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ABSTRACT 

~e consider the problem of estimating the location vector and scale 

matrix of a random vector, when the distribution is only approximately 

' _1 2
known. Within th e ellipse E {x I(~-~) L (~-~) ~ r }, the density of 

r 

the random vector ~ is elliptically symmetric, and arises from a known 

density through E-contamination. Outside of E the distribution is 
r 

arbitrary and unknown. The problem is to estimate ~ and L. 

It turns out that the parameter point (~,L) is not identifiable in 

the model, and so we estimate instead the identifiable point 8 = [~'T~L))' 
where T(·) is a scalar-valued function such as L1 1 • Following Huber [3) 

and Collins [1) we use the method of M-estimators and re-descending 

influence functions. The estimators are defined as the zeroes of a 

function of the form L~(x.;e). In order that the observations from out­
.- - 't 

't 


side of E (8) should have no influence on the estimators, ~ is chosen to 
r 

vanish off of E (a). We show that e is a consistent estimator of 8, and 
r 

that Ina is asymptotically normally distributed. Confidence regions for 

linear functions of 8 are constructed. In the case r = 00 our results 

complement those of Huber [5) and Maronna [8), who considered related 

problems assuming global symmetry. 

The associated optimizati~n problem - that of finding functions ~ 
A 

which minimize the maximum asymptotic variance of 8 as the distribution 

of x varies - is also considered. It is exhibited as a special case of 

the problem of minimaxing a general variance functional which typically 

arises in problems of robust estimation. Under fairly general conditions, 

this problem is solved for the E-contamination model. 

iv 



ACKNOIVLEDGEMENTS 

I am greatly indebted to Dr. Collins for his helpful advice and 

suggestions during the preparation of this thesis. I am also grateful 

to Karen McDermid for her accurate typing of the thesis. 

Financial support for the period during which this research was 

carried out was provided by the University of Calgary, the Province of 

Alberta Graduate Fellowship fund, and the Izaak Walton Killam Memorial 

Scholarship fund. 

v 



TABLE OF CONTENTS 

Page 

ABSTRACT ................................................... :i.V 


ACKNOWLEDGEMENTS ........................................... v 


SECTION 


o. INTRODUCTION ......................................... 1 


1. IDENTIFIABILITY ..................................... . 7 


L:2. 	 CONSISTENT ESTIMATORS OF ~ AND T(L:) •••••••••••••••••• 23 


3. 	 CONSISTENT, ASYMPTOTICALLY NORMALLY DISTRIBUTED 


M-ESTIMATORS .......•...........•.............•.....•. 33 


4. 	 ON MINIMIZING THE MAXIMUM ASYMPTOTIC VARIANCE OF 


ESTIMATORS IN THE E-CONTAMINATION MODEL .............. 66 


5. THE MINIMAX SOLUTIONS ................................ 98 


APPENDIX ................................................... 108 


BIBLIOGRAPHY ............................................... 129 


LIST OF TABLES 

TABLE I ......•.............•.........................•..... 22 


TABLE II .....•..........••...........•..................... 22 


vi 



O. INTRODUCTION 

+n Lhis Lhesis, we apply Huber's Lheory of robusLness LO Lhe prob­

1em of mu1LivariaLe eSLimaLion of locaL ion and scale, when Lhe under­

lying disLribuLion is only approximaLe1y known. IL is assumed LhaL 

wiLhin an ellipse of fixed radius, WiLh cenLre and shape defined by Lhe 

unknown parameLers, Lhe observaLions are symmeLrica11y disLribuLed, and 

WiLh probabi1iLY exceeding 1/2 are generaLed by some known law. The 

remaining, "conLaminaLed" observaLions from wiLhin Lhis ellipse are 

symmeLrica11y disLribuLed, bUL according LO an unknown law. The obser­

vaLions from oULside Lhe ellipse may be arbiLrari1y disLribuLed. 

A1Lhough Lhere is no parLicu1ar1y compelling reason LO believe LhaL 

conLaminaLed observaLions should be even locally symmeLrica11y disLribuLed, 

Lhe assumpLion of local symmeLry is maLhemaLica11y necessary. OLherwise, 

Lhere is no naLura1 parameLer POinL which can even be idenLified, 1eL 

alone eSLimaLed. On Lhe oLher hand, global symmeLry may be unduly re­

sLricLive. 

Definition of the model 

An unobservable random veCLor (r.vec.) U E sm , m > 1, has a 

parL ia11y known densiLY 

2 
r , 

(1)u(y ) 

arbiLrary , 

Here, £ E [0,1), r E (O,~] and w(U) are known and fixed. The densiLies 
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u , wand V are spherically synunetric in that they depend upon U. only 

through U. 
, 
~ = lu.I 2 . One observes n independent realizations of an 

affine transformation L~+~ of ~ , where ~ E ~ and Lmxm > 0 are 

unknown. For the moment, L 2 will represent any matrix satisfying
k: 

L, in a class within which it is unique. 

We denote by E (~,L), or simply by E where possible, the ellipse
r - r 

2
{ x l (x-~ ) ' L-

1(x-~ ) ~ r }, and by D the sphere E (O, I ). Put 
- - - - - r r ­

(2 ) 

1 

Then the observed r.vec. x L~~+~ has density 

(3)U(X ;~,L) 

a rbit ra ry, x i. E ( ~ , L ). 
r ­

Define 

U {u (~;~, L ) I ~ E ~ , Lmxm> 0; u is given by (3) for£, r 

some V(~;~,L) which is elliptically synunetric throughout 

E } . 
r 

Our original intention was to estimate ~ , and L itself. As will be 

shown in Section 1, however, the parameter point (~,L) is not identifiable 

in U • Although ~ is identifiable if L is known, L is only identifiable
£,r 

up to a scalar multiple, even if ~ is known. For this reason, we will 
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instead construct an estimator of (!::'T(~))' where T(·) is some scalar 

valued, linear function such as Ell or tr(E). An immediate consequence 

of this is that affine invariance is lost. Also, if r < then T(E)00, 

must be assumed to be known. The consequences of imperfect knowledge 

of T(E) are discussed in Section 3. 

In Section 1, we derive necessary and sufficient conditions on 

E: and r under which is identifiable. Intuitively, the mass of(!::'T(~)) 
(l-E:)w(~;!::,L) within E must be slightly greater than 1/2, the limit of r 

1/2 being approached as r + 00. 

In Section 3, we will define the estimator e of e =n(!::'T(~)) as 

the Newton-Raphson solution to an equation of the form I ~ (x . ; a) = o. 
. 1 -1."

1.,,= 

In order that, asymptotically, the asymmetrically distributed observa­

tions should have no influence on the estimator, the functions ~ will be 

chosen to vanish off of E (8). This poses problems with uniqueness of 
r 

solutions, which are dealt with in Section 2 by constructing a prelimin­

ary, consistent estimator of e which is used as the starting value of 

the iterative process. As is shown in Section 3, this implies that e 
~ 

is 

consistent for e. A simple one-step Taylor expansion, and the multi­

variate CLT, establish asymptotic normality of Ina. The limiting co­

variance matrix of In(e-e) is exhibited. This leads to the construction 

of asymptotic confidence regions for arbitrary linear functions of e, 

based on the normal theory. We will as well show that the Newton-

Raphson method may be replaced by a much simpler fixed point process 

which, asymptotically, has the same optimal convergence properties. 

J 
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The limiting covariance matrix of Ins is the product of a matrix 

depending only upon e, and a scalar functional depending only upon ~ 

and u. A natural optimization problem is then suggested: find functions 

1Ji which are "most robust" in that they minimize, with respect to the 

ordering by positive definiteness of p.d. matrices, the maximum asymp­

totic variance of Ins as u ranges over U We will exhibit this 
E , 1' 

problem as a special case of a more general problem - that of mini­

maxing a general variance functional which typically arises in connection 

with robust estimation problems. Under fairly general conditions, this 

problem is solved in Section 4, for the E-contamination model. Special 

applications include the solutions to the optimization problem for U 
E , 1' 

These are given in Section 5. 

In the one-dimensional location problem considered by Huber [3], 

the most robust estimator turned out to be the maximum likelihood es­

timator for that density which is "least favourable" in the sense that 

it has minimum Fisher information. For that reason, this estimator is 

termed an M-estimator. Although a treatment of these problems in a more 

general framework requires a broader formulation of "information", and 

the interpretation of the estimator as a maximum likelihood estimator 

is obscured, we retain the term M-estimator for historical reasons. 

Huber IS] and Maronna [8] have considered the problem of estimation 

of location and scale, under the assumption of global symmetry. Their 

analyses are essentially carried out in our class U In Section 3o,00 

we will discuss the applicability of their results to the class U ,
E, oo 

E > O. It will be argued that in this case our approaches are significantly 
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different, that their results are not merely limiting cases, as r ~ 00 , 

of ours, and that the estimators should be considered as competitors. 

Notation 

Recall (1) - (3). We define f, g ,h ,f ,g ,h : R ~ R by 
s s 	 s 

u (y ) f( lyl ), 

w(y ) h ( lyl ), 	 (4 ) 

v (y ) g (y ' y ) = g ( lyl )·s _ _ _ 

This 	formalizes the notion of spherical symmetry of u , w and v . 

If Y ~ u (y ;_O,I), then on D , Z = y ' y has d.f. F (Z) and density
r 	 m 

(5) 

m/2 
where 	C = n is the volume of D . We define h , H , g and G 

m r (m/2 +1) I m m m m 

analogously. In the important special case that w(y ;O,I) is the m-variate 

-m/2 - z /2 2normal density ~ (y ;O,I), so that h ( z ) = (2 n) e ,we write X ( z ) 
2 - - ( Zi2) m/2 - le - Z /2 m 

and Xm ( Z) for Hm (Z) and hm (Z) 2r(m/2) 

Model Assumptions 

Ml) 	 The r.v. Z has a finite first moment: 
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2 
M2) The func~ion h (z) is non-increasing on [O, r ]. Until 

s 

Sec~ion 5, we do no~ assume ~haL h (z) is continuous. s 

The following assumption is made purely because it proves to be 

mathematically convenien~ at one point. 

2 2 
M3) For every u E U f is non-cons~ant on [a ,r ], for 

E ,r' s 
2 every a . 



---- -------------- ---------- - ------------- - - ---- -,----­

1. IDENTIFIABILITY 

"Definition: Let m(·) be a matrix valued function. The pair 

identifiable in U if 
e: ,1' 

The following lemma shows that when ~I = ~2' we cannot distinguish 

~I from ~2 = a~1 for a in a neighborhood of 1, even if l' = 00 

LEMMA 1.1 For any e: E (0,1), l' E (0,00], ~ E ~, ~ > 0, the pair 

(~,~) is not identifiable in U if w(~;~,I) is continuous on
e: ,1' 

D (O,I).
l' ­

Proof: Let ° < a < 1, and define 


{l-e: }VI (~;~,I) max --e:-(w(~;2,aI)-w(~;2.I)),0 , x E D (O,aI);
l' ­

{l-e: }V2(~;~,aI) max --e:-(W(~;~,I)-W(~;~.aI)),O , x E D (O,aI);
l' ­

xED (O,I);
Y' ­

{
 
xED (O,aI);
(1-e:)w(~;2,aI) 

I' ­

u (~;2,I), x'D (O,aI);
l l' ­

and define these functions to be zero elsewhere. Then 

= {(1-e:)max{w(~;2,I),W(~,2,aI)}, xED (O,aI);
l' ­

u (~;~,I), x'D (O,aI);
l l' ­

- u (x; O,I).
1 - ­
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The functions v and V are spherically symmetric on D1'(~,I) and
l 2 

D (O, aI ) respectively. It is easy to see that for a sufficiently
l' ­

close to 1 the functions defined above ar~ possibly 	sub-stochastic, 

~ densities, and so = u2 E U Transfonning to I x + ~ yieldsu l E , l' 


the result. 0 


If E is sufficiently small and l' is sufficiently large, we can 

identify the representatives of cenain equivalence classes of the 

parameter space. Let M be the class of mxm real matrices, M+ the 

positive definite members of M. Let , : M~ R be a continuous linear map which 

commutes with the expectation operator and whose restriction to M+ is 

positive; e.g. ,(M) = M , ,(M) = t1' (M).
ll
 

LEMMA 1.2 For I , I l , I2 > 0 and a > 0: 


I I

i) I aI => -- = 

T (L) T (I) , 

k ~I 2I l I2 	 I 2 1
ii) 	 = 

, ( I l) ,(I ) 
~ 

2 I , ( I l) h ( I 2 ) 

, 
J "" J~ iii) I 2I I impliesI2 1 2 


I l I2 
 I I 
~ --= . 0 

,( I l) , ( I 
2

) , (L) T(I) 

The proof is trivial and so is omitted. 

By pans ii) and iii), and the fact that U is closed under affine 
E,1' 1 

transfonnations, [~"(~)) is identifiable iff ~, _ I~ ) is identifiable[ 
h(ff 

iff [2" (i)) is identifiable. 
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LEMMA 1.3 If L
-1 

has eigenvalues Al ~ ~ A > 0, ~hen 

m , , r2 

max x x ~ )J )J +­A • 
E mr 

-1Proof: Wi~hou~ loss-­ -

, 
max x x 

E 
r 

of genera1i~y , L 

o 

The following result will be used to obtain bounds on £ and r 

which ensure identifiability of [~,.{~)J. 

THEOREH 1.4 Let D E (O,I), E E ()J,n. Suppose that 
r r - r r ­

D n E # 0, and that f:~ + R is a function with the propertyr r 

that on Dr n E , f is both spherically and elliptically symmetric;r 
, , -1 

i.e. f(~) = fl (~ ~) = f2((~-~) L (~-~)) on Dr n Er for two 

functions f 1 ,f2 : R + R . Then either 

i) =[~'T(~)) [~, T(~)) ; 
ii) )J # 0 and f is constant on D n E ' or 

r r' 

iii) )J 0 and f is constant on D {O}.
r n Er " 

,
Proof. We may assume that f(~) = fl (~~) throughout Dr ' and that 

, -1 
f2((~-~) L (~-~)) throughout E , since fl and f2 may be 

r 

extended symmetrically through these regions. Denote by D~, D~, 
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E' and EO the boundaries and interiors of D and E. Let x_I and r r r r 

~2 be any two points in D n E , and suppose that ~ f O. We will 
r r 

show that f(~I) = f(~2)' by showing that ~1 and ~2 lie on in­

tersecting surfaces, along each of which the symmetry of f forces 

2 ,2 I -1
it to be constant. Define r. = x.x., 8. = (x .-~) L (x .-~) , and 

~ -~-~ ~ -~ - -~ ­
2 2assume that r < r • Then f(x.) = f (r.) = f 2 (8.).1 2 1 ~-~ ~ 

.~ 

To show that f(~l) = f(~2)' we need only sh.ow that there is some 

I I 2 2 2 
~O E D n E ,since then f(x 1) = f 2 (8 ) = f 2(8 0) = f(~o) = fl er )

8 - 1 or 2 1 

= fl (r~) = f(~2)' using first the elliptical, then the spherical, 

synunetry of f. To establish the existence of ~O' it suffices to 

show that D 
I 

intersects both E and (EO )c (complementation).
r 2 8

1 
8 1 

But since ~2 E D' n E 
I 

c D 
I n E , this will follow from 

r 2 8
2 

r 2 8 1 0 
D 

I n (EO )c f 0. Suppose for contradiction that D' c E Then 
r 2 8

1 
r 2 81 

I 

D C D C EO , so that D' n E I = 0, contradicting ~1 E D n E
, . 

r r 8 r
1 2 1 r 1 8 1 1 8 1 
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~n this case, ~1 E E' n D' , D' CD , and E' C E , so that 
8 1 r 1 r 1 r 2 8 1 8 2 

~1EE' nD andX E D' n E IfE' n(DO)C"'0,then
8 r - 1 r1 2 1 8 2 8 1 r 2 

there is an ~O E E' n D' If D' n (EO )c ". 0, then there is 
8

1 
r 2 r 1 8 2 

E D' In either case, we may argue as in Case i)an ~O r 1 , 0 
to get f(~1) Suppose then that E CD , and that 

8 1 r 2 

The points ~1 and ~2 can be connected by intersecting surfaces 

along which f is constant. We do this by constructing the largest 

sphere around 0 intersecting E , then the largest ellipse around 
- 8 1 

~ intersecting this sphere, etc. The surfaces so generated must 

eventually intersect D
, 

, unless ~ = o and either ~1 = Q, or E 
r 2 

8 1 

is in fact a sphere centered at Q. 
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2, 2 
To this end, define 1"11 = ~fX ~ ~, and suppose that 1"11 is 

Sl d E' 2 , 2attained at Xl. Then E DC 1" an ~1 E ~ 1"1 ~1~1 ~ 1"11 
- 1 sl 11 sl 

~ D CD, so that DUE C D and xII E E' n D' 
1"1 1"11 1"1 sl 1"11 - sl 1"11 


2 , -1 
 2. . dDefine s12 max((x-~) L (x-~)), and suppose t hat s12 1S atta1ne
D' - - - ­

1"11 

at ~12. Then D and Continue, gener­
1"11 

ating the chain D C E C ••• , with 
1"1 s12 ,, , 

E D' n E , • •• •~1 E Dr n Es ' ~11 1"11 s121 1 

Suppose that 1" . as n -+ 00. Then the connected surface 
1~2n+1 

intersects D' for some n. 
1"2 

Since the symmetry of f forces it to be constant everywhere on 

this surface, we will have f(~l) = f(~2). 
-1 

To see under what conditions r 1 ,2n+1 -+ 00, let L have 

2 , 2 
eigenvalues Al ~ ••• ~ Am > O. By Lemma 1.3, 1"11 ~ ~ ~ + sl/A · m 

Thus ES12 contains a sphere of radius [~'~ + s~/Am)~' and so s12/~ 
the length of the shortest semi-axis of E ,is at least 

s 
, 2)~ Al 12, 2 

~ ~ + sl/Am . With k = ~ ~ 1, we have sf2 ~ A1H ~ + k8 1 • Again[ 
m 

kn 2sl 
1" + --A-- -+ 00, unless ~ o and either k = 1 or

1,2n+1 
m 

If ~ = Qand k = 1, then l: = aI for a = A = ... = A so 
1 m' 

that = ~ = 0 and 8 
2 = 0, choose new points[~'T(~)) [Q'Tchl . If 
1 

repeat the argument, thus seeing that f is constant~1'~2 :! 0 and 

on D n E except possibly for a discontinuity at 0 = ~. o 
1" 1" 



- 13 ­

The following corollary is immediate. 

COROLLARY 1.5 Suppose that f = fl throughout Dr ' that f = f2 

throughout E , and that (!:'L(~)) :f (Q'L(~)J. Consider the r 

following possibilities: 

i) E c D • 
r r' 


ii) D c E • 

r r' 


iii) Er r:f- D , D r:f- E , • 

r r r °- E E

r' 


iv) E r:f- D , D r:f- E , E D • 

~ r r r r r' 


v) E r:f- D , D r:f- E , , J..l f/. D • 

r r r r ° -

q E 
r - r 

Corresponding to these cases f is constant, except possibly at ~ 

if ~ 0, on 

i) E 
r 


ii) D 
r 


iii) D 

r 


iv) E 

r 


v) (D \ DO ) U (E "EO ), _ 

r r r r

1 2 

where r~ = ~in ~'~ and r~ = fJin«~-~)'E-l('E_~)). 0 

r r 

The pair (~'L(~)) is not identifiable in UE,r if E is so large or 

r so small as to permit the existence of two disjoint ellipses E (J..l.,E.)r - 'Z- 'Z­

supporting (l-E)w(x;J..l.,E.). One is then unable to determine which 
- -'Z- 'Z­

region carries the symmetric mass and which the asynnnetric contamination. 

It is thus necessary that 
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2
L J (l-E)w(X;~.'L.)dx 2(1-dH (1' ) 

- -'Z, 'Z, - mi=O,l 
E (~.,L.)
l' -'Z, 'Z, 

exceed unity. Intuitively, the proportion of symmetric, uncontaminated 

mass must exceed 1/2. This rather appealing bound is not quite sufficient 

if l' < 00, however, as the following example, based upon Corollary 1.5(v), 

shows. 

Let m = 2, 2(1-E)H (1'
2 

) > 1. Consider two overlapping disks D (O,I)
2 l' ­,

and D (~, I), where ~ = (21'-k,O) . Write w (~, y ) for w(~;Q,I), and define 
l' ­

and let vI and V 2 be zero elsewhere. 

Define 
r(l-E)W(X,Y)+EV I (x, y ) on D1'(Q,I); 

-(1-E)w(x-(21'-k ),Y)+EV (x, y ) on D (~,I);
2 l' ­

arbitrary, elsewhere.1 
We have defined u and u in such a way that the outer annuli of 

l 2 

the disks, generated by rotating the region of intersection, each carry 

constant density of (l-E)w(1'-k,O). The disks within these annuli each 

support a "bi-variate (l-E)·w(x, y )." It can be shown that for sufficiently 

small k > 0 the functions defined above are densities, and so 

U =u E U • It appears that that mass on the union of the over­
I 2 E,1' 

lapping disks, which is added through requiring constancy on the annuli, 

is for small k less than that mass which is removed through no longer 
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having the region of intersection appear twice in the two disjoint disks. 

Another way in which (~'T(~)) may fail to be identifiable in U~,r 
is if constant density, necessarily exceeding (l-E)w(~;~,I), is permitted 

throughout E. Although this is precluded by our assumption 1-13), it is 
r 

2 -1
in any event ruled out by E < 1 - [l+h (O)Vol(D )-H (r)] , which re­

s r m 

quires the contaminating mass to exceed unity in order that u attain 

constancy on E. Since this bound on E exceeds the previous bound for 
r 

sufficiently large r, it too is generally insufficient. 

These observations prove part i) of Theorem 1.6 below. 


212 

For 0 ~ ~ r ~ 00, define f(r,r I ) = H (r ) + 7h2 (rI)Vol(D'D ).r I m 1 s r r l 

Define EI* - ES* by 

2
f(r,r) + inf f(r,r I ) = H (r ) + inf f(r,r l ), 

[O,r] m IO,r] 

1 + 2f(r,O) - f(r,r) 1 + h (O)Vol(D ) - H (r2
),s r m 

THEORE1-1l.6 In order that (~'T(~)J be identifiable in UE,r 

i) It is necessary, but not sufficient if r < 00, that E bp less 

than E* •
2 

ii) It is sufficient that E be less than E* I . 

Also 

* 1 * 1~ ~ ~ and E + - as r + 00. 
- ~2 - 2' 1 2 

*E3 for all r. 
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v) If w(x;f.! ,L) <j>(~;~,L) , then 

2 2 2X (r2 ) + X2(r2) + x (r ); m > 2, or m m 1 m 1 

m 2 and r2 > 2,* -1a) (1-E )
3

X~ (r2 ) +-
r2 

m
4 

where E (O,r) is the sole positive root ofr 1 

m m- 2 m 
r

1 
+ mr1 - r = 0. 

* 2b) For fixed El ~ 0, the minimum permissible value of r as 

r.::-- -1 *_1 
m ~ 00 is asymptotically equal to m + v2m ~ ((2(1-E » ).

1 

Proof: We first prove iii). 

which in turn follows from the definitions. Clearly, E2* ~ 1/2. 

For sufficiently large r, El* E* 3, since E4* ~ 1 as r ~ 00 . Thus 

the second assertion of iii) will follow from 1 ~ inf f(r,r ) ~ 11
r [0 , r J 


as r ~ 00 For this, put x = -,1 so that 

r 

inf f(r,r ) inf f(r,rx) 
[O,rJ 1 [O,lJ 

Suppose that the limit, as r ~ 00, of this last term is less than 

one. Then there exists 0 > 0, and sequences {r}, {x }; r ~ 00, 
r 

such that 

2 21m m 2 2
H (r x ) + 7(2 r (l-x )h (r x ) < 1 - 0 for all x • (1)

m r m rs r r 

2k ,say. But 

then 
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m m 2 2 
l' (l-x )h (r x )

l' S l' 

-+- 00 as l' -+- 00, 

contradicting (1). 


Proof of ii): Let l' be large enough that El * > 0, and let °< E < E * ,

1 

so that E < min(E*,E* ,E*)' By Lemma 1.2 iii), it will suffice to3 4 S

derive a contradiction from the supposition that [Q'T(~)J is not 

identifiable in U Suppose then that there exist
E,r 

u2(~;~,E) = u 1(~;2,I) EUE,r' with [~'T(~)) # [2'T(~))' For some 

densities VI (~;Q,I) and V2(~;~,r) on Dr and Er; 

(l-E)w(x;O,I) + EV (x;O,I) on D , 
1 - - l' 

and 

Denote by u(~) the common value of u (~) and u2(~)'
1 

We cannot have DO n EO = 0, since then 
l' l' 

(I-E) J w(~;Q,I)~ + (I-E) J w(~;H,r)~ 
D E 
l' 

2 
= 2 (l-E)Hm(r ) 

l-E 
= l-'-*s 

c. 
~ 

l-E 
~ 
l-Cl 

> 

l' 

l. 

Thus Corollary 1.5 applies. If u(x) is constant throughout E 
l' 
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(or E ~d ~ } ), then this constant must exceed 
l' ­

1 

(l-E) lJ ( ~ ; ~ ,L) = (1-E) ILI -~2h (0). Thus 
- s 

l-E I _kV2(~; ~ ,L) ~ -( L I 2h (O)-lJ (X;~, L », and so 
E S ­

l-E{ 2 }= -- h (O)Vol(D )-H (1' )
E S l' m 

l-E 
= -­

E 

Similarly , u (x ) cannot be constant on D , {OJ . If u(x) is constant 
- l' ­

on (D ' D
o 

) U (E ' E
0 

), then this constant exceeds 
l' 1'1 1" 1'2 


2 -~ 2

(l-E)max(h (1' ), IL I h ( 1"2 ».

sIs 

· ~ 
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G 
 2 2 0 212 0 ~ 
(l-E:) (H (r2 )+h (1'2) Vol (D \ D )) + (H (1' )+7h (1' 1 )Vol(D \ D )) • 
m s l' 1'2 m 1 2 S l' 1'1 

The first term in brackets above can be shown to be a non-increasing 

function of 1'2' assuming only that h (') is non-increasing, but not s 

necessarily continuous. The second is f(r,r ). Thus 
1 

These contradictions to [~'T(~)) :f [2'T(i)) prove ii). 

Proof of iv): That El* E3* is equivalent to 

f(r,r) + inf f(r,r ) ~ 1 + 2f(r,0) - f(r,r). Since1
[ 0,1'] 

inf f(r,r1) ~ f(r,O), it is sufficient that f(r,O) + 1 - 2f(r,r) 
[0,1'] 

exceed zero. But this latter function is minimized at 1'0' 

-m/2 -zl2Proof of v): If W(~;~'L) = ~(X;~,L), then h (z) = ~n) e , _ s 

so that r~ 4Zn2 ~ 2.8. An integration by parts gives 
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for m ~ 2, so that EI* E3* for all r. From 

2 -r /2m m 1 
(X' -rI)e 

we get 

-
m -

1 -r 2 /
2 m 12m m-2 m 

= m2 r (z.) r l q (r 1+mr 1 -r) . 
[ 

r2 
Thus for m = 2 and r2 ~ 2, inf f(r,O) = 4 For m > 2, 

2 [~,r] 
or m = 2 and r > 2, the extreme values of f(r,r

I
) in (O,r) are 

m m-2 m
attained at zeroes of P(X'I) = r l + mr - r. Since p(O) < 0,

i 

p er) > 0, and p '(r ) > 0; p has only one positive zero, f(r,r
I

)
I 

has only one positive critical point, and this point r is in CO,r).
l 

Since f Cr,0+) < 0 and f Cr,r) > 0, this point provides a minimum
22 

m m m-2
of f(r,r ). At this point, r - r = mr ,so that

I 1 1 

2 
f(F,F 1 ) F7­~ x! (F~) + [2;r [¥]r e-F0~ x~ (F~) +X! (F~). 
This proves a). 

For b), we use the fact that a X
2 r.v is asymptotically normally
m 

distributed, with mean m and variance 2m. From this, it follows that 

the minimum permissible value of r2 for fixed E2* = E5* is asymptoti­

rn- _1 *-1 
cally equal to m + v2m~ «2(1-E 2 )) ). But if r2 ~ m as m ~ 00, 

x -I/m-2 
then p(x) < o for - < 2 . Thus the zero r of p satisfies 

r 1 
r 1 -1/m-2
l' ~ 2 , and so PI ~ r as m ~ 00. But this implies that 

El * ~ E2 * as m,r ~ (X) in the manner described. This proves b). 0 
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The case r = 00 is sufficiently interesting that we state the simpler 

result for U as a corollary.
£,00 

COROLLARY 1.7 The pair (~,L) is not _ identifiable in U£,00 if 

w(~,Q,I) is continuous. The pair [~'T(~)J is identifiable iff 

£ < 1/2. 0 

Remarks: 

-1 ,
1) It is easy to construct an example - m = 2, w(~;Q,I) = TI cos(~ ~), 

, 2 TI * * * x x ~ r ~ 2 - in which £4 may be smaller than both £3 and £5' or lie be­

tween them, depending upon the value of r. 

2) For the normal case W(~;~,L) = ~(~;~,L), the asymptotic values 

given in iii) and v) of Theorem 1.6 are approached rapidly. Table I 

below gives the minimum permissible values of r, for specified propor­

tions £1* of symmetric contamination. The figures in parentheses are the 

minimum permissible amounts of uncontaminated mass, i.e. 

JE (l-£:)~(~;~,L)~. Table II gives the maximum permissible proportion 
*r 

£1 of symmetric contamination for specified rand m. 
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TABLE I 

2 3 4 5 10 20 30 ~ 

1.306 1.614 
(.574) (.543) 

1. 314 1.622 
(.572) (.542) 

1. 349 1.659 
(.568) (.540) 

1. 397 1. 710 
(.561) (.537) 

\Y' 
m 1.5 2 

1.892 2.137 
(.534) (.529) 

1.900 2.145 
(.533) (.528) 

1. 937 2.183 
(.531) (.527) 

1. 989 2.234 
(.529) (.525) 

TABLE II 

3 4 


2 ~190 .405 .493 .500 

3 .294 .483 .499 

4 .110 .463 .498 

5 .432 .496 

10 .303 

20 

30 

3.089 
(.518) 

3.098 
(.518) 

3.136 
(.518) 

3.188 
(.516) 

5 

.500 

.500 

.500 

.500 

.497 

.367 

4.420 
(.513) 

4.429 
(.513) 

4.466 
(.512) 

4.519 
(.511) 

6 

.500 

.500 

.500 

.500 

.500 

.492 

.363 

5.434 ~ m 
(.510) (.500) 

k 
5.443 (m+. 0l8vm) 2 

(.510) (.500) 

k 
5.481 (m+. 0931rii) 2 

(.510) (.500) 

k 
5.533 (m+.1981rii) 2 

(.509) (.500) 

00 

.500 

.500 

.500 

.500 

.500 

.500 

.500 



L2. CONSISTENT ESTIMATORS OF ~ AND T(L) 

will define estimators.In Section 3, we of ~'T (~)J as solutions to 

n 
certain non-linear equations of the form L ~ (~i ; ~,+) = 2· In order 

i =l T ( L ) 

that, asymptotically, the asymmetrically distributed observations should 

have no influence on the estimators, the functions ~ will be chosen to 

vanish off of E [~,~) . As a result, the solutions are not unique if 
r T(L) 

r < - any pair (~,~) which is such that the associated ellipse00 ex­
T ( L ) 

cludes all of the observations will constitute a "solution". However, if 

the starting value of the iterative process used to solve the equations 

is itself a consistent estimator of the parameters, and if the true 

parameters are asymptotic solutions, then the solution to which the process 

converges will be consistent. Choices of ~ can then be made to minimize 

the maximum asymptotic variance of the estimators, over the class of 

symmetric contaminating distributions. 

In this section we construct an initial estimator of [~'T(~)J and 

show that it is consistent. Before beginning the construction, we 

require some elementary facts about truncated spherical distributions. 
1 

If ~ ~ w (~ ;2, I), then the conditional density of x = L~~ + ~ , 

given that x E E (~ , L ), is 
- r ­
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W (~;lJ.' [ ) x E Er 2 ' l'H (1' )
m 

w(xlE ) 
- l' 

1 o , x f E • 
l' 

We say that x ~ w(xlE ) i f x E E and has conditional density w(xlE ), 
- - l' - l' - l' 

and that x ~ ~ (xIE ) if W(X; ll , [ ) 
- - l' 

LEMMA 2.1 If x ~ w(x lE ), then 
- - l' 

i) 

ii) E[::] 

( zh (z ) 
a = --,-__ dz ._ m

mH (1'2 ) 
o m 

If the columns of X = Il x x II are independently distributed as mxn -1 -n 
I --I

Xl XX -nxx 
W (x IE ), if x - - and V 

-1 
thenVI a VI'- l' n n-l 


iii) E[~] ll , EI V] 


l 

A rough description of the method of estimation is as follows. 

Given a sample of size n from U(X;ll,[) E U ,we form all subsets of 
E: ,1' 

size Z. The sequence {Z } grows sufficiently slowly that at least n n 

some of the subsets will consist entirely of observations from w(xlE ), 
- l' 

with arbitrarily high probability, as n ~ 00. Each subset is randomly 
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partitioned into two parts. From one part we form the mean vector x 

and covariance matrix V, adjusted for unbiasedness at the ideal dis­

tribution, as in Lemma 2.1. Then if x is a member of the other part, it 

is independent of (x, V). 

n n
If x , x , vn are members of, or estimates formed from, subsets all 

of whose members are from w(xlE ), then (x_n , vn ) converges in probability
- r 

n .n -~ n -n Ito (~, E ), and ~ = ( v ) (~-~) converges weakly to ~ ~ w (~ Dr)' as 

n ~ This implies that the corresponding empirical distribution00. 

functions (e.d.f.s ) converge uniformly to the d.f. W(y ID ) of y_. Thus 
- r 

the minimum distance, with respect to the sup norm, between W (~ I Dr) and 

the e.d.f.s. of the [ ; ) sub-samples {~~} , tends to zero. The estimators 
n 

of ~ and T(~ ) are the ~ and T(~) corresponding to the e.d.f. which mini­

mizes this distance. In Theorem 2.3 we show that these estimators are 

consistent. 

We shall require the following version of the Glivenko-Cantelli 

Theorem. 

LEMMA 2.2 If 

i) W(x ) is an absolutely continuous d.f. on ~ , 

ii) {G (x)} is a sequence of d.f.s converging pointwise to W(~),
n ­

2\ m­iii) {m } is a sequence of positive integers satisfying L < 00, 

n n n 

iv) { F (x )} is a sequence of e.d.f.s of independent samples, of 
n ­

size m , from G ; then 

n n 



l 
- 26 ­

sup lF (C)-W(C) I a . e . 0, 
CEC n -


where C is the set of measureable convex subsets of ~. 

Proof: Consider F (x) as the e.d.f. based on m independent real-
n - n 

izations ~l (w)""'~m (w); where the ~i are r.vec.s on a probability 
n 

space (Q,F,P), with d.f. G . Let C be a convex, measureable subset 
n 

of ~ , and define m independent r.v.s ~.(C , w ) by
n J 

1 if X . ( w) EC , 
-J 

~ .(C , w )
J 

o otherwise. 

m 
n 

Then m F (C, w) = ~ .(C,w) ~ b(m , 0 ), where 0 = G (C) ~ 0 W(C).n n L J n n n nj=l 

Let E > 0 be arbitrary, and let N b~ large enough that 10 -01 < £./2
n 

for n ~ N. Then 

lim P(IF (C, w)-o l > E for some n ~ N)

N-+oo n 


~ lim P( IF (C,w)-o I > E/2) for some n ~ N) 
17 n n
j; -+OO 

~ lim L P(I F (C,w)-o I > E/2)

N-+oo n=N n n 


16 . 00 

= 4" 11m L 
E N-+oo n=N 

= 0, 
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by iii). The third inequality is Chebyshev's Inequality . We have 

shown that F (C,w) ~ u ~ = W(C)·,1.e. f or a . e . w, F (., w) ~W ( • ) • 
n n -

The uniformity then follows from Theorem 4.2 of R.R. Rao, R~ . 0 

Now let ~l""'~n be a random sample from u E UE,r' with E < E1 
* • 

For any such u , 

p (l-E)w (x ;~ ,ndx 
E 

r 

(I-dB (r
2 

)
m 

I 
> -

2 

Define the r.v. L by L = "Number of members of the sample from 
n n 

w(x lE )". Then L b (n ,p ). Let {Z } be a sequence of positive integers
- r n 

rv 
n 

satisfying 

Z 

i) ~ t p as n ~ 00 (implying LZ-2 < 00 ),


n n 
n 

\' 2 _ 4 
ii) L n ( Z - np ) < 00·,

n n 

e.g. Zn = [ np - nQp ] , where 3/4 < 15 < 1. Put an = (; J, and let 
n 

{~ , ... ,~ } be the set of all subsets of {x , ... ,x } of size Z . Let
1 a -1 _n n 

n m 2 
m = Z - ~(n ). Then ~ ~ p and Lm- < 00 . For each i , randomly partition

n n n n 


as D~ U ~ , where ID~ I = m and I~I = Z - m . From the elements of 

~ ~ ~ n ~ n n 

~, calculate the mean vector x~ and adjusted covariance matrix V: . Note 
~ -~ ~ 

- n .:n n I nn .that the set ~ - { < x., v .>,x .. x •. ED .,I~J ~m } is totally independent, 
~ -~ ~ -~J -~J ~ n 

and that its distribution does not depend upon i . 

Let n ~ 00, and consider the infinite array, with independence between 

the rows, 
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JIl, r 
1 a 

n 

1 1r + . . . r +
~1 ' • 

an+1 

Put B = {1 , 2, ..• ,a }, B = X B . For b E B, i.e. for b = <b1 , ... ,b , ... >, 
n n n=l n - n 

where I ~ b ~ a , define Tb <T~ , ... ,~ , ... > . Then {Tb l ~EB} is then n 
1 n 


set of all sequences through the array , with one set chosen from each 


row. We claim that 

I lim P (There exists a sequence TS with the property 
n-+«> 

that for all k ~ n , Tk consists entirely of vectors 
Sk 


from W(xIE ). 

- l' 

This claim is equivalent to 

o lim P (There exists a row k in the array, with k ~ n , 
n-+«> 
no member of which contains only vectors from w(x lE )) 

- l' 

lim I P(L k<Zk )' 

n-+«> k=n 


This follows easily from ii) and Chebyshev's Inequality . 

If TS is any such sequence, then the corresponding sequence 

{~; , ~ } converges in probability to (~ , L ), so that if {~~ } is a 
n n n 
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sequence of independent r.vec.s, all of which come from w(x lE ) from 

- r 

some point onwards, then 

n n
In particular, if x E DB ' then (1) holds. Now form "standardized" 

-Bn n 
set ~ from the T~ . Define ~ = {y~ ,... , y~ }, 1 ~ i ~ a , by 

~ ~ ~ _~ ,1 _~ , mn n 

o 
n 

y .. 
-~ , J 

.YL -~ n -n 
( v. ) (x .. ­ x .) 

~ -~J -~ 
m . 

n 

The members of the ~ are i . i.d., and their distribution does not depend 
~ 

upon ~ . By (1), 

(2) 

, , n n 
in the sense that the sequence <Yo l""'Yo " "'Ya ,···,yS , ... > 

-"'1' _ I-' ,m1 -1-' ,I,m1 n n n 

converges weakly to y . Let G be the d.f. of S~ , and let ~ be the 
n ~ ~ 

e. d. f. Define 

x . suplF .(C)-W(CID )I, 
n , ~ CEC n , ~ r 

1 

X min X ., 
n , a iE B n , ~ 

n 

where C is any fixed subset of C. By (2) and Lemma 2.2, X ~O,
1 n , B n 
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a.e , -n 	 .)1.so that X -0. Let x , V be the mean vector and covariance matrix n,a - a a 

corresponding to X 
n,a 

THEOREM 2. 3 If 	E < E1 
*, then 

-p 

Proof: We first 	show that 

EfL -!2.... y rv w (y ID ). (3)a _ _ r 

Let G be the d . f. of the members of EfL . For fixed y , putn , a 	 a 

(4) 

But X ~ 0 	 implies that F (x ) a.e ..-+ 6. Since 
n ,a n ,a ­

m F (x ) b (m , 6 ) the second moments of the F (x ) are uni­n n , a - rv n n n ,a ­

formly bounded in n . In the presence of this condition, conver­

gence a . e. implies convergence in Ll : E[F (x )] + 6 , which is 
n ,a ­

(4). 

By the WLLN , xn and VZ converge in probability to their expec­
-a a 

tations, say ~ and E ,which exist by assumption (model assumption 
- a a 	 vn 

Ml» • Since T(') is continuous, [~: ' T (~» ) --p---+. [~a ·T ~~a ) J · 
a 

The result will 	then follow from 
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(5) 

n..n n.n ~ n - nRecall that D and b are related by x . = ( v ) y . + x , for 
a a - aJ a _aJ -a 

n E Dn n Sn s· n D b (3) d (-n .n) Px. , y . E • lnce y . ---+ y y , an x , v ---+ (ll ,I: );- aJ a _aJ a _aJ _ - a a -a a 

n D ID ---+ x ~ w(x E (ll , I: )). For a randomly chosen ~ E { ~ l '."'~n} ' a - a - a r - a a 

m 
= lim 2J:.. = p , 

nn-¥x> 

Z -m 
n nlim P (~ E~) = lim 0,

a n 

and lim P(~l~) l-p . 
- a 

Thus the limiting distribution of x is simultaneously U(X; ll , I: ) and 

pw(x IE (ll , I: )) + (l-p ) G (x ), (6)
- a r - a a a ­

for some G (x ) whos e r es t r iction to E (1l , I: ) ~s symmetric . Further-
a - r ­

more, G must be differentiable. W.l.o.g., we now assume that a 

(1l_, I: ) = (O,I), and write D for D (O,I), E for E (ll , I: ). Equating- r r - r r - a a 

u (~;2,I) to the derivative of the term at (6), and inserting the 

definitions of p and we' IE ), gives
r 

«l-e:)W(~;~a ' I:a ))lE + (l-p )g a (~) 
r 

for some density g which is symmetric within D . But by definition,
a r 

«1-E)w(~;2,I) + Ev (~;2,I))lD + n(~)~C 
r r 
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for some symmetric V and arbitrary n. We cannot have D n E 0,
r r 

else fu ~ fu + fu > 1. Thus Theorem 1.4 applies. If 

D E 
r r 

CD , or DeE , then the required
r r r 

constancy of u on the inner region violates £ < £1* ~ £4 * ' Constancy 

of u on an outer annulus of D violates assumption M3). This leaves 
r 

only [~a ' T ( ~a » ) = [Q' T (~» ) ' (5).which is o 
a 



3. 	 CONSISTENT, ASY}WTOTICALLY NORMALLY DISTRIBUTED 


M-ESTIMATORS 


In this section we derive M-estimators of !:!. and that multiple of I 

which bas T ( I ) = l. We assume that the observations come from 

u (~;!:!., L) E U' = {u EU h ( I )=l }. This is equivalent to assuming that 
E , 1' E ,1' 

the observations come from a general u E U , but that the region of 
E ,1'0

' -1 2 2
known symmetry is {~ I (~-!:!.) I (~-!:!.) ~ro=r /T( I ) } . This is a serious 

drawback to the model, if l' < ~ , but is forced by the identifiability 

problem. Even if, as is assumed, l' is known exactly , the user must still 

substitute an estimate of T( I ) in r 2/T( I ). An incorrect estimate yields 

an estimator of I which either excludes symmetrically distributed obser­

vations, hence has reduced efficiency ; or includes possibly asymmetrically 

distributed observations. If l' = ~ then T( I ) need not be known. 

The parameter spaces are 8 = ~ 8 = {V Iv> O} 8 8 x 8 
1 ' 2 mxm ' 1 2 · 

The members of 82 will be thought of variously as matrices, or as the 

vectors in ~(m+1)/ 2 consisting of the functionally independent elements 
vn 

of these matrices 	 Put 80 = (~, I ), 81 = [~: , in )' from Theorem 2.3. 
T ( ) 

a 	 A 

We will derive a system of equations, and define an estimator 8 

as the Newton-Raphson solution to these equations, with 8 1 as starting 
A 

value. We show that 8 is a consistent estimator of 8 0 , and that 

In( e-8 0) is asymptotically normally distributed. From this, asymptotic 

confidence regions for linear functions of 8 are constructed. We will
0 

also show that 8 may be obtained as the limit of a simple fixed point 
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iteration process which, asymptotically, has the same optimal convergence 

properties as the Newton-Raphson method. 

"In the case r = ~ , it will be shown that under fairly mild restric­

tions, the solution to the equations is asymptotically unique, and so 

the construction of 8 is "asymptotically unnecessary ."
1 

~ Throughout this section, I is assumed to be upper triangular with 

positive diagonal elements. 

Derivation of the equations 

If x ~ U(X ; 8 ) E U
, 

, then 8 is characterized uniquely by - - 0 E,r 0 

o for all functions ao(·) vanishing 

off of [O, r 2 ]; 
1 	 1 ' 

ii) 	 E[ a2«~-~) I -I (~-~) ) I -~ (~-~)(~-~) ' I -~ J = kIm for all a 2 (.) 

vanishing off of [O,r2J and k = k (a ,v ); 
2 


iii) T ( L) = 1. 


!.< 1 ' 
Pre- and post-multiplying by I2 and I~ in ii), then applying T to 

both sides (recalling that T commutes with the expectation operator), 

i) 

iv) o mxm 

and 	iii) are together equivalent to 

Let 	ao( z ), a (z ) be continuous, piecewise smooth functions vanish­
2 

2ing off of IO, r J. For any 8 = (t_, V) E e and sample values x 1 ' ••• 'x ;- -n 

define 
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a n x 1, (1) 

n x n (2) 

T = II! , ... ,! II n x n . (3) 

In analogy with i) and iv), we seek the appropriate zero of 

F : 8+ If1(m+3)/ 2 defined by 
n 

1 1 ' 
F ( 8 ) n- 1« X-T) ~ , [ V-~ (X-T)A (X-T) ' V-~ -T « X-T)A (X-T) ') I ] ).
n 

Of course, the zeroes of F coincide with those of 
n 

- 1 , ,
G (8) = n « X-T) ~ ,r(X-T)A (X-T) - T« X-T)A(X-T) )V]). (4)n 

The first function is better suited to the calculations which follow. 

The second is the one to which the fixed point process referred to above 

is applied. 

The estimator of 8 is0 

The Newton-Raphson solution 8* to F (8) = 0, 
starting with 81 , if the iteration ~rocess­
converges; 

(5) 

81 , otherwise. 

Consist ency of 8 
A 

-~ = V (x.-t), and define 
- "/.. ­
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~ (x .; 8) (~o (x . ; ti) "'2 (;r; • ; 8 ) ) • _ & 	 ".t. _ &- & 

-1 'i' P 	 P --r oThen 	F (8) = n L ~ (x.; 8 )n . - - & 
& 

by i) 	and iv) above. We show that 

~ * Cl) 	 lim P(8=8 ) 1, 
n-t<X> 

C2) 
~ P 

--r O.C3) 	 nF (8)
n 

Of course, Cl) implies C3). Since a ' a are piecewise smooth, we have
O 2 

i) Around each 8 E 8 is an open neighborhood within which (::nJ 
exists, and is continuous, with probability one. 

In Lemma 3.4 below, we give conditions ensuring that 

ii) lim [::n) ~ l[~~l Jis non-singular. 
n-t<X> 	 1I8 a 8 

P
Points i) and ii), together with Fn(8 0) -+ 2, imply that 8 is0 

asymptotically a point of attraction of the iteration process: 

iii) 	There exists an open neighborhood S of 80 such that starting 

anywhere in S the iterates remain in 8 and converge to 80 . 

Then iii) and the consistency of 81 establish Cl) and C2). 
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Asymptotic No~aZity of § 

Pu t p m~(m+..:...:....::l~)= :.:..:. and denote by f , ... ,fm+ the components of F •2 ' 1 P n 

By the mean value theorem, there exist t1, ••• ,tm+p E (0,1) such that 

(6) 

where 

(m+p ) x (m+p ) 

The first term on the left of (6) tends to 0 in probability by C3), and 

the second is 

Thus the right-hand-side of (6) is asymptotically normally distributed 

as well, and so 

The proof of Lemma 3.4 will then complete the proof of consistency 

and asymptotic normality of 6. This result is stated formally as 

Theorem 3.5 below, where the limiting covariance matrix of Ins is given 

explicitly. It is of rank one less than its order, due to the rondition 

T(L) = 1. In Lemma 3.6, this singularity is removed. 
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We first i ntroduce a system of zero-one matrices which will be used 

to determine cov[ ~ ] 8 (Lemma 3.2). and to exhibit certain Jacobian 

. 0 r[a$)matrices (Lemma 3.1) required in the calculation of E a ~ ] (Lemma 3.3). 
8 0 

Matrix notation 

For the purpose of calculating Jacobian matrices. we enumerate the 

elements of symmetric and upper triangular matrices row-by-row on and 

above the main diagonal; viz •• 

If A • B mxm mxm and C. 
~ 

are matrices. then 

A®B (a ..B ) 
1-J 

m 
lH 

i =l 
C. = diag(C •...•C ).

1­ 1 m so that I ® B m 

m 
H7 

i =l 
B ; 

vec A 

, m(m+1)
vec A (a •.. .•a J a •... •a ; .. . ;a ) 2 x 1.

111m 222m mm s 

( ..)thThus if A and B are symmetric or upper triangular, the 1- ,J element 

m(m+1) m(m+1) d f· th 12 x 2 i s the partial erivative 0 the ~ e ementof (~~) 
of vec A with respect to the j th element of vec B. 

s s 
Extensive use is made of the following zero-one matrices. 
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2 
vee I: m x 1;f. = (0, ... ,0,1,0, ... ,0) 

, 
: m x 1; [= 

- t. t 

i 

m-i+1
(0) i -IJ . 11 [··· -f II m x m- i+1 ; 

t. t. -m II 
m-i+l 

m 
(j vee A 2 m(m+1).J EB J. m x 

t. a vee A· 2i =l S 

e
-1 

.. m(m+1) 1e . J 
,
_[_ (1,0, ... ,0)': m-i+1 x 1; e vee I 2 x. - t. t. t. ­ s 

e -m 

Then J.e. f. and Je = [.
t. - t. - t. 

, m ,a vee A '. m2 2F ([ -[.) " A . x m ; $ i-i·J t. a vee t. t.i=l 

The (i, j )th block of F has 1 in the (j ,i)th spot, zeroes elsewhere. 

m(m+1)/2 

P Iitl ~~ 1.. ·1 tm~~II' is the permutation[::J m:m-U/2' where P, 

matrix defined by its action 

, 
P(vec A ) (a l1 ,a22 ,···,a ;a12,a13, ... ,al ;a , .•. ,a ; ... ;a ) 

s mm m 232m m-l,m 

for any A: m x m. Thus, e.g. Pe = [llm . 
- Qm(m-1)/2 

The most frequently employed properties of these matrices are: 
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,
21) J (vee A ) = vee A ; 

s ,
22) F (vee A ) = vee A ; 

Z3) F (A<1JB )F = B ® A ; 

24) vee A = (IIlOA ') [ = (A®I )[, vee AB ' (A0 B )[; 

25) [' (vee A ) = tr A ; 

= f ; 
d- ­m , 

ffi e.e ., the diagonal matrix with e as its
i =l - '1.- - '1.­

diagonal. 

LEMMA 3.1 

i) If V is symmetric and non-singular, then 

Ff = F f 
-

26) 

27) 

(7) 

and so 

ii) If W is upper triangular, then 

,
1 1-J' (W- 0W- )J , 

[a~~w] = J ' (I+F )(W' ®I )J , 

[a: '] = J ' (I+F)(I~)J . 

_1 

iii) If V > 0, V ~ is an upper triangular matrix satisfying 
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1 k{). - = -J' (I+P) (V2rs¢V)J. 

iv) If A is upper triangular, then 

OIJIJ' )
v) -,,- = J' « y®I )+(I 0y )).[ oy - m m_ 

Proof: We prove i), iii) and vi), the others are left to the 

reader. 

i): For any parameter ~, 

so that 

~~-1} -1 (ov) -1[ 0't' - V a¢ V • 

Putting ~ = Vjj ' then ~ = Vjk (j<k) gives 

-1 iZThus, representing V as (V), 
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[ -1) [ -1)--= ~ =f' ~f 
av .. aV.. i aV .. -l 

JJ JJ i'l JJ 

Upon expansion, this is seen to agree with (7). 

-1 [av_ ) [a V~11) [av ) raw' W)iii) : f1 
av 1 av ~ av-1 aw w= v-~ 

, _h' 
-J (V~V)(I+F)(V 2 ~I)J, using (I+F-Fd)JJ'(I+F) = I+F, 

-J' (I+F) (V~V) (V-~' ¢9I)J by Z3) 

h 
-J' (I+F) (V ~V)J . 

vi): This follows from xx 
, 

\' x.x.f .f'., and the linearity of 
.L. 'Z- J-'Z--J 

'Z-,J 
T. 0 

-~ For x N U(X;~,L) E U , put y = L (~-~). Define - - - E,r _ 

2 2 2 ,2 2 '( , )Y = E[YIY2a2 ~ ~ ], = E[YIY2a2(~ ~)],Y1 


4 i , 
 4 2 ' 0 = E[Yla2(~ ~)], 0
1 = EIYla2(~ ~)], 

2 ,
S = E[Yla2(~ ~)]. 
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°
A property of spherically symmetric functions is that = 3y and 

k ~ 
0 1 = 3Y1 · Represent E 2 by its columns as E = 1I ~1 ~ . .~m " ' and in 

partitioned form as 

i - I m- i +1 i - I R. R . 
'Z-I 'Z-2 

o R . 
'Z-3 m- i +1 

m , k 
Put R = ffi R . = J (I 0 E 2 )J . An identity which will prove useful, 

. 1 'Z-3'Z- = 
k

and which follows from the triangularity of E2 , is 

1 ' 
JR ' = (I®E"2 )J . (8) 

Define mxm matrices S and T by 

S .. '(f . ,, '.H .f~), T .. = ,(" .,,'.H .,, '.). 
'Z-J - 'Z- - J - J - 'Z- 'Z-J - 'Z- - J ~J -'Z-

m(m-l)

The vectors ~ :mxl and ~ o : 2 x 1 of di agonal and off-diagonal 

elements of T are defined by 

m(m+l)Define m(m+l) x 2 matrices2 

aV-~l[ av ) V=E, 

, k 
G J (Iq;S )JJ ' ( E~&I)J , G = J ' (I(1ff )J , 

21 

H 

, , 
D = P 1P1 + 2P P diag(1,2 , ... ,2;1,2, ... ,2; .•• ;1,2;1)2 2 
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-IT'lm ~- o m(m-l)/2 

LEMMA 3.2 The covariance matrix of ~ at 80 is 

and has rank one less than its order. 

Proof: We have 1u[o!) 0, since 

1 '17.'!... d_ 1. 

Since the only linear constraint on ~ is that imposed by T( E) 1, 

the second statement of the lemma follows. 

With Y 

, ~ 
z a (y y ) E y , o 

Then 

E[~~ 
,
] EI~(vec Z) '] 

s .cov[~] 
8 0 E[ (vec Z )~' ] EI(vec Z) (vec Z)'l]

s s s 

Since a and a vanish off of 10,1'
2 

] , the distribution of y is
O 2 

symmetric on the range over which the expectations are taken. Thus 
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0mxm(m+l)/2' and 

.th
The ~ component of the vector of expectations is 

, , ~.;,, ' 
E[ a o(y y )a (y y )Y .T(E yy ' E2 )] 

- - 2 - - ~ -­

, , 1 , ;,, ' 
T (E[ a (y y )a (y y )y . E~yy E 2 ] ) 

o 2- - - - ~ -­

;" , , ;,, ' 
= T (E 2El a (y y )a (y ' y )y .yy ] E 2)

a - _ 2 - - ~--

= T (0 ) O. mxm 

,
Thus E[z (vec Z)'] Clearly , EI ~~ ] (lIE , and so°mxm (m+l) /2·- s 

cov[ ~ ] e (lIE ~ EI(vec Z)(vec Z)']. 
ass 

We have, by properties Zl) and Z4), 

" ,EI(vec Z)(vec Z) ] = J EI(I®Z )f[ (I®Z)] J 
s s ­

where 
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i) E[A ] = E[ (I®a (y ' y )yy ' )[( (I'&.l2 (y ' y )yy ')J
l 2 - - -- - - -­

= Ela~ (y ' y ) (I0yy ' )[i' (Ifl.Jyy ')] 

2 (' ( , , , 
= E[a2 ~~) vec ~~ ) (vec ~~ ) ], 

The (k,l)th element of the (i,j)th block of the matrix of ex­

pectations is 

<5 =3y k=l=i=J' ,
1 1 ' , 

Y
l 

, k-l#i=j, k=i#l=j, k=j#l=i; 

0, otherwise; 

( ' ,)th ,so t hat t he ~ ,J block ~s 

0, iM; 

(9)Y (f',f',+f,f~) + 
l "'-~-J -J-~ 

The matrix of expectations has (i,j)th element 
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1 1 ' 2 , ~ . ' ~ EI a (y yh (I !1y I )y oy oj
2 _ _ -- 1.- J 

(10) 

The last matrix of expectations coincides with (9) above, so 

that (10) is 

r-re o), i l j ; 

i =j; 

0, i l j ; 

t , 

= y 1T (A 0A 0+A 0A 0) + 
4- - J - J 4­

Y , i =j 011 

lIt 1 1 t 

).0).").0 ) EI A ] EI (T. (t) ( ~ ' ~ '1) ~~t( T. (') ( ~ ' ~ ) I]3 = ~~2 ~ ~ T I ~~ I I LL ~~2 Y Y T I yy I 

where the expectation is 

1 lIt 1 t2 t ~ ~,~ ,~
E[ a (y y h (I T (I yy I )yy I )]

2 - - -­



- 48 ­

, 
1 1 

Expanding ' (L~TL~ ) gives 

m 
Summing up, and using J ' FJ ffi e . e ~ = p {P 1 ' we get

i =l-b- b 

The result then follows from 


PEr (vec Z) (vec Z) '1 P' = Yl UD1 U'. 0 

s s 

LEMMA 3.3 The expectation of the Jacobian matrix of ~ at 80 is 

Proof: Make the following transformations: 

-~ 
8 ( t , V) ~ (! ,W), 	where W = V is upper triangular, and 

W' W = V- l ; 

(! ,W) ~ (y ,W), where y 

(y ,W) 

and Z ", (x; 8) . 
:1:.2 -
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Then 

dt ,W)
Clearly , -- = I EBb. . From Lemma 3.1 iv) and (8),[d~ , V80 m a 

C'-0 

~I(IJ>~ " 
)JR J . 

dZ ,Z) 
Calculation of -=--w :( d~ ' 8 0 

i) 
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, ,-1 

- 1 ,-1 ' [aa2 (y.. Y.. )J , [aT (~ )J [aw Y..J] 
-~ T W Y..Y.. w ) a + a2 (Y.. Y.. ) ax -1 aG Y.. - x=W u Y.. 8 

- ~ 0 

We have 

- E U-a~) 1 L-~ 
ay" 8o. 

= 

As in Lemma 3.2, the two off-diagonal blocks are zero, and 
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(11) 

From iii) above, 

E[(~) j­
'OW 60. 

The vector of expectations is 1 x m2. The jth term in the ith block 

(l~i,j~m) is, from Lemma 3.1 vi) 

,!:I' !:I ,
T(S[.[.I +SI f·T~)

'2- J -J"-i 

= SS ..• 
'2-J 

, 
Thus the vector of expectations is (vec S) , and so 

1 l' 

-S~«I'i9S')[) 'JJ' (I'!!®I'!! )J by Z4) and Leuuna 3.1 ii), 

, ,!:I_~ !:I I 

= -e~[ (I®S)JJ (I~)(I0I )J 

(12) 
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Calculations very similar to those in Lemma 3.2 give 

(S+2y) (J ' (I+P) e(vec T) ')JR' 

(13) 

Substituting (12) and (13) into ell) gives 

o 

It is not difficult to show that e'G e = e'G e = 2T(r) = 2, 
- 1- - 2­

He 2(S+2y)~, and ~'G1 (vec T).
, 

From Lemma 3.2 iii) and (8),
s 

, ~ ~ k'
-J (I+p)(r ®r ) (I0r 2 )J 

,-1 , k ~ 
so that (R ~o) = -J (I+p)(r 2®r )J. The following lemma may then be 

verified directly. 

LEMMA 3.4 Assume that none of a, S, S+2y is zero. Then (E[[::]eolJ-l 
exists and equals 
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- 1 '-1 Y , -1 
- a Im ~ (R ~O ) (I + S ~(v~c T))H , 

-1
where H o 

THEOREM 3.5 Under the conditions of Lemma 3.4, the estimator 8 , 

defined at (5), is a consistent estimator of 8 
0 

, Furthermore, 

D-
, ~ ~ , ~ 

where [J (L~L )(I+F)JJ[ I-~ (vec T) ]D2 

- s 

1 l' 

and J ' (I+F) (L0 L) (I+F)J + 2T (L~TL~ ) (vec L) (vec L)' 
s s 

!~ !.; ' , 1 l ' 

-2 (vec L) (vec L ~L -) - 2 (vec L~TL~ ) (vec L)'. 0 


s s s s 


Remarks: 

~ ~ ' " 
1) With L = 11 0 , ••• , 0 II , we have ( L2TL 2 ) •. = T(O .O .+o .o.), so 

- 1 -m 1.-J - 1,, - J - J - 1.­, ~ that All. is independent of the choice of L 

2) The location and scale components of 8 
A 

are asymptotically un­

correlated, hence asymptotically independent. Upon expansion 

Yl 
2( S+2y)z [2(OijOkl + °jkOil ) 

We will now remove the singularity 
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in A. Essentially , this involves removing from 80 one of the diagonal 

elements of L, and making the corresponding changes in 8 
A 

and AA 
, 

. By 

a re-oenumeration if necessary, we may assume that it is L ll which is 

to be removed. 

Put P = m(m;l), and let ¢o and ~ be the p+m-Ixl vectors which re­

sult from removing the (m+l)th elements from each of 8 and § . Define0 

Since cov[ ~ ]8K : p-l x p by K IIQIIp_l ll . Then, e.g . , ¢O 
o 

has rank m+p-l, A has rank p -l. It is easy to see that A~ = Q, so 

that, partitioning A as A = II ~ IAI II , where Al AK' is pxp-l with rank 

p -l, we have Q= Ae c + A I K~. Solving for c then gives 

, " , , ",
AA = A (I +Kee K )AI = AK (I +Kee K )KA .

I P- I -- p-I -­

, , 
, , !.: [ K§!. §!. K JA version of (I +Kee K ) 2 is I + ------ This gives

P-I -- p-I 1+11n ' 

, , 
KA A K 

We then have 

LEMMA 3.6 Under the conditions of Lemma 3.4, the estimator ¢ 
A 

is 

consistent for ¢o' and 

, , 

where B KAK ' [I + K§!.§!. K J p-l x p -l is non-singular. o 

P- I l+/,Ti 
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As preparation for the next sections, it is convenient to re-

parameterize the expectations in Lemma 3.6 in terms of Iyl = X. Re­

m-l
call from (0 . 4-5) that on D1:pCQ,I), X has density mCmx f',x ). For 

p ,q even integers, we find 

so that, defining 

veal , u ) V (a o, u ) 
2 ' 

2 (S+2y ) 

we have 

V(a . , u ) 
~ 

(14) 

In Section 5, we will consider the problem of choosing functions a . 
~ 

which minimize, with respect to the natural ordering of positive definite 

matrices, the maximum asymptotic variance of estimators e defined by 

(5). The significance of Theorem 3.5 and Lemma 3.6 is that this is now 

a problem of independently optimizing the scalar functiona1s V(a., u ). 
~ 

If f is differentiable, then (14) becomes 
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. 
m+21 'l­

r 2- 2i 2 2 m-l 
m OX ai (;r; )mCmx f(x) dx 

V(a .,u ) 
'l­ ( 2 J l' 2 m-l, '] 2xa . ( X )mC X f (x) dx 

o 'l­ m 

With 

1/! . (x)
'l­

1-2i 2 
X a . ( X ),

'l­

mC 
vex) = 2m!x !m-l, 

it becomes 

J 
r 2 

_r1/!i (x )f(x)ni(x) v (x) dx 

V(a .,u ) 
'l­

(15) 

This latter version is the one with which we shall work in the 

following sections. 

Conf idence Regions 

Lemma 3.6 allows us to construct asymptotic confidence regions for 

linear functions of ~ o' based on the normal theory. Let M: qx (m+p-l) 

be a matrix of constants of rank q . Put C = V(a o,u )E$V(a 1, u )BB ', and 

let Cbe the estimate of C using e. The consistency of e implies that 

C ~ C. This, together with In(M~-M~ o) ~ N (O, MCM') implies that 
q ­

D 
-+ 

2
X • 
q 
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Thus an asymptotic 100a% confidence region for M~ o is the ellipse 

A A_1 , 2 2 
Et (M~,n MCM ), where t is determined from Xq ( t ) = a . Choices of a O 

A 

and a~ which are minimax with respect to the asymptotic variance of ~ 

then have the property of minimizing the max imum asymptotic volume of 

such regions. 

NwnericaZ computations 

We have defined e as the root 8* , obtained by the Newton-Raphson 

method, of F ( e ) = 0; i.e. n ­

Consider the modified iteration process 

(16) 

statement of Lemma 3.4, with the parameters estimated by Gk • Since 

* -1 [aFnJ 
l A (e)] as e* 

P 
---+ I, 
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the spectral radius 

p 
~o. 

Then by 10. 2 .1 of Ortega and Rheinboldt [9], the iteration process (16) 

has, asymptotically, the same super-linear convergence properties as 

the Newton-Raphson method. Since the Jacobian matrices no longer need 

to be calculated and inverted, there is an obvious reduction in com­

putational complexity . In fact, upon expanding (16), it becomes a 

fixed point process with easily calculated weights. Let X, T
k

, qk ' Ak 

be as at (1) - (3), but with 8 = (!, V) replaced by 8 = (!k ' V ).k k 

Think of G <8 ), from (4), as a vector in ~(m+3 )/ 2 , and put
n k 

2 
r. k 
~ , 

1 \' 2 , 2 2 
m(m+2) d 2r. ka1 (r . k )+ma 1 (r . k)]'

i~ ' ~ ' ~ , 

Then (16) becomes 

8 1 

8k+1 

A 

8 

~ 

[~: , T C; )J , 
a 

8k + DkGn (8 k ) , (17) 

lim 8k • 
k-+<» 
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Robustness measures 

From (17) we easily obtain the influence function 

. [ [(a~1 ]J -1 	 [aD ('f~-!:) ,[-1 (~-!:))
IC (~; 80) = - E _ as) 8a ~ (~; 80), it is IC (~; 80) = ~ . ex (~-!:), 

, -1 
a 1 ((x- j.l ) [ (x-j.l ) ) ) 

- ~+2Y - - [(~-!:)(~-!:)'-T((~-!:)(~-!:)')[] . From this, we find 

that the "gross error sensitivity" 

GES supIIC(~;80)1 
x 

~A. 
is, 	for location, GESo = ~ sup zao(z2), where Al is the largest 

z 
eigenvalue of [. For scale the expression is not so simple. 

The case r = 00 

If r = 00, then T([) need not be known and 8 
A 

is consistent for that 

multiple of [ which has T([) = 1. In this case, the problem of completely 

spurious solutions to F (8) = 0, as discussed at the beginning of n ­

Section 2, is no longer present. The construction of the starting value 

VZ 
8 = is then unnecessary if the zero of F (8) is unique.[~:,T(;J 	 n 

ex 
A partial result in this direction is given below. Recall that 

p
F (8) ----+ EI~(~;6)].n 

THEOREM 3.7 If r = 00, then under the following conditions the 

zero eo of EI~(~;e)] is unique: 

a) The function a2(z) is non-increasing, and a1(z) = za2(z) is 

non-decreasing; and either 


bl) The function a 3(z) = za (z2) is non-decreasing; or
o

b2) For every u E U ,u(~;Q,I) = f(I~I) is a strictly decreasing
E ,00 

function of I~I. 
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Proof: The proof is a modification of the proofs of Theorems 1) 

and 3) of Maronna [8]. Put 

, -1 , 
E[a (~-!:) l: (~-!:)) (~-!:)(~-!:) ]

2 
, -1 , 

T (El a " ( (x-~ ) l: (x-~ ) )(x-~ )(x-~) ]) 
L - - - - - - - ­

For any e = (~, A ), E[~(~;e)J 

We may assume that ~ = Q, in which case we must show that 

(Q,A) implies (v , A) (Q, l: ). This follows 

from 


i) If ~ f Q, th~n for any A > 0, Q1 (~, A ) f O. 


ii) If Q2 (Q, A) = A, then A l: . 


We first show that bl) and b2) each imply i). 

Then Y ~ u (Y ;Q,I) and 

i) is equivalent to 

iii) If ~ f Qthen for any S > 0, Ql(~ ' S ) f O. 

To prove iii), it suffices to show that 

A' Q ( A , S) 
- 1­

for all A f O. Let A {yl ~'(Y-~»O } . Write the integral as 

J + J and apply the change of variables z -(Y-~) + A in 
A AC

' 

the second integral to get 

a « Y -~) ' S- 1 (Y-~))~' (Y-~) (f( Iy I) -f( 1 2~-y I) )dy ,oI - - - - ­
A 
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which is negative if b2) holds since Iyl > 12~-YI for yEA . 
-
-~ -~ To see that bl) also implies i), put y = A ~, ~ = A v, 

I I ' 

S A-~IA-~, so that y ~ u(y;Q,S). Then i) is equivalent to 

iv) If A # Q, then Ql (~,I) # o. 

It then suffices to show that 

< 0 for all A # O. 

The Cauchy-Schwartz inequality and the fact that a
3 

is non-

decreasing yields 

with equality iff a is a multiple of b . With a y-~ and b y 

we then have 

with equality iff y is a multiple of y-~ with probability one. 

Thus bl) implies i). 

We now show that a) implies ii). It suffices to show that 

a) implies 

kA for some k > 0, 

then A = II for some I > O. 



- 62 ­

,-1 , 
For, if Q2(Q,A) = A, then T(M = 1 and E[a2(~ A ~)=] = kA 

,-1 ,
for k = T(E[a2(~ A ~)= ]). Then v) and T(E) = 1 imply A = E. 

Let r be an orthogonal matrix satisfying 

1 1 ' n -'2AE -'2 r' where Al ~ ... ~ A > 0 are theD = diag (A 1 ' ••• , Am) , m 
_1-~ -~' eigenvalues of E AE With z n '2x , v) is equivalent to -

,-1 , 
vi) Ifz,....., u(~;Q,I) E U and E[a2(~ D ~)~~] kD , then 

E,OO' 

D = ZI for some Z', Le. Al = ... = A . 
m 

Put R El~2 [~ 
, 

~) ~~ 
, 

j +,[~'~J~l·
m m m -­

, , 
Z 2 z z 

, -1
Note that -A- ~ z D z ~ and that the inequalities are strict 

1 Am 
with probability one unless Al = ... A • m 

In any event, AmR ~ kD since a
2 

is non-increasing. Suppose 

A • We claim that thenthat it is not the case that Al m 

t'kDt 

,-1 , 2 
(~D ~)(! ~) ]a l 

E[ 1 J . 
(~' D- ~) 

Z' Z) (t' z) 2 

The integrand is strictly less than AlaI (Am (~'~) with probability 

one, and so 
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A R A f'Rf ~ kf' Df = kA ,
m mm nt-m '-1T1 -m '-1T1 . m 

-and 

kA = kf'Df < A1f'Rf = A R .
1 -1 -1 -1 -1 1 11' 

i.e. Rmm < R11 . This contradiction completes the proof. 0 

Maronna [8] and Huber IS] have also considered the problem of 

estimation of multivariate location and scale in the case r = 00. Their 

approaches are somewhat different than ours. The major difference is 

that in neither case does it appear to be the intent to construct an 

estimator of E and a specified multiple of L which is globally consistent 

throughout U , if € > o. 
€,OO 

In both cases, the estimator e is, in our notation, the zero of 

H (e) = n-l(v-~(X-T)~,[V-~(X-T)A(X-T)'V-~'-.I a4((~i-~)'V-l(~i-~»I]),
n t.=l 

where a (·) is some sufficiently smooth function. Maronna takes a _ 1.
4 4 

With 

e 

we have 

-1 \'H (e) n L ~ (x.; e)n i - t. 
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Under conditions similar to those in Theorem 3.7, which is essen-
A 

tially Maronna's result, Maronna shows that unique solutions e to 

E[~(~;e)] = Qexist, and are asymptotically normally distributed around 

the zero e* of EI~(~;e)]. He conjectures that a certain set of con­

ditions is sufficient to ensure finite sample uniqueness. Huber states, 

without proof, similar asymptotic results in the more general case. 

It is a bit unclear what these estimators really would estimate 

in U Suppose that e* is to be of the form (~,k~), where k is some 
£ ,00 

unspecified scalar. We may assume that (~, k ) (Q,I), in which case 

the relationship EI~(~;e*)] o becomes 

With ~'~ = Z ~ fm(z) , and (z) za (z), we then have that e 
A 

isa 1 2 

consistent for (~, k~ ) iff 

O. (18) 


If a4 =1 and a is non-decreasing, as in Maronna's development,
1 

it seems clear that for any f (z) there exists k = k(f ) > 0 satisfyingm m 

(18). Also, one can set k = 1 and then determine a so that (18) is
4 

satisfied for a particular, known f - i.e. e can be made consistent for m 

(~,L) in U ,where there is no problem with identifiability. But
0,00 
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global consistency throughout U ,for the same multiple of [, or any
E ,00 

mUltiple if a4 has a more general form, seems unrealistic. 

Indeed, in Huber's consideration of U (his "F"), with 
E,OO 

W(~;~,L) = ~(~;~,L) and (~,L) assumed to be (Q,I), he sets a4 = land 

states that the optimum choice of a has minimax properties with respect
1 

to the variance of 9 "for that subset of F for which (9) is a consistent 

estimator of the identity matrix". The problem of identifiability is 

not considered. 



I . 


4. 	 ON MINIMIZING THE MAXIMUM ASYMPTOTIC VARIANCE 

OF ESTIMATORS IN THE E-CONTAMINATION MODEL* 

In the preceding section, we showed that the location and scale 


components of the estimator Ina are asymptotically independent, with 


asymptotic covariance structures V(a .,u )·M.; i = 0 (location), i = 1 

1, 1, 

(scale). Here, M. is some matrix depending only upon the unknown para­
1, 

meters, and V(a ., u ) is a scalar functional (see 3.14).
1, 

In Section 5 we shall give the solutions to the problems of finding 

functions aO, a l which minimize the maximum asymptotic variance of Ins 
over U This is done by exhibiting functions (a *.,u .) * satisfying the

E, r 1, 1, 


"saddlepoint property" 


* ~ * ~ V(a .,u .) V(a . ,u ) V(a .,u *.) * 
1, 1, 1, 1, 1, 

for 	all continuous, piecewise smooth functions a .(y ' y ) vanishing off1, _ _ 


2

of 	[0,1' ] and all u (Y ;Q,I) E U 

E ,1' 

In this section we give some results on the minimax problem in the 

general E-contamination model. Special applications of these results 

include the solutions to the prob l ems outlined above. We also apply 

the results to the analogous problem for univariate estimation of 

location in some, hitherto uninvestigated, cases in which the under­

lying ideal density is not strongly, or even weakly, unimodal. 

We consider functionals of the form 

*See 	also the Appendix. 
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I_001jJ2(~)f(~)n(x)V(X)dx 
V(1jJ,f) = ~~-------------------=--

0:001jJ(x)!' (~)n(x)v (x)dx] 2 

Notation and Definitions 

i) 	 1jJ E ~ ~ {1jJ:R\{O} + RI1jJ is skew-symmetric, continuous, and piecewise 

smooth} 

ii) 	 n,v:R + [0,00) are symmetric, and are positive and smooth on (0,00). 

o(x) n(x)v(x). 

iii) 	G is that subset of the set of symmetric, non-negative, absolutely 

continuous functions on R satisfying 

J:oog(X)V(X)dx ~ 1 for all g E G. 

The closure, with respect to the vague topology, of the set 

t 

Gv 	 {Gv(t) = J_oog(X)V(X)dxlgEG} 

contains those distributions with all mass at ±k, for all k E [-00,00]. 

In particular, G contains the distribution G (t) ~ 1/2, with all 
v 	 v 

mass at too. Statistically this corresponds to rejecting a pro­

portion £ of a data set upon a first screening. 
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iv) f E F = {flf=(l-£)h+£g; h,g E G, £ E 10,1], £ and h known and fixed}. 

As at (3.11) of Huber [4], the set F {(l-£)H +£G IG EG } is 
v v V V V 

convex and vaguely compact. 

Example 1: n (x) = vex) = cr(~) = 1 gives the standard univariate location 

estimation functional, with G the set of synnnetric pdf's on R. In the 

case hex) = (2~) -~ exp(-x2 /2), see Huber 16] for ~, Collins 11] for ~ . 
r 

Example 2: For m a fixed positive integer, and g E G, put 

gm(x) = mCmlxlm-lg(x). Assume that I:gm(X)dx ~ 1 for all g E G. Then 

{g(I~I)lgEG,~E~} is the set of synnnetric, possibly sub-stochastic den­
~ mC 

sities on~, and f~g(x)v(x)dx ~ 1 for all g E G, if vex) = 2mlxlm-l. 

With ~i(x) = xl-2iai(x2) E ~r and ni(x) = (m!2)ix;i, we then have 

V(~.,f) = V(a.,u), as at (3.15). If ~ E ~ then, apart from differences 
'Z- 'Z­

in parameterization, the functionals V(a.,u) coincide with those of 
'Z-

Huber [5]. 

For f E F, define I(f) = f~ (f' /f)2 fcrdx . If v = n = cr = 1, then 

I(f) is the Fisher information of f. Assume that I(h) <~. Then the 

results of Huber [3] go through essentially unchanged. For convenience 

of presentation we state these results as a lemma. 

LEMMA 4.1 (Huber) There is a unique fo E F minimizing I(f) over F. 

Necessary and sufficient for fo to minimize I(f) is that 

(1) 
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fl 

for all Z = f-fo' f E F, where ~o = - f:. If (1) holds and if 

~o E ~, then (~o,fo) possesses the sadd1epoint property: 

(2) 

for all ~ E ~ and f E F. 


Conversely, if (2) is satisfied by (~o,fo) 


othen fo minimizes I(f) over F. 


Condition (1) is more conveniently written as 


for all g E G, where fo (l-dh+£g . 
o 

Define 

I 2 CJ 
I 

J(~)(=J(~(,l:))) (2~ -~ +2~)(x)n(x),CJ . 

Then (3) becomes J:J(~o)V(g-go)dx >, O. The essential ingredient of 

Theorem 4.2 below is that ~o is pieced together using S, where J(s) is 

relatively large, and another function ~ satisfying J(~) = const., 

where J(s) is small. 

Assume: A1) s is smooth, 

A2) inf J(s) < O. 
(0,00) 

If A2) fails, put go =0, ~o - s, fa - (l-£)h. Then (3) is satisfied 

and we are through. 
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fl 

THEOREM 4.2 In order that (l/J . ,fo) = [- ~,f } E ,¥xF satisfy (2),o fa. oJ 
it is necessary and sufficient that there exist A ~ 0, and a set 

N(A) 
B . c (0,00),BA = U A,J j=l 

where N(A) ~ and the B, . are non-overlapping open intervals,00 

/\ ,J 

such that: 

i) l/J o(x) -1jJ 0 (-x) 

e; (x ; w. , A),
J 

x E B, . , 
/\ ,J 

where J(e;(X;W.,A»
J 

= -A 
' 

for any fixed w. 
J 

E R; 

(l-e:) h (x) , 

x E B .,
A,J 

kl 
where each k satisfies e; - k and sup hex) is attained at

kB . 
A ,J 


each non-zero, finite endpoint of B .;

A,J 

f -(l-e:)ho 
iii) IB vgodx ~ I' with equality if A > 0, where go 

A 

v) ,1, E '1' ;
'1'0 

vi) B . n A, ~ 0 for all j.
A,J /\ 
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Proof: 
f' 

SUffi ciency : By i), ii) and v), ~ a = - fa
a 

E ~ . In par­

·,ticular, lJi is continuous. By the second part of ii), fa is con-a 
. ,

tinuous, hence so 1S fa. Then (~a,fa) satisfies (2) as long as 

(3) holds. Write this as 

J(~ )v(g-ga)dx ~ 0 for al~ g E G. (4)
Ja a 

Using i) and ii), then i) and iv), then iii), the integral is 

00 

Thus i) - v) alone are sufficient. 

Necessi ty : Let (~a,fa) = [-
f' 
f:'fa) E ~xF satisfy (2). Then 

fa = (I-E) h+Eg for some g E G, and (4) above holds. Definea 

B = {XE(O,oo)l ga(x»O}, ~ = -J J(~ )vgadx. Note that B ~ 0, since 
B a 

otherwise fa = (l-E)h, lJi = ~, and then (4) becomes JJ(~)vgdx ~ 0a 

for all g E G, contradicting A2). From (4), 

00 
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so that 

1
If A < 0, then (5) is contradicted by, say, g = 29'0' Thus A ~ 0, 

so that (6) and the definition of A imply that J(~o) = -A on E, 

whence Jvg ax = l if A > O. 
B 0 2 

N(A) 
Define BA = B, and represent BA as BA U BA ., where 

j=l ,J 

N(A) ~ 00 and the B, . are non-overlapping open intervals. On
I\,J 

BA ,j' ~o satisfies the differential equation J(~o) = -L Since 

this equation has a solution passing through any pre-specified 

point, on BA,j ~o must have the form specified in i). 

By the definition of B
A

, fo = (l-E)h on B
C 

•
A

~o = E;(X;Wj,A), so that fo(x) = ajk(x;wj,A) , where k is any 

. . f . k' t" d E R S' f (l)hf unct10n sat1s y1ng - ~ = ~,an . 1nce 0 >, -E ona j 
h

BA,j' ~ (l-E)sup I(X)' The continuity of fo then forcesa j 
BA .,J 

equality in this last relation, and forces the sup to be attained 

at each non-zero, finite endpoint of B, .• Thus fo has theI\,J 

specified form on B, " I\,J 

Condition iv) is trivially satisfied if BC 0. If
A 

BC I 0 and A > 0, write (4) as
A 
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This implies that inf J(r;,) >, .-A, so that AA C B • This follows
A

Be 
A 

in a similar manner if A = 0. 

Thus conditions i) - v) are necessary as well as sufficient. 

, G'To see that vi) is also necessary, extend F to F , G to by 

admitting piecewise absolutely continuous functions g. By Huber's 
, 

Theorem 4 [3] , there is a unique f * E F minimizing I(f) over 	F . 
, 

By assmnption, satisfies (3) for g E G, and hence for g E G asfa 

well since G is dense in G' . Thus fa = f * • Suppose that vi) fails. 

Then there exists some B ., say B ,with J(r;,) >, -A on B, . We
A,;j A,1 	 1\,1 , 

will obtain a contradiction by constructing a member fl of F , , 
,~ 

fl :f fa, such that 
J

J(1/!l)\} (g-gl) >, ° for g E G , where 1/!1 = - f 
1
- E '¥ 

and fl = (1-E)h+Eg1. We assume that N(A) > I - the method of 

proof is easily adapted to the exceptional case. Put 

c
0, 	 xEB U B, ' 

A,l 1\ 

xEB \B ,
A A,1 

(l-dh(x) , 

fl (x) 

xEB\B .afo' A A,1 
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J vgodx, and for any g E G' , 
B")... 

~ -")... I 
. B UBC 

vgdx 
")...,1 	 ")... 

implying fl f.* This contradiction completes the proof. o 

Theorem 4.2 remains valid for ~ , with minor modifications. Note 
l' 

that neither A2) nor vi) are used in the proof of sufficiency. In fact, 

the manner in which the failure of A2) is circumvented can lead out of 

the 	class ~ , and the proof of necessity of vi) is likewise invalid if 
l' 

B, 	 is the right-most interval of B, n (0,1'). 
1\,1 	 1\ 

When 	 we later consider this class we will not make use of A2), and 

will 	verify directly that conditions i) - v) are satisfied. 

lie have 

COROLLARY 4.3 Make the following changes in the statement of 

. J1', 2Theorem 4.2. Def1ne I1'(f) = -1' (f If) fodx, replace (0,00) by 

(0,1') and ~ by ~ throughout, and replace vi) by
l' 

,
vi) 	 : B, • n A, .,. 0 for all B, . with l' ; B, ••

I\,J 	 . I\,J I\,J1\ 
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Then under assumption A1), conditions i) - v) are sufficient. 
, 

Under A1) and A2), i) - vi) are necessary. 0 

The conditions of Theorem 4.2 are strong enough to determine the 

pair (wo,f ) in two classes of special cases - for WE ~, if the regiono
AA which requires contamination is a single interval; and for WE ~r' 

if h is assumed unimodal. 

Case I: WE ~, AA connected. 

In order to be able to use the existence of the optimal pair, 

we extend the class ~, if necessary, . to ~' = {- f' ;fEF}. By Lemma 4.1, 

there exists fa E F minimizing I(f), and by the above extension, 

(wo,fo) E ~'xF. Then (wo,fo) must satisfy the conditions of Theorem 4.2. 

Suppose that AA is a single interval (cA,d ), necessarily non­A

empty by condition vi). Then by iv) and vi), BA must be a single in­

terval (aA,b A) = (cA,dA). If aA # 0 (bA#oo), it must be the largest 

(smallest) zero of ~-~ to the left (right) of c (dA), since extending
A 

the support of go beyond this point would contradict vi). 

The problem is then reduced to a numerical one of determining two 

constants (W,A). We have: 

THEOREM 4.4 Suppose that A1) and A2) hold, and that for all A >, 0, 

AA is a single interval (cA,d ). Then there exists a unique pairA

(w,~), where w E [-00,00] and 0 ~ ~ ~ inf{AjAA=0}, such that the 

pair (wo,fo)' defined below, satisfies the given conditions. 
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i) lJiO(x) -lJi (-x)o 

where J (0 =-~, 


a~ = sUP{x~c~1 (~-s)(x)=o}, (sup 0 = 0), 


ii) fo(x) = fo(-x) 

k' 
where ~ - - and

k 

h
k(a~-) if b~ = IX>, 

h 
k(b~) if a~ = 0, 

h h
k(a~) = k(b~) if 0 < a~ < b~ < 00. 

b-
A

l~ 1
iii) --£-- v(x)Isk(x)-h(x)]dx ~ 2' with equality if ~ > o.

Ia-A 

If lJi E ~, then (lJio,f ) possesses the saddlepoint property:o o

for all lJi E ~ and f E F. 0 
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Remarks: 

1) The condition that a~ and b~ simultaneously maximize *' if 

o < a~ < b~ < 00, appears to be rather stringent. However, the existence 

of such a pair is assured by the existence of ($o,fo)' If a~ • 0 or 

b~ = 00, then the condition is quite natural. It follows from 

h
that the zeroes of F,; - r; are critical points of k' and are local maxima 

if F,; - r; is decreasing through zero at these points. Writing AA as 

20' , 2 2 
OCF,;-r;)+2(F,;-S) -(F,; -r; »O}, (7) 

we see that these local maxima are precisely the zeroes of F,; - r; in the 

interior of A~. Note also that if 0 < a- < b- < 00, then by (7), F,; - r;A A 

must have a third zero inside (c~,d~). 

2) It follows from J(F,;) = -A that F,; is decreasing at any zero. 

It thus changes sign at most once, from positive to negative. Since $0 

cannot be negative (fo increasing) on an unbounded interval, we see 

that in the cases where b~ = 00, F,; satisfies F,; > 0 on Ia~,oo). In par­

ticular, if b- = and a- is a zero of F,; - r;, a, must be a point ofA 00 A 1\ 

decrease of h (r;(a~»O), even if h is not unimodal. Similar considera­

tions apply to the cases 0 = a- < b- < 00 and 0 < a- < b, < 00.A A A 1\ 

3) We have not found any non-pathological instances in which AA 

is not a single interval for all A ~ 0 - but see Example 5 below. Huber, 

in his consideration of multivariate estimation of scale [5], constructs 
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an fo which, in certain instances, places contaminating mass on two dis­

joint intervals. However, the value of A in these cases is negative. 

The pair (~o,fo) can then not be optimal, by Theorem 4.2, if G contains 
v 

certain sub-stochastic distributions. The details of this example, and 

what we believe to be the correct solution, are given in Section 5. 

4) The solutions to J(f,) :: -A are often rather unwieldy special 

functions. Although the determination of the minimax variance 

would seem to require the integration of these functions, this is not 

the case. Integrating over J(~) :: -A allows one to eliminate the terms 

involving ~ from I(fo) , leaving only an integral which is often either 

elementary, or whose value is obtainable from the tables of the d.f. H , 
v 

once the constants are determined. 

I(fo) 

If a~ and b~ are zeroes of ~ - ~, then (sk'a)(a~) = (h'a)(a~) and 
, ,

(sk a)(b~) (h a)(a~), so that in these cases the dependence on k is 

eliminated as well. 

ExampZe 3: Consider the univariate location estimation problem 

(v=n=a::l), and assume that either 
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i) Z;; is increasing Ch strongly unimodal), or 

ii) J(Z;;) is decreasing where it is negative. 

It is not difficult to see, by considerations as in Remarks 1) and 

2), that under these conditions BA must be a single half-infinite inter­

, 2 
val. The solution to J (0 = 2F; - F; .:: -A has several forms, depending 

upon the desired monotonicity properties: 

-15.: ). I>: tanh :2(~-w) , decreasing,(

F;(X;W,A) 1>:, 
( 

I>: coth (-V;(X-W)) , increasing. 

" h" l·· 11 . d h "coth'l 

either always negative or has a pole, depending upon the value of w. 

This leaves only the constant solution. 

The optimal pair (~o,fo) is given by 

The tan so ut10n 1S eventua y negat1ve, an t e solution is 

JZ;;(X) , o < x ~ a, 

~o(x) -~o (-x) 

lz;;(a) , x > a; 

(l-dh(;r) , o < x ~ a, 

fo(x) 

(l-dhCa)e -Z;; (a) (x-a), x > a; 

where a is determined from 
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---:---=e:~ _ h (~ )
2(1-e:) - sea) - 1 + H(a). 

Minimum information is 

In the next example, neither of the above conditions is met. 

Example 4: Put v = n = cr = 1. Let h be the Cauchy density 

2 -1
hex) = (TI(l+.x)) . The qualitative results are the same for any t-

density. We find 

2x 
sex) = 1+x2 , J(s) 

0, A ~ 4/3; 

2 _ 4-A-2~ a2 _ 4-A+2~
h The constant and "coth" solutionswere CA - A ' A - A • 

to J(t;,) =.-A violate AA ~ B
A

, leaving only the "tanh" solution. The 

possibility that A = ° is likewise untenable. For A > 0, t;, - s has 

2 (4-A-2/4-3A 4-A+2/4-3A]
for A E (0,4/3) and e A E A' A ' set 

2 [-Ii. )be the other two zeroes of t;, - s. Put k(X;W,A) = cosh. :r(x-w) 
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so that - kk' 
=~. Then by Theorem 4.4 there exists a unique pair (~,e~) 

in the indicated region satisfying 

h 
sup 7<.(x), 

(a~.b~ ) 

b-A1-£ 1 
-£- [sk~)-h(x)Jdx = "2;Ia­

). 

and the optimal pair is given by 

2x 
l-f-(Cz, 

If tanh (-~ (x-w) J ' 

1-£ 

2 (-vA )(l-£)s'cosh ;2(x-w), 

Upon performing some elementary calculations, we find that the 

constants (A,w,s,a,b) may be obtained as follows. Define A and s as 

functions of a and b by 

b~b2J 2 (1+a
2)j, 
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Determine a and b from 

2 
exp (iA (b-a)) = (iA (1+a )+2a) (iA (1+b 2 

) -2bJ 
iA(1+b2 )+2biA(1+a2 )-2a ' 

(tan-l (b)-tan-1(a))£ 2a 
2(1-£) = nA(1+a2)2 n 

The value of w may be calculated directly from 

Minimum information is 

I(fa) 

where I(h) 

The next example illustrates several points. 

i) Saddlepoint solutions to the minimax problem need not exist 

in '¥ xF. 
r 

ii) 	 The solutions in ,¥xF may lead to the use of ~'s which are 

negative for small, positive x. 

iii) 	Even if AA is not a single interval for all A, the least 

favourable density fa may place all of its contaminating 

mass on one interval, for certain values of £. 
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4 -Ixl 
Example 5: Put v = n = a = 1. Let h(~) = _x_e=-4-8- -<Xl < X < co. For 

x > 0, z:; (x) I - Ii. and J(z:;)
x 

a) l-le show that, at least for 1" < 4, saddlepoint solutions do not 

exist in '¥ xF. If 1" < 4, then z:;(x) < 0 on (0,1"] and for all A ~ 0, AA1" 

is an interval of the form (o,d
A

). The optimal 1)io E '¥ 
1'" 

if such exists, 

must then satisfy J(1)io) = -A both near the origin, to have AA :: B
A 

, and 

in a neighborhood of 1", to have 1)io(r) = O. Continuity considerations 

then dictate that 

r::- [-If. ) . .1)io(x) VA tanh T(x-r) , throughout (0,1"]. 

Then 

fo (x) = (l-e:)h(x)+Eg (x) = (1-e:)B·cosh2 [-Ii2(;x;-r),) x E (0,1"],o 

for some B and go. The requirement that go be a non-negative, proper 

density becomes 

1" 

l~E + J h(x)& 
-1" 

her) ~ B sinh 1"1>:1" + -=="--=--,;.;. 
I>: 1" 

_E_ + I h(x)&
I-E 

The right hand member above is less than __--:-~r'_ for all A ~ 0,. --­
21" 

and so it is necessary to have 

1" 

(8)I~E ~ J (h(r)-h(;x;»&. 
-1" 

But these are precisely the values of E which permit the existence 
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Define 

g (x) = 1-£ [Jrh (;1:) d:x; - h (X)] +l 
1 £ r . 2r 

o 

r 

Then J g (x)dx 1, gl (x) is non-negative on [-r,rJ iff (8) holds, and 
-r 1 

r 

(l-£)J_rh(X)dx + £ 

f1 (x) (l-£) h (x)+£gl (x) - x E [-r,r],
2r 

has 

r 
A(sinh rli: - rli:) J fo(x)dx, 

sinh rli: + rli: -r 

with equality iff A = O. Conversely, if (8) fails then constant density 

on [-r,r] requires the contaminating mass to exceed unity. 

Thus if £ is small enough that (8) fails, no 1J! E 'I' can meet the 
r 

optimality criteria; and if (8) holds, the optimal (1J!1,f1) E 'l'rxF is 

the trivial pair above, with V(1J!1,f )1
00 

b) The same problem is solvable in 'l'xF if 'I' contai.ns certain mem­

bers which are negative for small, positive values of x. If £ is less 

than (approximately) .025, and a E (0,2) is related to £ by 

--:-_£~ = h(a) [ear; (a) -lJ + -21-H(a ),
2(1-£) r;(a) 

then the solution is given by 

http:contai.ns
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I;; (a), O<x~a, 

ljIo (x) -lj; (-x)a 

I;; (x), x~a; 

Cl-£)h(a)e l I;; (a) I (x-a), O<x~a, 

fa (x) = fa (-x) 

(J-£)h(x) , x~a. 

For larger values of £, it appears that lj;O is also constant, hut positive, 

for large x. 

Case II: ~ E ~ , h unimodaZ. 
l' 

The results for ~ are less complete than those for~. In view 
l' 

of Example 5, we cannot posit the existence of an optimal lj;O E ~1' and 

then infer its properties from its existence. The side condition lj;(1') = 0, 

implying l' E B , is not dictated by any optimality principle, unless as
A 

well l' E AA. We will thus restrict our attention to densities for which 

the condition AA : BA forces l' E BA• 

We assume 

BI) I;; is smooth and positive on (0,1'), and bounded on [0,1']. 

Let ~(X;W,A) = ~(x,A) be the solution to 

, 
J(~) (';~~' _~2+2~)(x)n (x) _ -A, 0 ~. A ~ 00, 

CJ 

passing through (1',0). Assume that CJ and n are such that the following 

condition is satisfied. 
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B2) For fixed A > 0, ~(X,A) is strictly decreasing in x E (O,r). 

The following lemma gives an easily checked condition ensuring that 

B2) is satisfied, and gives some further properties of ~(X,A). 

LEMMA 4.5 For fixed x E (O,r), ~(X,A) is a continuously differen­

tiable function of A, with 

i) 	 ~(X,A) > 0 (A>O), 

dii) 	 dA HX,A) > 0, 

iii) 	lim ~(X,A) 0, 

A-tO 


iv) 	 lim ~(X,A) ~. 


A~ 


Furthermore, assumption B2) is implied by the following condition. 

B2') 	 For fixed A > 0, aa' (x) + [[aa' (x) J2 + n C~)) ~ is strictly 

decreasing in x E CO,r). 

a ' 
In particular, if --(x) is non-negative and decreasing, and n(x)

a 

is non-decreasing, then ~(X,A) is strictly decreasing in x for 

all A > O. 

Proof: That ~ is a continuously differentiable function of A is 

a standard result in the theory of differential equations. Since 

~ is decreasing at any zero, i) is immediate. For ii), let 
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Since 

< - 1;' (1', AI) < 0, 

there exists a maximal interval (~0'1') on which 1;(~,Al) < I;(X,A 2). 

Suppose that 1'0 > O. Then 1;(1'0.,A 1) = 1;(1'0,A2) and 

1;'~1'0'A2) < 1;'(1'0,A 1)· Substituting these relations into 

Jel;(1'0,A 1)) - J(t;(1'0,A 2)) = -AI + A2 > 0 yields the desired con­

tradiction, and so 1'0= O. 

Now let A + O. Since I; is continuous in A, so is 1;' hence 

v' , ' 
I;(~,O) satisfies J(t;) = O. Put I; = - 2v' to get (v 0) .= O. 

This gives 

l;(x,O) 2 

for some c E [-~,~]. But the only function of this form satisfying 

1;(1',0) = 0 is l;(x,O) = O. This proves iii). 

For iv), let 0 < Xo < xl ~ 1', and integrate across J(I;) _ -A 

to get 

X X 
2 0' A J 1 -1

J
1 
I~I; (X,A)- ~(x)t;,(x,A)]dx - 2 (n(x)) dx. 

Xo Xo 

Put 

sup I; (X,A), a 
IxO'x 1] . 
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Then 

and so MA + as A + 00. Since Xo and xl are arbitrary, the result00 

follows by B2). 

Now let A > 0 be fixed, and assume that B2 
1 

) holds. If Xo is 

any critical point of ~, then 

so that the values of ~ at such points are decreasing. If 


lim ~(X,A) = or ~(O,A) < 00 but ~1 (O,A) < 0, then since ~(1',A) 0,
00, 

x--r0 

any interval on which ~ is not strictly decreasing must have as 

endpoints critical points violating the previous statement. If 

~(O,A) < 00 and ~1(0,A) ~ 0, then there exists x o' 0 < Xo < 1', with 

qO,A) 

1 1 2 ~ 
~ L(O) + 

o [(00 (0») + ntO») , 
1 

contradicting B2 ). o 
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Define, for A ~ 0; 


AA {xE(O,r)IJ(t)<-A}, 


BA {xE(p,r)I~(X,A)<t(X)}, 


and note that {AA} is non-increasing, and that {B } is strictly decreasing
A

from (O,r) to 0 as A increases from ° to 00. 

Under certain conditions on t, condition iv) of Theorem 4.2 is 

LEMMA 4.6 If either of the following conditions holds: 

a) t is non-decreasing on (O,r), 

b) J(t) is non-increasing on Ao; 

then AA : BA for all A ~ ° and BA is a single interval (aA,r). 

Proof: Suppose that the first part of the conclusion is false. 

Put 

We first show that AO > 0. If AO = 0, then there exists a sequence 

xA E AA\BA as A + 0. Note that BA contains an interval of the form 

(aA,r) for all A, since t(~) > °= ~(r,A), and that a A + ° as A + 0. 

Thus xA + 0. Let (cA,d ) be the largest interval in AA containingA

x • Then c A < xA ~ a • As A + 0, cA is non-increasing, d is non­A A A 

decreasing, and a + 0. Thus a E AA for some A > 0.A A 
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Since a is a boundary point of B
A

, ~(aA,A) - ~(aA) = 0. This,
A 

together with a E AA' represented as at (7), implies that
A 

.(~-~)' (a ) > 0, so that ~-~ is increasing through zero at a . But
A A

this contradicts a; E B •
A

Thus AO > 0. Let A E (O,AO) be arbitrary. Then AA ~ B •
A

Since ~(r,A) - ~(r) < ° for all A > 0, and since both AA and BA are 

open, we can represent them as 

j
where N(A) ~ and the aj(b ) are strictly increasing (decreasing)00 A A 

functions of A; and 

k. 
J 
l:J 

l=l 

where M(A) ~ N(A), 

We claim that for A < AO' N(A) = 0. Suppose that N(A) > 0. 

Let (aA,b ) be any set in the first union. Since b is a boundary
A A , 

point of BA, ~(bA,A) - ~(bA) = 0. Since bA l AA' (~-~) (bA) ~ ° 
(see (7». If this last inequality is strict, then ~-~ is de­

creasing through zero at b
A

, contradicting b~ E B • Thus
A
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Fix Al E (O,A O)' and put G(X,A) = ~(X,A) - sex) for A E (O,A O). 

Then G(b ,AI) = 0, the second partial derivative G (X,A) is con­A 2
I 

tinuous and positive, and G
I 

(X,A) exists and is continuous, in a 

neighborhood S of (AI,b ). The implicit function theorem then 
Al 

applies: within S, A is a continuously differentiable function of 

b, with 

, GI (X,A) 
A (b) 

- G2 (X,A)1 (x,A)=(bA,A) - 0. 

But this implies that A is independent of b throughout S, contra-

dieting the fact that b is a monotonic, hence invertible, function 

of A. 

Thus N(A) = ° for A < AO; i.e. for A < AO' 

As A increases beyond A , the inclusion then fails in one of two ways:. 0 

I
i) aA "moves inside" c a possibility ruled out in theA ­

proof that AO > 0; 

ii) N(A) jumps to 1 due to the removal of a point from BA, 

and failure occurs immediately thereafter. In this 

case, B (a~ ,b l 
) U (a~ ,r), with b~ = a~ ; and 

AO A AO AO AO AO 
a is both a zero and a local maximum of ~-s; i.e.

Ao 
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, 
(~-r;) (a ) = (~-r;) (a ) O.

A Ao 0 

But this contradicts condition a), using B2). In any event, a 
A . 0 

is then a boundary point of AI.. • If b) holds, then for all A ~ 0, 
. 0 

AI.. is of the form «(\ ,1'). Thus at A 

b I
where a, -- = C ( since a is a boundary point 0 f A, ) . 

hO 1..0 1..0 1..0 1 hO 

But as A increases from 1.. ' c is non-decreasing, b is decreasing,
0 A A 

and a A is increasing; so that, again, failure can only occur if a
A 

moves inside A - a contradiction.
A 

Thus 1..0 = 00, N(A) = 0 for all A, and AI.. C BA for all A. 

The statistical problem of minimaxing V(~,f) over ~ xF is meaning­
l' 

less unless the least informative member fo of F has Ir(fo) > O. Suppose 

that 

, 
Then on I-r,r), fo - 0, so that fo(~) ~ (I-E)h(O), and 

l' 

I-E f
--E-- _rV(~)Ih(O)-h(x))dx. 

If E is sufficiently small, then this last term exceeds unity, contra­

dicting go E G. This bound on E, say E*, is clearly also necessary, 

f' 
and so Ir (fo) > 0 iff E < E*. Although ~O = - ~ will not, in general,

fo 
belong to ~ , it is easy to construct a sequence {~ } C ~ , with ~n + ~o 

l' n - l' 

0 
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pointwise on (-r,r), such that 

We thus have 

LEMMA 4.7 In order that 	inf sup V(~,f) be finite, it is necessary 
'¥ F r 

and sufficient that E satisfy E < E * , where 

l-E* Jr 
~ v(x)[h(O)-h(x)]dx 1. o 

-r 

Now assume that either condition of Lemma 4.6 holds, so that B;... is 

k' 
of the form (a;...,r) for all;'" > O. Let k(x,;...) satisfy ~ = -"k. Define 

r; (x) , 

~(~,;...) = -~(-x,;...) = ~~,;...), a;... ~ x ~ r, 

0, x ~ r; 

f(x,;"') f(-x,;"') 

h h 
It follows as in Remark 1) in Case I that sup I(x) = I(a;...)' so that 

B;... 

condition ii) of Theorem 4.2 is satisfied. We then need only verify 

that condition iii) is met by some ;.... 
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LEMMA 4.8 Assume that E < E*, and put 

There exists a unique A > 0 such that a(~) o. 

Proof: 


i) By Lemma 4.5, a ~ r as A ~ w, and k(~,A) is decreasing in x,

A 


so that 


r 
1l-E Ja (A) ~ -E- v (x) [h(a ) -h(x)]dx

A 2 aA 

1 
~ - '2 as A ~ w. 

ii) A rather lengthy calculation, using 
x 

-J F, (11 , A ) dy 

k(X,A) a A e
k(aA,A) 

yields 

< 0,a' (A) 

iii) Since a ~ 0 as A + 0,
A 
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r 

lim a().) = l:E rheO) lim I vex) 
),+0 ~ ).+0 a 

). 

which is positive iff 

r 
r 1 t-; 	+ [0 v (x)h(;X:)dx2

1 " 	 I ()k(x,).).J_
1m V x k(ci ).)u;.l; > h(O) 

. 
).+0 a

). 
).' 


iff 


r 

IoV(X)Ih(O)-h(X)]dx - t . --l~--E 
_ 	 k ex,).) ~ dx < ---::...____---,---,--_____ 

k(a).,).)J h(O) 

The right hand side above is positive since E < E * , and the 

left hand side is zero: 

o ~ 

r x 

~ I vex) I r, (y , ). ) dy dx 
a). a). 

r r. I r, (y , ). ) dy~ 	 I v(x)dx 
o 	 a). 


r 1 


~ 	r . IoV(X)dx • Jo~«l-t)a).+tr,).)dt 

+ 	 0 as ). + O. 
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The last statement is justified by the bounded convergence 

theorem, since ~«l-t)a~+tr, A ) converges to zero for all 

t E (0,1], and is bounded by the bounded function ~«l-t)aA+tr) 

for all t E [0,1]. Thus a has a unique zero A. 0 

The set of sufficient conditions of Theorem 4.2 having been met, we 

now have 

THEOREM 4.9 Assume that E < E* , and that Bl), B2) and either con­

dition of Lennna 4.6 hold. Let (>:, a>:) E (0,00) x (O,r) be the unique 

pair satisfying a(>:) = 0, ~(a~,>:) = ~(a>:). Put ~o(x) = ~(x,>:), 

fo(x) = f(x,>:). Then 

for all ~ E ~ and f E f. Furthermore, 
r 

Remark : 

5) Even when solutions to the minimax problem exist in ~ , for r 

all r < 00, it is not generally the case that the solution in ~ coincides 

with the limiting version, as r ~ "", of the solutions in ~. The proof,
r 

in Lennna 4.8, that the condition 

1 
2 

is always attainable by some A > °makes crucial use of a number of 
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properties unique to ~ • In particular, the property lim ~(X,A) = 0 
r 

A~O 

may fail in~. As a consequence, the above condition cannot always be 

met in ~ . This leads to the use of A = 0 and sub-stochastic contamination 

- the excepted possibility in Theorem 4.2 iii). 

In the next section, we give the solutions in ~ to the minimax 
r 

problem for m-dimensional estimation of location and scale. The solutions 

in ~ are also given, based upon the considerations in Case I above. For 

both location and scale, when the ideal density is the normal density, 

the condition above fails for sufficiently large E or m, and the least 

favourable f a is sub-stochastic. 



5. THE MINIMAX SOLUTIONS 

We return now to the optimization problem for U ,outlined atE,1' 

the beginning of Section 4, using the parameterization introduced at 

(3.15) and in Example 2, Section 4. We must first check that the assump­

tions of Lemma 3.4 are satisfied by some pair (WO,w I ), for all u E UE ,1' 

That B lOis clear, as long as WI ~ 0, WI i 0. In the presence of 

the conditions W. i 0, the assumptions that a and B+2y be bounded away
1.­

from zero are equivalent to inf sup V(w.,f) < 00, and so are satisfied 
W. f 1.­

1.­

if E is less than the bound E* of Lemma 4.7. In the notation of Theorem 

1.6, E * = E4 * ~ El* ~ E* , and so those bounds which are necessary and 
2 

sufficient for identifiability are sufficient to ensure that the con­

ditions of Lemma 3.4 are met. 

CASE I: LOCATION , 
1 °0 m-l

Here, 1l0(X) = mand cr(x) = x' so that for m > 1 the solution to 
o , 

J(~) == .-A, passing through (1',0), is strictly decreasing by B2 ) of 

Lemma 4.5. This holds for m = 1 as well - see Example 3, Section 4. 

4A2 . 
For notational convenience we work with J(O - - m' 1.e. 

, 2~2 + 2(m-l)~ _ -4A •2~ x 


2v' k' 2 

Putting ~ - -- = - k ' where k = V gives

V 

V " + m~Iv' _ A2v _ 0, 

which in turn transforms into Bessel's equation (see Watson Ill]). The 
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general solution is 

where I and K are the modified Bessel functions. Solving for k = ko and 

~ = ~o' and choosing the solution satisfying ~o(r,A) = 0 gives 

(1) 

2A(wK / (AX) - I / 2 (AX»m 2 m (2)
~O(X,A) 

(w~_~/2(AX) + I~_~/2(AX» 

Im/2 (AI') 
where w K / (AI') • 

m 2 

The construction of (wo,f ) then requires one to solve the equationso
~(a,A) = sea), a(A) = 0, from Theorem 4.9. Putting 

- H (a2 )
m (3)o(a) 

ah (a 
2 

)
m 

these equations become 

(4)~(a,A) sea), 

I' 

2 J m-l (5)--~- x k(X,A)dx o(a). 
am-1k(a,A) a 

By Theorem 4.9, we then have 
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THEOREM 5.1 Assume that E < e:. *, that Bl) holds, and that ei.ther 
1 

i) sex) is non-decreasing on (O,r); or 


ii) J(s) is non-increasing where it is negative. 


With ko(x,A) and so(x,A) defined by (1) and (2), and (A,a) deter­

mined from (4) and (5), put 

sex), ° < x ~ 	a, 

so(x,A), a ~ x ~ r, 

0, x ~ r; 

l
(l-E)h(X) , ° ~ x ~ a, 

_ h(a) 
- (l-d (a,A)kO(x,A), a ~ x ~ r,

ko 

0, x > r; 

for all ao E {a(y ' y ) ~E~ } and all u E U o r 	 E,r 

Remarks: 

1) Consider the following families of m-variate densities: 

c m r (m/2) 	 I 12k{w Iw(y ) = h ( Iy I ) 	 (7;) r(m/~k»exp(- c~ ); c,k>O, m~l } , 

r«m+k)/2) [ 1~12)_(m+k)/2
P2 = {wlw(y) = h(lyl) = /2 1 + -- ; c,k>O, m~l}. 

(nc)m r(k/2) c 
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The assumptions on l;, in Theorem 5.1, hold for 

a) 

2 4m 
b) P2; if k ~ m-4, or if k > m-4 and r < e(l + k~4)' 

Incidentally, this answers a conjecture of Collins [2], who considered 

the problem of multivariate estimation of location, with scale known 

and with wry ) the normal density. It was conjectured that (~o,fo) would 

be of the above form, with, in the three-dimensional case, the constants 

determined from six equations and inequalities. See also Remark 3) 

below. 

m-2 
2) The integral at (5) can be evaluated explicitly. With P = -2-' 

(5) becomes 

2 t(wK (t )+I (t )) 2dt o(a ) • (6) 
p . P2 m-l 

A a k o(a , A) 

By the method of Lammel integrals, one can derive the identity 

2J t(wK (t )+I (t ))2dt 
p p 

2 
-t(wK + (t )-I + (t))]p 1 p 1 

(7) 
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The identity Ip+l (Z)K (z) + Ip (z)K + (z) = ~ gives
p 	 p 1 

(8) 

Using (4), (8) and ~o(1',A) = 0 to evaluate (7), we find that (4) and 

(5) 	are together equivalent to 

~o (a ,A) I:; (a), (9) 

m 
l' k o (1',A) = I:; (a) (2(m-2) _ I:; (a)] + 8(a) + 1. (10). 
amko (a,A) 41.2 a a 

3) For odd m, these equations simplify somewhat, since the modified 

Bessel functions of order half an odd integer have terminating series 

expansions. For m = 1, see Example 3, Section 4. If m = 3, then 

= ~[(A 2xr- l ) tanh (A1'-Ax)+(A1'-Ax) 
~o (x,A) xl~ A1'-tanh CAr-Ax) 

2e
2
;1' [1.1' cosh (A1'-Ax)-sinh. (A1'-AX)] 2 • 

L A2x(r+l) J 

l'-3 / 2 -7Jj YIn particular, if w(y) 	 (2n) e __ , so that I:;(x) = x, then (9) and 

(10) 	 become 

2 
= A[(a -2)r+2aJ

tanh. (A1'-Aa) 
(a2-2)+2A 21'a 

1. 21'3 (1-tanh
2 

(A1'-Aa)) + .:::a~(a:::.2_-.....:2=--_4:..:..:A~2~)
8 (a) 

CAr-tanh (A1'-Aa)) 2 41. 2 
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where 

4) For w(y) the normal density: 

= I (f )
1" 0 

m 

5) In the case 1" = 00, we find 

2AK / (AX)m 2
1; 0 (;r, A) 

K(m-2)!2 (AX) , 

For m = 1 and m = 3, 

-2AX
'ITe 

m-l
2AX 

For all m, 1;0 and ko are asymptotic to the right hand members above, 

as X + The constants satisfy either00. 

A > 0, 1;0 (a,A) = z;(a), 
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or, for E and m sufficiently large, 

A 0, r;(a ) = 2(m~2) (= t;;o(a ,O». 

, 
In particular, for w(y ) = (2TI )- 3 /2e -~(U U) h( lyl ), the optimal pair 

is that given by Huber [5]: 

x, o < x ~ a , 

1/1 
0 

(x) 

(a - 1) + 1 
a x 

x ~ a ; 

(l-E:)h(x) , a ~ x ~ a 

fo(x) = foe-x) 
a 2 2

(l-E)(;) h(a ) exp(-(a - a) (x-a», x ~ a ; 

where 

2 22
2a x (a )

1 2 3 
--= x!(a ) + --2-=---­l-E a -2 

2
and a ~ 2. 

CASE II: SCALE , 
2x2 °1 m+l 

Here, Tl1 (x) m(m+2) and ~(x) = -X-' so that again the solution to 

J(~) = -A is strictly decreasing in x. We work with J(t;;) = - ;:~ instead, 

i.e. 

2' 2 2 22x t;; - x t;; + 2(m+l)xt;; - -m A. 
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2 , 2 
Put VI (X) = xE;.-m, to get V - 2xv1 == m (1+A.). A particular solution is

1 

VI (X) = mll+>". The general solution is obtained by setting 

1 .. 'mil+>.. 1 
VI (x)- = mll+A + V (x)' and solving the result~ng equaUon V + x V - 2x' 

. h h· . f mil+>. 11· h f·Wlt t e ~ntegrat~ng actor x . Unrave ~ng t ese trans ormat~ons 

and choosing the solution through (r,O) gives 

(R+l)m [ 1 - [;JmR J R r.-:7l +, " ~1 (x,A) (ll)x R+l[X)mR' where iiTA 

1 + R-l r 

whence 

2 

(12)kl (x ,A.) = 

THEOREM 5.2 With assumptions as in Theorem 5.1, with E;.1(x,A) and 

k1(x,A) defined by (11) and (12), and with (A,a) determined from 

(4) and (5), put 

I;; (x), o < x ~ a, 

1jJl (x) = -1jJ (-x) ~1 (x,A.), a ~ x ~ r,
1 

0, x ~ r; 

0 ~ x ~ a,f1-Elh(X) , 
h (a:)

f 1(x) fl (-x) (1-E)k (a,A)k1(x,A), a ~ x ~ r, 
1 

0, x > r; 
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*Then Veal ,u) 

a 
l 

E {a(y' y) 

~ 
1 

Ir(fa) 

iyi1/Jeiyi); 1/J E ~ } and all u r E UE,r 
o 

Remarks: 

6) 

hold for 

In the families PI and P
2 

, 

a) 

b) 

1P if k > _.
1 ; , 2' 

P
2 

; all members. 

the assumptions on S, in Theorem 5.2, 

7) For w(y) the normal density: 

(R+l)m -(R+l)m
8) If r = 00, then t; (x,A) = , k. (x,A) = x • If w(y)

1 x 1 

is the normal density, then the solution is 

~~ :::;
{x' , 

x ~ b;= {(1-dh(X), 

b b 2 
(l-dh(b) (;) , x ~ b; 

b 2m/2 k¥2 2
where hex) = (2n)- e-~. Here, /1+1. = ;m, so that b ~ 2m. If 

b2 
> 2m, it satisfies 



- 107 ­

For large s or m, this is then not satisfiable, so that b
2 = 2m and 

the contamination is sub-stochastic. In this case Huber [5] adopts 

another approach. For -1 < A < 0, AA also includes an interval about 

the origin. Huber's method is to contaminate this interval as well, to 

get 

a2 
,

x 
o < x ~ a, 

1/11 (x) -1/1 (-x)
1 

x, 

b2 

x 
, 

a 

b 

~ 

~ 

x ~ 

x; 

b, 

a a 2 
(l-s)h(a)(-) ,

x 
0 < x ~ a, 

fl (x) (l-s)h(x) , a ~ x ~ b, 
2 

(l-s)h(b)(£)b
x 

, b ~ x; 

b 2
h 2 	 2m 2 . 1· J ( ) _m 2 A > 0 on both extremewere a < m < = -a, 1mp y1ng 1/11 ­

intervals, are determined from 

As in the proof of Theorem 4.2, however, the use of negative values of 

A implies that condition (4.3) can fail for sub-stochastic members of 
00 

G - put g = ag 1, a < 1, in the 	above to get, using foVgldx =~, 

a-I 2 a-I 2

fJ(1/Il)v(g-gl)dx = --2--(-m A) = --2--(ab) < O. 

v 
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APPENDIX 

This appendix contains a more detailed exposition of the steps 

leading to Lemma 4.1, and an expanded proof of a variant of Theorem 4.2. 

Both the assumptions and conclusions are somewhat weaker than in the 

original version. The assumption that all distributions under considera­

tion have densities, and that these densities are absolutely continuous 

and symmetric, may be weakened to apply only to the known distribution 

H. On the other hand, the necessity of condition vi) of Theorem 4.2 
v 

is lost. It was previously overlooked that the definition of information 

used there does not apply to densities which are only piecewise absolutely 

continuous. With respect to the more generally applicable definition 

used here, the distribution corresponding to the function fl constructed 

in the previous proof has infinite information. This renders the proof 

of necessity of vi) invalid. Consequently, some of our examples per­

taining to the class ~ must be amended. Our results for ~ require no 
r 

changes, however. See also the remarks following the proof of Theorem 3 

below. 

The problem is to minimax variance functionals of the form 

co 

J-co1jJ2 (x)n(x)f(x)v(x)dx 

V(1jJ,f) 

u:co1jJ (x) n (;x;)f' (~)v (x)dxJ2 

where 
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i) 	 ~ is chosen from a set ~ of functions which are typically 

piecewise smooth, skew-synnnetric, and continuous everywhere 

except possibly at x = o. 

ii) v, nand (J = n\): R ~ [0,(0) are positive on R" {o}. 

iii) fv is an absolutely continuous probability density. 

We define 

We do not specify the set ~ precisely, and restrict the definition of 

V(~,f) to d.f.s which possess absolutely continuous densities, for 

reasons which will later become clear, when V(~,f) is related to the 

information functional. 

In the definitions which follow we do not assume the existence of 

densities. 

For fixed v and n, define 

x 

G = {GII-ooV(Y)dG(Y) = Gv(x) is a, possibly sub-stochastic, 

0000 

d.f. on R, with J-oon(x)d~(x) I-oo(J(X) dG (~) < oo}, 

G = 	 {G IGEG}.
v v 

For 	fixed £ E [o,~ , and a fixed member H of G, put 

F = {FI F = (l-£)H + £G for some GEG } , 

{F IFEn. 
v 
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Example: Let the r. 	vec. x E ~ have a spherically symmetric density 
C ­

m m I I m-l 	 I I g( ~). Put v ex) = --2-- x . Then X = ~ has density1 

m g (x ) = 2v(x) g (x) and d.f. 

x 

G:(x) = fo2V(y )g (Y)dY , ° ~ x ~ ~. 

Put 

x 

G(x) f--<X)g (I Y I) dY , 

x 

= f--<X)V(Y}dG(Y ) , ~ ~ ~-00 x 

x 

Then G is a symmetric d.f. on R. Conversely, if J--<X)V(Y)dG(Y) is a d.f., 
v 

then G(I~ I ) is the d.f. of a r. vec. on ~ , with 

P(~EA ) 

for all Borel sets A, and G* is the d.f. of Ixl· 
Defining n . (x) [.;it ~2i and" i ("') = : 1-2ia (",2) (i=O, 1), w. 

'& 	 i 
I 

then have V (~ .,f) = V(a. ,u ), as at (3.15), in the cases where f = F is 
'& '& 

absolutely continuous. If m = 1 and i = 0, then V(~o,f) is the well 

known variance functional for univariate estimation of location. 

Define the information of F (with respect to n) by
v 



-------------- ----------------- -------------

- 111 ­

I{F ) = supv 
1/1 

1
where the sup is over the set Ck of all continuously differentiable 

2
functions with compact support satisfying J 1/I 0dF > O. 

Simple modifications to the proomof Theorem 4.2, and Propositions 

4.3, 4.5 of Huber [7J give 

THEOREM 1: 

A) 	 The following are equivalent: 


i) I(F ) < 00. 

v 

ii) 	F has an absolutely continuous derivative f satisfying 

J[f)
, 2 

fo& < 00. 

In 	either case, I(F
v

) = J[f,)2fO&. 


B) There is an FO E F minimizing I(F ).

v v v 


Define Fo by F~(~) = ~-<x>V(y)dFo(Y). 

o 	 , 

C) If 0 < I(F ) < 00, and the set where fo = Fo is strictly
v
 

positive is convex, then F
o 

is unique.

v 

Now assume that I(H ) < 00, so that H has an absolutely continuous 
v 

derivative h satisfying I(H ) = J(~'}2hOdx < Assume further that00. 
v 

h is strictly positive on R. Put 

F' 	 = {F EF II(F )<oo}.
v v V v 
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Then f' is dense in f . 
\I \I 

Po E f'The conditions imposed on H ensure that there is a uni.que \I \I 

minimizing I(P ) over f. Since I(P ) is a convex functional of P (see
\I \I \I \I 

Lemma 4.4, Huber [7J), pO minimizes I(P ) iff ddt I(Pt) ~ 0 for all 
\I \I \I It=O 

lpt = (l_t)po + tp with pI E f'. Performing the differentiation and 
\I \I \I \I \If 

setting Wo = - --0' gives the necessary and sufficient condition 
fo 

00 

(1) 

for all f = p' with P E f 
, 

. 
\I \I 

We can now relate the information and variance functionals via 

Theorem 2 of Huber [3J. 

o f'THEOREM 2: Under the assumptions on H, there is a unique P E\I \I 

minimizing I(P ).
\I 

!' 
i) If W - - ~ is contained in '¥, then (wo,fo) is a saddlepoint 

o fo 

of V(W,f) in '¥ x f 

\) 

, 
: 


(2) 


for all WE '¥ and P E f'. 
\I \I 
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ii) 	Conversely, if (~o,fQ) is a saddlepoint, and ~ contains a 

non-zero mult1ple. of -
f' 
fo° ' then I(F°) ~ I(F ) for all - \I . \I 

F 	 E F , FO is uniquely determined, and ~o is [F\loJ-equivalent 
\I \I \I f' 

to 	a multiple of - f: . 

iii) Necessary and sufficient for FO to minimize I(F ) is that (1)
\I 	 \I 

above be satisfied. 

Note that since V(~,f) = V(c~,f) for any c ~ 0, we may take the 

multiplying constant in Theorem 2 to be unity. Note also that since 

I(F ) is convex, the symmetrized distribution F (x) = ~[~ (x) + 1 - F (-x)J
\I 	 \I \I \I 

has 	smaller information than F. If H is symmetric, then 
\I \I 

F 	 = (l-s)H + sG E F , so that the least informative F° will then arise 
\I \I \I \I 	 \I 

from that subset of G whose members are symmetric. If as well n and \I 
\I 

are 	symmetric, then (1) becomes 

co 

(3) 

- I II 	 Ifor 	all G E G = {GEG G (x)=G (-x), (l-dH +sG EF }.
\I 	 \I \I 

Suppose that, as will be shown, ~o is differentiable and bounded. 

The differentiability allows for an integration by parts in (3). Our 
co 

assumption that f_coO(X)dG(X) < co for all G E G, implying that 

O(x)g(x) + 0 as x + ±co, together with. the boundedness of ~Q' yields the 

vanishing of the end-effects at ±co. Then (3) becomes 
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00 

o ~ J [2(ljioo)' -(lji~o)J (g-go)dx + 2 lim (ljioo)(g-go)(x) - 2 lim (ljiOo)(g-gO)(x) 
-00 .x+O 	 x+O 

(4) 

Defining 

,2 0' 
J(lji) (2lji -lji +2lji - )n. 0 

we then have that, if ljiO is differentiable and bounded, and v and n are 

symmetric, then a pair of sufficient conditions for pO to minimize I(P )
v 	 v 

is 

00 

52) 

h' 
Define z:; (x) - h (x), and assume: 

AO) 	 The functions V,n are symmetric, and are positive and smooth 

on R ,,{O}. The function hex) is symmetric and positive on R, 
00 

and I(H ) J_00z:;2 hodx < 00. 
v 

Al) 	 The function z:;(~) is smooth. 

THEOREM 3: There is a unique, symmetric pO
v 

E F' 
v 

minimizing I(P )
v 

over F . 
v 

t' 
A) The function ljiO - ~ 

fo 
is bounded, continuous, and piecewise 

smooth. 
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B) In order that pO minimizes I(? ), it is necessary that there 

exist A ~ 0, 

and the BA .
,3 

NI) ljJo (x) 

where J(t;(·;w .,A))
J 

N2) fo(x) fo (-x) = 

v v 

N(A) 
and a set BA = . U BA . :: (0,00), where N(Ah: 00 

j=l ,3 

are non-overlapping open intervals, such that: 

1:; (x), 

t;(x;w .,A), x 
. 3· 

== -A on B, . 
. A,3 

(l-E:)h(x) , 

E B, .,
. A,3 

for any fixed w. E R;
3 

(l-£)[SUP k( ~(X\))k(X;W.'A)' x E B, .,
B X,W., J 3 A,3 

A,j 3 

k' h..
where each k sat~sf~es t; = - k and sup k(x) is attained at 

B, .
A,3 


each non-zero, finite endpoint of B, .; 

A ,3 

f -(l-E:)ho
N3) J vgodx ~ t, with equality if A > 0, where go 

£ 
BA 

N4) 

c) If the pair (ljJo,fo) satisfies NI) - N4) and 82), and if as 

well 1jJ0 is bounded, and ljJo E ~, then (2) holds. 

(ljJoo) , 
D) If C) holds, and is either continuous or non-negative

v 

upper semi-continuous, and vanishes at infinity, then (~o,fo) 

is not only a saddlepoint with respect to F' but with respect
v' 

to F as well. 
v 



- 116 ­

Proof: The existence and uniqueness of FO follow from Theorem 2). Part 
v 

D) may be proven as in Theorem 5} of Huber [3J, by writing V($,f) as 

[ <cr dFv 

The assumptions in C) ensure that if Sl) is satisfied, then I(Fo) 
v 

minimizes I(F), so that ($o,f ) is a sadd1epoint by Theorem 2. Usingo

first N1), then N1) and N4), then N3), the integral in 51) is 

JOOJ($O)V(g-gO)dx 

° 

~ o. 

It remains to prove A) and B). x 

J_oofo (y)v (y)dy, define 

and put 

,
«l-E )h+Eg0) 

xEB,«l-E)b+Eg ) (X),
O

E; (x) = 

0, xEBc . 
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Then 

(l-e:) h (x) , xEBc , 

(l-e:)h(x)+e:gO(x), xEB. 

Define 

We first show that A < co, by showing that otherwise the derivative 

~ I (Pt) fails to exist in at least one direction pt (l-t)P 
o + tP

1 
,

dt . v ~=O V v v 

Wl.• th pI E F'. We h ave, as at (1) , 
v v 

co 

co 

(5) 

if GI E G. The finiteness of A will then follow if the last integral 

is finite for at least one E G. Let [a,b] c (O,co) be any compact onGI 

which Jb~2(x)dx < co. Let g be any continuously differentiable function 
a 1 

vanishing off of [a,b] U [-b,-a], with GI E G. Then 
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00 b 

Ifo[2g~$0+g1$~]crdxl If [2g~$0+g1$~]crdxl 
a 

b 	 b 
~ 2 sup Ig~(X)O(X)lf l$g(x) ldx+ sup Ig1(x)cr(x) If $~(x)dx < 

[a,b] 	 a [a,b] a 

Thus A < 00. Also, if $0 is discontinuous, then by taking a sequence 

{G } c G, with g v tending to point mass at a discontinuity, one can n 	 n 

obtain a contradiction to (5). Similarly, $0 must be bounded. 

Now (5) becomes 

(6) 

for all G E G. First consider these G's for which the support of g is 

finite, and is contained in BO. Then the first integral in (6) vanishes, 

and the assumed differentiability of ~, together with the finiteness of 

the support of g, allows for an integration by parts. This yields 

A 
2 

for all such g, whence J(~) >, -A on Band AA C B.° 
On the other hand, if G E Gsatisfies g = 0 on BO, 	 f Vgdx ~ i, 

B 
then (6) becomes 

(7) 

1
Putting g = 2Yo in (7) shows that A >, O. Putting 
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shows that fBgoVdx = t if A > O. 

Now let [a,b] be any compact in B, and let gv have all of its mass 

(~) on [a,b] U [-b,-a]. Define a function cp, continuous on B, by 

t 

cp (t) 2(~n)(t) - f [-2(~n)(;x;)~' (x)+(~2n) (x)]dx + At. 
o v 

An integration by parts gives 

b 
f cp (t )(gv ) , (t) dt 
a 

b b t, b 
= I 2(~n)(t)(gv)' (t)dt - I (gv)' (t) I [-2C~n)(x)~ (;r)+(~2n)(;x;)]dxdt + AI t(gv) , (t) . 

a a Q a 

b 'fb= {2(~n) (t) (gv) , (t)+(gv) (t)[ -2(~n) (t)~ (t)+(~2n) (t)]}dt - A (gv) (t)dtfa a 

f 
b[ ,2 A 

= 2~g +~ g]odt - 2 
a 

~ 0, 

by (7). Since a and b are arbitrary, 

(8) 
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for all gv with mass %- on B. The equality at (7) becomes 

Jcj>(goV}'dt = 0, (9) 
B 

upon approximating go by functions with compact support. By multiplying 

the left hand side of (9) by a constant, if necessary, we may assume that 

JgoVdt = %-. 
B 

Suppose that, for some [a,b] c B and some glv with mass 2
1 

on [a'b]' 

the inequality at (8) is strict: 

b 

J cj> (g 1V) I dt < O. (10) 
a 

Choose a such that 

go (t)) 
o < m < minI,r inf g (t) , 

~ [a,b] 1 

and put g2 

o ~ 

> 0, 

a contradiction. Thus 

b 

J cp(gV) ,dt o (11) 

a 
b 

for all [a,b] c B and all g with G E G and J gvdt 
a 
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We now show that (11) implies that <p is constant on B. Define a 

a ~ x ~ a ,o 

Co (b-x) 

b-bo ' 

0, ° ~ x ~ a, b ~ x, 

where Co is a normalizing constant. 

Recall that vex) is smooth, hence absolutely continuous on every 

compact. The absolute continuity of the g(x;ao,bo) follows. Put 

and recall that h is strictly positive on [a,b]. A straightforward 

calculation then shows that f:[y']'fOdx < 00, whence I(F ) < and00 
v 

G(x;ao,b ) E G. Substituting g(x;ao,b ) into (11) gives
o o

ao b 

_1_ J ~dt - _1_ J <pdta -a '!' o a b-bo b ° o 

for all a < a < b < b. Letting (a ,b ) -+ (a,b) gives <pea) = <p(b), so 
o o o o

that <p is constant on B. It follows that ~n is differentiable. Since 

n is smooth and positive on B, ~ is differentiable. Furthermore, 
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, 
o - cp' (t) 2 (E;n) , (t) + 2 (E;n) (t).Y. (t) - (t;~) (t) + A 

\) 

J(t;) + A, 

i.e. t; is continuously differentiable on B and satisfies Jet;) _ -A there. 

This proves part A) of the theorem. 

Now define BA = B, and represent it as 

N(A) 

U BA .,
j=l ,J 

where NO) ~ ~ and the B, . are non-overlapping open intervals. On/\,J 

B ., ljioA,J t; satisfies J(t;) = -A, by the above. Since this (Ricatti) 

equation has a solution passing through any pre-specified point, ljio must 

have the form given in Nl). Parts N3) and N4) have already been estab­

lished. 

That fa has the form given in N2) on BA
c follows from th.e definition 

of BA• On BA,j' ljiO = t;(X;Wj,A), so that fa (X) = ajk(x;wyA), where k 

is any function satisfying - kk' = t;, and a E R. Since fa ~ (l-E)h on
j- h.B, ., a. ~ (l-E)sup I(x). The continuity of fa then forces equality in/\,J J 

BA ,J• 

this last relation, and forces the sup to be attained at each non-zero, 

finite endpoint of B, .• 
/\,J 

This completes the proof. 
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RemaPks. 

1. Theorem 3 is valid for the class'!', with (O,to) and'!' replaced
l' 

by (O,r) and'!' throughout.
l' 

2. I am so far unable to find a correct proof of the necessity of 

the condition itA). n B).,j :f <p for all j.It I do, however, believe that 

the condition is necessary. This belief rests primarily on philosophical 

grounds. The optimality principle at work in the construction of ~o is 

that of replacing ~ by ~ wherever J(~) threatens to become too small. 

The placement of contaminating mass go on an interval on which J(~) is 

already large contradicts this principle. At the very least, it makes 

no contribution to the optimality of ~o and hence cannot, in my opinion, 

be a feature of the solution. 

3. Theorem 4.4 is invalid without the proof of the necessity of the 

aforementioned condition. However, remarks 2) and 3) on p. 77 remain 

valid, as do remarks 1) and 4) in the cases in which B). is a single in­

terval. Part i) of Example 3 remains valid - see also Huber [7]. Part ii) 

requires a little more thought. 

The statements in Example 4 now become conjectures. It is of course 

still necessary to have contamination on the interval A). = (c).,d).), and 

it is easy to rule out the possibility of further contamination to the 

right of A).. Contamination to the left of the interval (a).,b).) con­

structed in that example remains a possibility, however. 
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4. Part a) of Example 5 requires no changes. However, the "solution" 

for ~, given in part b), fails to meet condition 82). We give here the 

correct solution, based upon a suggestion by J. Collins. 

a) Small values of E: 

Define ao(~2.218) 
a oby tanh(- T) 1 4 

aO 
For a E (0,4), 

define :\ = :\(a) by 

I). I). 4i) :\ tanh(- T a) = 1 
a 

It will be shown that for all a E (O,a ):o

ii) :\ ~ 1 (= :\(a ))'o

-a2+8a-8iii) J(l;) (a) ~ -L a2 

Put 

~ 
t; (x;:\) I). tanh(- T x), 

2 ~ 
k(;r;:\) cosh (- ""2 x), 

o ~ x ~ a,rX;Al. 

ljio(x) -Iji (-x)

0 

l; (x) , a ~ x; 

[ h (a)) . o ~ x a,(I-E) k(a;:\) k(x,:\), ~ 

fo(x) = foe-x) = 

(l-dh(x) , a ~ x. 
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The continuity of ~Q follows from condition i) above. Condirion ii) implies 

that AA is a single interval (O,b) and condition iii) ensures that 

AA ~ (O,a) = B • As in Remark 1) on p. 77, go is non-negative. Also,A

~o(O) = 0 and ~o is bounded. The solution is then valid for those £ for 

which the condition ax = ! can be met. With a(a) defined byJ g
B 0 2 


A 


a(a) 

this 	condition becomes 

iv) aCa) •2 (I-£) 

We claim that a is increasing in a. From this it follows that the solution 

is valid for £ ~ £ * , where 

£ * a(a ) (= (3 - ~)h(a ) + ! - H(a
Q
»).o a 0 2

2(1-£*) o 

We have 

a 

a I (a) [ d h(a)} JOk(;C,;A)ax;
da k(a;A) 

h' (a)k(a;A)-h(a) 1a k(a;A)-h(a) 1>: k(a;A) AI (a)..4.. 	 h(a) 
da k(a;A) k2 (a;A) 

h(a)(~(a;A)-S(a» _ h(a) d I
(dA 	 k(a;A»)A (a);

k(a;A) k2 (a;A) 

~ (a; A) - S (4) = 0 by i)'; 
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d asinh(aY'A)
d" k (a; ,,) = - - > 0; 

4Y'A 

and 

2
= -2/\["a +4+4cosh(a/\}] < 0;,,' (a) 

a2[a~+sinh(a/\)] 

so that ex' (a) > O. Also, condi.tion ii} above follows from,,' Ca) < O. It 

remains only to verify condition iii). With "1 (a) defined by 

2 a -8a+8 
a2 

condition iii) is implied by 

v) ,,(a) ~ "l(a) for ° < a < 4. 

Since ,,(4) = 0 > "1(4), if v) fails then there must exist a such that 

,,(a) = "l(a), Le. 

/\~ tanh(-""2 a) (1 - ~) o. 
a 

Equivalently, with ~ defined by 

we must have ~(a) = O. Note that "1 (a) = ,,(a) > ° requires that a be 

less than aI' where a is the zero in (0,4) of a2-8a+8.
l 

It can be shown that ~ is strictly decreasing for x E (O,a ). Then 
l 

since ~(al) = -1 + !l > 0, ~ has no zeroes. It follows that ($o,fo) is 

the optimal pair for E: ~ E:* ~ .054, with (",a) determined from i) and iv). 
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b) Large values of ~: 

For b > 4, define a E (2,4) by 

vi) 4 . a 

2 
Here, I;; (b) plays the role of A, and AI;; 2 (b) includes an additional, ha1f­

infinite, interval since 1;;2(b) < 1. Put 

2
E;(X;I;; (b}}' 0 ~ x ~ a, 

-tP
1 

(-x) = I;; (X), a ~ x ~ b, 

db) , b ~ x; 

(l-c) k(a;1;;2(b» k(x;1;; (b»,I [h(a)) 2 0 ~ x ~ a, 

fl (x) = fl (-x) = (l-c)b(x) , a ~ x ~ b, 

(1-£ ) h (b ) e -I;; (b) (;r:-b) , b ~ x. 

Determine b from 

co 

1vii) Jf (x)d.x = ­
2o 1 

With the exception of N4), the conditions in A) - C) of Theorem 3) are 

immediate. Condition N4) requires 

viii) J(I;;)(a) ~ -I;; 
2 

(b), J(I;;)(b) ~ -I;; 
2 

(b). 

The first part of viii) is equivalent to v) above, and the second is 

easily verified. Thus (tP
1 
,f

1
) is the optimal pair for £ > £ *. The 

limiting case £ = £ * corresponds to b = co , a = aO' . A = 1. 
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5. Our results for '¥ in Case ~I, Section 4 were obtained by veri­
r 

fying directly that conditions N1) - N4) may be satisfied. Under the 

conditions of Lemma 4.6, (vgo)(O) = 0 ~ -(1/J n) (0+), so that S2) is satis­o

fied. Thus, all of the results for '¥ remain valid, as do those in 
r 

Section 5. 
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