Re-
call from (0.4-5) that on D/?(Q,I), X has density mCﬁxm-lf\x). For

p,q even integers, we find

m)
T[E'JT
wF(w+2+q

[&F[g:r_l]
2112 prxPt,%)1,

Elfydaty'y)] =

so that, defining

a,@'y) = @'Ya, @'y,

Y1 %y
Via,,u) = 7 Viag,u) = =3
2(B+2y) o
we have
) 2-27
o) E[mX 7’ai(Xz)]
V(a;,u) = [ > J (14)

(Elma, (X y+2x°a, (x*)1)°

In Section 5, we will consider the problem of choosing functions &i
which minimize, with respect to the natural ordering of positive definite
matrices, the maximum asymptotic variance of estimators 6 defined by
(5). The significance of Theorem 3.5 and Lemma 3.6 is that this is now
a problem of independently optimizing the scalar functionals V(ai,u).

If f is differentiable, then (14) becomes



r .
Z mJox2-2$a§(x2)mCﬁxm_lf(x)dx

Jpxai(xz)mCﬁxm_lf'(x)di]z
0

\
_ [(m2
V(ai,u) = [ > J

With

v, (@) = xl-%ai(.xz),

2 ixzi
ngle = m‘rz] i
mC -
v(x) = Tmlxl ,
it becomes
r o,
wi(x)f(x)n.i(x)v(x)dr

V(a,u) = = ' o (15)
[ v;@r @n,@v@as]

=P

This latter version is the one with which we shall work in the

following sections.

Confidence Regions

Lemma 3.6 allows us to construct asymptotic confidence regions for
linear functions of ¢0, based on the normal theory. Let M: gx(m+p-1)
be a matrix of constants of rank g. Put C = V(ao,u)E®V(al,u)BB', and
let C be the estimate of C using 6. The consistency of 8 implies that

¢ £ c. This, together with Yn(M-Mp,) _D, zvq(g,MCM') implies that

nQig-tb )" (CH')™ (-t ) —2— X"
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Thus an asymptotic 100a7 confidence region for M¢0 is the ellipse
A =1 A 2
Et(M¢,n MCM'), where t is determined from Xq(tz) = a. Choices of a,
and ai which are minimax with respect to the asymptotic variance of $

then have the property of minimizing the maximum asymptotic volume of

such regions.

Numerical computations

A *
We have defined & as the root © , obtained by the Newton-Raphson

method, of Fn(e) = 9; i.e.

n
3F  (8) -
Ot1 = % ~ [ 26 J Fp )
=0
k
6 = lim 0.
Koo .
Consider the modified iteration process
-1
gy = O ~ [4(8,)] F (8), (16)

-9
where 4(0,) = E| | ; i.e. [A(® )]-1 is the matrix in the
k 06/86 . k
O-OO—Gk

statement of Lemma 3.4, with the parameters estimated by Ok. Since

% -1(%F, 3y -1 (3F P
R e R [ P o Pt
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the spectral radius

p[f—[A(e*n'l[;iJ *J o 1,

8

Then by 10.2.1 of Ortega and Rheinboldt [9], the iteration process (16)
has, asymptotically, the same super-linear convergence properties as
the Newton-Raphson method. Since the Jacobian matrices no longer need
to be calculated and inverted, there is an obvious reduction in com-
putational complexity. In fact, upon expanding (16), it becomes a
fixed point process with easily calculated weights. Let X, Tk’ gk, Ak
be as at (1) - (3), but with 6 = (¢,V) replaced by ek = (Ek,Vk).

Bm(m+3)/2

Think of Gn(ek)’ from (4), as a vector in , and put

ol _ 1_—-1 -
T ™ Eh) Vi &)

Clyi,2 v? 2
B ™ ,zi[zri,kao(ri,k)mao(ri,k)]’
_ 1 2 1,2 2
S = HntD) %Izri,kal(pi,k)mal(ri,k)]’
- " 1
Dy = By L, ® ey Lot yia
Then (16) becomes
61 = [éZ’—L] s
(7Y
(s }
041 = % + Dan(ek), a7
6 = 1lim ¢, .

k

Kk
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Robustness measures

From (17) we easily obtain the influence function

; 1 -1 a, (fz-u) i (xz-p))
IC(x36,) = —{Euﬁleoﬂ v(x38y), it is IC(z36) = [ ' e (z-p)
a, (1) "z (@)

B2y [(g—g)(g—g)'—T((g—E)(g—E)')Z]J. From this, we find

that the '"'gross error sensitivity"

GES = suplIC(§;60)|
x

%
Al
, g 2
is, for location, GES0 = TaT-s:p zao(z ), where Al is the largest

eigenvalue of I. For scale the expression is not so simple.

The case r = «

If » = », then 7(Z) need not be known and 6 is consistent for that
multiple of I which has t(Z) = 1. In this case, the problem of completely
spurious solutions to Fn(e) = 9, as discussed at the beginning of

Section 2, is no longer present. The construction of the starting value

7
§ = [éZ, a J is then unnecessary if the zero of Fn(e) is unique.
(V)
o

A partial result in this direction is given below. Recall that

F (8) 2 Ely(z;e)].

THEOREM 3.7 1If » = =, then under the following conditions the

zero 60 of E[Y(x;6)] is unique:

a) The function az(z) is non-increasing, and al(z) = zaz(z) is
non-decreasing; and either

bl) The function as(z) = zao(zz) is non-decreasing; or

b2) For every u € U€ =5 u(xz;0,I) = f(|§[) is a strictly decreasing
b}

function of Ig
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Proof: The proof is a modification of the proofs of Theorems 1)

and 3) of Maronna [8]. Put
Q, (u,I) = Ela, ((z-w) '™ (@-p)(a-p)]

Ela, (@)t @) @) @) )

Q,(,r) = ) -
t(Ela, ((@-p) T (z-p)) (z-p) (z-u) 1)

For any 6 = (v,A), E[y(x;6)] = 0 iff (@, (v,4),8,(v,0)) = (0,4).
We may assume that ¥ = 0, in which case we must show that

(@, (v,1),@,(v,N)) = (0,A) implies (v,A) = (0,Z). This follows
from

i) If v # 0, then for any A > 0, @, (v,A) # 0.

ii) If @,(0,A) = A, then A = I.

We first show that bl) and b2) each imply i).

| 21 i W
L %, 5 =1t

Put y =2 "2, A =1 Then Y Nfu(y;g,I) and

i) is equivalent to
iii) If A # 0 then for any S > O, Ql(é,S) # 0.

To prove iii), it suffices to show that
2'Q,(1,9) = JRmao((y~5)'S_l(y—§))§'(y-&)f(lyl)dy <0,

for all A # 0. Let 4 = {yll'(y-&)>0}. Write the integral as

J + J a? and apply the change of variables 2z = -(y-2) + A in
A A =

the second integral to get

2'Q, (1,8) = J 2y (@-1)"57 -0 @-0 FUyD-F( 22y dy,
, o Yy
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which is negative if b2) holds since |y| > IZA—yl for y € A.

1 1
4 %

To see that bl) also implies i), put y = A “z, A=Ay,

1
1 1
../2 ../2

S = A °TA , so that y ~ u(y;0,5). Then i) is equivalent to

iv) If A # 0, then QI(A,I) # 0.

It then suffices to show that
] \J (y_&)
A e (LI =2 E':a3(]g~}ll)-|y—_>l|—] < 0 for all ) # 0.
The Cauchy-Schwartz inequality and the fact that a, is non-

decreasing yields
: a b
(a-b) [43(|2|)'@' - a3(llgl)m] > 0 for all a,b,

with equality iff g is a multiple of b. With g = y-) and b =y

we then have
) 1 a
2@ Q.0 <A E[a3(l,§/_|)m} =0,

with equality iff y is a multiple of y-) with probability one.
Thus bl) implies i).
We now show that a) implies ii). It suffices to show that

a) implies

v) If x ~ u(x;0,I) € U€ ., and E[az(g'A_lg)gg'] = kA for some k > 0,

then A = 1 for some 7 > O.
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For, if QZ(Q’A) = A, then T(A) =1
for k = t(Ela,(z'A '@)az']). Then

Let T be an orthogonal matrix

D L
Tt AL *T =D = diag(xl,...,xm),
1 1

- 53 1
eigenvalues of I AT

% . With z =

and E[az(g'A_lg)gg'] = kA
v) and t(Z) = 1 imply A = I.
satisfying

> > 0 are the

>

>

where Xl ¥ e

A

m
-4

rr “x, v) is equivalent to

-1
vi) If z~ u(g;g,I) € UE ? and E[az(g'D E)EE'] = kD, then
’
D = 1I for some L; i.e. A, = ... =X .
1 m
1 1 ’ '
* o © B Syes-
Put R = E'[a2 {)\—JS\—] =F a, [TJ?;J .
m“’"m = m’==
’ \J
z'a 2z
Note that X 2D "2¢ , and that the inequalities are strict
1 m
with probability one unless A; = ... = Am.
In any event, AmR < kD since a, is non-increasing. Suppose
that it is not the case that A, = ... = Am. We claim that then

1
)\1}? > kD. Equivalently, t A Rt

- 2
t'kpt = Ela,(2'D"2) (¢'2)"]
The integrand is strictly less tha

one, and so

-

E'kDE for any ¢ # 0. But

v =1

' (E'D_lé) (E'E)z]
(2'D "2)

(t'2)?

(ETE) with probability

z'z
= X1“1[)\ )
m

. A I
R B o R

Thus AmR < kD < AIR. In particula

T,
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KA = KEIDE, < M FIRE) = AR

i.e. Rﬁm < Rll' This contradiction completes the proof. o

Maronna [8] and Huber [5] have also considered the problem of
estimation of multivariate location and scale in the case r = », Their
approaches are somewhat different than ours. The major difference is
that in neither case does it appear to be the intent to construct an
estimator of y and a specified multiple of I which is globally consistent
throughout U , if ¢ > 0.

E 4@

In both cases, the estimator ) is, in our notation, the zero of

1

n
- 1 a,((z;=8) 'V (2,1,

g (8) = n‘l(v’%(X-T)g,[V'%(X-T)A(X-T)'V'%
=1

where aq(-) is some sufficiently smooth function. Maronna takes a, = I

With
6 = (£,V) - Y b=t (x.38) = a. (y-y.)
2% ¥y Lm0y By tE;30) = a0 Yy 0Ys
- ) 1 1 = .
¥ &30) = a, @y )y, - a, Gy )T b= (Rpsu)s
we have

P

B (e) =n' % ¥(z,30) > E[y(x36)].
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Under conditions similar to those in Theorem 3.7, which is essen-
tially Maronna's result, Maronna shows that unique solutions 8 to
E[y(x;6)] = 0 exist, and are asymptotically normally distributed around
the zero 6* of EIQ(Q;S)]. He conjectures that a certain set of con-
ditions is sufficient to ensure finite sample uniqueness. Huber states,
without proof, similar asymptotic results in the more general case.

It is a bit unclear what these estimators really would estimate

*
in U€ »+ Suppose that 6 is to be of the form (y,kI), where kX is some
- §

unspecified scalar. We may assume that (u,Z) = (0,I), in which case

*
the relationship E[g(g;e )] = 0 becomes

0,0, ) = (Bl ;61 ELy, (x361)

1
-z

(Elk “a (k—lx'x)x],E[k—la (k-lx'x)xx'—a (k_lx'x)I])
0 S 2 L L)TL Ay -

(0,EL (mk) " 2"z, (k2" z)-a, (K 'z 2)11).

With g'g =7 «/fh(z), and al(z) = zaz(z), we then have that 6 is

consistent for (u,kI) iff
Ela, (k" 2)-ma, (k' 2)] = 0. (18)

If g, = 1 and a, is non-decreasing, as in Maronna's development,

1

it seems clear that for any fﬁ(z) there exists k = k(fh) > 0 satisfying

(18). Also, one can set Xk = 1 and then determine a, so that (18) is

y

satisfied for a particular, known fﬁ - i.e. 8 can be made consistent for

(u,Z) in U0 > Where there is no problem with identifiability. But
bl
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global consistency throughout U€ »» for the same multiple of Z, or any
)
multiple if a, has a more general form, seems unrealistic.
‘Indeed, in Huber's consideration of UE - (his "F"), with
9

w(xzsu,z) = ¢(x3u,Z) and (u,I) assumed to be (0,I), he sets a, =1 and

states that the optimum choice of a, has minimax properties with respect

1
to the variance of & "for that subset of F for which (é) is a consistent
estimator of the identity matrix". The problem of identifiability is

not considered.



4. ON MINIMIZING THE MAXIMUM ASYMPTOTIC VARIANCE

%
OF ESTIMATORS IN THE e-CONTAMINATION MODEL

In the preceding section, we showed that the location and scale
components of the estimator /ﬁé are asymptotically independent, with
asymptotic covariance structures V(ai,u)-Mi; 7 = 0 (location), 7 =1
(scale). Here, Mi is some matrix depending only upon the unknown para-
meters, and V(ai,u) is a scalar functional (see 3.14).

In Section 5 we shall give the solutions to the problems of finding

functions a,,a, which minimize the maximum asymptotic variance of Vno

071

* %
over U P This is done by exhibiting functions (ai,ui) satisfying the

€y

"saddlepoint property"
V* (** *
< ool s ool o
(ai,u) <V az,ui) < V(aﬁ’uz)

for all continuous, piecewise smooth functions ai(g'g) vanishing off
of [0,7°] and all u(y3;0,I) € u .

In this section we give some results on the minimax problem in the
general €-contamination model. Special applications of these results
include the solutions to the problems outlined above. We also apply
the results to the analogous problem for univariate estimation of
location in some, hitherto uninvestigated, cases in which the under-

lying ideal density is not strongly, or even weakly, unimodal.

We consider functionals of the form

%
See also the Appendix.
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©

J W2 (@) F@)n(@)v(x)de

-—00

V(,f) = — s 2 °
U V@) f (x)n(x)v(x)dr:l

Notation and Definitions

i) Vv € ¥ c {y:Rv{0} ~ le is skew-symmetric, continuous, and piecewise

smooth}
¥, = {pe¥|y(x)=0 for |z|3»}.

ii) n,v:R » [0,o) are symmetric, and are positive and smooth on (0,x).
o(x) = n(@)v(x).

iii) G is that subset of the set of symmetric, non-negative, absolutely

continuous functions on R satisfying

oo

J g@)v(xz)dx < 1 for all g € G.

The closure, with respect to the vague topology, of the set

T
Gv = {Gv(t) = J g(@)v(x)dx|geG}

-00

contains those distributions with all mass at *k, for all k € [-»,=],
In particular, @; contains the distribution Gv(t) = 1/2, with all
mass at #=. Statistically this corresponds to rejecting a pro-

portion € of a data set upon a first screening.
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iv) f € F = {f|f=(1-e)h+teg; h,g € G, € € [0,1], € and % known and fixed}.

As at (3.11) of Huber [4], the set F = {(1-e)H +eG [G €G } is
v v vy

convex and vaguely compact.

Example 1: nfx) = v(x) = o(x) = 1 gives the standard univariate location
estimation functional, with G the set of symmetric pdf's on R. 1In the

!
case h(x) = (2m) 6exp(—x2/2), see Huber [6] for ¥, Collins [1] for Wr.

Example 2: For m a fixed positive integer, and g € G, put
gm(x) = mCﬁlem-lg(x). Assume that J gm(x)dx < 1 for all g € G. Then
0

{g(|§|)|g€G,§€Bm} is the set of symmetric, possibly sub-stochastic den-

mC
m m=-1
=™

sities on Rm, and J g(@)v(x)dr < 1 for all g € G, if v(x) = .

1-27 2 2 7::1:2'5
With wi(x) =2 ai(x ) € Wr and ni(x) = &;ﬁﬂ = e then have
V(¢i,f) = V(ai,u), as at (3.15). If ¢y € ¥ then, apart from differences
in parameterization, the functionals V(ai,u) coincide with those of

Huber [5].

For f € F, define I(f) = J (f'/f)szdx. If v=mn=0 = 1, then

I(f) is the Fisher information of f. Assume that I(k) < . Then the
results of Huber [3] go through essentially unchanged. For convenience

of presentation we state these results as a lemma.
LEMMA 4.1 (Huber) There is a unique f; € F minimizing I(f) over F.
Necessary and sufficient for fo to minimize I(f) is that

00

| ewo 4o 5 o &
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for all 7 = f-fo, f € F, where ¥, = %  If (1) holds and if

"7

Y, € ¥, then (wo,fo) possesses the saddlepoint property:

1
V(y,f) < 7y ~ V(,,fy) s VW5 (2)

for all ¢ € ¥ and f € F. .
f
Conversely, if (2) is satisfied by (wo,fb) = [— ?g,fo) € yxF,

then f. minimizes I(f) over F. o
0

Condition (1) is more conveniently written as

J [2¢é(x)-¢§ (x)+2w0(x)%-(x)]n(x)v(x) (g-go)(x)dx >0 (3)
0

for all g € G, where f; = (1—e)h+€go.

Define

TW) (T W) = (29" =p*+29) @In (),

c@) = - ).

00

Then (3) becomes JOJ(wo)v(g—go)dx > 0. The essential ingredient of
Theorem 4.2 below is that Yo is pieced together using z, where J(r) is
relatively large, and another function £ satisfying J(g) = comst.,
where J(z) is small.

Assume: Al) ¢ is smooth,

A2) inf J(z) < O.
(0,»)

If A2) fails, put g, = 0, ¥y = %> fo = (1-¢)h. Then (3) is satisfied

and we are through.
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f'
THEOREM 4.2 1In order that (wo,fo) = [— }£3fb] € YxF satisfy (2),
—_— e

it is necessary and sufficient that there exist A > O, and a set
NQ\)

B, = .U BA,'

C (O,m) )
A J=1 5] =

where N()\) < = and the BA 3 are non-overlapping open intervals,
b

such that:

, e _
cx), xeBA = (O,w)\BA,
i) wo(x) = -wo(-x) =

E(x;wj,k), x € B)\’j,

where J(E(x;wj,k)) = -\ for any fixed W € R;
(1-e)h(x), x € B,

ii) f ) = fo(-x) -

h(x) .
(1-¢) ;Up‘ k(x;wj,)\)Jk(x’wj’x)’ x € Bk,j’
Asd
k' h
where each k satisfies ¢ = - z—-and sup i{x) is attained at
B. .
Asd

each non-zero, finite endpoint of BA j;

1 fo—(l-e)h
iii) J vgodx < o with equality if A > 0, where 9, = —_—
B €

A
iv) 4, = {2€(0,=) |7 (£)<-A} ¢ B);

v) wo € Vs

1 Bt gie
vi) N o n 4, # @ for all j




Proof:

f‘
Sufficiency: By i), ii) and v), Yo = - ?g-é ¥, In par-
0
ticular, wo is continuous. By the second part of ii), fo is con-
tinuous, hence so is fé. Then (wo,fb) satisfies (2) as long as

(3) holds. Write this as

o

J J(wo)v(g-go)dx > 0 for all g € G. (4)
0

Using i) and ii), then i) and iv), then iii), the integral is

Z[J J(E)v(g‘go)dx + f o J(c)vgd;} > -ZA[J v(g—go)dx + J chko
B B B B
A A A A
= ZA[] vgodx - J vgd%ﬂ = 0.
B 0
A
Thus i) - v) alone are sufficient.
7o
Necessity: Let Wysfy) = [— ?rij] € YxF satisfy (2). Then
0

fo = (1-e)hteg, for some g € G, and (4) above holds. Define

B = {xE(O,m)[gO(x)>0}, %—= —j J(wo)vgodx. Note that B # @, since

B
otherwise fb = (1-e)h, Y, = T, and then (4) becomes JJ(c)vgdx >0

for all g € G, contradicting A2). From (4),

co

0 < J J(by)vig-g,)de + J cJ(wo)vgdx = %-+ J J (Y, vgdz, (5)
B B 0
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so that
J(wo) > - on (0,®). (6)

If A < 0, then (5) is contradicted by, say, g = %go. Thus A» > O,

so that (6) and the definition of A imply that J(y,) = -\ on B,

whence J vgodx =-% if x > 0.
# NN
Define B B, and represent B. as B, = U B
A A S

Nad’ where

N(\) < » and the B, . are non-overlapping open intervals. On

Asd

BA P ¥, satisfies the differential equation J(wo) = -\A. Since
3

this equation has a solution passing through any pre-specified

point, on B must have the form specified in i).

r>d Yo

- e e
By the definition of BA’ fo = (1-e)h on BA' On Bl,j’

Yy = E(x;wj,x), so that fb(x) = ajk(x;wj,k), where k is any
1

function satisfying - %— = £, and aj € R. Since fo 2 (1-e)h on

B, ., a. > (1-€)sup é(x). The continuity of f, then forces
A, g’ 9 g K 0
Asd

equality in this last relation, and forces the sup to be attained

at each non-zero, finite endpoint of BA 4 Thus fb has the

specified form on B, ..
P Asd

Condition iv) is trivially satisfied if Bi =@. If

Bi # @ and A > 0, write (4) as

0 < J (—A)v(g—go)dx + J 5 J(z)vgdx = xL% - J vgdx] + J o 7 (@)vgdz.
By 2 & By
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This implies that inf J(g) > -\, so that AA c BA' This follows
c

%

in a similar manner if A = O.
Thus conditions i) - v) are necessary as well as sufficient.
8 B \] A
To see that vi) is also necessary, extend F to F , G to G by
admitting piecewise absolutely continuous functions g. By Huber's

1
minimizing I(f) over F'.

*
Theorem 4 [3], there is a unique f ¢ F
By assumption, fo satisfies (3) for g ¢ G, and hence for g ¢ G' as
*
well since G is dense in G'. Thus fo = f . Suppose that vi) fails.
Then there exists some B. ., say B , with J(z) 2 -x on B . We
Asd Xl "kl
will obtain a contradiction by constructing a member fl of F', ,
1
f. # f., such that |J(y,)v(g-g,) = 0 for g ¢ G', where y. = - —=- € V
1 0 1 1 1 f
and fl = (1—g)h+gg1. We assume that N()) > 1 - the method of

proof is easily adapted to the exceptional case. Put

EJ vgodx
BA 1
a=1+ 2 .
J vfodx
B)\\ B)\ 51
'0’ .'L‘€B U B 3

gl(x) = {

a-1
\go(x) +-—Z— fo(x), xGBA\BA x

4 C
(1 E)h(x)9 x€B>\91 U B>\9

fl(x) = {

af> i e WS
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Then f, € F', ¥, €Y, J vgldx = J vgodx, and for any g € G',
B\B B

ATA,1 A
JJ(wl)v(g-gl)dx - j J J(T)vgde + J J(W,Iv(g-g,)dx
By .,YB, B\B,
2 =A J Lvgde - AJ v(g-g,)dx
BA,1UBA B

%
implying fl = f . This contradiction completes the proof. m]

Theorem 4.2 remains valid for WP, with minor modifications. Note

that neither A2) nor vi) are used in the proof of sufficiency. In fact,

the manner in which the failure of A2) is circumvented can lead out of

the class Wr’ and the proof of necessity of vi) is likewise invalid if

3 is the right-most interval of BA n (o,r).

When we later consider this class we will not make use of A2), and

will verify directly that conditions i) - v) are satisfied.

e have

COROLLARY 4.3 Make the following changes in the statement of
r

Theorem 4.2. Define Ir(f) = J (f'/f?szdx, replace (0,») by
-r

(0,r) and ¥ by Wr throughout, and replace vi) by

vi) ¢ B. . N AA # @ for all B

Aod . with r ¢ BA

Asd
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Then under assumption Al), conditions i) - v) are sufficient.

Under Al) and A2), i) - vi)' are necessary. u]

The conditions of Theorem 4.2 are strong enough to determine the
pair (wo,fo) in two classes of special cases - for y € ¥, if the region
AA which requires contamination is a single interval; and for ¢ € Wr,

if % is assumed unimodal.

Case I: Y € VY, AA connected.

In order to be able to use the existence of the optimal pair,
we extend the class ¥, if necessary,.to ¥' = {—'g';fGF}. By Lemma 4.1,
there exists fo € F minimizing I(f), and by the above extension,
(wo,fo) € ¥'xF. Then (wo,fo) must satisfy the conditions of Theorem 4.2.

Suppose that A, is a single interval (ck’dk)’ necessarily non-

A

empty by condition vi). Then by iv) and vi), Bx must be a single in-
D 7 =~ i

terval (ak’bk) > (cA,aA). If a, #0 (bk# ), it must be the largest

(smallest) zero of -z to the left (right) of cx(dx), since extending

the support of 90 beyond this point would contradict vi).

The problem is then reduced to a numerical one of determining two

constants (w,A). We have:

THEOREM 4.4 Suppose that Al) and A2) hold, and that for all A 2 O,
AA is a single interval (cx,dk). Then there exists a unique pair
(w,A), where w € [~,»] and 0 < X s inf{A|Ax=¢}, such that the

pair (wo,fo), defined below, satisfies the given conditions.



= P8 =

t{x), x € (O,aX]Ube,m),
1) @) = -y, (-x) =

where J(£) = -A,

Q
|
]

sup{ases| (€-0) (2)=0}, (sup @ = 0),

Ry
|
|

= inf{xzdx| (-z) (x)=0}, (inf P = =).

(1-€)h(x): x € (OsaX]U[b'X’w)’
ii) fo&®) = f(=x) =
(1-e)sk(x), x € Iax,bxl;

where £ = - % and
fh ~
E(ax) if bx = o,
s = sup %(x) = 4%(bx) if ag = 0,
[ax,bx]
h iy b f0< < b= < =
z@) = %) 1 g % bg o=,
b- .
1-¢ . 1: =
iii) e J v(x)[sk(x)-h(x)]ldx < o with equality if A > 0.
a—
A

If wo € Y, then (wo,fo) possesses the saddlepoint property:
1 _
Vo) € Ty = VWpefy) € VW)

for all y € ¥ and f € F. o



Remarks :

1) The condition that a-— and bi simultaneously maximize-h if

A k?

0 < ax < bx < o, appears to be rather stringent. However, the existence
of such a pair is assured by the existence of (wo,fo). If ag = 0 or

bi = o, then the condition is quite natural. It follows from

S A M 1.1 .
N ‘[k]h

that the zeroes of £ - ¢ are critical points of %3 and are local maxima

if £ - ¢ is decreasing through zero at these points. Writing AA as
26" _ 2
A, = {2€(0,=) |7 () v (2) = Z—(e-0)+2(E-0) " -(6°L)>0}, (1)

we see that these local maxima are precisely the zeroes of £ - ¢ in the

interior of Ai. Note also that if 0 < ag < bx < o, then by (7), & - ¢

must have a third zero inside (cx,dx).

2) It follows from J(£) = -A that £ is decreasing at any zero.
It thus changes sign at most once, from positive to negative. Since wo
cannot be negative (f'0 increasing) on an unbounded interval, we see
that in the cases where bx = o, £ satisfies £ > 0 on [ax,oo . In par-
ticular, if bx = » and ay is a zero of £ - ¢, ag must be a point of

decrease of h (c(ax)>0), even if % is not unimodal. Similar considera-

tions apply to the cases 0 = ay < bi < o and 0 < ag < bi < w,

3) We have not found any non-pathological instances in which Ax
is not a single interval for all A > 0 - but see Example 5 below. Huber,

in his consideration of multivariate estimation of scale [5], constructs
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an fo which, in certain instances, places contaminating mass on two dis-
joint intervals. However, the value of A in these cases is negative.

The pair (wo,fo) can then not be optimal, by Theorem 4.2, if Gv contains
certain sub-stochastic distributions. The details of this example, and

what we believe to be the correct solution, are given in Section 5.

4) The solutions to J(£) = -\ are often rather unwieldy special

functions. Although the determination of the minimax variance
- | 2 -1
V(ysfy) = TGN = [onfbodb]

would seem to require the integration of these functions, this is not
the case. Integrating over J(§) = -A allows one to eliminate the terms
involving £ from I(f,), leaving only an integral which is often either
elementary, or whose value is obtainable from the tables of the d.f. Hv’

once the constants are determined.

n')?
z-] hodx, we find

With 4 = (O,ax] U [bX,w), and IA(h) = JA[
I(fy) = 2(1-e){I, (W) -XIE (B;)-H (a)] + 281 (k'0) (b)-(k'0) ()]} = Re.

If as and bi are zeroes of £ - ¢, then (sk'o)(ai) = (h'o)(ax) and

(sk'c)(bi)

(h'c)(ax), so that in these cases the dependence on k is

eliminated as well.

Example 3: Consider the univariate location estimation problem

(v=n=0z1), and assume that either
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i) ¢ is increasing (% strongly unimodal), or
'ii) J(z) is decreasing where it is negative.

It is not difficult to see, by considerations as in Remarks 1) and
2), that under these conditions BA must be a single half-infinite inter-
2
val. The solution to J(§) = 2£' - £ = -\ has several forms, depending

upon the desired monotonicity properties:

YA tanh [iég(x-w)], decreasing,
g(x;wyk) — l/)_\,

VX coth [iég(x-w)], increasing.

The "tanh" solution is eventually negative, and the "coth” solution is
either always negative or has a pole, depending upon the value of w.
This leaves only the constant solution.

The optimal pair (wo,fo) is given by

tlz), O <z za,
wo(x) = —wo(-x) =

E(a)s = > a

(1-e)h(x), 0<xc¢ga,
fo@ = f,(-x) =

(1—e)h(a)e-C(a)(x_a), x> a;

where g is determined from
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e _ k@)
2(1-e) z(a)

-1+ H().

Minimum information is

a L )
I(£,) = 2(1-¢) JO[%—] n dx—h'(a)}.

In the next example, neither of the above conditions is met.

Example 4: Put v =n =0

1. Let % be the Cauchy density

2 =
h(x) = (T(1+x )) 1. The qualitative results are the same for any t-
density. We find

o
@) = 2y, J@) = 202D

+e2)?

(cx,dx), A< 4/3,

AX =
8, A > 4/3;
2 “A=2vY4~ 2 = V-
where e, = é—i~%—ﬁ—él, dA = ﬁ—éi%—ﬁ—él . The constant and '"coth" solutions
to J(E) = - violate 4, ¢ BA’ leaving only the "tanh" solution. The

A

possibility that A = 0 is likewise untenable. For A > 0, & - ¢ has

: e
three zeroes ays ey bA’ with aA(>O), bk(< ) € AA and N € A

for » € (0,4/3) and ei € [4_1-2A4—3A A=ht2v5-3) , set

’ A
1 Ze)t
P—————E—J, so that g(ex;k,w) = ;(eA). Let ax and bA
/i(1+ex)

" Thus,

2 =
w = e, +— tanh

LA

be the other two zeroes of £ - . Put k(x3w,)\) = cosh?[fég(x—w)J



1
so that - EL-=

k

£. Then by Theorem 4.4 there exists a unique pair (X,ex)

in the indicated region satisfying

5 %(ax) a %{bx) =  sup %(x),

— A 1
—E—'Ja-[sk(x)—h(x)]dx =35

and the optimal pair is given by

by ()

Fo&)

2

e x [ai’bil’
= -lPO(-'C) b
vatanh[f%;(x-w)], x € [ai’bil;
1-¢
T x f [aX,bx],
= fo(_x) =

(l—e)s-coshz[iégkx-w)], x € [aX’bX]'

Upon performing some elementary calculations, we find that the

constants (\,w,$,2,b) may be obtained as follows. Define A and s as

functions of

A

a and b by

4 a )? 2 b 2 2
" ®7-ah [1+a2] W = [171;2] e >J’

2
o o M) -4a”
3
m (1+a?)




Determine g and b from

R )y [/7\(,1+a2)+2a] /X(1+b2)-2b]’

YA (1+b2)+2b) WX (1+a?) -2a
e __ 2 2 s(-a) _ (tan ' (b)-tan '(a))
2(1-e) ™ (1+a?)? ~ mA(1+b?)% g m :

The value of w may be calculated directly from

w=a+ 2/A tanh-1 [__Jﬁlj;ﬂ.
VA (1+a")

Minimum information is

2 2
Iy = 1w - £5 Eﬁ{i{:il - HaTD - <1+2x>[-§— + L2 can™ ()-tan” @],

where I(h) = 2/V7.

The next example illustrates several points.
i) Saddlepoint solutions to the minimax problem need not exist
in ¥_xF.
r
ii) The solutions in ¥xF may lead to the use of y's which are

negative for small, positive x.

iii) Even if AA is not a single interval for all A, the least
favourable density fo may place all of its contaminating

mass on one interval, for certain values of €.
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u-lxl
Example 5: Put v =n =0 = 1. Leth(x)=x—%—,w<x<m. For
—p2 <
x>0, g(x) =1 - g-and J(z) = _ELigg_g_

a) We show that, at least for r < 4, saddlepoint solutions do not
exist in WPXF. If r < 4, then z(x) < 0 on (0,r] and for all X > O, Al
is an interval of the form (O’dk)' The optimal ¥, € ¥ , if such exists,
must then satisfy J(wo) = -\ both near the origin, to have AA c BA’ and
in a neighborhood of »r, to have ¢o(r) = 0. Continuity considerations

then dictate that
I S O |
wo(x) = YA tanh 7T(x—r) , throughout (0,r].
Then
= _ 2{=YA
o) = (1-e)h(x)+eg, (x) = (1-e)s-cosh [—Z—-(x—r)], x € (0,r],

for some s and 9o+ The requirement that 9o be a non-negative, proper

density becomes

r

€
1—_8- + J h(x)dx
-r
h(r) < s =
» 4 sinh v/
YA r
ﬁ 5 I h () dex
The right hand member above is less than er for all ) > O,
and so it is necessary to have
r
ﬁ > J (h(x)-h(x))dzx. (8)
-r

But these are precisely the values of ¢ which permit the existence

of an fl € F with Ir(fl) = 0.
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Define

r

gl(x)=1€ijh—%ﬁdx—h(x) ra .
0

r

Then J gl(x)dx =1, gl(x) is non-negative on [-r,r] iff (8) holds, and

=7
r
(l-s)f h(x)dx + €
fi@) = (1-e)h(z)+eg, (x) = g » @ € [-»,2],
has
Koy [
A(sinh »vVA - »v))
I(f,)=0<1IC() = -Jf(x)dx,
r=1 0 sinh »/% + »/A -r !

with equality iff A = 0. Conversely, if (8) fails then constant density
on [-r,r] requires the contaminating mass to exceed unity.

Thus if € is small enough that (8) fails, no y € Wr can meet the
optimality criteria; and if (8) holds, the optimal (wl,fl) € WrXF is

the trivial pair above, with V(wl,fl) = o,

b) The same problem is solvable in ¥xF if ¥ contains certain mem-
bers which are negative for small, positive values of x. If € is less

than (approximately) .025, and a € (0,2) is related to € by

€ _ h(a)| at(a) L
7(1-c) - z(a) [e -1:| + 2 H(a),

then the solution is given by
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z(a), O<zx<a,
Yo ) = =4, (=) =

tz), zmas

(1-e)h@elt@ @) o0
fo@ = (=) =
(1-e) (), G,

For larger values of €, it appears that ¥, is also constant, but positive,

for large x.

Case II: 1 € WP, h unimodal.

The results for Wr are less complete than those for ¥. In view
of Example 5, we cannot posit the existence of an optimal wo € Wr and
then infer its properties from its existence. The side condition y(r) = 0,
implying » € BA’ is not dictated by any optimality principle, unless as
well » € AA' We will thus restrict our attention to densities for which
the condition AA c BA forces r ¢ BA'

We assume
Bl) ¢ is smooth and positive on (0,r), and bounded on [0,r].
Let £(x;w,A) = E(x,A) be the solution to
20'
T
J(g) = (28 -¢ +2?;£)(x)n(x) = -2, 05X g,

passing through (»,0). Assume that ¢ and n are such that the following

condition is satisfied.
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B2) For fixed A > 0, E(x,)) is strictly decreasing in & € (0,r).

The following lemma gives an easily checked condition ensuring that

B2) is satisfied, and gives some further properties of E(x,1).

LEMMA 4.5 For fixed x € (0,r), £(x,\) is a continuously differen-

tiable function of A, with
i)  &(x,2) > 0 (A>0),

1) L i@ > o,

iii) 1lim g£(x,)) = 0,
A->0
iv) 1lim E(x,)\) = .

>

Furthermore, assumption B2) is implied by the following condition.

' ' 2 L
B2') For fixed A > O, %;(x) + [{%;{x)] + ;?£5J is strictly
decreasing in & € (0,r).

\J
. == O g P ¢
In particular, if 7;{x) is non-negative and decreasing, and n(x)

is non-decreasing, then £(x,A) is strictly decreasing in x for

all » > 0.

Proof: That £ is a continuously differentiable function of A is
a standard result in the theory of differential equations. Since
£ is decreasing at any zero, i) is immediate. For ii), let

0 < Ay < AZ < », We claim that E(x,kl) < E(x,xz) for all x € (0,r).
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Since
A A
i = - —2—- - —-l = ?

there exists a maximal interval (ro,r) on which E(x,%l) % E(x,kz).
Suppose that r, > 0. Then g(ro,kl) = E(PO,AZ) and
g'cro,xz) < E'(ro,kl). Substituting these relations into
J(E(Po,ll)) - J(E(PO,AZ)) = -A) + 1, > 0 yields the desired con-
tradiction, and so r, = 0.
Now let A - 0. Since £ is continuous in A, so is g', hence
'

g£(x,0) satisfies J(£) = 0. Put & = - 2%7, to get (v'o)'AE 0.

This gives

2
o(x) [c-r(c(x))_lde

for some ¢ € [-»,o]., But the only function of this form satisfying

E(x,0) =

b

E(r,0) = 0 is £(x,0) = 0. This proves iii).

For iv), let 0 < z, <z <71, and integrate across J(§) = -\
to get
2 o x
1 . 1 2 o_l 2 1 -1
g(xlsx) e E(xosl) = J (3 (xs)\)d'n = J [%E_' (x’l)- ?(.’E)E(.’L‘,)\)]d-’f - EI (n(x)) dx.
Zo &4 Zo

Put
2 c'
NA = sup |4 (x,2) - 7;(x)€(x,x)l,
Ixo ’xl]
o"
M& = sup E&E(x,A), o = sup |7;(x)|.

[24,2,] [2,,2,]




1 %1 '
j (=) 'de = J (€% (,1) - c’?(ac)s(ac,k)]dzxt + (E(x,,2)-E(z),2))

- H = 1
< Goymw N, + M s (op-z)) g+l ] + M,

and so MA + o as A > ». Since x, and x, are arbitrary, the result

0 1
follows by B2).

Now let A > 0 be fixed, and assume that B2') holds. If z, is

any critical point of &, then

o' o 2 A »%

so that the values of £ at such points are decreasing. If

lim £(x,\) = =, or £(0,A) < « but E'(O,A) < 0, then since E(r,A) = 0,
x>0

any interval on which £ is not strictly decreasing must have as
endpoints critical points violating the previous statement. If
£(0,)) < » and £'(0,)) > O, then there exists x,, 0 < z; < r, with

£(0,1) < £(z,,)) and g'CxO,A) =0; i.e.

o o z A &
E(xy,2) ="—(xy) + [[?(xo)J + n(xo)J

] ' 2 ;i
e g ' A
g£(0,1) = ey (0) + [[-—o (O)J + 2 (0,)) + —n(O)]

W

9_'_(0) + 0_‘.(0) 2 + _)l_ ;i
o o n(0)) °

\'

\l
contradicting B2 ). o



Define, for A > 0;

A =

{z€(0,r) |7 (£)<-2},

[sy]
]

{z€(0,r) |E(x, )<z ()},

and note that {AA} is non-increasing, and that {BA} is strictly decreasing

from (0,r) to @ as )\ increases from 0 to «.

Under certain conditions on z, condition iv) of Theorem 4.2 is

satisfied by any pair (AA’BA)'

LEMMA 4.6 1If either of the following conditions holds:
a) ¢ is non-decreasing on (0,r),
b) J(z) is non-increasing on Ays

then Ak CB for all X > 0 and B

A ) is a single interval (aA,r).

Proof: Suppose that the first part of the conclusion is false.

Put

Ag ™ inf{Ale\kaﬂ}.

We first show that A; > 0. If A, = 0, then there exists a sequence

xA € A*\BA as A ¥+ 0. Note that BA contains an interval of the form
(aA,r) for all A, since z(r) > 0 = £(»,)), and that a, + 0as XA + 0.
Thus x, + 0. Let (ck,dx) be the largest interval in AA containing

xx. Then cx < xA < aA. As XA ¥ 0, cl is non-increasing, dk is non-

decreasing, and ax + 0. Thus aA € AA for some A > 0.
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Since aA is a boundary point of BA’ E(aA,A) - ;(ax) = 0. This,

together with a_ ¢ AA’ represented as at (7), implies that

A

« But

(E—C)'(ak) > 0, so that g-z¢ is increasing through zero at a,

this contradicts a; € BA'
Thus AO > 0. Let X € (O,Ao) be arbitrary. Then AA c BA‘
Since £(r,A) - ¢z(r) < 0 for all A > 0, and since both AA and BA are

open, we can represent them as

By = | U (@B U (g,
Jg=1

where N(A) < «» and the ai(bi) are strictly increasing (decreasing)

functions of X; and

Kis
MQ) g s ; k
a,=lv o hdhlele @,
j=1 =1 =1
k.
T N g 38
where M(A) < N(\), U 7°°,&°%) c (a?,b7), and
o1 A A - X7
k
t b
U (e,,d)) c (a, ,r).
=1 ATAT = A

We claim that for ) < Aos N(A) = 0. Suppose that ¥(A) > 0.
Let (ak’bk) be any set in the first union. Since bA is a boundary
1
point of BA’ g(bx,k) - c(bx) = 0. Since bx ¢ Ax, (g-z) (bx) <0
(see (7)). 1If this last inequality is strict, then £-z is de-

creasing through zero at bA’ contradicting b; € BA' Thus
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(-0 ?,) = (E-c)'(bk) = 0 for all A < A,.

Fix Al € (O,AO), and put G(x,\) = E(x,)) - z(x) for A € (O,AO).
Then G(bxl’ll) = 0, the second partial derivative Gz(x,A) is con-
tinuous and positive, and Gl(x,A) exists and is continuous, in a
neighborhood S of (Al’bxl)' The implicit function theorem then
applies: within S, A is a continuously differentiable function of
b, with

‘ Gy (z,1) )
3 ) == G, @0 @ 1)= (b, 1) = 0.

But this implies that A is independent of b throughout S, contra-
dicting the fact that b is a monotonic, hence invertible, function
of .

Thus N(A) = 0 for A < A { 1.e. for A < AO’

k

) ) 1
B, = (a,r) 24 = Zgl(cA d ).

As X increases beyond Ao, the inclusion then fails in one of two ways:

1
1) a, "moves inside" c, - a possibility ruled out in the

proof that Ao > 03
ii) N(A) jumps to 1 due to the removal of a point from Bx,
and failure occurs immediately thereafter. 1In this

1
case, B. = (a1 ,b1 ) U (a. ,»), with b. = a_ ; and
A AN X Xg - . Ag
a, is both a zero and a local maximum of g-z; i.e.

0
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ED@ ) = 60 ) = 0.

0
But this contradicts condition a), using B2). In any event, a,
e 0
is then a boundary point of AA . If b) holds, then for all x > O,
0
AA is of the form (ck,r). Thus at X = AO,
4 = (c,,») € (@),b)) U (a,,r) = B
g T eyeRd o Myl A58 ™ Sy
1
where a, =b. =¢ (since a, 1is a boundary point of 4. ).
Ao Ay Ay A A
0 1 0
But as A increases from AO, eA is non-decreasing, bA is decreasing,
and ax is increasing; so that, again, failure can only occur if aA

moves inside AA - a contradiction.

Thus )\, = =, N(\) = 0 for all ), and AA c BA for all A. o

The statistical problem of minimaxing V(y,f) over WrXF is meaning-
less unless the least informative member fo of F has If(fo) > 0. Suppose

that

xr

() = J_r[éfj foodx = 0.

Then on [-r,r], f; = 0, so that fb(x) > (1-e)h(0), and

r X
f vgyde 3 = j v(@) [2(0)-h(x)] da.
=r =1

If ¢ is sufficiently small, then this last term exceeds unity, contra-

%
dicting g, € G. This bound on ¢, say ¢ , is clearly also necessary,
fl
* 0 :
and so I?(fo) > 0 iff € < ¢ . Although by = - — will not, in general,

Fo

belong to WP, it is easy to construct a sequence {wn} c WP, with wn > ¢0




pointwise on (-r,r), such that

VW, Fo) > Vlgafe) = Ty < =
We thus have

LEMMA 4.7 1In order that inf sup V(¢y,f) be finite, it is necessary

wr F

*
and sufficient that ¢ satisfy € < € , where

% r

lg%— J v(x) [A(0)-h(x)]dx = 1. a]
-r

Now assume that either condition of Lemma 4.6 holds, so that Bk is
\]

of the form (aA,r) for all A > 0. Let k(x,)\) satisfy & = - %—. Define
Lix), 0<x s a,
'\b(xsk) = -11)(—-’1-',7\) = E(x’)‘)’ a)\ f£xsr,
0, X 2 r;
(1-e)h(x), 0<gx< a»
h(a,)
fx,A) = f(=x,2) = (1—€)zzz;:xy k(x,2), a, &=,
0, x > 2,

It follows as in Remark 1) in Case I that sup %(x) =-%(ax), so that

A
condition ii) of Theorem 4.2 is satisfied. We then need only verify

that condition iii) is met by some A.
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*
LEMMA 4.8 Assume that € < € , and put

N =

1=& i h(ak)
a(d) = = J v (x) zz;——xjk(x,X)—h(x) de -
)\’
A

There exists a unique A > 0 such that o(}) = O.

Proof:

i) By Lemma 4.5, @, > r» as A > », and k(x,A) is decreasing in zx,

A
so that

r
€

a()) < li—-Ja v(x)[h(ak)—h(x)]dx --%
A

> - %-as A > o,

ii) A rather lengthy calculation, using

x
k(x,A) _ & 4
k(a, ,2)
A
yields
r
') = -1 F L e <0
€ M RN sh by ’
N
r
where Fv(y,x) = J v(z)f(x,)\)dzx.
Y

iii) Since aA > 0as ) > 0,
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o r
pas o1 L——E[h(m limJ oo kZE(x ;\g - J v(x)h(x):l B %’
A->0 £ 10 Ja as 4

A : A
which is positive iff
x
z 1, e
limJ v(x)k(x,k) PO = + Q\)(ac)h(a:)dac
0 Ja, k(a, 51) 7(0)
iff
r
o ' y f v(@)[h(0)-h(x)]dx _%. 5 _1_5:
lim J v(x)[? - _ﬁﬂhl__]db 2 28
A0 a, k(aA’A) h(0)

*
The right hand side above is positive since ¢ < ¢ , and the

left hand side is zero:

r

[ _ k()
0= J vix) |1 k(a ,A)]dx
a =3 A
A X
x i -J £(y>)\)dy
%
= J vix)|l - e dax
CZ)‘ L
7 X
< J v(z) J g(y,\)dy dx
%4 o
r r
< J v(x)de * J £(y,\)dy
0 a
A
r 1

g 5 J o) J ECCpla, i)
0 0 A

> 0 as ) > 0.
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The last statement is justified by the bounded convergence
theorem, since E((l-t)al+tr,k) converges to zero for all
t € (0,1], and is bounded by the bounded function c((l-t)ak+tr)

for all ¢ € [0,1]. Thus a has a unique zero A. o

The set of sufficient conditions of Theorem 4.2 having been met, we

now have

%
THEOREM 4.9 Assume that € < € , and that Bl), B2) and either con-
dition of Lemma 4.6 hold. Let (X,ax) € (0,») x (0,r) be the unique
pair satisfying a(d) = 0, E(aX’X) = C(ai)' Put wo(x) = w(x,X),

£, @) = f(x,X). Then
VW, < Ir%—fo) = VWy»fy) £ V(.Fy)

for all ¢ € Wr and f € F. Furthermore,

a—
A}

0 < I (fy) = 2(1-¢) JOA[%—thodx - XA (-H (a7)]-2(h'0) (@)} - Xe. ©
Remark:

5) Even when solutions to the minimax problem exist in Wr, for
all r» < », it is not generally the case that the solution in ¥ coincides
with the limiting version, as r > «, of the solutions in Wr. The proof,
in Lemma 4.8, that the condition

r

J vg dx =
A

N

is always attainable by some A > 0 makes crucial use of a number of
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properties unique to Wr. In particular, the property lim £(x,A) = 0
A0

may fail in Y. As a consequence, the above condition cannot always be
met in ¥. This leads to the use of A = 0 and sub-stochastic contamination
- the excepted possibility in Theorem 4.2 iii).

In the next section, we give the solutions in Wr to the minimax
problem for m-dimensional estimation of location and scale. The solutions
in ¥ are also given, based upon the considerations in Case I above. For
both location and scale, when the ideal density is the normal density,
the condition above fails for sufficiently large € or m, and the least

favourable fo is sub-stochastic.




5. THE MINIMAX SOLUTIONS

We return now to the optimization problem for u o outlined at
the beginning of Section 4, using the parameterization introduced at
(3.15) and in Example 2, Section 4. We must first check that the assump-
tions of Lemma 3.4 are satisfied by some pair (wo,wl), for all u ¢ UE,P.
That 8 # 0 is clear, as long as y, 2 0, ¥, # 0. In the presence of

the conditions wi # 0, the assumptions that o and B+2y be bounded away

from zero are equivalent to inf sup V(Wi’f) < », and so are satisfied

v, F
%
if ¢ is less than the bound ¢ of Lemma 4.7. In the notation of Theorem
* % % B
1.6, 8 = g £ €, < €y and so those bounds which are necessary and

sufficient for identifiability are sufficient to ensure that the con-

ditions of Lemma 3.4 are met.

CASE 1: LOCATION

]

o
0 m-

Here, no(x) = E'and g—{x) = —Ei, so that for m > 1 the solution to
0

1
J(£) = -\, passing through (»,0), is strictly decreasing by B2 ) of

Lemma 4.5. This holds for m = 1 as well - see Example 3, Section 4.
2
4\

== 1.6
m s

For notational convenience we work with J(&)

1

X 2
% - E +———2(”;1)g = - .

Putting & = = Zg— = - %-, where k = 92, gives
(R} m- 2
v+ =" - =0,

which in turn transforms into Bessel's equation (see Watson [11]). The



= 99 =
general solution is

_ fe-my2 )
@) = V20 T, 00 +uy B 02)), w56, €F

where I and K are the modified Bessel functions. Solving for k = ko and

g = go, and choosing the solution satisfying go(r,x) = (0 gives

ko) = & WK Ox) + T ), ¢®

ZA(wKﬁ/Z(Ax) - Iﬁ/Z(xx))

H (2)
(mﬁ@_a/z(xx) 2 %E-ZVZ(xx))

Eo(x,k)

Im/Z(Ar)

where w = ————< -
Km/Z(Ar)

The construction of (wo,fo) then requires one to solve the equations

£E(a,\) = z(a), a(A) = 0, from Theorem 4.9. Putting

£ 4+ 5 @) - B @)
m

s(a) = =—I— : (3)
ahm(a )
these equations become
E(a,)\) = g(a)s (4)
r
—mTl—z——— J 2" Yk(z,\)dx = 8(a). (5)
a “k(a,\) ‘a

By Theorem 4.9, we then have
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*
THEOREM 5.1 Assume that € < el, that Bl) holds, and that either
i) z(x) is non-decreasing on (0,r); or

ii) J(z) is non-increasing where it is negative.

With ko(x,A) and go(x,x) defined by (1) and (2), and (\,a) deter-

mined from (4) and (5), put

z(x), 0<zx<a,
Yo @) = b (=x) = {E,(x52), a s x <7,
0, xz 3z r;
(1-e)h(x), 0<zx<a,
fo@) = fo(-z) = (1-5)%%@,“, aszsr,

v * 1 * % *
Then V(a,,u) < T (fy) = V(ay,u,) < Vigg,u),

, vy
for all a, ¢ {a(g g) = —TyT——q wEWr} and all u € Ue e D

b

Remarks:

1) Consider the following families of m-variate densities:

m 2k
P, = {w|w(g) = h(lgl) = (5%) %%%%%%y)exp(-lcgl ); e,k>0, mx1},
|y |2y = (m+k) /2
P, = wlo@) = a(ly|) = LD [1 e ] ; ¢,k>0, my1).

(me) " T (k/2)



The assumptions on , in Theorem 5.1, hold for

. 1
a) P,; if k 2y

b) P2; if ¥ < m=4, or if k > m-4 and r? < c(l +7<%}-).

Incidentally, this answers a conjecture of Collins [2], who considered
the problem of multivariate estimation of location, with scale known

and with w(y) the normal density. It was conjectured that (wo,fo) would

be of the above form, with, in the three-dimensional case, the constants
determined from six equations and inequalities. See also Remark 3)

below.

2) The integral at (5) can be evaluated explicitly. Withp = még,

(5) becomes

Y
2

2 m=1
A" ko (@)) Iaa

2
t(wk (£)+I _(t)) dt = é(a). (6)
p p
By the method of Lommel integrals, one can derive the identity

2 2. 2 2
2 = - t K (¢t
J SR (BT (8) %t = (") (T )k ()" ~[p (T, (6l ()

2
g C o ®)-I,, (£))]

o
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n |

The identity I?+1(z)Kb(z) + Ib(z)Kp+l(z) = gives

ko @,0) = I m/z(xr)]'l. (8)

Using (4), (8) and Eo(r,k) = 0 to evaluate (7), we find that (4) and

(5) are together equivalent to
£y(@s2) = t(a), (9)

rmko(r,k)

z (a) (2(m-2) § ()
- -z(a))| + + 1. (10).
amko(a,k) 412 l @ a

3) For odd m, these equations simplify somewhat, since the modified
Bessel functions of order half an odd integer have terminating series

expansions. For m = 1, see Example 3, Section 4. If m = 3, then

= 2_(A2xr-1)tanh Or-rx)+Or-)z)]
%0 il T x[ Ar-tanh (Ar-ix) ’
k@) = Zezkf[?r cosh (2P-Ax)—Sinh-(AT-Xx)]2 .
" A x(r+l)

In particular, if w(y) = (2r) 3/22 £ g, so that z(x) = x, then (9) and

(10) become

AL (a%-2)r+2a]
(a2—2)+2A2ra

tanh. (Ar-i1a) =

s

_ A2r3(l-tanh2 Ar-ia)) . a(a2—2—4xz) "
2 )
(Ar-tanh (\r-Aa))? N

§(a)



=S

1-¢

2.2 2,2
- X3(r ) - X3(a )

§(a) =

ax; @)
4) For w(y) the normal density:
* % -]
Wiay,uy)) = I,(fy)
2
- (1-6)[%;+2(a2) + AX;+2(a2) = 5%;{x;(r2) = x;(a2)§] .

5) 1In the case r = o, we find

ZAKh/z(Ax)
zx)

E. (%)
0 Km-2)12

e
ko@,2) =2 K(m_z)/z(xx).

For m=1and m = 3,

=2AZ
= m-1 _ me
Eo(xsx) = 2()\ + Zx )9 ko(xak) = 2 m-1 .
AL

For all m, Eo and ko are asymptotic to the right hand members above,

as £ + ». The constants satisfy either

A > 0, go(a,x) = z(a),

i,

— 2
c@ | om0 T T
2 2

K =2 /22D *n,_(a®)
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or, for € and m sufficiently large,

V=0, @@ =22 - g @0,

/2 =5y y)

-3
In particular, for w(y) = (2m) = h(|y|), the optimal pair

is that given by Huber [5]:

Xy 0= &< a,
Yo (@) = =Yy (=x) =

2 2
{(a - E) + z° <

W

as

A
8
A
Q

(1—6)71(.’1,‘), 0
fo(x) = fo(_x) =

(1-0) D ’h(@) exp(-(a - 2 @-a)), =

\'4

as

where
2
2a2x3(a2)

a2—2

1 2,2
1-e X3(a ) #

2
and a 2 2.

CASE 11: SCALE

2 (o]
- atl o o e o ML i
Here, nl(x) =gy and 01(x) = 8o that again the solution to
s mA .
J(E) = -\ is strictly decreasing in x. We work with J(§) = - %?E instead,
i.e.

0uPE" = &PE2 % QmELIGE = < s
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2 2
Put v, (x) = xE-m, to get v, - 2xv; =m (1+)\). A particular solution is

1

vl(x) = myY1+X . The general solution is obtained by setting

V1A 1

my1+n + 5%57, and solving the resulting equation v' + =2 Vom o=

x 22
with the integrating factor 2" 1+A-

v, ()
Unravelling these transformations

and choosing the solution through (»,0) gives

e
£, (x,1) = (R+1)m 2L\, where R = /IH1; (11)
i fﬂ[ﬁ]
R-1|r
whence
R+1|x|mR %
k. (x,\) = [1 EH ] (12)
y hY = lﬁJm(]%l)
r

THEOREM 5.2 With assumptions as in Theorem 5.1, with El(x,k) and
kl(x,k) defined by (11) and (12), and with ()A,a) determined from

(4) and (5), put

Ea) s 0<x < a,
b @) = - (=) = 4E @), aszsr,
0 Xz v
(1-e)nlx), 025 d,
fi&) = f (=) = (1‘€)k?%§%X7k1(x’x)’ as<xsr,
0, x > P

aT(g'g) = lylv, (D, uf(g;Q,I) = £,AyD.
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%* 1 * % *
Then V(al,u) < };??23-= V(a,sup) < V(al,ul), for all

a, € {aly g) = lylvlyhs v ey} and alluw €U . o

Remarks :

6) In the families Pl and P,, the assumptions on z, in Theorem 5.2,

hold for
a) Pl; if k a-%;
b) P.; all members.

2

7) For w(y) the normal density:

Way,u )™ = I

_ 2 2 2 2 Mh_ g2, 25 2, 2 _ 2me
= 2(1-e)[Xm+,+(a ) + 4xm+q(a J = m+2(.Xm(r ) - X (a ))} e

-(R+l)m.

8) If » = », then gl(x,k) = Sgiihz,kl(x,k) =z
is the normal density, then the solution is

s, 2 < bs

v, @) = -y, (=) = {0
= . & % b3
L
(1-¢e)h(x), z z b3

fl(x) = fl(-x) =

b2
1-n® A", = b3

= o 22_
where A(x) = (27) m/ze - Here, Y1+) = b’nm’ so that b2 > 2m.

b2 > 2m, it satisfies

If w(y)

If
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2b%x% (%)

1 'm 2,.:2
= + X (b).
1-€ bz-m m

For large € or m, this is then not satisfiable, so that b2 = 2m and
the contamination is sub-stochastic. In this case Huber [5] adopts
another approach. For -1 < A < O, AA also includes an interval about

the origin. Huber's method is to contaminate this interval as well, to

get
2
4, 0<zxs<a,
X
b, @ = -y (=) = {x, asxcs b,
2
b » b g ax;
X
- a a2
(l—E)h(a) (;) sy O0<2x<a,
fi@) = (=) = 1(1-e)h(x), aszsb,
b.b*
A-e)n® Q)" s b s 3
2 2 2 . F - 2
where a“ <m < b” = 2m-a”, implying J(wl) = -m“X > 0 on both extreme

intervals, are determined from

2 2

1 _ |2 2; 2 2., 2 2b 2. /0, 2 2 .2

e - [ 2 xm(a ) - xm(a )} + [ 5 xm(b ) + xm(b ):l.
m-a b“-m

As in the proof of Theorem 4.2, however, the use of negative values of

A implies that condition (4.3) can fail for sub-stochastic members of

(e}

Gv - put g = agl, a < 1, in the above to get, using J vgldx = %3

0

JJ(wl)v(g-gl)dx - %(—mzx) - "‘;zl(ab)2 < 0.
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APPENDIX

Tbis appendix contains a more detailed exposition of the steps
leading to Lemma 4.1, and an expanded proof of a variant of Theorem 4.2.
Both the assumptions and conclusions are somewhat weaker than in the
original version. The assumption that all distributions under considera-
tion have densities, and that these densities are absolutely continuous
and symmetric, may be weakened to apply only to the known distribution
Hv' On the other hand, the necessity of condition vi) of Theorem 4.2
is lost. It was previously overlooked that the definition of information
used there does not apply to densities which are only piecewise absolutely
continuous. With respect to the more generally applicable definition
used here, the distribution corresponding to the function fl constructed
in the previous proof has infinite information. This renders the proof
of necessity of vi) invalid. Consequently, some of our examples per-
taining to the class Y must be amended. Our results for Wr require no
changes, however. See also the remarks following the proof of Theorem 3
below.

The problem is to minimax variance functionals of the form

v? (@) (@) F (@) (@) da

-00

V(wsf) = g 2 s
U Y(@)n ) f' <_x)v(x)de

where
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i) ¥ is chosen from a set ¥ of functions which are typically
piecewise smooth, skew-symmetric, and continuous everywhere
except possibly at x = 0.

ii) v, n and 0 = nv: R > [0,») are positive on R \ {0}.

iii) fv is an absolutely continuous probability density.
We define
£, = {pe¥|v(x)=0 for |x|3r}.

We do not specify the set ¥ precisely, and restrict the definition of
V(y,f) to d.f.s which possess absolutely continuous densities, for
reasons which will later become clear, when V(y,f) is related to the
information functional.

In the definitions which follow we do not assume the existence of
densities.

For fixed v and n, define

x
G = {GIJ v(y)dG(ly) = Gv(x) is a, possibly sub-stochastic,
d.f. on R, with J n(x)dG(a) = J o(x)dG(x) < =},
G, = {G |Gec}-

For fixed ¢ € [0,1), and a fixed member # of G, put

-
I

(F|F = (1-¢)H + G for some G¢G},

-
]

{F_|FeF}.
Vv
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Example: Let the r. vec. Zx ¢ A" have a spherically symmetric density

m-1

g(z|). Put v(x) = ﬂ§m1x| Then X = |x| has density

(@) = 2v(x)g(x) and d.f.
X
G:(x) - J 2v(y)gy)dy, 0 < x s =
0

Put

X
G (x) =J g(ydy,

G @ =3+ {51594316*(Ix|)

2 J VvV

X

J v(y)de(y), -

A

L § P

X

Then Gv is a symmetric d.f. on R. Conversely, if f v(y)dG(y) is a d.f.,

—00

then G(j§|) is the d.f. of a r. vec. on Rm, with

P(x€d) = dé(|x|),

{|€|{2€A}

*
for all Borel sets 4, and G is the d.f. of |z].

D f. . (x) 2 \72/ x27: 1-27: 2 .

efinin = || & = i

g n; [m+2) m and wiCx) x ai(x ) (z=0,1), we

then have V(wi,f) = V(ai,u), as at (3.15), in the cases where f = F' is
absolutely continuous. If m =1 and ¢ = 0, then V(wo,f) is the well
known variance functional for univariate estimation of location.

Define the information of Fv (with respect to n) by



1
where the sup is over the set Ck of all continuously differentiable

functions with compact support satisfying J wzch > 0.
Simple modifications to the proofs of Theorem 4.2, and Propositions

4.3, 4.5 of Huber [7] give

THEOREM 1:
A) The following are equivalent:

i) I(Fv) < o,

ii) F has an absolutely continuous derivative f satisfying
1y 2

(L.

In either case, I(Fv) = JL? ] fodzx.

B) There is an FS € Fv minimizing I(Fv)'

Define F, by Fg(x) = wav(y)dFo(y).

Cc) If 0< I(FS) < =, and the set where f, = Fa is strictly

0
positive is convex, then Fv is unique.

Now assume that I(Hv) < », so that H has an absolutely continuous
1y 2
derivative h satisfying I(Hv) = J[%-) hodr < . Assume further that

h is strictly positive on R. Put

P ™ {FveFle(Fv)m}.
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Then F' is dense in F .
v v

0
The conditions imposed on H ensure that there is a unique Fv € F;

minimizing I(Fv) over Fv' Since I(Fv) is a convex functional of Fv (see

Lemma 4.4, Huber [7]), FS minimizes I(Fv) 1£f é% I(Fi) > 0 for all

i | t=0
Fz = (l—t)Fg + th with Fi € F;. Performing the differentiation and

]

setting wo -l gives the necessary and sufficient condition

To

0 < J [2GF)-F Y + (Fy=Ivg] cds w0

for all f = F' with F € F\').
We can now relate the information and variance functionals via

Theorem 2 of Huber [3].

THEOREM 2: Under the assumptions on H, there is a unique FS € F;

minimizing I(Fv)'

\J

f

i) If wo = - }ﬁ-is contained in ¥, then (wo,fo) is a saddlepoint
0
of V(¥,f) in ¥ x F;:

Vg f) € —gm = V(gsfy) € VW.Fy)s 2)

I(F;)

for all ¢ € ¥ and F_ € F'.
v v
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ii) Conversely, if (wo,fo) is a saddlepoint, and ¥ contains a
d '

0
non-zero multiple of - ?r', then I(Fg) < I(Fv) for all
0
Fv € Fv’ FS is uniquely determined, and y, is [FS]—equivalent
f'
to a multiple of —-Jl.
fo

iii) Necessary and sufficient for FS to minimize I(Fv) is that (1)

above be satisfied.

Note that since V(y,f) = V(ev,f) for any ¢ # 0, we may take the
multiplying constant in Theorem 2 to be unity. Note also that since
I(Fv) is convex, the symmetrized distribution ;v(x) = %[Fv(x) + 1 - FV(-x)]
has smaller information than Fv' If Hv is symmetric, then
%v = (1-e)H§ + E&v € Fv’ so that the least informative FS will then arise

from that subset of Gv whose members are symmetric. If as well n and v

are symmetric, then (1) becomes

o

0 < J [2(95—9')w0+(90-9)w530dx (3)

for all G € G = {G€G|G' (@)=G" (=), (1-e)H +eG ¢F }.
Suppose that, as will be shown, wo is differentiable and bounded.
The differentiability allows for an integration by parts in (3). Our

assumption that J o(x)dG(x) < = for all G € G, implying that

00

o(x)g(x) - 0 as x » *o, together with the boundedness of wo, yields the

vanishing of the end-effects at *~. Then (3) becomes
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©

0 < J [2(w00)'-(.w';'c)](g-g0)dx + 2 lim (¥,0) (g-gy) (x) - 2 lim (¥y0) (g-g,) (x)
=0 X

v0 x40
= 2{{ [2¢;'w§+2w0%;]nv(9-90)dx + 2 lim (won)(vg_vgo)(x)}. %)
¢ x¥0
Defining

T = 2v'-v"+29 € n

we then have that, if wo is differentiable and bounded, and v and n are

symmetric, then a pair of sufficient conditions for FS to minimize I(Fv)

is

s1) J:J(wo)v(g—go)dx > 0 for all G € G;

52)  (vgy)(0) = 0 < (Wum (@), or () (01) = 0 ¢ (vgy)(0).
Define (x) = - % (x), and assume:

AO0) The functions v,n are symmetric, and are positive and smooth

on R \{0}. The function A(x) is symmetric and positive on R,

o

and I(Hv) = J czhodx < o,

=00

Al) The function z(x) is smooth.

THEOREM 3: There is a unique, symmetric Fg € F; minimizing I(Fv) over Fv'
1
fO
A) The function wo = - — is bounded, continuous, and piecewise

%o

smooth.



- 115 -

B) 1In order that Fg minimizes I(Fv)’ it is necessary that there

N(Qx)

exist » > 0, and a set B, = UB, . c (0,), where N(A\)g =

and the BA i are non-overlapping open intervals, such that:
s

C

EE) s xGBA

N1) ¢o(x) = =9, (=) =

E(x;wj,x), x € Bx,j’

where J(E(';mj,k)) = -\ on B, . for any fixed wj € R;

Asd

(1-e)n(x), z € B,

N2) fo@) = fy(=x) =
(l-e)[ ———higl——ik(x;wj,k), x € By 5

sup k(x;wj,x)

Br.d
\}
where each k satisfies £ = - %— and sup %{x) is attained at
B, .
Asd
each non-zero, finite endpoint of BA j;
il fo-(l—s)h
N3) J vgodx < > with equality if A > 0, where 9o = E— 2
B

A
N4) AA = {2€(0,0)|I(g)<-2} c BA'
C) 1If the pair (wo,fo) satisfies N1) - N4) and S2), and if as
well Yo is bounded, and wo € ¥, then (2) holds.

Woo)'

D) If C) holds, and is either continuous or non-negative
upper semi-continuous, and vanishes at infinity, then (wo,fo)
is not only a saddlepoint with respect to F;, but with respect

to F as well.
v
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Proof: The existence and uniqueness of FS follow from Theorem 2). Part

D) may be proven as in Theorem 5) of Huber [3], by writing V(y,f) as
2
[Sa
v v
(0' 2
[ o)
v v

The assumptions in C) ensure that if S1) is satisfied, then I(Fﬁ)
minimizes I(Fv)’ so that (wo,fo) is a saddlepoint by Theorem 2. Using

first N1), then N1) and N4), then N3), the integral in S1) is

oo

j J(wo)v (g-g,)dx

J cJ(L)vgdx + J J(E)v(g-g,)dx
B B

0 A A
3 = J vgdx + J v(g—go)dx:l
L B¢ B
A A
= =) J vgdx - J vgo]
0 B)\
> 0.
It remains to prove A) and B). -

With fo = (1-e)h + €g,, Where Fg(x) = J fo(y)v(y)dy, define
B = {z€(0,=)|g,(x)>0},

and put

((1-e)h+ego)'
i (x) ’
((1-€)hteg )

X€B,
gE(x) =

0, xeBc.



(1-e)h(x), x€B ,

fo(x) = fo(—x) =

(1-¢ )h(ac)+sgo (x), x€B.

Define

A '
7= JB[2wogo+w§go]odx.

We first show that A < =, by showing that otherwise the derivative

0
— I(F") fails to exist in at least one direction Ft = (1-¢t)F + tFl,
dt V=0 v v v

with Fi € F;. We have, as at (1),

d | r2-rrugHes,5, ¥ d0ds

0 < Z;

t
IFT)
V' |t=0

©o

€ J [2(g,-9, ¥+ (g,g, )W lodz

oo

A ' 2
2¢ - J0[2glw0+glwo]odx . (5)

5 65 G1 € G. The finiteness of A will then follow if the last integral

is finite for at least one G; € G. Let [a,b] € (0,») be any compact on
b
2
which [ Y (x)dx < . Let g, be any continuously differentiable function
a
vanishing off of [a,b] U [-b,-a], with G, € G. Then
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= b
IJOEZQ{womleJodxl - Ija[29{wo+g1w§kdxl

b b

< 2 sup lg{(x)c(x)lj |wg (@) |dzt sup |g1Cx)c(x)|J wg(x)dx < o,
[a’ a [agb a

Thus A < ». Also, if wo is discontinuous, then by taking a sequence
{Gn} C é, with g,V tending to point mass at a discontinuity, one can
obtain a contradiction to (5). Similarly, b, must be bounded.

Now (5) becomes
' 2 ' 2 A
o -J [2eg +& glodx - J [2zg +z"glodx + 7 (6)
B B¢

for all G € G. First consider these G's for which the support of g is
finite, and is contained in B°. Then the first integral in (6) vanishes,
and the assumed differentiability of z, together with the finiteness of

the support of g, allows for an integration by parts. This yields
A
J J(g)vgdx > -7
B

for all such g, whence J(¢) » -A on B” and 4, C B.

= 7
On the other hand, if G € ( satisfies g = 0 on B°, J vgdx < 55
B
then (6) becomes
., .2 A 1., .2
J [2eg +£°glodx £3" J [2&g+E g Jodu. (7
B B

Putting g = %go in (7) shows that A > 0. Putting
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9o

g =
2| gyvdx
B

shows that J govdxr = %-if A > 0.
B
Now let [a,b] be any compact in B, and let gv have all of its mass

C%) on [a,b] U[-b,-a]. Define a function ¢, continuous on B, by

t
6(8) = 26 @) - | [-26Em @Y @) @1ds + 2t
0

An integration by parts gives

b
J o (£) (gv) ' (£)dt
a
b b £ . b
= J 2(En) (&) (gv) ' ()dt - j V) ' @) J [—Z(F,n)(x)% (2)+(E%n) () 1dedt + AJ t(gv)' ().
a a Q a
b 4 b
= J {2(51'1)(7‘:)(9\))'(t)+(gv)(t)[-2(.€n)(t)':— &)+(E%n) () 1ddt - AJ (gv) (£)dt
a a
A A
- J [Zgg'+£29]odt =3
a
< 0,

by (7). Since a and b are arbitrary,

J ¢(gv)'dt < 0 (8)
B
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for all gv with mass %-on B. The equality at (7) becomes

J ¢ (g,v)'dt = 0, (9)
B

upon approximating g, by functions with compact support. By multiplying

the left hand side of (9) by a constant, if necessary, we may assume that

=1
JBgovdt i~ 2"

1
Suppose that, for some [g,p] ¢ B and some g,v with mass E‘On [a*p]®

the inequality at (8) is strict:

b
f ¢(g,v)'dt < . (10)
a

Choose o such that

[ go(t)]
£ < 1
0 o m1n\l [;nij gl(t)
and put g, = 1y Then JB vdt = 2 g,V % 0 on B, and by (8) - (10),
J ¢(92v) 'dt = -l;-J ¢(gov) 'dt - J ¢(g1v) 'dt
B B
b

= Ef-J $(g,v) 'at > 0,
a

a contradiction. Thus

b
f 6(gv)'dt = 0 (11)
a
b
1

for all [a,b] C B and all g with G € G and j gvdt = -
a
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We now show that (11) implies that ¢ is constant on B. Define a

set of symmetric functions {g(x;ao,b0)|a<ao<b0<b} by

'co(x—a)

—_E;:Z_’ a s x g ao,

&y a, € z < bo,

g(x;aoybo)\)(x) = '!
eq (b-x)
——5:53—3 bo fx < b,
0, O<sxsa, bsg x,

g(=x;ay,by), = < 03

where Co is a normalizing constant.
Recall that v(x) is smooth, hence absolutely continuous on every

compact. The absolute continuity of the ng;ao,bO) follows. Put
f(say,by) = (I-e)h(x) + eglwsay.by),

and recall that % is strictly positive on [a,b]. A straightforward

f

G(x;ao,bo) e C. Substituting g(x;ao,bo) into (11) gives

"2
calculation then shows that J {i ] fodx < =, whence I(Fv) < o and
a

ao b
1 J 1
= $dt =~ m— J ¢dt = 0
a N b bo bo

9

for all g < a, < b, < b. Letting (ao,bo) -+ (a,b) gives ¢(a) = ¢(b), so
that ¢ is constant on B. It follows that gn is differentiable. Since

n is smooth and positive on B, £ is differentiable. Furthermore,
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0= ¢"(2) = 2(en)" (2) + 2(gn)(t)§ (£) - (EA) (&) + A
= J() + 2,

i.e. £ is continuously differentiable on B and satisfies J(£) = -\ there.
This proves part A) of the theorem.

Now define BA = B, and represent it as

N())

B = U B .,

where N(A) < » and the B. . are non-overlapping open intervals. On

Asd
BA 7 Vo = & satisfies J(£) = -\, by the above. Since this (Ricatti)
b

equation has a solution passing through any pre-specified point, Y, must
have the form given in N1). Parts N3) and N4) have already been estab-
lished.

That fo has the form given in N2) on B; follows from the definition

of BA' On BA,j’ by = E(x;wj,x3, so that f(x) = ajk(x;wj,k), where k
is any function satisfying - %- = £, and aj € R. Since fb 2 (1-e)h on

B} 22 aj 2 (1-¢)sup %(x). The continuity of fo then forces equality in
b
B

Asd
this last relation, and forces the sup to be attained at each non-zero,

finite endpoint of B. ..
Asd

This completes the proof.
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Remarks.
1. Theorem 3 is valid for the class Wr, with (0,») and ¥ replaced

by (0,r) and Yr throughout.

2. I am so far unable to find a correct proof of the necessity of
the condition "AA n BA,j # ¢ for all j." I do, however, believe that
the condition is necessary. This belief rests primarily on philosophical
grounds. The optimality principle at work in the construction of wo is
that of replacing ¢ by £ wherever J(z) threatens to become too small.
The placement of contaminating mass gy on an interval on which J(g) is
already large contradicts this principle. At the very least, it makes
no contribution to the optimality of wo and hence cannot, in my opinion,

be a feature of the solution.

3. Theorem 4.4 is invalid without the proof of the necessity of the
aforementioned condition. However, remarks 2) and 3) on p. 77 remain
valid, as do remarks 1) and 4) in the cases in which BA is a single in-
terval. Part i) of Example 3 remains valid - see also Huber [7]. Part ii)
requires a little more thought.

The statements in Example 4 now become conjectures. It is of course
still necessary to have contamination on the interval AA = (cx,dk), and
it is easy to rule out the possibility of further contamination to the
right of AA' Contamination to the left of the interval (al’bk) con-

structed in that example remains a possibility, however.
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4. Part a) of Example 5 requires no changes. However, the "solution"

for ¥, given in part b), fails to meet condition S2). We give here the

correct solution, based upon a suggestion by J. Collins.

a) Small values of e:

a
Defime a00¥2.218) by tanh(- 7;) =1 - éL . For a € (0,4),
0

define A = A(a) by

i) VA tanh(- %} a) =1 -

Qs

It will be shown that for all g ¢ (O,ao):

ii) Az 1 (= x(ao)),

3
111) J(2) (o) = 25588 5
Put
£(x;2) = VA tanh(- %;-x),
k(xs;r) = coshz(- %;-x),

E(xs52), 0 <2 £ a,
wo(x) = —wo(-x) =

46 a % =3

(l—e)Fz%é%%ij(x;x), 0<x<a,

fox) = fo(—x) =

(1-e)h(x), a< x.
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The continuity of wo follows from condition i) above. Condition ii) implies

that AA is a single interval (0,b) and condition iii) ensures that

AA c (0,a) =B As in Remark 1) on p. 77, g, is non-negative. Also,

2"
wo(O) = 0 and wo is bounded. The solution is then valid for those e for

which the condition j g,dx = L can be met. With a(a) defined by

2
BA
a a
A r o
a(a) = k(a;k) Jok(xsx)dx Joh(x)dx’

this condition becomes

iv) = a(a).

o S
2(1-¢)
We claim that o is increasing in g. From this it follows that the solution

%
is valid for € < € , where

*

€ 4 1
———=aqa(a) (= 3 - )h(a,) + = - H(a,)).
2(1-c™y o\, a, 0 2 0
We have
a
' _ |4 _ha) ) .
h' (@) k(a3r)-h(a) 4 k(a'x)—h(a}{él k(a'k)]k'(a)

i h(a) _ ) da s dx >
d KLa5A) 12 (a30)

_ @ E@)-t@) _ _h@ (20 @
k(as)) 12 (@5)) (dx k(a;\))x (a)s

E(as)) - z(a) = 0 by i);
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asinh(av})
4/x

d 20a:2) = .
B kla;r) = > 0;

and

2! (q) = =2/Alra®+4thcosh(a/)] 0
a2[a/x+sinh(afi)]

so that a'(a) > 0. Also, condition ii) above follows from A'(a) < 0. It

remains only to verify condition iii). With A, (a) defined by

a2-8a+8
£ ETe

A (@) = =

b
condition iii) is implied by

v) A(a) 2 A;(a) for 0 < q < 4.

Since A (4) =0 > Al(é), if v) fails then there must exist a such that

A(a) = Al(a), i.e.

2
r = 258 /)Ttanh(—-/z—i‘-a) - (1-2) - 8,

Equivalently, with ¢ defined by

2 ;5 2 ;5
x°-8x+8 X |x“-8x+8 4
—— tanh-f_—z_ _1+_’

¢ (x) =

we must have ¢(a) = 0. Note that Al(a) = A(a) > 0 requires that a be
less than a,, where a, is the zero in (0,4) of a?-8a+8.

It can be shown that ¢ is strictly decreasing for z ¢ (O,al). Then
since ¢(a1) = -1+ g- > 0, ¢ has no zeroes. It follows that (wo,fb) is

1
the optimal pair for ¢ ¢ ¢* ~ ,054, with (),q) determined from i) and iv).
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b) Large values of ¢:

For b > 4, define a € (2,4) by

vi) () tanh[- 25%22} =1 - gu

2
Here, ¢  (b) plays the role of A, and Acz(b) includes an additional, half-

infinite, interval since ;Z(b) < 1. Put

a(x;;z(b)), 0<sxzga,

wl(x)=-w1(.—x)= z (x), agxe b,
z(®), b g 2%
(l-e)[m%g‘%%]k(x;cz(b)), 0<xc¢g a,
fl(x) = fl(ﬂx) =4 (1-e)h(x), agsxgb,
(1-e)np)e " P &-D) b < x.

Determine p from
(e}

vii) J f. (x)dx =
0 1

N =

With the exception of N4), the conditions in A) - C) of Theorem 3) are

immediate. Condition N4) requires
2
viii) J(£) (@) 3 - (B), J()B) 3 L2 (D).

The first part of viii) is equivalent to v) above, and the second is

*
easily verified. Thus (wl,fl) is the optimal pair for ¢ > ¢ . The

*
limiting case ¢ = ¢ corresponds to b = », g = ags A= 1.
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5. Our results for Wr in Case II, Section 4 were obtained by veri-
fying directly that conditions N1) - N4) may be satisfied. Under the
conditions of Lemma 4.6, (vgo)(O) =0 < (won)(0+), so that S2) is satis-
fied. Thus, all of the results for Wr remain valid, as do those in

Section 5.
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