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ABSTRACT 

In this thesis, we look at the superposition of two alternating 

renewal processes, thought of as a two-unit system in which each unit 

may be operating, under repair, or waiting for repair. We review those 

results previously obtained under the assumption that only one unit 

operates at a time. We then replace this by the assumption that each 

unit operates whenever it is so capable. For both the series and 

parallel arrangements of such a system, we obtain expressions for the 

distributions of the up and down times with either one or two repair­

men. I u the six non-trivial cases, these expressions are functions of 

the so J.ution to an integral equation. This equation is solved for two 

classes of special cases, and the application of numerical methods ' is 

discussed. 
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CHAPTER 1. INTRODUCTION 

Consider two units -- machines, computers, power lines, telecommuni­

cations systems, etc. -- each of which is subject to failure when it 

operates, and is repaired when it fails. The operating and repair times 

are random variables, and a repaired unit is considered to be as good 

as new. The sequence of operating, repair, and, if there is only one 

repair facility, "waiting for repair" states, forms, for each unit, an 

alternating renewal process. 

Now consider the superposition of these processes, henceforth 

referred to merely as the "system". We say that the two units function 

"in parallel" if the system is "up", i.e. operative, whenever one or more 

units are functioning, and "down" otherwise. Alternatively, the units 

are said to function "in series" if the system is "up" when, and only 

when, both units are functioning. 

For a given parallel or series system, some questions which arise 

are: 

i) If the system is up (down) at time t = 0, what is the distri­

bution of time to the next passage into the down (up) state? These 

distributions are referred to as those of the up (down) times for the 

given system. 

ii) What is the "availability" of the system; i.e. what is the 
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probability, as t + 00, that the system will be up at time t ? 

The above considerations form the basis of the "two unit repairman 

problem". This problem has been extensively studied, with a myriad of 

variations. Some of them are described below. In each of them, the 

bulk of the analysis is concerned with the determination of the parallel 

up time, given certain initial conditions. It will later be seen that 

the three remaining cases -- parallel down, series up, series do,"m 

render themselves amenable to analysis which is either trivial, or 

analagous to the parallel up case. 

The previously studied models of the problem may, with some over­

lapping, be divided into two categories, termed "Active Standby" models 

and "Passive Standby" models. We note that the existence of the densities 

of the relevant distributions is always assumed, and, unless otherwise 

specified, the passage between operating and repair states is assumed to 

be instantaneous. 

1. The Active Standby Models 

In these models, each unit functions whenever it is capable of so 

doing, and the operating times for each unit are independent random 

variables. Gaver (1963) appears to have been t he first to derive results 

pertaining to the parallel up time. In the model he first considered, 

the two units had identically, independently, exponentially distributed 

operating times, and were serviced by one, arbitrarily distributed repair 

facility (i.e. the repair t imes were arbitrarily distributed -- this 

grammatical abuse shall be maintained for convenience). It was assumed 
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that both units were functioning at time t = 0, and the Laplace trans­

form of the density of time spent in the up state, the mean time spent 

in this state, and the availability were obtained. The analysis was 

performed using the method of supplementary variables. The availability 

of the two repairman system was also obtained, by an argument given for 

exponentially distributed operating times but valid in general. This 

argument will be given in a later chapter. 

In a subsequent paper Gaver (1964) generalized the above results to 

allow for distinct, exponentially distributed operating times. He 

considered also a model in ~vhich, when one unit fails, the other immedi­

ately fails due to overloading, with probability a or, if not immediately 

overloaded experiences an overloading failure after time t with prob­

- A·t
ability (l-S.(t»e ~ for some arbitrary distribution function S.(t). 

~ ~ 

Osaki (1970) obtained similar results to those of Gaver (1963), 

using the integral equation of renewal theory. If the operating times 

are exponentially distributed, renewal points may be identified at the 

end of each repair phase. \ve shall return to this later. 

In the Branson and Shah (1971) model, the state of the system 

depends entirely on the state of one crucial, "on line" unit. The 

operating times are exponentially distributed, with failure rate Al for 

the "on line" unit, A2 for the "off line" unit. When an "on line" unit 

fails, it is repaired in a time governed by an arbitrary p.d.f. gl(t), 

after which time it is considered to be "off line" until the failure of 

the now crucial, but previously "off linell unit. A unit may fail while 

"off line", in which case the repair time has arbitrary p.d.L g2(t). 



- 4 ­

The transition probabilities between the various states of the system 

are determined, and the Laplace transform of the parallel up time p.d.f. 

is obtained using the method of semi-Markov processes. 

2. The Passive Standby Models 

In most of these models, only one unit functions at a time. When 

it fails, it is replaced by the other, "standby" unit, assuming that this 

unit is not being repaired. In the latter eventuality, the system goes 

down. Gaver (1963) studied such a model in which the operating times 

were identically and exponentially distributed, and generalized his 

results, in the direction mentioned in the discussion of his work on 

the Active Standby model, in his 1964 paper. Muth (1966) obtained 

results for the case in which the single, gamma-distributed repair 

facility is capable of only n repairs to each exponentially distributed 

unit, after which time the system goes down if it has not already done 

so. A later generalization by Enns (1966) allowed for general operating 

and repair distributions. 

Osaki (1970) studied three variations of the Passive Standby model. 

In the first, identical to the basic model described above, the two 

operating and two repair p.d.f.'s are arbitrary, and the Laplace trans­

form of the parallel up time p.d.f. is obtained. In the second, only 

one unit is repaired, and it is used whenever both are available. The 

operating times are exponentially distributed. This "priority" model 

is also investigated by Buzacott (1971), but here both units are 
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repairable and the four p.d.f. 's are arbitrary. In Osaki's third Passive 

Standby model, the time required to switch a unit from the active to 

the inactive state is itself a random variable, arbitrarily distributed. 

A later generalization (Osaki, 1972) allows for failure and repair of 

the switching mechanism. Here, the repair times of the two units are 

arbitrarily distributed, all other random variables are exponentially 

distributed. Osaki and Nakagawa (1971) also looked at a model in which 

the units may fail while in the standby state. The operating times in 

standby are exponentially distributed; the operating times while active, 

and repair times are arbitrarily distributed. 

Other variations of all of the aforementioned models have been 

investigated by Srinivisan and Gopalan (1972), Osaki (1972), Arora 

(1975), Gopalan (1975), Kodamo, Nakamichi and Takamatsu (1976), 

Nakagawa (1977) and Srinivisan (1977). 

The reader familiar with renewal theory may he.ve noticed one feature 

shared in common by the models thus far discussed. In each of them, 

renewal points may be easily identified and exploited. A renewal point 

of a process is a point at which the past history of the process ceases 

to furnish any worthwhile information. For example, when a unit passes 

from the operating to the repair state there is a renewal of that one­

unit sub-process at the point of passage, if each repair for that unit 

is independently distributed. Knowledge of times previously spent in 

the various states is of no benefit, and the process may be considered 

to have "renewed" itself. In general, however, the superposition of 

continuous renewal processes is not itself a renewal process, since the 
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two component processes will never undergo changes of state simultane­

ously. Unless special conditions are imposed renewal points will not 

exist, and in the analysis the history of the system must be recorded 

for the entire duration of the time being considered. 

Two such special conditions have been illustrated in the preceding 

discussion of Active Standby and Passive Standby models. We note first 

that for t he duration of the parallel up time, it is never the case that 

two units are simultaneously under repair. Only the operating states 

are superi mposed, either on each other or on repair states. In the 

Active Standby models, the operating times have been assumed to be 

exponentia lly distributed. Because of the "memoryless" property of the 

exponentia l distribution, at no point of a process so distributed is a 

knowledge of its past history beneficial. Thus, at any point at which 

one unit comes out of repair, the other is being governed by an exponen­

tial l aw and a renewal may be identified. 

The other condition employed to circumvent this problem is common 

to the Pas sive Standby models. Here, it is specified that the two units 

do not operate simultaneously, or, if they do, the distribution law 

governing the operation of one changes at the point at which the other 

fails. Renewal points are thus imposed at each unit-failure point and 

the analys is becomes quite tractable, even if most of the states are 

arbitrarily distributed. 

Both of these types of models were also examined by Kodama and 

Deguchi (1974), assuming Erlangian operating distributions. Some of 

their results will be independently obtained here. Some of the other 

aforementioned results, pertaining to what we term the "Renewal Models" 
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will be obtained and extended in the next chapter. 

In the bulk of this thesis, an attempt is made to treat the Active 

Standby model in more generality than has previously been done. The 

series up, series down and parallel down cases are briefly discussed, 

but the majority of our work is concerned with the determination of the 

distribution of the parallel up time. The system is characterized by 

the number of times it passes through that state in which both units 

are simultaneously operative. Inductive methods are employed to deter­

mine the time spent in n+l such passages as a function of the time spent 

in n passages. In this way the history of the system may be preserved, 

and the exponential restriction becomes unnecessary. 

In the most general case here considered, the operating times are 

identically but arbitrarily distributed, as are the repair times. The 

inductive methods described will lead to the derivation of a double 

integral equation containing all of the desired information. It is 

loath to relinquish this information, however, and at this point much 

of the generality must be abandoned. The equation is solved in some 

special cases, and numerical methods for approximating a solution are 

discussed. 



CHAPTER 2. THE RENEWAL MODELS 

Throughout this chapter, the operating times of the two units will 

have distribution functions F. (i = 1,2), with densities f. and comple­
t. t. 

mentary distribution functions F., all with support in [0,""). The 
t. 

corresponding functions for the repair times will be denoted by G., g .,
t. t. 

G. respectively. We define 
t. 

a. = {Xl tdF.(t), i3 . = f"" tdG. (t) . 
t. 0 t. 'I.. 0 t. 

The convolution of two functions I and g will be written as I*g, 

with (/*g)n indicating n-fold convolution and (/*g)O being Dirac's 

impulse function oCt), which has the property that (h*o)(t) = h (t) for 

any function h. The concatenation of functions will indicate pointwise 

multiplication; thus for example 

t
I(g*h)( t ) = I (t ) f g( t -u )h (u) du . 

o 

The Laplace transform 

of I will be denoted by f(s), or by Ls(/ ) in the case of complicated 

expressions. We list some manipulative properties of the Laplace trans­

form, all of which are easily verified: 
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i) 

ii) L (ft f(u)du) = F(s) = f(s) 
s 0 s 

l-[(s)
iii) FCs) s 

iv) 

From iii) and iv), if T is a random variable with distribution 

function F and density f, and if E is the expectation operator: 

In particular, 

A, A 

vi) ECT) = -f(O) = F(O). 

We treat several of the parallel systems with one repair facility 

in this chapter. A discussion of series systems is deferred until 

the next chapter. There, we will develop the machinery to treat such 

systems, without requiring the assumption of exponentially distributed 

operating times. 

1. The Parallel Down Time, with Passive Standby 

Suppose that at time t = a the parallel system fails, due to the 

failure of unit i during a repair of unit j. The system will then 

remain down until the completion of this repair. Since only one unit 

operates at a time, the operating phase of unit i must have begun at the 

same time as the repair phase of unit j, hence the p.d.f. of the time 
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remaining in this repair is 

t' f · (u )g . ( t +u)du f f · (u )g . (t+u)du o -z, .7 o -z, .7 

t' t ' f · (u )g . ( t +u)dud t f ' F. ( t ) dG . ( t ) 
o 0 -z, J o -z, J 

The system will fail due to this cause with probability 

fO F . ( t ) dG . (t )
o -z, .7 

fO> F.(t) dG .(t ) + f O>F.( t )dG.(t ) 
o -z, J 0 J -z, 

The parallel down time p.d.f. is therefore 

f; f 1 (u )g 2 (t+u) + f 2 (u )g 1 ( t +u)du 
h ( t ) (2.1) 

}O> F 1(t) dG ( t) + f O> F ( t )dG1 ( t ) 
o 2 0 2 

For future reference we evaluate the Laplace transform of ( 2 . 1 ) 

-"itfor f.(t) = A.e . A simple calculation yields-z, -z, 

h(s) (2 .2) 

and so the expected down time, upon simplification, is 

(2.3) 


In the active standby model, unit j may have been operative at t he 

time of commencement of operation o f unit i, so that ( 2 .1) is invalid 
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in this case. This time is still a renewal point, however, if the 

operating times are exponentially distributed, so that (2.2) and (2.3) 

remain true for this model as well. 

2. The Parallel Up Time 

In this model, we assume that only one unit operates at a time, 

but allow for unit failure while in standby. Define 

P{Unit i, newly repaired, fails to survive a standby 

interval of length t} (i = 1,2). 

The system comes up upon the completion of the repair of one of the 

two failed units (a renewal point) and remains up as long as it is the 

case that the standby unit is repaired and ready for service when the 

active unit fails. Define h1(t ) to be the p.d.f. of the up time, given 

the initial condition that unit 2 begins to ~unction at time O. We 

represent the possible sequences of events pictorially. 

------ - ---------t----­----t= --------- t ------------t~o t 
1 n- l n 

Figure 2.1. 

,------- ------ ------------------- -------- =J-­
---0 t t t 

n-l n 

Figure 2.2. 
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Here, a solid line represents an operating interval, a broken line 

a repair/standby interval. In Fig. 2.1, system breakdown occurs due to 

the failure of unit 2 when unit 1 is either not repaired or has exper­

ienced a standby failure. Fig. 2.2 illustrates the dual cause of system 

breakdown. The three dots indicate that the events in [0,t ] are 
1 

repeated n times in [O,t ]. We note that each point t. (i = l, ... ,n)
n " 

is a renewal point, so that the density of the time spent in any inter­

val [t., t .+ ] (i = O, ... ,n-l;t == 0) iso
" " 1 

From Fig. 2.1, the density of the time spent in (t ,t) is 
n 

allowing for an incomplete repair, or standby failure. From Fig. 2.2, 

the density of this time is 

Collecting terms: 

Taking Laplace transforms and simplifying gives 
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" " 
s[p (s) +F (s)L (f (g *w »]

" 1 _____~2~____~1____S~~2__~1__1~__
hI (s) (2.4) 

1 - LS(fl (g2*W2»LS (f2 (gl*W 1» 

so that 

(2.5) 

We can now obtain as special cases some of the results mentioned 

in Chapter 1. If we put W.(t) = 0, we have the basic Passive Standby
1" 

model in which the standby unit does not operate. The above expression 

then becomes 

P 2 (s) + PI (s) LS (f2G1 ) 
(2.6)

1 - Ls (f 1G2) Ls (f 2G1 ) 

with mean 

00 

(2.7)111 = 00 00 

1 - f G (t)dF (t) f G (t)dp (t)o 2 1 0 1 2 

This was first obtained by Osaki (1970). 

Suppose now that a unit may operate, fail, and be repaired while 

in standby. If we wish to retain the assumption that the operating 

p.d.f. of unit i when not in standby is f.(t), regardless of how much 
1" 

time it has spent in standby, we must utilize the memoryless character­

istic of the exponential distribution. 

- "A ·t
Thus, let k. (t) = "A .e 1" and Z.(t) be the operating and repair

1" 1" 1" 
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p.d.f. 's of the units while in standby. Then 

ex> 

W. (t) K. * (2.8)I
" " n=O 

Substituting this expression into (2.5) gives the "Warm Standby" 

results of Osaki and Nakagawa (1971) in the case g.= Z., and of Branson 

" " A2t(19 ~1) h f f ,-Alt k = k =' e- .and Shah I in t e case 1 = 2 	 = 1\ 1e '1 2 1\ 2 

-A ·t
Now put g. = Z., f. = k. = A.e " ; i.e. for each unit i, all 

" " " " " 
repairs are identically but arbitrarily distributed, and all operating 

times are identically and exponentially distributed. 

Returning to Figures 2.1 and 2.2, we see that the last phase of 

each process governed by W.(t) is a standby operating interval which 
" 

must last at least until time tj in order for the system to remain up, 

at which point a new, identically distributed operating interval begins. 

If this last standby operating interval begins at time t.-t.', say, the 
J J 

probability that the unit will still be operating at time t > t. is 
J 

- , - -A·(t-(t·-t·'))
K. (t. )F. (t-t.) = e" J J , 
"J " J 

which is just the probability of uninterrupted operation, either in or 

out of standby, from time t.-t.' to at least time t. 
J J 

In other words, by utilizing the memoryless property of the expon­

ential distribution, we may assume that the units operate, with equal 

status, whenever they are so capable. This is exactly the defining 

assumption of the Active Standby model. 

Substituting into (2.8) and (2.5), then, and simplifying, we get 

that the distribution of the parallel up time in the Active Standby model 



- 15 ­

with exponential operating times has 

~ ~ 

[l+AZG 
Z 

(8+A 
1 1 Z 1 Z)] [1+(A (8+A )] 

(2.9) 
- A )G

This is Gaver's (1964) result, after adjusting for the differing 

initial conditions. To determine the probability of our initial condi­

tion, we note that this condition could only result if, at the beginning 

of the repair phase which is underway at time 0, unit 1 was operating 

and has since ceased to do so. This has probability 

A G ( A ) + A G (A )
1 Z 1 Z 1 Z 

where Hz is obtained from Hl by permuting the indices. In the case 

1 + AG(A) (2.10)
Z

2A C( A) 

so that the availability is 

(2.11) 

in agreement with Gaver (1963). 

A 
1 - AG(A) + 2>.8 

the up time p.d.f. is easily and explicitly obtainable by inverting the 

Laplace transform. From (2.9) we have, in this case, that 



- 16 ­

). (s+2A) 
(2.12) 

Define constants A and B by 

v + 3).
A = 

2 

then (2.12) becomes 

A ).(s+2 ). )
h (s) 

which may be decomposed as 

h(s) 
). [ A+B A-B J 2), 2 [1 1 J=­

2B Ls+(A+B) - s+(A-B fJ + 2B LS+(A-B) - s+(A+B) 

h(s) 

After some algebraic manipulations, and upon invoking the uniqueness 

property of the Laplace transform, we get 

_(V+3).) t 

h(t) ).e 2 {COSh Bt + (~v) sinh Bt} (2.13) 



CHAPTER 3. THE GENERAL ACTIVE STANDBY MODEL 

In this chapter, we assume that the operating times for the two 

units are independently and identically distributed, with an arbitrary 

distribution function pet), density f(t), mean u. '{hen there are two 

repair facilities they are also i.i.d., with an arbitrary distribution 

function G(t), density get), mean S. 

We first derive an integral equation, the solution to which yields 

the p.d.f. of the parallel up time with two repair facilities. The 

function satisfying this equation will then be modified and adapted to 

the cases of the parallel and series up and down times with one repair 

facility, and to the series down time with two repair facilities. The 

distributions of the parallel down and series up times, with two repair 

facilities, are also obtained, as are several of the mean times relating 

to these models. 

1. Derivation of the Integral Equation 

Define state i (i = 0,1,2) to be that state of the system in which 

exactly i units are inoperative. The parallel system is up as long as 

it is in states 0 or 1, and if we define 

h (t) = pdf{up timelstate 0 is entered exactly n times}
n 

x P{state 0 is entered exactly n times } , 

- 17 ­
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then the parallel up time p.d.f. is 

00 

h ( t ) I h (t). (3.1) 
n=O n 

The first p.d.f./probability hO (t ) is that of sequence o f e~ents 

represented pictorially as 

-----r----i ----­
-----~-------t-------

Figure 3.1. 

and hence 

(3.2) 


Our use of the equilibrium pdf Gis, in t he cases in which there are 

two repair facilities, implies that the process is assumed to have been 

underway for an infinite period of time prior to time O. See Cox (1962) 

for a derivation. 

State 0 may be entered exactly once in two ways : 

-----r=----- ----t---­
----- -- ~----

o v u t -----1o----v -------u --1t ---­
Figure 3.2. 

and so 

h1(t ) = ft {~G(~) [f(U)f(t-V)+f(t)f(U-V)]dV} G(t -u)du . (3.3 ) 
o 0 

Now define In+l (t ,u) (n ~ 0) to be the joint p.d.f. of the time 

spent in n+l passages through state 0, given that these passages end 
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with unit failures at timffiu and t (t > u) , multiplied by the probability 

that this event occurs after n+l passages through state O. Then in the 

interval [u,t] a repair is underway but not completed, and so 

h + (t) t Z + (t,U) G(t-U) du (3.4 )
n 1 Jo n 1 

In (3.3), for instance, Z1 (t,u) is the term in braces. ~ve use this 

term to begin the construction of the sequence {Z}
00 

1. If we are given
n n= 

Zn ' we may construct Zn+l by considering the ways in which n passages 

through state 0 generate an (n+l)th such passage:

+ ... =-w-------- ----r-----­v---------<u 

Figure 3.3. 

In Fig. 3.3, we assume as the induction hypothesis that Zn (t ,w) is 

the p.d.f. of the time spent by the upper unit in the interval [O,w] , 

and by the lower unit in [O,t], multiplied by the corresponding proba­

bility. The three dots indicate that n passages through state 0 occur 

in [O,w]. Similarly, in Fig. 3.4, it is Z (u,w) which we are given.
n 

The figures show two distinct ways in which any sequence of n passage.:; 

through state 0 may generate a sequence of n+l such passages. At the 

n+l
(n+l)th stage, we thus have 2 sequences generated. It is easy to see 

n+l
that there can be no more than 2 such sequences, and so we completely 

characterize the system by setting 
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l.n+lCt ,U ) = [ rgCv-w)fCu -v)l.n(t,W) + gCv-w)fCt -v)l.n Cu,w )dwdv. (3.5) 

o 0 


We introduce some further notation. Define 


00 

l. (t ,u ) l. (t ,u ),L n n =l 

ru ~ 
(3.6)p ( t ,u ) = l. 1 (t ,U) =)0 : [f Cu)f Ct-v)+f(t ) f CU- v ) ]dv 

and for any f unction cr Ct ,u ) put 

* cr ( t ,u ) r r g (v -w )f (u - v )cr(t ,w )dwdv 
o 0 

,., ( t ,u ) = t r, g (v-w)f( t -v)a(u ,OJ)cWdv. 

In this notation, the above equations become 

h (t ) = hO (t ) + J: l ( t ,u )G(t - u )du (3.7) 

(3.8)l.n+l( t ,U) = * l.n ( t ,U ) + &"n Ct ,U). 

We can express l. ( t ,u ) either as the solution to an integral equation, 

by summing over n in C3.8), or as the sum of an integral series, by 

repeatedly applying (3.8). 

Thus 

l. ( t ,u ) = p ( t ,u ) + * l. Ct ,u) + ®l. ( t , u ) (3.9) 

In general , of course, * and ® do not commute. If, however, 

- At f ( t ) = Ae ,then the two summands of p ( t ,u ) are identical, *p ( t ,u ) 

~ (t,u) , and * and ® commute, so that in this case 
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00 

l(t,u) I 
n=O 

where exponentiation indicates n-fold iteration. 

Of the two operations, * and 0 , the latter is by far the more 

troublesome. The former represents merely a double convolution, with 

respect to the second argument of the function beiag operated upon, of 

that function with f and g. It will be seen in Chapter 5 that if f(t) 

is a linear combination of exponential functions, then ® is in a certain 

pathological sense the "mirror image" of *. For f(t) a member of the 

class of Erlangian densities, we show in Chapter 6 that * and ~ are 

related by a certain transformation which is its own inverse. 

We now shmy how the solutions to the above equations may be adapted 

to some of the other arrangements of the system. 

2. Analogous Models 

Because of the symmetry of the two unit, two repair system, one 

need only read "down" for "up", "operating" for "repair", etc., in 

order to derive results for the series arrangements from those for the 

parallel arrangements. Thus, if one exchanges F for G, f for g , a for 

S in all of the equations of Section 1, then h (t) becomes the series 

down time p.d.f. with two repair facilities. The parallel up time p.d.f. 

with one repair facility is also easily obtainable. Merely replace SG 

by g in equations (3.2), (3.3) and (3.6), since in this case the initial 

repair in [O,t] could not begin until time O. We will write h for h ,n n 

p for p , etc., when this replacement is necessary. 
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Obtaining the series up time p.d.f. with one repair facility requires 

more extensive modifications. Let time 0 be the time of the last 

passage from state 2 to state 1. This is the only type of renewal 

point in this model. Define k (v) (n ~ 0) to be the p.d.f. of the time 
n 

spent in the (n+l)th passage through state 0, after time 0 and before 

the next passage into state 2, multiplied by the probability that this 

is the (n+l)th such passage. Then the p.d.f. of the series up time is 

given by 

00 

L k (v)
nn=Ok (v) 00 

100 L k (v)dv
nn=Oa 

Figure 3.5. 

For ko (v) the two possibilities are those illustrated above, and so 

ko(v) = F(v) foo g(t)f(t+v)dt + f(v) foo g(t)F( t +v)dt 

a a 


For n ~ 1 the general cases are illustrated in Fig. 3.6. 

1---­_- I t­
---- ... -- --­1=- ---~ ----I ~--u t t u ~ tiv t+w 

Figure 3.6. 

The three dots indicate that n passages through state 0 occur in [O, u] . 

Upon recalling the definition of Z(t ,u ), we immediately get 
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k (v )a.kO(v) + F(v ) foo f t Z (t +v,u )g(t-u )dudt 
o 0 

00 

+ f(v) foo Jt T(t+w,u )g (t -u )dwdudt (3.11)1
o 0 v 

If the operating times are exponentially distributed, the point t 

in Fig. 's 3.5 and 3.6 is a renewal point. Since no repairs occur in 

[t , t +v] we would not expect k to be a function of g . To check this, and 

- At
to illustrate a property of l (t, u ), let f (t) Ae . Then 

since the only difference between l(t+v,u ) and Z (t,u) is that in the 

former an exponentially distributed operating phase continues for a 

further V units of time. Substituting into (3.11) and integrating out 

w in the last expression there gives 

- ZAv - At -2 AV ft00k (v ) CI. 2 Ae ' [0 g ( t ) edt + 2e 0 0 g (t -u )Z (t ,u ) dud t (3.12)1
From (3.6), 

(3.13) 


By (3.13) , (3.8) and induction, 

(n ::: 0) 

and hence 

l (t ,u) Ae - At 
00

I (g*2Ae - A (.» n (u ) . 
n=l 

Substituting into (3.12 ) , 
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k (v)a2>.e-2AV foo g(t)e-Atdt 

o 

-2AV -At -A(·) n+ 2e g (t-u) Ae L (g*2Ae ) (u)dudt 
n=l 

= 2Ae -ZAVg(A) + 2Ae -2AV g2(A) 


l-g(A) 


2Ae-2AV [g~A») 
l-g (A) 

and so 

2Ae -2AVk(v) (3.14 ) 

The normalizing constant is the sum of the probabilities that state 

o is entered at least n times (n > 0) between passages through state 2. 

In the exponential case, state 0 is entered each time there is a repair 

before a failure, with probability 

independently of the number of times this state has previously been 

entered. The required sum is thus 

as above. 
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(~ (t '" This normalizing constant is equal both to )0 )0 Z(t,u) dudt , and 

to the expected number of passages through state 0 between successive 

passages through state 2. That these three terms are equal is true in 

general. Define, for i = 0,1, the random variables 

N. (if.) = "number of passages through s ta te i during the 
~ ~ 

parallel up time, with two (one) repair facilities" 

and pu t E. = E (N • ), E. E(N.). It follows from the definition of 
~ ~ ~ ~ 

•Z (t ,u) that 
n 

so that 

f
~ ~ jt 

Z( t ,u )dudt L P (N o ~ n) = E o 
o 0 n=l 

Similarly, 

f
~ f t l(t,u)dudt = Eo (3.15) 

o 0 

Integrating the term on the right hand side of (3.11) verifies that EO 

is the normalizing constant for k (v) . 

To obtain the series down time p.d.f. with one repair facility , 

define time u to be that of a passage from states 0 to 1, and time t +u 

to be that of the next passage into state O. Then [u ,u+t ] is the down 

time. Define time 0 to be the time of the last passage, before u , f rom 

states 2 to 1. Let d (t ) be the p.d.f. of the down time after n entries n 
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into state 0 in [O,u), multiplied by the probability that n passages 

through state 0 precede the down time. Then the total down time p.d.f. 

is 
00 

d(t) a I d (t). 
n=l n 

For each n, we must consider two cases, depending upon whether or 

not state 2 is entered during [u,u+t). 

----r-- - ... l----ulr­
u+x 

Figure 3.7. 

----1­----r- - ... ~+.r----u""----------- ----ult-
Figure 3.8. 

In each figure, the three dots in [O,u) indicate n passages through 

state O. In Fig. 3.8, the dots in [u+W,u+t] indicate arbitrarily many 

passages from states 2 to 1. Noting that these latter passages define 

renewal points, we set 

00 

i ­yet) ( I (Fg) *Fg) (t), 
i=O 

where * indicates convolution and exponentiation indicates iterated 

convolution. Then 

(OOfOO fooftJw
d(t)ag(t) )o~ l(u+x,u)dxdu + 0 0 0 Z(u+x,u)g(w)y(t-w)dxdwdu . (3.16) 



- 27 ­

Now define 

w(t) = g(t) f~ f: l(u+.x,u)dxdu. 

Using (3.15), 	 (3.16) then becomes 

(3.17) 


The Laplace transform of the term above is 

so that the normalizing constant is 

Thus 

d(t) = g(t) _ p(t)-(y*w)(t) 

Eo 

with Laplace transform 

d(s) = g(s) _ 	$(S)(l:§(S)) 
'" .......
EO (l-Fg(s)) 

The mean down time is 

(3.18) 

(3.19) 

D(O) = G(O) 


But 
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A 

$(0) = Jor'" g (t) fa'" fat Z (u+.x;,u)dxdudt 

f: h(v ) - h0 (v)dv 

/"..

1 - Fg (0) , 

so that the mean down time for this system is 

(3.20) 

The parallel down time with one repair facility is obtained from 

Z(t,u) in a similar manner. Let [v,v+t] be this down time, so that there 

are passages from states 1 to 2 at v, and from 2 to 1 at v+t . Let 0 be 

the time of the last passage from states 2 to 1 before v. Define p (t)n 

to be the p.d.f. of the down time, given that exactly n (~ 0) passages 

through state 0 precede time v , multiplied by the probability of this 

event. The relevant cases are illustrated below. 

I-----i----- j­
-----~ vlt-----­

Figure 3.9. 

___ 1---- - - ------t-----~ 
J--- ~ vlt---­

Figure 3.10. 

The three dots in Fig. 3.10 indicate n (~ 1) passages through 
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state ° in [O,u]. It follows that the down time p.d.f. is 

p et) L Pn(t) 

n=O 


- ~ g(v+t)f(v)dv + ~ ;: g(v+t-u)T(v,u)dudv 

(3.21)= f: g(V+t) [f(v)+x (v)] dv 

where 

xCv) f~ l(v+u,u)du 

If there are two repair facilities, several of the mean times are 

independent of the forms of the distributions involved. To obtain these, 

we first require the distribution of the parallel down time with two 

repair facilities. Such a system may remain down in [O,t] in only two 

possible ways, illustrated below. 

i-----J----l------l---­
----~----- ---­--~------

Figure 3.11. 

The down time p.d.f. is thus 

G(t) G(:) + get) J: G~U) du (3.22) 

with mean 
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~ (3.23)
2 

If G( t ) is thought of as the operating distribution function, then (3.22) 

gives the series up time p.d.f. with two repair facilities. 

Given the availability of the parallel system, we may solve for the 

mean up time from 

A (3.24) 


Since there are two repairmen, the two one-unit sub-processes are inde­

pendent of one another, and the proportion of time for which each unit 

is non-operative tends to a!sas t ~ 00. The proportion of time for 

~.,hich the system is down thus tends to ( Sl (a+S» 2 as t ~ 00, and the 

availability is 

S , 2 
( (3.25 )A = 1 - a+ S) • 

Equating (3.24) and (3.25) gives 

(3.26) 


Now define 

D. = "Expected duration of a passage through state i." 
" 

(i = 0,1). 

Then 

(3.27) 


The proportion of the up time which is spent in state 0 is obtained in 
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the same way as was the availability, and is 

EODO 
----~---- = ------ (3.28)

2 
a +2a 8EODO+EIDI 

Since each passage through state 0 during the up time is preceded and 

followed by a passage through state 1, 

(3.29) 


If the roles of the operating and repair distributions are reversed, 


DO becomes the expected down time for the parallel system. From (3.23), 


a (3.30)DO 2 

From (3.26) - (3.30), 

a - , 1 +~ ~ 
Eo EI DI8 8 a+8 

Thus the two summands of EU in (3.26) are the expected times spent in 

states 1 and 0, respectively, during the up time. Also, the mean series 

down time with two repair facilities is now expressible as 

8 (1 + ~ ) 
o 

(Compare this with (3.20)). 



CHAPTER 4. ON THE DENSENESS OF TWO CLASSES OF DISTRIBUTIONS 

In Chapters 5 and 6, expressions for the distribution of the parallel 

up time shall be obtained under the assumption that the operating time 

distribution is either Erlangian, or a linear combination of exponential 

distributions. In this chapter we show that any lifetime distribution 

function F may be approximated arbitrarily closely by mixtures of the 

first above-mentioned class, or by the members themselves of the second 

if F(O) = O. In the latter case we exhibit a sequence of such functions 

converging vaguely to the given distribution function. 

We shall require: 

LEMMA 4.1: Let x E R be fixed, FA ,x (t) a famiZy of distribution functio ns 

with mean x, variance 0A
2 

-+ 0 as A -+ 00. Let get) be a bounded, measure ­

abZe function on (_00,00) • Then 

1: g(t)dFA,x(t) -+ g(x) as A -+ 00, 

provided g is continuous at x. 

Proof: See Feller (1971). 

Define the Erlangian distribution functions by 

- 32 ­



- 33 ­

00r ( Ax) k -1 Ae - Ax - At ( At ) iE~ (t ) e ., k 1,2,3, ... ; A > 0(k-l) ! d:c I -z.. •i=k0 


t s 0
{ 0 
E~(t) 

1 t > 0 

The proof, due to Schassberger, of the following result is not that 

which he originally used, and so we give it here. 

THEOREM 4.1 (Schassberger, 1968): Let F(t) bg any di stribution function 

on [0,00), and put 

00 

'\ k k-l k
FA(t) L [F(T)-F(--A--)] E~(t) . 

k=O 

Then FA is a distribution function, and FA + 
\) 

F as A + 00. 

Proof: Identify F(t) with the function g (t) of Lemma 4.1. Let F \ ( t) 
1\ ,x 

be the distribution function concentrating on {0/A,1/A,2/A, ... } with 

-Ax (Axl
mass e k ! on k/A. Then FA,x(t) has mean x, variance x/A + 0 as 

A + 00. By Lemma 4.1, 

if F is continuous at x. 

But 
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~ k -Ax -Ax (Axl-Ie -Ax 
= L F(>:) [l-e -( Ax)e - ... - (k-l)!] 

k =O 

~ k -Ax -Ax (Ax)ke -Ax 
- L F(>:)[l-e -(Ax)e - ... - k ! 

k=O 

~ k -Ax (Ax)k-Ie - Ax 
L F (>:)[ l-e -. . . - (k -1) ! ]

k=O 

~ k-l -Ax (Axl-Ie -Ax 
- L F(-A-) [l-e - ... - (k-l)!]

k =O 

GO 
k k-l kL (F(>:)-F(-A-»E;(x) 

k=O 

= FA (x) • 

COROLLARY 4.1: Let F(t) be any distribution function on [O,GO). There 

exists a sequence {G } of distribution functions, each a finite mixture 
n 

v 
of ErZangian distribution fUnctions, such that G ~ F as n ~ GO. n 

Proof: Let t be a continuity point of F, and let m = meA) be any 

integer valued function of A such that m/A ~ GO as A ~ GO . Define 

~ k k-l k m J71+IG ,(t) = L [F(>:)-F(-A-)]E;(t) + [l-F(>:)] ~'A (t) .m, /\ 
k=O 
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Then G , is a distribution function, and 
m, 1\ 

IGm , A ( t )-F ( t ) I S IGm, A ( t )-F A(t) I + IF A( t )-F(t ) I , 

where the last term ~ 0 as A ~ 00 by Theorem 4. 1. Upon expanding the 

middle term as a series and re-arranging the partial sums, we get 

lim IG , A( t )-FA(t) I m
A~ 

lim lim 
A~N~ 

- At N-l k ( At )k N At 00 

lim lim Ie I (l-F (~» k ~ + (l-F (~» e - I 
A~ N~ k =m+1 k =N 

N-l (, t )k 00 

S lim lim I[1-F (-!+1) ] e - At I I\-=-" (l-F (N» e - At->- k '.:- + 
A I 

A~ N~ A k =m+l k =N 

0, 

due to the condition imposed upon m. 
\)

Put G G then G ~ F as n ~ 00 . 
n m(n ),n ' n 

We note: 

i) If the limit function F is continuous, vague convergence 

is uniform. See, e.g. Chung (1974) for a proof. 

ii) If F(O) = 0, the summation in the definitions of FA and 

G \ may begin at k = 1. 
m, 1\ 

LEMMA 4 . 2: Let k be a fixed positive integer. There exists a sequence 



- 36 ­

{E } of di s tribution functions , eac h of the form n 

suc h that En =:: ~ as n -+ 00 . 

Proo f : If 
k 

-1 
a . 1. 11. ••• Ak IT ( A. -A.) , 

"Z. 2 J 1.­j=l 
j #i 

and 

then the Laplace-Stieltjes transform 

k A. 
1.­

II ( A.+s)
i=l 1.­

~ (s) 

as A , A , •.• , A -+ A through distinct values. 
1 2 k 


Put 


A. A +.L (j = 1, 2, . . . , k ; n = 1, 2, . . . ) 
J ,n n 3 

and define 

E ( t ) = G(A , A , • • • , Ak ; t)
n l , n 2,n ,n 

By the convergence theorem for Laplace transforms, 

E n 
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as n ~ 00. The uniformity follows by i) above. 

By Lemma 4.2, any ~ for k > 0, hence any mixture thereof, may be 

rt -A·Xapproximated by distribution functions of the form )10 ~ a .e 1, ax. This,
1, 1, 

combined with Corollary 4.1, establishes 

THEOREM 4.2: Let F(t) be any distribution function on [0,00) with 

F(O) = 0. There exists a sequence {Dn} of distribution functions, each 

of the form 

- AiXaxDn(t) = ft I a.e 
o i=l 

1, 

v

such that D ~ F. It is sufficient for m = men) to satisfy mi n ~ 00 as
n 

n ~ 00, and for each m, sup 1 A.-A.I may be chosen to be arbitrariZy 
1<-.··< 1, J 
~v ,J:::rTl 

small. If F is continuous the convergence is uniform. 

Even if F ~ F and the corresponding densities f , f exist and are n n 

continuous, it is not necessarily true that f ~ f. If f(t) is con­
n 

tinuous, it is however an easy but non-constructive consequence of the 

Stone-Weierstrass theorem that f is the uniform limit of a sequence of 
n 

- A·tdensities, each of the form I a.e 1, 

i=l 1, 

An Explicit Construction 

If F(O) = ° and t is a continuity point of F then, in the notation 

of Corollary 4.1 if we put G , = G 2 we have 
m, /I. n ,n 



F(t) = lim I 
n~ k=l 
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n 2 

. ~2 k k k+1 	 41 = l~m L F(-) (E V_E V )(t) + En (t) 
n~ k=l n n n n 

n 2 k - 1 -(n+ :L)x
k k (j-i) n 3 

= lim {I FC ) 
r k (n+ 4) II e3 

n~ k =l n o i~l j~l n 	 j =l n
 
j-/:i 


k+l k+l k+l .. -1 
(J-1,)I II (n+~) II 

n 3
i=l j=l n j=l 

j-/:i 


by Lemma 4.2. Putting j.J. 	 (n+ ~) and simplifying, the above expression
1, n 

becomes 

. k 
(-1) -z.. II (n 4+j) 

F(t) {::_Ill ,7=1 
v (i-I) ! (k -i+l) ! 

. n4l
-z..-1 4 - j.J·x 

(-1) II (n +j)j.J.e -z.. ax 
. 1 -z..J=n 2+l 

j-/:i
+ I 

i=l (i-I) ! (n 2+l-i) ! 

Reversing the order of summation in the first term, matching co­

-j.J·x
efficients of e 1, , and simplifying, gives 
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F(t) lim 
n~ 

where 

fl. = n + iln 3 ,
t. 

n 2 n4+k 

I [ . IF(kln)}
k=i-l n 4 ,t.-l 

and 

p! 
q!r! (p-q-r) ! 

The second comoonent of a. comes from the remainder term in G 2
' t. n ,n 

If it is ignored the elements of the sequence become sub-distribution 

functions, but the convergence is not affected. 



CHAPTER 5. SPECIAL CASES -I 

Let the density of the operating times of the two units be of the 

form 

m 
(5.1)f(t) I 

i=l 

where 

m a . 
(5.2).I )..~ = 1, 

-z.=1 -z. 

and assume that the repair times are identically but arbitrarily dis­

tributed with density get) . Unless otherwise specified, all summations 

are from 1 to m. We will show that the terms of the series (3.1) have 

a form which allows their Laplace transforms to be summed, with a sub­

sequent reduction to a linear system. As in (3.6), 

p(t ,u ) = f; G~V) [f(t)f(u-v) + f(u)f(t -v)]dv . 

Substituting (5.1), 

\' - ).. · t 
u 

Qi£l - )..j(U-V) d + \' - )..·u p(t ,u ) L a .a.e -z. S e V L a.a.e J
•• -z. J fo •• -z. J 

-z. ,J -z.,J 

The form of p(t ,u) is thus 

- 40 ­
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_ \' - "-it - A 'U p ( t ,u ) - L a .a.e J p • • (u) (5.3)
• • t. J t.Jt. ,J 

where 

(5.4) 

and thus, from (3.4), 

hI (t) J: G(t-u )p(t,u)du 

has Laplace transform 

hIes) = I a .a .G(s+A.) P . . (s+A. + L ) (5.5)
• . t. J t. t.J t. Jt. ,J 

where 

G(s+A.) + G(s+A.)
" t. J p •• (s+A.+A.) (5.6)
t.J t. J B(S+A.+1.. .) 

t. J 

The form exhibited in (5.3) is preserved when operated upon by * or 0 . 

To see this, assume that 

\' - A ·t-A 'U 
a(t,u) = L a .a.e t. J a .. (u) . 

. . t. J t.Jt.,J 

Then 

*a(t,u) = J: feu-v) ;: g(v-w)a(t,w)dwdv 

p •• (u)
t.J 

Permuting the indices j and k gives 
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\' - >-it - A'u f U eAJ"V fV - Akw*o (t ,u ) = L a .a .e J L a g (v -w) e O"' k (W)dhJdvk.. 1-J k 0 0 <­1- ,J 

\' - >-it - A 'u ­
L a .a .e J 0 • • (u ), (5.7)

1- J 1-Ji,j 

where 

(5.8) 

Similarly, 

&J ( t ,u ) ~ f (t-v ) f: g (v-w )o(u ,w )dhJdv 

Cyclically permuting all indices, 

&J (t ,u ) 
A · Ve 1­

- A · t - A ·u ­
= I a .a .e 1- J 0 •• (u ) (5.9)

1- J J1­i,j 

Recalling (3.6) and (3.8), we see that each l (t, u ) is of the form 
n 

\' - A · t - A ·U nl (t ,u ) = L a.a .e 1- J 0 •• (u ) (5.10)
n . . 1- J 1-J1- ,J 

" ,, {n, .. 2 }for some set of components o .. 1- ,J = 1, , ... ,m so t hat
1-J 

h (t) = ft G(t- u ) l ( t ,u)du
nOn 
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has 

~ )1." h (s) I a.a .G (s+ L ) cr .. (S+A.+L ) (5.11)
n 1, J 1, 1,J 1, Ji,j 

From (5.7), (5.8) and (5.9), 

- A · t - A ·U n +1 
l.n +1 ( t ,u ) I a .a.e 1, J cr .. (u ) 

1, J 1,Ji ,j 

with 

...n+1 1 \' " )1.cr .. (S+L + A.) = -....::....- L a [g (S+ L ) cr·k (s+ L +A )
1,J 1, J S+ A • +A. k k 1, 1, 1, k

1, J 

" )1.+ g (S+ A.)cr·k (S+ A.+A )] (5.12)
kJ J J 

and 

~ + 1 
hn+1 (s) = I a .a.G(s+ L ) S:. (s+A.+L ) . ( 5.13)

1, J 1, 1,J 1, Ji, j 

These equations may be expressed in matrix form, and the series 

00 

h (s) I h 
n 

(s) 
n =O 

summed, in two ways. The first method leads to a linear system re­

quiring the inversion of an (m~ ) symmetric matrix of a very general 

form. The second leads to the development of an m2~2 matrix , parti­

tioned into m~ blocks, which is then reduced to tri-diagonal form. 

The individual blocks are easily invertible, and an algorithm is des­

cribed by which the matrix may be inverted block by block. 
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Method 1. 

Define (m~ ) matrices 

a .g(s+>"l ) a .g(s+>.. ) ) 
_. J J m 

M - d1ag [ ~ s+>.. + >.. . , ... , ~ s+>.. + >.. . 
J 1 J J m J 

a .g(s+>, .) )
.7 JN = (N .. ) [ s+>.. .+>.. . • .'-J '- J '- ,J =l, ... ,m 

P (P . • ) (p .. (s+ >.. .+>... ) ) . '-1 
'-J '-J '- J '- ,J - , ... ,m 

A A 

Q diag (G (s+ >.. 1 ) , ••• , G(s+ >..m) ) 

and (m x1) vectors 

T 
a = (a l ' ... ,a )m 

~ = P~ = (I a .Pl . (s+>.. + >.. .), ••• ,I a .p .(s+>.. + >.. .) )T
j J J 1 J j J rna m J 

Then for n ~ 1, 

[(M+N)n - l~]. = La .f. . (s+>... + >.. .) (5.14)
'- . J '-J '- J

J 

so that 
A 

I [M+N]n - 11.1 = \' -G( ) ,n ( )X IL L. a. s+>... a.cr .. s+>... + >... 
. . '- '- J '-J '- J,- ,J 

(5.15) 
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by (5.11). We establish (5.14) by induction. For n 1, the left hand 

side is just 

(IlL). = La .p .. (s+)..+L)
1.- . ;) 1.-;) 1.-;)

;) 

in agreement with (5.5). Assume that (5.14) is true for some n ~ 1. 

Then for n +l, 

n n -l 
[(M+N) lL]. [ (M+N) (M+N) lL] . 

1.- 1.­

by the induction hypothesis. Substituting the values of M•• and N • • , 
1.-;) 1.-;) 

this becomes 

a .§ (s+).. ) a .g (s+ ).. ) 
'\ J 1.- '\ ft ( +, +, ) + '\ J J '\ ft (+' +, )L " kL akcr~ k s A~ Ak L , L akcr ·k s A. Ak . S+A .+A . v v • S+A .+>.. . k ;) J 
J 1.- J ;) 1.- J 


'\ ft+l 

= L a .cr •• (s+ )..+ L )

• ;) 1.-;) 1.-;)
;) 

by (5.12), establishing (5.14). From (5.15), we have 

00 

h(s) = hoes) + x T L [M+Nf-
1 

· (5.16)lL 
n=l 

Recalling the definition of h (t) as the conditional p.d.f. of the up
n 

time given that state 0 is entered exactly n times, multiplied by the 

probability of this event, we have that for all s, 

h 
A 

(s) s h 
A 

(0) roo h ( t )dt = P. , 
n n J n no 
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where R = P{State 0 is entered exactly n times}.
n 

Thus each term on the left hand side of (5.15) is bounded above 
co 

by R , where p -+ 0 as n -+ co since I p 1. This implies that 
n n n=O n 

[M+N] n-1 
tends to the zero matrix as n -+ co. Equivalently, if II -II is 

any matrix norm with IIIII = 1, 

II [M+N] n-1 11 -+ 0 as n -+ co, 

so that 

n 
lim III - [I-M- N] I [M+N] i - I ii 0 
n-+c:o i=l 

and 

n 
I lim [I-M-N] I [M+N]i - 1 

n-+c:o i =l 

i.e. 

co 
- 1I [M+N]i - 1 [I-M-N] . 

i =l 

Thus (5.16) becomes 

A

h(s) hO(s) + x 
T 

[I-M-N] 
-1

K (5.17) 

We can perform a slight reduction so that the matrix to be inverted 

is symmetric. Define (mxm) matrices 

A 
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B 

C = (c .. )
1.,J 

Then 

t ( a. a. 1 
diag l 1-g(S+A1) I +A ~A , ... ,1-g(s+A ) I J 

~ j S 1 j m j S+ Am+Aj 

a .g (S +A .) ) ] - 1.7 .7 
[ 

S+\+Aj i,j=l, ... ,m 

-1 
= [I-M- N] , 

so that (5.17) becomES 

{' ,.. T-1 
n(s) = hoes) + ~ [B-C] ~ (5.18) 

where 

zT = :xlA [~ (s+ Ai) , ••• , ~ (S+\n ) ) 

g(S+A ) g(s+\n)
1 

B-C is symmetric, and, from (3.2), 

,.. 
I ~ f1 - ~ (S+A~») (5.19)hOes) . S+A. l fJ v 
1., 1., 
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The series up and down, and parallel down p.d.f. 's with one repair 

facility are now obtainable (numerically) by evaluating the matrix at 

zero before inverting it. First replace GIB by g in~, then substitute 
00 

the form of 
rv 

l(t ,u) = L 1 (t ,u), from (5.10), into the relevant ex­
n n=l 

pressions in Chapter Three. Then apply (5.14). Upon defining (m xl) 

vectors ~, u , v, w, .E!., 1:. and ~ by 

- A ·V - A'V " - " t. a.e ~ , u. = a.G(L), V. a .e ~ [g (A. )F(v)+G (A.)f(v) ] 
~ ~ 1- 1- ~ 1- ~ ~ ~ 

a. [g(s)-g ( .s+A .)] 
w. = a./A., z. 1- ~ 

l. 1, 
~ ~ ~ ~ A. ~ 


~ 


the above described calculations yielc 

£T(1:.+~) 
(5.20)k (v) 

liT (l~) 

T T~(s ) = ~.9? , xCv ) = 1. ~ (5.21) 

" g(s) _ l-~(S) (5.22)d es) 
l-Fg (s) 

pet) JOO g (v+t)[f(V)+~T~] dv (5.23) 

o 

- AtIf we put m = 1, = Al A, so that f(t) Ae , then (5.18)a 1 

becomes, upon simplification, 
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A A 

A G 2A202(s+A) 
h 
A 

(s) = S+A (1 - S(S+A» + ~ (5.24) 
S( S+2 A(S+ A)G(S+ A» 

with mean 

and variance 

As mentioned previously, the up time in the one-repairman mode l is 

ob t ained by replacing each occurence of O/ S by g . Upon doing t his , 

(5.24) becomes 

A(s+2A) G(S+A) 
h (s) 

S+2 A(S+A)G(S+A) 

with 

l+AG (s+A) H(s) 
S+2 A(S+A)G(S+A) 

which is (2 .9) in t he case Al = A2 . 

For m = 2, put a 1 = a , Al = A, A2 = A
1
+b . Then (5.2 ) implies 

( A+b )( A- a ) a = 2 A 

The terms in (5.18) then become 

A a G (A+b ) (A - a ) G 
ho (s) = S+A (1 - 8 (S+A» + A(s+A+b ) ( 1 - 8 (S+ A+b » 

lG(s+A) , G(s+ A+b )JTz = 
g(S+A) g(s+A+b ) 
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1 2 ( A +b ) ( A - a ) -1 
ag (s+ A) - S+2 A - Aa (s+2 A+b) S+2A+b. 

B-C 

-1 Aa 2 I
S+2 A+b (A+b) (A- a )g(s+A+b ) (A+b) (A- a ) (S+ 2A+b ) s+2A+2b 

~ = [2aG(S+A) + (A+b)( A- a ) (G(S+A)+G(S+A+b») 
Woo S(S+2A) A S(s+2A+b)' 

A ;tiro A T 
a (G(S+ A)+G(S+ A+b» + 2( A+b) (A- a )C(S+>"+b ») 

S(S+2 A+b) AS (S+2 A+2b ) 

"­

f rom which h (s ) is easily obtained. In this notation, 

f( S) = ~ + (A+b) (A- a ) (5.25)A+S A( A+b+s) 


If we put 


AP +b ) 
a = (5.26)
b 

then (5.25) becomes 

A(A+b) A 2 
f( s ) ( \ +s) ( \ +b+s) -+ (\+S) 

as b -+ 0, hence 

/ 

as in Lemma 4.2. Substituting (5.26) into the linear s y stem above yields 

G G 
rl - -;(S+A) _ 1 - -;(S+\ +b )] \ ( A +b ) 1 ---"-__ I-'__ 1-' 

b L s+\ s+\ +b 

G
d 1 - 8"(s+\ ) 

-+ _ A2__- -----'=--­ as b -+ 0,
as s+>.. 
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and 

b 
A( A+b )g (s+A) 

__2_ + 1 
s+2 A s+2 A+b 

-1 
s+2 A+b 

B-C = 

-1 
s+2 A+b 

- b 
A( A+b ) g ( s+A+b ) 

+ 1 
s+2 A+b 

,.. 
li.. = 1.. ( H b ) (ia(s+ A) O( S+ A)+O(S+ Hb) O( S+ A) +G(S+Hb ) _ iG(S+Hb))T 

Bb l s+2A s+2A+b s+2A+b s+2A+2b 

-+ ~ [jG(S+ A) - (S+2A~G' (S+A)J (1,1) T as b -+ O. 

. B L (s+2>..) 


Writing D for the transpose of the cofactor matrix of B- C, we have 

,.. 1- G(S+ A) ~T DU 
_ \ 2 A... _--.!:B:..--_ 1h(s) 

1\ ds s+A + im IB- CIb-+a . 

The limit is evaluated by two applications of l'Hopital's rule. 

The calculation yields, as the Laplace transform of the parallel up 

time given that the operating times are Erlangian in two stages, 

o 1 [ A 2~ 1.. 20' (S+A):1 2 
d 1- S(S+A) - 2(--) G(s+A) - s+2A J _ 1..2 __ + B__~s~+~2~A ~~~___~ ~__________h(s) .(5.27)ds S+A 2 ~ ,

1 _ (41.. § (s+A) _ A~§ (S+A») 

(s+2A)2 s+2A 

This result will be obtained by direct methods in Chapter 6. Al ­

t hough the calculations would be extremely tedious, one could, in the 

same way as was done above, obtain h (s) when f (t ) is a mixture of k 

Er l angian densitie s , each in c . stages (i = l , ... , k ) . This would 
"l,. 
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k 
necessitate the inversion of a matrix of order c., and the evalua-I 

i =l 1,. 

tion of the associated bilinear form as k parameters tended to zero. 

Some simplification in the inversion of the matrix might be afforded by 

expressing the linear system in the way now to be described. 

Method 2 . 

Let J be the m2 xm 2 identity matrix, and define m2x l vectors 

T 
b = (b 11 ,b , ... ,b , .. . ,b "b 2,···,b )

12 1m m~ m mm 

where 

b . . a .a .G (S+A.)
1,.J 1,. J 1,. 

fTI 

E- = (Pll, P12 ,···, PL'71, ···, Pml , Pm2, ···, Pmm ) "­

where 

p •. = p.. (8+ 1.. .+1.. .)
1.-J 1.-J 1,. J 

A A 

G(8+ A.) + G(8+ A.) 
1,. .1 

= S(8+1.. .+ 1.. . ) 
1,. J 

n n n n n n nT 
(0 11 '01 ' •••• 01 , ••• , 0 1,0 2 ,···,0 ) (n :: 2 ) ° _ 2 -m m m mm 

where 

n° .. 8~ . (8+1.. .+1.. .)
1,.J 1,.J 1.- J 

Define t he mxl vec t or 



- 53 ­

.!!.. T 
1 - ~(S+A l) 1 - ~(S+Am ) ]

G = +' , ... , s+' [ S 1\ 1 I\m 

and t he lxm vector 

Define also 

§ (S+\ )k 
g .. i , j , k 1, 2 , .. . ,m . 
~J S+ A .+A. 

~ J 

Then in thi s notation (5.19), (5.5) and (5.13) become 

(5.28) 


(5.29 ) 


(5.30) 


k
Now l et Q be the m2 xm 2 matrix written below, where g ..a denotes the 

~J-

string of m elements g~J.a l, ... , g~ .a and 0 denotes a string of m zeroes. 
~ ~J m 



ZgI£ 
11 
1 

g12£ 
1 

g 13£ 

g 
1
wf3­
1 

g21£ 

0 

0 

o
Q 
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0 0 . . . . . . . . 0 

2 
0 0g12£ 

3
0 0gl~ 

0 0 
m 
g~ 

2 
0 0g21£ 

2 
2g 22£ 0 0 

2 3 
0g2# g 2ft 

o • . . • • . . . g 
m a 
2l7l 

o 

o 

o 

Equation (5.12) now becomes 

(5.31) 

so that by (5.30) 
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"'(s) 
hn+1 = bTQan . 	 (5.32) 

But by (5.31), 	 the definition of £1, and induction, 


QQ.n = Qn£. (n ::: 1) 


so (5.32) becomes 

h(s) = bTQn£. (n ::: 0)n+1 

and so 

h(s) hOes) + b
T 	(I

co 

Qn ) £. 
n=O 

As in the previous method, the eventual termination, with proba­

bility one, of the process implies that 

00 

[J_Q]-l 

and so 

'" 	 T-1
h (s ) = a G + b [J- Q] £. (5.33) 

J- Q may be partitioned as 

J-Q = (Q . . ). 	 . .
t.J t. , J =1,2, ... ,m 

Here, each Q.. is an m~ matrix defined by
t.J 
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i 
g . . a

"/, , "/,-1­

2g . 
"/, 

. aQ.• I 
"/,, "/, ­"/,"/, mxm 

g1: . a
"/, , "/,+1­

° 


° 
j
Q • . = - g . .1 .a 

"/,J "/,J-J­

(i Fj ) ° 

° 
where 1 . is the mxl vector with 1 in the j -th position and zeroes 

- J 

elsewhere. 

Define mxm matrices 

D . . k = diag(O,O, ... ,O, s+A.+A. ,s+A.+A.+ , ... ,S+A.+Ak ,O, ... ,O)
"/"J , t 'Z.- J 'Z.- J 1 'Z.­

(j -l) 
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for i,j,k 1, ... ,m; j < k and mx1 vectors 

o 

o 
~. 	= §(S+A.) -1 
---z, 'Z­

1 

1 

+ i, 1j!. = §(S+A.)
---z, 'Z­

for 	i = 1,2, ... ,m. 

Define m2 xm 2 matrices 

D - D1, I,m 2,3,m 

D - D2,1,m 3,4,m 
, , 

- D 
, 

2, 1, 1 D3 , 1,m 
\ 

\ 

, 

R - D 
\ 

\ 

1 

1 

2 

1 

1 

\ 

3, 1 , ~ \ \ , 

1 

§(s+L)
'Z­

1 

-1 

o 

o 

o 


\ 

\ 	

\ 

'" "::D 
\ 

m-l,m,m
\ 	 \ , , 	 \ 

\\ 

\ 
\ 	 \D 

\ 	 m-l, I,m 
\ 
\ , 

\o 	
\ 

\ 

\ 

~D
m-l, 1,m-2 
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(f\ a-D
.:1:...2- 23m,, 

(f\D -," a a-D 0
2 , 1 ,m ~2- .:1:...3- 3, 4,m 

\ 
\ 

D3 1 -:l!..3a ",
"m \ \ 

\ \ 

\ \ 
\ \ 

a- D" 1 2'. \X 3 .) , , \ \T 
\ \ \ 

" " ~ a -D" " -"-t71-1- m- 1,m ,m 
'. I 

\ \ 
\ \ 

" 'D - lji a (.l) a\ m-l, 1,m 4rl-1- ~ 
I 

\ 
\o \ 

'y a-D D - 1lJ a 
"'"'771-1- m-1,1,m-2 m,1,m ~ 

Then 

R[J- Q] T (5.34) 

hence 

(5.35) 


To see (5.34), first represent R as (R .. ). . . Then
1.,J 1."J =l, ••• ,m 

[R (J- Q) ] • . = R . . Q • • + R. .Q. . + R. . Q . .
1.,J 1.- , 1.- - 1 1.- -1 , J 1.- , 1.- 1.-, J 1.- , 1.-+1 1.,+ 1 , J 

where 

R . . 1 = - D . .1., , 1., - 1., -1,1, 1., -2 

R.. = D . 11., , 1., 1." ,m 
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and D . . k is defined to be 0 if any of i,j,k are ~ 0 or > m. 
t. ,J , mxm 


Note that R . . 1 has non-zero elements only in the first i -2 dia­

t.,t. ­

gonal positions, and Q. 1 . has non-zero elements only in row j if 
t.- ,J 

Hence if j > i-I; R . . Q. . o Similarly if j < i+l;j " i-I. t. ,t.-l t.-l,J mxm 

Case i): j < i -I. 

[R(J-Q)] . . R.. Q. . + R ..Q. .
t.J t. ,t.-l t.-l,J t.,t. t.,J 

(D . . g~ . - D. g~. ) l.a 
t. -l, 1,t.-2 t.-l,J t. , l,m t. ,J -;] ­

o 

since l.a has non-zero elements only in the j -th row, and the j-th dia­
-;]­

gonal element of (D. 1 g~ .-D. g~. ) is 
t.- ,1,t.-2 -z.-l,J t. ,l,m t. ,J 

§ (8+>" .) g(8+>".)
J ,7 

(8+>" . +>...) - (8+>" .+>.. .) o. 
t. -l J 8+>". + >.. . t. J 8+>" .+>.. . 

t. -l J t. J 

Case ii): j > i+l, is similar to Case i). 

Case iii): j i-I. 

[R(J-Q)]. . R. . Q. . + R ..Q.. 
t.,t.-l t.,t.-l -z. -l,t.-l t.,t. t.,t. -l 

i -l 
- D . . Q. . - D. g. . I . a 

t.-l,1, t. -2 t.-l , t. - l t.,l,m t. ,t.-l-z--l ­
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But Q. 1 . 1 I- D. -1 
1 ill . a, and so the above expression is 

~- , ~ - ~-l, ,nr-i-l ­

-1 i -I
- D . . + [D. . D . ill . - D . g .. 1. ] a 

~-1,1, ~- 2 ~-1,1,~-2 ~-l,l,nr-i-l ~ , l ,m ~ , ~ - l--z--l-

- D. . + [diag(l, ... ,l,O, ... ,O)~ . 
~-1, 1 , ~ -2 t ~- l 

i -2 

§ (S+ A . 1) 


~- (O, ... ,O,S+A.+A. 1,0, ... ,0) T ]a 

S+A .+A. 1 t~ ~- ­

~ ~-

i -I 

T T= - D. . + g (s+ A.)[(l, ••• ,l,O, ••• ,O) -(0, ... ,0,1,0, ... ,0 ) ]a 
~-l , 1, ~- 2 ~ t t ­

i -2 i -I 

- D . . + ')( . . 
~-1,1, ~- 2 ~-l 

Case iv): j = i +1. As in Case iii), 


[ R (J-Q)] ~ , ~~ 1 = W'+ l - D. 
. ." " ~ ~+ 1 , ~+2 ,m 

Case v): j i . 

[R (J - Q) ]. • = R • .Q.. 
~ , ~ ~~ ~~ 

-1 
D . 1 [I - D . 1 ill .a ] 
~ , ,m ~ , ,~ 

D. - 1jJ .a. 
~ , I ,m ~-

Thus ( 5.34 ) i s established. By (5.33) and (5.35), 

(5.36 ) 
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T may now be inverted block by bloc~ by making use of the identity, 

valid for any m~ non-singular matrix A and mxl vectors ~, ~: 

-1 T-1 
A x 1i AT -1 -1 +----- (5.37)[A-~ 1i ] A T -1

l-y'" A ~ 

In our case, A is diagonal. By repeatedly applying (5.37) one may 

obtain the inverse of a matrix of the form 

k T 
A - (5.38)L x· 14 ' 

i = 1 ---z­

which form is preserved under the taking of sums, products and inverses. 

Pre- and post-multiplying T = (T . . ) . .-1 by
1.-J 1.- , J - , ••• ,m 

o l 

I: 
I 

i 0 

fT1 7'-1 


-.L 21 - I and1I 
---------------~-----

i I 
o : I J 

respectively yields 

where 

-1 
I - T lIT 12 : 

: 0 
I 
I 

o I : 
I-------------,----­

o I 

I 0 0 

- 1
0 TT22 - T21TllT12 23 

0 T32 T 33 

TI = T43 
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-1
This process may evidently be continued, since T22- T21T11T12 is of 

the form (5.38) for some non-singular diagonal matrix A. The non-

singularity follows from the fact that the product of the diagonal matrices 

involved in the definitions of T21 and T12 (more generally, Ti +1,i and 

Ti ,i+1) is 0mxm' and hence the diagonal matrix in T22-T21T~iT 12 is the 

same as that in T22 . 

Continuing, then, one arrives at T-1 after m such calculations. 

All of our results concerning the parallel up time p.d.f. are 

expressed in, or reducible to, the form 

.... T -1
h(s ) hO es) + ~ (s)[I-M(s)] ~(s) (5.39) 

where 

(n ~ 1) • (5.40) 

Although the application of numerical methods to the inversion of 

[I-M(s )] would yield only finitely many values of h(S), various para­

meters of interest are obtainable upon inverting [I -M(O)], a matrix of 

constants. 

Writing T for the up time, Td~ (0) for d(p.(s)s 'Z.. 
I T0)"s= 'Z.. 

dM(O) for 

d
(-7Md .. (s) 1 0)' .

S 'Z..J s= 'Z.. , J 
etc., we have 

.... I 

E(T) = - h (0) 

L 

(5.41) 
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with 	higher moments being obtained in a similar fashion. 

The moments of the random variables N. and N. may also be gotten
1. 1. 

from [I-M(O)] 
-1 

. The probability generating function of NO is 

N 00 

E(x 0) = 

00 

A T 	 - 1
hO(O) 	 + Xli... (0) [I -xM(O)] z (O) (5.42) 

and so, e. g. , 

(5.43) 




CHAPTER 6. SPECIAL CASES -II. 

In this chapter we obtain directly, without the necessity of taking 

limits, expressions for the Laplace transform of the parallel up time pdf 

given that the operating times are distributed with Erlangian density 

(At )m-l Ae - At 
f (t ) A > 0; m 1,2, ... (6.1)

(m-l) ! 

As i n Chapter 5, we show that p(t ,u ) has a form which is preserved 

when operated on by * or by ®, hence which is inherited by Z(t ,u ). 

Substituting thi .s form into the integral equation (3.9) and taking 

Laplace transforms provides a reduction to a linear system. 

Substituting (6.1) into 

p(t ,u ) = lU G~V ) {f (u- v )f (t )+f ( t -v )f(u ) }dv 
o 

gives 

~n ) 2 - At { m- l IU G(v ) m- l - A(U- V ) p(t ,u ) ( (m-l)! e t B (u- v ) e dv 
o 

Writing tm- 1 as « t _u )+u)m-l, (t _v )m- l as « t _u )+(u_v ))m- 1 and expanding, 

- 64 ­
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p(t ,U) 

- At m-i i 
= e I (t -u ) p .(u ) (6.2 ) 

i =O 1­

where 

P.(u ) ( Am )2 { (m-i) m-l-i lU Q..0zl m- l - A(U- V ) -
1- (m-i)! i U 0 s (U- V) e dv 

u ­
(m-i) m- l f Qitl m-l-i - A(u - V ) }+ . U Q (u - V ) e dv (6. 3) 

1- o !oJ 

If ~ ( t , u ) has the form exhibited in (6.2): 

- At m-i 1­
~ ( t , u ) = e I (t - u ) ~ .(u ) 

i =O 1­

then 

Am - At m; i JU m- l - A(u- v ) fV i e L (u- v ) e g (V-w) (t - w) ~ .(w ) dwdv . 
(m-i) ! i =O 0 0 1­



- 66 ­

Writing (t_w)i as «t-v)+(v-w»i and expanding, 

m1 1t m-l i . fU 1 . 1 ( )
---:.: e- I\. \' \' (~) (u-v)m- (t-v)J e - u- v I\.~ I\. 

(m-l)! L L Ji =O j =O 0 

rV g (v-w)(v-w) i-j~ .(w) dwdvJo ~ 

Writing (t-v)J as « t - u)+(u-V»j, expanding and changing the order of 

summation, this becomes 

1m eO ~I "I1 JU- 1t m-Il · 
I\. I\. (~) (j) (t_u)k (u_v )m-l+j - ke - A(U-V)

(m-l)! J ki=O j=O k=O 0 

rv g(v-w)(v-w)i-j~ .(w) dwdvJo ~ 

m e- 1tm-I1 k m 1 
1 - i (~) (J·) lU +· k 1(I\. ).I\. I\. \' \' m-l J- - u- v (t-u ) L L J. k (u-v) e 

(m-l) ! k=O i =k j-k 0 

rV g (V-W)(V-w)i-j~ .(w)dwdv
Jo ~ 

and so 

1 ' m-l k 
*~ ( t , u ) = e- I\.~ I (t-u) ~k(u ) (6.4) 

k=O 

tvhere 
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,m m-l i r
ljJk (u ) 1\ I I (J~) (J') (u _v )m-l+j - ke - A(U- V) 

(m-l)! i =k j =k k 0 

v g (v-w) (v - w) i - j ~ . (w) iMdv (6.5)Jo ~ 

Simi larly, 

- At m-l k ­
~ (t , u ) = e I ( t - u ) ljJk (u ) (6.6) 

k=O 

wher e 

= Am m~l ~ (i) rm-l) r m-l+j - k - A(u-v ) 
(m-I) ! L L . l k (u - v ) e 

i =O j =O J 0 

v g (v-w) (v _w) i - j ~ .(w)iMdv (6.7)Io ~ 

Thus this form is inherited by Z( t , u ): 

- At m-I 
Z( t , u ) = e I (t-u ) ~ ~ .(u ) (6.8) 

i =O ~ 

Substituting (6.8) and (6.2) into (3.9), and applying (6.4) and 

(6.6), 
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- At m~l - At m~l i - At m-l k 
e L (t-u) "<p o(u ) = e L (t -u) p.(u) + e I (t-u ) ~k(u) 

i =O " i =O " k=O 

- At m-l k ­
+ e I (t-u) ~k(u) (6.9) 

k=O 

Letting t+u, 

Repeatedly differentiating (6.9) with respect to t, then letting t+u 

shows that 

<p o(u) = p.(u) + 	~ o(u ) + ~ o(u ) (i 0,1, ... ,m-1) (6.10) 

" " 	 " " 
or, from (6.5) and 	 (6.7), 

<p 0 (u)

" 

v k 	 ,m m-1 j 10 	 0 

f g(v-w) (v-w) J -	 <PJo(w)dwdv + (m~l)! I I (~) l~ ) 
o 	 j=O k-O 

()fv Ok r 
 m-l+k- " -A u-v 	 ­(u-v) 
o 

e g (v-w) (v-w) J <p (w)dwdv ,o 

o 	 0 J 

i 0,1, ... ,m-l . (6.11) 

Since we seek 
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00 

h(t) = f(t) 1 G~U) dv + it G(t-u)l(t.u)dv 
t 	 0 

001 _ Amtm- -At 1G(u) -At m-l it ~ ­
- (m-l)! e S dv + e .L (t-u) G(t-u)~. (u)dv 

t ~=O 0 ~ 

which has Laplace transform 

,m cfZ-1 1 - %(S+A)
(_l)m-l _ /\__h(s) 

1(m-l)! dsm
- S+A 

m-l . d~ ~ 

+ I (-1) ~$ . (S+A) -. G(S+A) 	 (6.12) 
~ ds~i=o 

we take Laplace transforms in (6.11) 	with parameter S+A: 

j) (k) j-k . ,A (j-k)
Am {m.~l. j k i (-1) (m-l+k-~)·g(s+A) 

<p • (S+A) p . (s+:\) + ,L I 	
(

k . <p .(S+A) 
~ ~ (m-l). J =~ k=i 	 (s+2A)m+ -~ J 

(6.l3) 

The identity 

! (_l)i(~) (k+i-1)!g~~~~~~ g(S+A) (6.14)
j

ds (S+2A/ i =O (k_l)!(s+2A)k+i 

applied to (6.13) yields 
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m-l 
$ . (s+A) p. (s+A) + Am I 

t. t. j =i 

m-l (-l) j ri _ ...... A-,-)-:­g" ->..::(s:;....+_+ Am \' - . $ . (s+A) , ( 6.15)
l.. i ! dsJ (s+2A)m-t. Jj =O 

a linear system which may be expressed in matrix form in the following 

manner. 

Define (mxl) vectors 

<P = ($0 (s+A), ••• ,$ (S+A» T m-l 

J"-l ~ d ~ m-l o = (G(s+ A),- ds G(s+A), ••• ,(-l) m- l O (S+A) l 
ds 

Y = (po(S+A)""'P
m

_ 
1 

(S+A» T 

where, by (6.3) 

Define (mxm ) matrices U = (u .. ). ·-0 ; V = ( v .• ). '-0t.J t. ,J- , ... ,m-l t.J t. ,J - , ... ,m- l 

by 
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u ..
1.,J 

j ~ i 

o j < 1., 

(-1) aJ g(S+A)
V ••

1.,J ds ji! (S+2A)m-i 

Then (6.15) becomes 

m 
<P = 1.. + A [U+V]~ 

so that 

(6.16) 


and by (6.12), 

A 

h(s) (6.17) 

Although the general form of [I _Am (U+V)]-l has not been found, an 

interesting decomposition exists. The matrix V, corresponding to the 

operation ®, may be transformed into U, corresponding to *, by multi ­

plication on the left by a lower triangular matrix L satisfying L2 = I. 

To see this, first write V as 

(0)
V m-l 
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(0 )
where v. = (V . 0' ... , V • 1) . 

-z, "/, "/, ,m-

Define 

V (k+1) 
- 0 

v (k+1) 
-1 

where 

I 
~k) i =O,l, .•• , k 

( k+1) v . = (6.18) 
-z, 

s+2A ( k ) V~ k) --- v i = k+1, ... ,m-1'. -z, i -i-I 

(k+l) f V(k ) S+2 A . f
i. e. , to ob tain V rom, we subtract -.- times row "/, -1 rom 

row "/, for i = k+1, ..• ,m-1. 

(k)
( V . 
I --z-
J 
\ 
! ~k+1)l v. 

where 

o 

V ~~+ 1 ) = 
"/,J J

(-1) j ! 

(j-k-1)~ i ~ 

"/, 

We claim that 

"/, =O,l, .•. , k 

(k+I)), ... ,v. 1 "/, = k+1, ... ,m-1
"/"m­

j = O,l, .•• , k 

."i-k- I A a- g (s+A) j k+ 1, ... ,m-l. ( 6 . 1 9) 
kds j - - 1 (s+2 A)m+k- i +1 

Hence, since each row "/, is affected only by the first i transforma­

tions, 
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(0 ) 
~O 

(1) 
~l 

v (m-l) = 

(m- l ) 
v - 1 

where 

o j O,l, ... , i -l 

( i )v . . = 

(6.20) 

<-,J 

i.e. v (m-l) = diag(l,-l, ... ,(-l)m-l) U (6.21) 

We establish (6.19) by induction on k . The identity (6.14) is 

rewritten for convenience as 

jcf1 g (S+ A) (6. 22) L m- i+ndsJ (S+2 A)m- i n=O (m- i -l) ! (S+2 A) 

The case k = 0 is essentially the same as the inductive step, and 

so we give only the latter here. Assume the truth of (6.19) for k-l. 

Then for k , 

( k+l) ( k ) 
V. = V. i 0,1, ... , k 
<- --z­

by definition. For i > k , 

.( k+ l ) (k ) (S+2 A) ( k ) 
V •• V •• V . 1 . (6.23)

1.-J 1.-J 1.- 1.--,J 
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which is 0 for j = O,l, ... , k-l by the induction hypothesis. For 

j = k , ... ,m-l, (6.23) is, again by the induction hypothesis, 

J• ...i- k
(k+l) (-1) j ! a- g (s+ A) 

v . . 
1-J (j - k ) !i! ds j - k (s+2 A)m+k- i 

j -:i-k A(s+2 A) ( -1) j ! a- g (s+A) 
. k +k . , 1 

i (j-k ) ! (i -I)! dsJ- (s+2A )m - 1-T_ 

vJ ~ ...i- k A :1 - k ~(-1) j! a- g (s+ A) _ (s+2 A) a § (s+ A) (6.24)
(j - k )! i ! s j - k (S+2 A)m+k- i ds j - k (s+2 A)m+k- i +l 

which is 0 for j = k . For j > k , (6.24) is, applying (6.22), 

. . k ( )n (j - k) ( k · ) ' A (j - k- n ) 
(k+l) = (_l) J ,j ! PI {-l n m+ - 1-+n-l ·9~S+A )

v . . 
1-J (j-k ) !i! ~=O (m+k- i -l) ! (s+2A )m+k- 1-+n 

j - k (-l) n-l (j - k )n (m+k- i +n-l)!= (-l)J j! L n (j - k- n ) A 

(m+k_~ )'.(s+2,)m+k-i+n g (S+ A) (j-k )! i ! n=l " /\ 

. j-k (_l)n-l(j-k-l) (m+k-i+n-l)! 
A(_l) J j ! \' n-l (j - k- n ) 

L . m+k- i +n g (S+ A) 
(j - k-l)! i ! n=l (m+k-1-)!(s+2A) 
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j-k-1(_l)J j! ,,(j-k-n-I)I g (s+\)
(j-k-1) !i! n=O (m+k_i)!(S+2\)m+k-i+n+ 

J ~-k-I"= (-1) j ! a:' g (s+ \) 


(j-k-1)!i! ds j - k- I (s+2 \ )m+k-i+ I 


by (6.22), thus proving (6.19). 

Each of the transformations V(k ) ~ V(k+l) is effected by the mu1­

. I' . f V (k ) h 1 f b L ( k+ I ) htlP lcatlon 0 on tee t y , were 

(s+2\) 
1.- = k+I, ... ,m-I; J = i -I 

1.­

I i = j 

° otherwise. 

By (6.21), 

. m-I (m-I) (m-2) (1)u dlag (1,-1, ... ,(-1) )L L ..•L V. (6.25) 

A straightforward but tedious induction establishes that for 

k I, 2 , ... ,m-1 ; 

° i=O,l, ... , k ;j>i 

(-1) i-j (s+2\) i - j 
i =O,l, ... , k ;jsi

( i -j) ! 

° i =k+1, ... ,m-1; j<i - k , j>i 

(-1) i - j (s+2\) i - j j ! (. k .) 
1.--,7 ., i =k+1, ... ,m-1;j=i-k, ... ,i . 

1.- . 
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hence 

(_1) i - j (S+2 A)i - j 
< •J - 1.­(i - j )! 

o j > 1.- . 

. m-l (m-l) ( 1)
By (6.25), putting L d~ag ( 1 , -1, . . . , (-1) ) L • • . L , 

U = LV 

where 

(-1)j(S+2A) i - j 
j s i(i - j )! 

L . . 
1.-J 

o j > i 

I is easily verified. Hence 

( 6.26) 

and 

V = LU 

(6.27) 

One can also express (6.27) as 

hoping that [I-AmU(I+L)] might be easier to invert. This seems unlikely . 

By considering the sequence of column operations corresponding to right-

multiplication by L, one can show that 
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. . rm - k1-j ) (j~.k ) . i(_l) J m ! m-1-J \. l " j +k - i i1+k - g(S+A) 
(UL) . . ~(-=..L1~· )c...:..., I ( - 1) ·+k . k 

1-J m- - J . k=max(O, i - j ) (j +k+1 )! ds J - 1- (S+2A )m­

. m-1 k 
= (_l) J I (k:1) ( .) (LU) k . . > 

(6. 28)
k=2. 1- - J , /( - 1-

• 

where 2. max (i , j ). 

Substituting (6.8) into t he r elevant expressions in Chapter Three 

yields the series up and down, and parallel down, one repair p.d.f.'s. 

After some manipula t ion, we get 

(6. 29) 

where 

(6.30) 


The $ .(A) may be gotten from (6.16), upon replacing Ci s by g and setting
1­

S = O. From 

m- 1 d1­ A A 

~ (s) = I (_l )i$ .( A) _. g (s)-g (S+A) (6.31) 
i =O 1- dA1- A 

xCv) (6 .32 ) 
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we get des) and pet) as well. 

Some 	 special cases. 

For m = 1, we get after simplification 

A A G 2A 2C2(S+A)
h(s) 	= S+A (1 - S(S+A» + (6.33)A 

S(S+2A(S+A)G(s+A» 

in agreement with (5.24). 

For m = 2, 

A4 ~ ~, 2 T
Y = 3 (2G(S+A)-(s+2A)G (S+A»(s+2A,1) 

S(S+2A) 

1 _ 2A 2g(S+A) + A2§'(S+A) 4A 2g(S+A) _ 2A2g'(S+A)~ 

(S+2A)2 S+2A (S+2A) 3 (S+2A)2 I 

1 _ 	 [4A2g(s+~) _ A2g'(S+A») 
(S+2A) s+2A 

and 	so 
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" 2" 
GIl... ).. 2~ _ ).. 2C' (S+ ).. )l 

d 1 - S(s+)..) + S L2 (S+2)") G(s+)..) s+2).. J_).. 2 __---.!::.....-__h(s) (6.34)
ds 8+).. 

1 _ [4)..2g (8+)..) _ ).. 2g '(8+)..)) 

(s+2)..) 2 s+2)" 

agreeing with (5.27). 

For m = 3 the calculations are already extremely cumbersome: 

where, writing g for g(8+)..) , G for G(8+)..): 

15 = (C, -a' , G") T 

48G 

(s+2)..) 5 

24a' 4C"-.-..:::....:...::- + -..:...::.....­
(8+2)..)4 (s+2 ).. ) 3 

24G 

(8+2),,) 4 

l2C' 2C"--==- + --=::..:::...-­
(s+2)") 3 (8+2)..)2 

4G 

(8+2),,) 3 

2a' a" 
-~- + -.-..:~-
(s+2)..) 2 (s+2)..) 
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2), 3g ' -24).3g + 12).3g ' _ 2), 3g " 

(s+2A) 3 (s+2).) 5 (s+2).) 4 (s+2)') 3 

-). 3g 1- 3), 3g + _:..:..).3.....g~'_ -12A 3g + 6). 3g ' ).3 " 
- -----'"'g'--­

2 3 2 2
(s+2).) (s+2)') (s+2).) (s+2 ).) 4 (s+2).) 3 (s+2)') 

1- n 3g + _~ _ _ )._3......g_"_+ 
(S+2 ). )3 (s+2 )' ) 2 2 (s+2A) 

D 

where 

4).3g ). 3g ' _ ). 3g " 6 ' ). 6 gg " + 4), gg +1- . ' + 2 5 4 
(s+2 ). ) 3 (S+2).) 2(s+2).) (s+2 )' ) (s+2)') 

). 3g + 4 ), 6 (g) 2 _ 2 ), 6gg , 
£0= 4(s+2)') 2 (s+2).) 5 (s+2)') 

2 (8+2),) 
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2/" 3g ' + 4/.. 6 (g')2 .... 8/.. 6gg' _ 2/" 6gg " 

(s+2A) 3 (8+2/..)5 (s+2/..) 6 (s+2/..) 5 

/.. 3g" 
c = 
-1 2(8+2/..) 

+ 2A6(g)2 

(8+2/..) 5 

24/.. 3g 

(s+2/..) 5 

12/..3g 

(s+2/..) 4 

1 

_ 12/" 3g , + 21.. 3g" 

(8+2/..) 4 (8+2 /.. ) 3 

D = [7J..3g 2/..3g ' /..3 g " 8/..6(g) 2 8/..6gg' + 2J..6(g,)2_ /..6gg " ] 

1-[(S+2 /.. )3- (8+2/..)2 + 2(s+2/..) + (S+2 /.. )6 - (s+2/..) 5 (s+2 /..) 4 (S+2/")~ 

Expanding the bilinear form offers no simplification. 



CHAPTER 7. NUMERICAL APPROXIMATIONS 

In the previous chapters, we have obtained several of the mean 

times related to the parallel and series systems, and have obtained the 

higher moments and the Laplace transforms of the relevant densities 

in two fairly broad classes of special cases. As interesting as these 

may be, the complexity of many of the expressions renders all but 

negligible their intuitive content. 

In this chapter, we exhibit graphs of the (approximate) parallel 

up time pdf in four cases. We evaluate, numerically, the first one to 

five terms of the series of integrals defining h. The program is 

entered in the Appendix. As a criterion of convergence, we use the 

ratio of the mean operating time to the mean repair time, seen in 

Chapter 3 to be equal to EO' the mean number of passages through state 0 

during the up time. If Eo is large, one must evaluate a large number 

of terms of the series before capturing a significant portion of the 

mass of h. This, together with the large amounts of computing time 

required to perform numerical integration, dictated our choices of EO' 

The results are quite surprising. In the mathematical analysis, 

h has always been treated as a separate entity, playing as it does noa 

role in the inductive process defining h. This distinctiveness appears 

to be a major determining factor in the shape of h as EO becomes 
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relatively large. Denote h (t )-hO( t ) by hR (t ). If E o is small, the 

dominant term of the series is h ' whose shape is in turn largelyo 
determined by that of the operating pdf. As EO increases, so does the 

mass of hR. This mass is concentrated to the right of that of ho which, 

in the examples considered here, remains sufficiently significant to 

impart a bimodal shape to h . 

This bimodality is perhaps best accounted for by considering the 

hazard r a te, defined by 

P(System fails in (t , t +6t ) ISystem survives until t ) ret) = lim 
6tt.t-+O 

h (t ) 


H( t ) 


The hazard rate is a measure of the susceptibility of the system to 

failure a t time t , and ought to increase at a faster rate when the 

system i s in state 1 than when it is in state O. Suppose then that 

EO > 1, so that the system ought to enter state 0 at least once before 

f ailure. In the interval between t = 0 and the expected time required 

for the system to be leaving state 0 for the first time, re t ) could be 

expected to be concave. For t small, h (t ) = r( t )H(t) ~ ret), and this 

concavity may well be inherited by h when hI is added to hO. The 

addition of the rest of the mass of hR, less affected by re t ) for t 

large, would then yield a second , major mode. Indeed, the graphs show 

that when the bimodality exists (Eo = 2, 4) it is almost entirely 

created by the addition of hI to ho. 
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In each case, we use as the operating pdf f( t ) a linear combination 

of exponential pdf's, and as the repair pdf get ) an Erlangian density. 

In all cases, f has a convenient factorization in terms of hyperbolic 

sines and cosines. In the fourth case, the coeffic ients of f are chosen 

in such a way that f itself very closely approximates an Erlangian 

density. The quality of the approximation is illustrated in Figures 

7.1 and 7.2. 

In these figures, f( t ) 

A = 2, 


- a . 
1 

AtAs ~ + 0, f (t ) = ( A2_ ~ 2) e- At sinh ~t + A2t e- = g et ). In Figure 7.1, 
~ 

~ = 1 and the approximation is poor. In Figure 7.2, however, ~ = .01 

and the two functions are so close as to be virtually indistinguishable. 

Below them is plotted the absolute value of their difference, increased 

in magnitude by a factor of 10,000. 
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Figures 7. 3 and 7. 4 

In these figures, g(t ) is Erlangian in 3 stages, with mean 2 and 

variance 4/3; f( t) = 50.4e - 8t sinh 3l. 6tcoshl.6t , with mean .992 and 

variance .447, approximately . Thus EO ~ . 446 and one would expect ho 

and hl to be the dominant terms of t he ser ies. In Figure 7.3 we have 

used only these 2 t erms, while in Figure 7.4 the third term is incor­

porated. 

http:50.4e-8tsinh3l.6tcoshl.6t
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Figures 7.5 and 7.6 

Here, g et ) is Er1angian in 2 stages, mean .25, variance .03125. 

The operating pdf factors as 

400-£2 -20t 
e sinh£t, with £ = 15.493, 

-20t10.32Se sinh lS.493t , approximately. 

The operating time has mean .25005 and variance .05002, so that 

EO = 1.0002. We again used two and three terms of the series. As 

seen in Figure 7.6, the contribution of the third term to the tail is 

somewhat more significant than it was in the previous case. 
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Figures 7.7 - 7.10 

Here, the bimodality of h begins to emerge. The repairs are 

Erlangian in 4 stages, with mean 1 and variance .25. The operating 
-t 2 

pdf factors as f(t) = (Be s~nh.6t) , with mean 2.0625 (= Eo) and 

variance 1.9102. The graphs of h use one, two, three and four terms 

of the series, respectively. 
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Figures 7.11 - 7.14 

In these figures, g et) is Erlangian in 3 stages, with mean .25 

and variance 1/48. The operating pdf is that illustrated in Figure 

2t 2t7.2, i.e. f( t ) = 39ge- sinh(t/100) ~ 4t e- , with mean 1.000025 and 

variance .5000375. Thus EO = 4.0001. The larger values attained by 

g , which has a maximum of approximately 3.24, are not plotted. We 

again use one, two, three and four terms to approximate h . A compari­

son of the four graphs shows clearly the rightward shift, and relative 

significance, of the mass of each additional term. In particular, ho 

and hR appear to have the bulk of their mass concentrated in disjoint 

intervals. The contribution of the fifth term was analysed at three 

points: at the second and third critical points and at t = 3.0. The 

results were: 

3 4 
t I h . (t) 

i=O 1.­ I h . ( t ) 
i =O 1.­

.32 .1607324169486 .1607324169622 

.92 .2757641092654 .2758122120488 

3.00 .05695070662497 .1153781393879 
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SUMMARY 

Some of the results obtained for the Active Standby models are 

summarized below, with the relevant items numbers or page numbers. 

An (Z) indicates that the expressions are given as functions of Z(t,u). 

Up 

Time 

Parallel Arrangement Series Arrangement 

1 Repair: Comp1etelyana1agous 

to parallel up, 2 repairs -­

see note, p. 21 

2 Repairs: pdf - (3.7)(Z) 

Mean - (3.26) 

f(t) \' -A·t= La.e ~ - (5.17), 
~ 

(5.18), (5.36) 

f(t) Er1angian - (6.17) 

1 Repair: pdf - (3.11)(Z), (3.15)(Z) 

\' -A·t
f(t) = Laie ~ - (5.20) 

f(t) Erlangian - (6.29), (6.30) 

2 Repairs: Completely analagous to 

paral1e1_down -­ see note, p. 30 

Down 

Time 

1 Repair: pdf - (3.21)(Z) 

f(t) = Ia.e- Ait - (5.23) 
~ 

f(t) Erlangian - (6.32) 

1 Repair: pdf - (3.18)(Z), (3.19)(Z) 

Mean - (3.20)(Z) 

f(t) (5.22) 

f(t) Erlangian - (6.30), (6.31) 

2 Repairs: pdf - (3.22) 

Mean - (3.23) 

2 Repairs: Completely ana1agous to 

parallel up, two repairs -­ see 

note, p. 21 
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APPENDIX 

The program by which the numerical approximations in Chapter 7 

were carried out is here entered and described. The algorithm is 

basically that developed in Chapter 3, with the exception that the 

order of integration is reversed in the definitions of * and ,~ . They 

then become 

u 
*a(t, u ) + ~ ( t , u ) = 1a(t, z )k (u ,u ,z) + a(u , z)k (t ,u ,z) dz 

where 

zu-
k (w, u ,z) = J g (y ) f (w-y-z) dy . 

o 

r

To reduce the computing time required, k (w, u, z), p(t ,u ) and ho( t ) are 

calculated explicitly, rather than being obtained by integration. 

The Gaussian quadrature method is used to perform the integrations, 

with the refinements of the quadratures varying from term to term. 

Altering the order in which the various quadratures are applied makes 

no significant difference to the results. 
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01000 PROGRAM WWWW(INPUT,OUTPUT) 
01010C THIS PROGRAM CALCULATES AN APPROXIMATION TO THE UP TIME 
01020C PDF H(T),GIVEN THE OPERATING PDF F(T) AND REPAIR PDF G(T), 
01030C WITH COMPLEMENTARY D.F. GB(T). THE FIRST "NT" TERMS OF 
01040C THE INTEGRAL SERIES DEFINING H ARE CALCULATED AND SUMMED. 
01050C THE RESULTING FUNCTION IS THEN PLOTTED AT "Np· POINTS 
01060C BETWEEN THE ·INIT· AND ·FINAL· TIMES. 
01070 DOUBLE PRECISION T,MU,INIT,FINAL,X 
01080 DOUBLE PRECISION ALPHA,SECMOM,EPS,LIM,BETA 
01090 DOUBLE PRECISION F,G,GB,H 
01100 DOUBLE PRECISION LAM(20),A(20) 
01110 REAL FP(303),HP(303),GP(303),TP(303) 
01120 INTEGER M,N,NP,I,NT,J,PRINT,CALC,IP,IPP1,MORE 
01130 COMMON/AREA1/M,N,LAM,MU,A 
01140 COMMON/AREA2/T,X,NT 
01150 CALL PLOTS 
01160 200 PRINT*,'ENTER INITIAL AND FINAL TIMES,NUMBER OF SUBDIVISIONS,' 
01170 PRINT*,'AND NUMBER OF TERMS OF THE INTEGRAL SERIES TO BE USED.', 
01180 READ*,INIT,FINAL,NP,NT 
01190 PRINT*,'ENTER 0 IF THE PARAMETERS OF F AND G ' 
01200 PRINT*,'ARE NOT TO BE PRINTED, AND 0 IF H IS NOT TO BE CALCULATED.', 
01210 READ*,PRINT,CALC 
01220 PRINT*,'ENTER M,BETA,N,LIM,EPS' 
01230 READ*,M,BETA,N,LIM,EPS 
01240C THE REPAIR PDF IS ERLANGIAN IN M STAGES, MEAN BETA. 
01250C THE OPERATING PDF IS A SUM OF N EXPONENTIAL TERMS. 
01260C THE COEFFICIENTS AND RATE PARAMETERS ARE ARBITRARY. 
01270C HERE, THEY ARE CALCULATED IN SUCH A WAY THAT AS ·EPS" 
01280C TENDS TO ZERO, F(T) TENDS TO AN ERLANGIAN DENSITY 
01290C IN N STAGES, RATE PARAMETER "LIM·. 
01300 MU=M/DETA 
01310 IP=INT(N/2.0) 
01320 IPP1=IPtl 
01330 IF(2*IP.EQ.N)GO TO 320 
01340C SET THE RATE PARAMETERS LAM(I). 
01350 DO 300 I=I,IPPl 
01360 .LAM(ItIP)=LIM-(I-l)*EPS 
01370 LAM(IPt2-I)=LIMt(I-l)*EPS 
01380 300 CONTINUE 
01390 GO TO 340 
01400 320 DO 330 I=I,IP 
01410 LAM(ItIP)=LIM-I*EPS 
01420 LAM(IPtl-I)=LIMtI*EPS 
01430 330 CONTINUE 
01440 340 DO 335 I=I,N 
01450 IF(LAM(I).NE.MU)GO TO 335 
01460 PRINT*,'LAM',I,' = MU, P CANNOT BE CALCULATED. 
01470 335 CONTINUE 
01480C SET THE COEFFICIENTS A(I), AND CALCULATE THE 
01490C FIRST TWO MOMENTS OF F(T). 
01500 ALPHA=SECMOM=O.ODO 
01510 IF(PRINT.EQ.O)GO TO 350 
01520 PRINT 5 
01530 5 FORMAT('1') 
01540 PRINT*,'OPERATING PDF A LINEAR COMBINATION OF ',N,' EXPONENTIAL TERMS~' 
01550 PRINT*,'WITH COEFFICIENTS AND RATE PARAMETERS' 
01560 350 DO 500 I=l,N 
01570 A(I)=1.0DO 
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01580 DO 40~-~=1,N 

01590 IF(J.EO.I)GO TO 400 
01600 A(I)=A(I)*LAM(J)/(LAM(J)-LAM(I» 
01610 400 CONTINUE 
01620 A(I)=A(I)*LAM(I) 
01630 IF(PRINT.EO.O)GO TO 450 
01640 PRINT*,'A',I,' = ',A(I),' LAM',I,' = ',LAM(I) 
01650 450 ALPHA=ALPHA+A(I)/(LAM(I)**2.0DO) 
01660 SECMOM=SECMOM+2.ODO*A(I)/(LAM(I)**3.0DO) 
01670 500 CONTINUE 
01680 IF(PRINT.EO.O)GO TO 600 
01690 PRINT*,' 
01700 PRINT*,'
01710 PRINT*,'MEAN OPERATING TIME = ',ALPHA 
01720 PRINT*,'VARIANCE = ',SECMOM-(ALPHA**2.ODO) 
01730 PRINT*,'REPAIRS ERLANGIAN IN ',M,' STAGES,MEAN ',M/MU 
01740 PRINT*,' VARIANCE ',M/(MU**2.0DO) 
01750C GET F,G AND H FROM THE FUNCTION ROUTINES 
01760C FOLLOWING THE MAIN PROGRAM. 
02000 600 T=INIT 
02010 1=1 
02020 PRINT*,' 
02030 PRINT*,' 
02040 PRINT 10 
02050 10 FORMAT('0',6X,'T',13X,'F',20X,'G',20X,'H') 

02060 1000 TP(I)=T 

02070 FP(I)=F(T) 

02080 GP(I)=G(T) 

02090 HP(I)=O.ODO 

02100 IF(CALC.EO.O)GO TO 1500 

02110 HP(I)=H(T) 

02120 1500 PRINT 20,TP(I),FP(I),GP(I),HP(I) 

02130 20 FORMAT('0',2X,F7.4,2X,E19.13,3X,E19.13,3X,E19.13) 

02140 IF(T.GE.F!NAL) GO TO 2000 

02150 T=T+«FINAL-INIT)/NP) 

02160 1=1+1 

02170 GO TO 1000 

02800 2000 IF(CALC.EO.O)GO TO 2200 

02810 PRINT 15 

02820 15 FORMAT('O') 

02830 PRINT*,'THE FIRST ',NT,' TERMS OF THE SERIES OF INTEGRALS' 

02840 PRINT*,'WERE USED IN THE CALCULATION OF H(T).', 

02850 2200 IF(CALC.NE.O)GO TO 2300 

02860 PRINT*,'MORE', 

02870 READ*,MORE 

02880C FOR CALCULATING F AND G ONLY, A "1" ENTERED 

02890C HERE RETURNS THE PROGRAM TO THE BEGINNING. 

02900 IF(MORE.EO.l)GO TO 200 

03000 2300 CALL SCALE(TP,6.0,NP+l,1) 

03010 CALL SCALE(GP,9.0,NP+l,1) 

03020 FP(NP+2)=GP(NP+2) 

03030 HP(NP+2)=GP(NP+2) 

03040 FP(NP+3)=GP(NP+3) 

03050 HP(NP+3)=GP(NP+3) 

03060 CALL AXIS(0.,0.,6H TIME ,-6,6.0,0.,TP(NP+2),TP(NP+3» 

03070 CALL AXIS(0.,0.,5H PDF ,5,9.0,90.,GP(NP+2),GP(NP+3» 

03080 CALL LINE(TP,GP,NP+l,1,0,42) 

03090 CALL LINE(TP,FP,NP+l,1,0,42) 

03100 CALL LINE(TP,HP,NP+l,1,0,42) 

03110 CALL PLOT(10.0,0.0,999) 

03120 STOP 

03130 END 

04000 DOUBLE FUNCTION H(Dl) 

04010 DOUBLE PRECISION HZ,D1,Y,T,X,LAM(20),MU,A(20) 

04020 INTEGER NT 

04030 COMMON/AREAI/M,N,LAM,MU,A 


http:FORMAT('0',2X,F7.4,2X,E19.13,3X,E19.13,3X,E19.13
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", " 

0~040 COMMON/AREA2/T,X,NT 
04050 EXTERNAL R 
0~060 Y=O.ODO 
04070 IF(NT.EO.l)GO TO 2400 
O~OBO IF(Dl.LE.O.ODO)GO TO 2400 
04090 CALL DOG4(0.ODO,Dl,R,Y) 
04100 2400 H=YtHZ(Dl) 
04110 RETURN 
04120 END 
04500 DOUBLE FUNCTION HZ(D2) 
04510C HZ IS THE FIRST TERM OF THE INTEGRAL SERIES. 
04520C IT IS CALCULATED EXPLICITLY, RATHER THAN 
04530C BEING OBTAINED BY INTEGRATION, IN ORDER 
04540C TO REDUCE THE COMPUTING TIME REOUIRED. 
04550 DOUBLE PRECISION D2,SUH,MU,T,X,LAM(20),A(20) 
04560 DOUBLE PRECISION F 
04570 - INTEGER J,H '.'. " .:.~' .. ' 
045BO COMMON/AREA1/M,N,LAH,MU,A 
04590 COMMON/AREA2/T,X,NT 
04600 HZ=F(D2) 
0461~ IF(D2.LE.0.ODO)GO TO 3500 
04620 SUM=O.ODO 
04630 DO 3000 J=l,M 
04640 SUH=SUMt(ltM-J)*«MU*D2)**(J-l»/MAC(J-1) 
04650 3000 CONTINUE 
04660 HZ=HZ*SUM*DEXP(-MU*D2)/M 
04670 3500 RETURN 
04680 END 
05000 DOUBLE FUNCTION R(D3) 
05010 DOUBLE PRECISION T,D3,X,LAH(20),A(20),MU 
05020 DOUBLE PRECISION GB,L3,P 
05030 INTEGER NT 
05040 COHMON/AREAl/H,N,LAM,MU,A 
05050 COMMON/AREA2/T,X,NT 
05060 X=D3 
05070 IF(NT.EO.2)GO TO 3700 
05080 R=L3(T,D3)*GB(T-D3) 
05090 RETURN 

05100 3700 R=P(T,D3)*GB(T-D3) 

05110 RETURN 
05120 END 
05500 DOUBLE FUNCTION L3(E3,F3) 
05510 DOUBLE PRECISION E3,F3,Y3,T,X,MU,LAM(20),A(20) 
05520 COMHON/AREAI/M,N,LAM,MU,A 
05530 COMMON/AREA2/T,X,NT 
05540 DOUBLE PRECISION P 
05550 EXTERNAL 03 
05560 Y3=0.ODO 
05570 IF(F3.LE.0.ODO)GO TO 3800 
055BO CALL DOGB(0.ODO,F3,03,Y3) 
05590 3BOO L3=Y3tP(E3,F3) 
05600 RETURN 
05610 END 
06000 DOUBLE FUNCTION 03(G3) 
06010 DOUBLE PRECISION G3,T,X,MU,LAM(20),A(20) 
06020 DOUBLE PRECISION L4,K,P 
06030 INTEGER NT 
06040 COMMON/AREAI/M,N,LAH,HU,A 
06050 COMMON/AREA2/T,X,NT 
06060 03=0.ODO 
06070 IF(G3.GT.T.OR.G3.GT.X)GO TO 3900 
060BO IF(NT.EQ.3)GO TO 3600 
06090 03=L4(T,G3)*K(X,X,G3)+L4(X,G3)*K~T,X,G3) 
06100 RETURN 
06110 3600 03=P(T,G3)*K(X,X,G3)tP(X,G3)*K(T~X,G3) 
06120 3900 RETURN 
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06130 END 

07000 DOUBLE FUNCTION L4(E4.F4) 

07010 DOUBLE PRECISION E4.F4.Y4.T.X,HU,LAH(20),A(20),X4,T4 

07020 DOUBLE PRECISION P 

07030 COHHON/AREAI/H,N,LAH,HU,A 

07040 COHHON/AREA2/T,X,NT 

07050 COHHON/AREA3/X4,T4 

07060 EXTERNAL 04 

07070 T4=E4 

07080 X4=F4 

07090 Y4=0.ODO 

07100 IF(F4.LE.0.ODO)GO TO 4000 

07110 CALL DOG12(0.ODO,F4,04,Y4) 

07120 4000 L4=Y4+P(E4,F4) 

07130 RETURN 

07140 END 

07500 DOUBLE FUNCTION 04(G4) 

07510 DOUBLE PRECISION G4,T,X,HU,LAH(20),A(20),X4,T4 

07520 DOUBLE PRECISION P,K,L5 

07530 COHHON/AREAI/H,N,LAH,HU,A 

07540 COHHON/AREA2/T,X,NT 

07550 COHHON/AREA3/X4,T4 

07560 04=0.ODO 

07570 IF(G4.GT.T4.0R.G4.GT.X4)GO TO 4500 

07580 IF(NT.EO.4)GO TO 4200 

07590 04=L5(T4,G4)*K(X4,X4,G4)+LS(X4,G4)*K(T4,X4,G4> 

07600 RETURN 

07610 4200 04=P(T4,G4)*KCX4,X4,G4)+P(X4,G4)*K(T4,X4,G4) 

07620 4500 RETURN 

07630 END 

08000 DOUBLE FUNCTION L5(E5,FS) 

08010 DOUBLE PRECISION ES.FS,YS,T,X,HU.LAH(20),A(20),X5,TS 

08020 DOUBLE PRECISION P 

08030 COHHON/AREAI/M,N,LAM,MU,A 

08040 COMHON/AREA2/T,X,NT 

08050 COMHON/AREA4/XS,TS 

08060 EXTERNAL OS 

08070 T5=ES 

08080 XS=FS 

08090 YS=O.ODO 

08100 IF(FS.LE.O.ODO)GO TO 4700 

08110 CALL DOG16(0.ODO,FS,OS,YS) 

08120 4700 L5=YS+P(ES,FS) 

08130 RETURN 

08140 END 

08500 DOUBLE FUNCTION OS(6S) 

08510 DOUBLE PRECISION GS,T,X,HU,LAM(20),A(20),XS,T5 

08520 DOUBLE PRECISION P,K,L6 

08S30 COMHON/AREAI/H,N,LAH,HU,A 

08540 COHHON/AREA2/T,X,NT 

08550 COMHON/AREA4/XS,T5 

08S60 05=0.000 

08570 IF(G5.GT.TS.OR.GS.GT.XS)GO TO 4900 

08S80 IF(NT.EO.S)GO TO 4800 

08S90 OS=L6(TS,GS)*K(XS,X5,G5)tL6(XS,GS)*K(TS,X5,GS) 

08600 RETURN 

08610 4800 OS=P(TS,GS>*K(X5,X5,G5)+P(XS,GS)*K(TS,XS,GS) 

08620 4900 RETURN 

08630 END 

09000 DOUBLE FUNCTION L6(E6,F6) 

09010 DOUBLE PRECISION E6,F6,Y6,T,X,MU,LAM(20),A(20),X6,T6

09020 DOUBLE PRECISION P . 

09030 COHHON/AREAI/H,N,LAH,HU,A 

09040 COHHON/AREA2/T,X,NT 

09050 COMMON/AREAS/X6,T6 

09060 EXTERNAL 06 


http:L4(E4.F4
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09070 T6=E6 
09080 X6=F6 
09090 Y6=0.ODO 
09100 IF(F6.LE.0.ODO)GO TO 4905 
09110 CALL DQG24(0.ODO,F6,Q6,Y6) 
09120 4905 L6=Y6+P(E6,F6) 
09130 RETURN 
09140 END 
09500 DOUBLE FUNCTION 06(G6) 
09510 DOUBLE PRECISION G6,T,X,HU,LAH(20),A(20),X6,T6 
09520 DOUBLE PRECISION P,K,L7 
09530 COHHON/AREA1/H,N,LAH,HU,A 
09540 COMMON/AREA2/T,X,NT 
09550 COMHON/AREA5/X6,T6 
09560 D6=0.ODO 
09570 IF(G6.GT.T6.0R.G6.GT.X6)GO TO 4915 
09580 IF(NT.EQ.6)GO TO 4910 
09590 D6=L7(T6,G6)*K(X6,X6,G6)+L7(X6,G6)*K(T6,X6,G6) 
09600 RETURN 
09610 4910 Q6=P(T6,G6)*K(X6,X6,G6)+P(X6,G6)*K(T6,X6,G6) 
09620 4915 RETURN 
09630 END 
10000 DOUBLE FUNCTION L7(E7,F7) 
10010 DOUBLE PRECISION E7,F7,Y7,T,X,MU,LAM(20),A(20),X7,T7 
10020 DOUBLE PRECISION P 
10030 COMMON/AREA1/M,N,LAM,HU,A 
10040 COMMON/AREA2/T,X,NT 
10050 COMMON/AREA6/X7,T7 
10060 EXTERNAL Q7 
10070 T7=E7 
100S0 X7=F7 
10090 Y7=0.ODO 
10100 IF(F7.LE.O.ODO)GO TO 4920 
10110 CALL DOG32(0.ODO,F7,Q7,Y7) 
10120 4920 L7=Y7+P(E7,F7) 
10130 RETURN 
10140 END 
10500 DOUBLE FUNCTION Q7(G7) 
10510 DOUBLE PRECISION G7,T,X,HU,LAM(20),A(20),X7,T7 
10520 DOUBLE PRECISION P,K,LS 
10530 COMMON/AREA1/M,N,LAM,MU,A 
10540 COMMON/AREA2/T,X,NT 
10550 COHMON/AREA6/X7,T7 
10560 07=0.ODO 
10570 IF(G7.GT.T7.0R.G7.GT.X7)GO TO 4930 
10580 IF(NT.EQ.7)GO TO 4925 
10590 07=LB(T7,G7)*K(X7,X7,G7)+LS(X7,G7)*K(T7,X7,G7) 
10600 RETURN 
10610 4925 Q7=P(T7,G7)*K(X7,X7,G7)+P(X7,G7)*K(T7,X7,G7) 
10620 4930 RETURN 
10630 END 
12500 DOUBLE FUNCTION L8(E8,FS) 
12510 DOUBLE PRECISION EB,FB 
12520 DOUBLE PRECISION P 
12530 L8=P(EB,FS) 
12540 RETURN 
12550 END 
12600C IF MORE THAN 7 TERMS OF THE SERIES ARE REQUIRED, 
12610C REPLACE LINES 10000 TO 12550 WITH ONE COPY OF SAME 
12620C FOR EACH ADDITIONAL TERM. INCREASE THE 
12630C INDICES 6,7 AND B BY ONE IN EACH COPY. 
13000 DOUBLE FUNCTION K(D4,D5,D6) 

13010C K AND P ("RHO·) ARE CALCULATED EXPLICITLY TO 

13020C REDUCE THE COMPUTING TIME REQUIRED. 

13030 DOUBLE PRECISION D4,D5,D6,MU,T,X,LAM(20),A(20) 

13040 DOUBLE PRECISION SUM2(20),SUM1,K1,K2,K2P 
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13050 INTEGER I,J,H,N,NT 
13060 COHMON/AREA1/H,N,LAH,HU,A 
13070 COHHON/AREA2/T,X,NT 
13080 K=O.ODO 
13090 IF(D4.LT.D5.0R.D5.LE.D6)GO TO 5200 
13100 SUH1=0.ODO 
13110 DO 4950 I=1,N 
13120 SUH1=SUH1+A(I)*DEXP(LAH(I)*(D6-D4»/«HU-LAH(I»**H) 
13130 4950 CONTINUE 
13140 Kl=(MU**H)*SUH1 
13150 K2P=0.ODO 
13160 DO 5150 J=l,H 
13170 SUM2(J)=0.ODO
13180 DO 5100 I=1,N 
13190 SUM2(J)=SUM2(J)tA(I)*DEXP(LAH(I)*(D5-D4»/«MU-LAM(I»**(M-J+1» 
13200 5100 CONTINUE 
13210 K2P=K2PtSUH2(J)*«D5-D6)**(J-l»/HAC(J-1) 
13220 5150 CONTINUE 
13230 K2=DEXP(MU*(D6-D5»*(HU**H)*K2P 
13240 K=K1-K2 
13250 5200 RETURN 
13260 END 
14000 DOUBLE FUNCTION P(D7,D8) 
14010 DOUBLE PRECISION D7,D8,HU,T,X,Z1,Z2,Z3,LAM(20),A(20),SUH(20) 
14020 DOUBLE PRECISION Z4,Z5,Z6,Z7 
14030 INTEGER 1,J,M,N,NT 
14040 COHHON/AREA1/M,N,LAH,HU,A 
14050 COHHON/AREA2/T,X,NT 
14060 P=O.ODO 
14070 IF(D7.LT.D8)GO TO 5500 
14080 DO 5350 J=1,N 
14090 IF(DS.NE.O.ODO)GO TO 5250 
14100 SUH(J)=O.ODO 
14110 GO TO 5350 
14120 5250 Z2=0.ODO 
14130 Zl=HU/(MU-LAM(J» 
14140 DO 5300 I=1,H 
14150 Z2=Z2+«HU*D8)**(I-1»*«Zl**(M-I+l»-1)/HAC(I-1) 
14160 5300 CONTINUE 
-14170 SUH(J)=«Zl**H)-1-Z2*DEXP«LAH(J)-MU)*DS»/LAH(J) 
141S0 5350 CONTINUE 
14190 Z4=Z5=Z6=Z7=0.ODO 
14200 DO 5400 I=l,N 
14210 Z4=Z4tA(I)*DEXP(-LAH(I)*D7) 
14220 Z5=Z5tA(I)*DEXP(-LAM(I)*DS) 
14230 Z6=Z6+A(I)*DEXP(-LAM(I)*DS)*SUM(I) 
14240 Z7=Z7+A(I)*DEXP(-LAM(I)*D7)*SUH(I) 
14250 5400 CONTINUE 
14260 P=(Z6*Z4+Z5*Z7)*HU/M 
14270 5500 RETURN 
14280 END 
15000 DOUBLE FUNCTION F(D9) 
15010 DOUBLE PRECISION D9,MU,LAH(20),A(20),T,X 
15020 INTEGER M,N,NT,I 
15030 COHHON/AREAI/M,N,LAH,MU,A 
15040 COMMON/AREA2/T,X,NT 
15050 F=O 
15060 IF(D9.LE.0.ODO.AND.N.NE.1)GO TO 5750 
15070 DO 5700 I=l,N 
15080 F=FtA(I)*DEXP(-LAH(I)*D9) 
15090 5700 CONTINUE 
15100 5750 RETURN 
15110 END 
16000 DOUBLE FUNCTION G(D10) 
16010 DOUBLE PRECISION D10,HU,LAH(20),A(20),T,X 
16020 INTEGER H,N,NT 
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16030 COHHON/AREA1/H,N,LAH,HU,A 
16040 COHHON/AREA2/T,X,NT 
16050 G=O 
16060 IF(D10.LE.0.ODO.AND.H.NE.1>GO TO 5800 
16070 G=«HU*OlO>**(H-l»*HU*DEXP(-HU*D10>/HAC(H-l> 
16080 5800 RETURN 
16090 END 
17000 DOUBLE FUNCTION GB(Dll) 
17010 DOUBLE PRECISION D11,HU,LAH(20),A(20>,T,X 
17020 COHHON/AREA1/H,N,LAH,HU,A 
17030 COHHON/AREA2/T,X,NT 
17040 INTEGER I,H,N,NT 
17050 SUH=O.ODO 
17060 GB=1.0DO 
17070 IF(D11.LE.0.ODO)GO TO 6300 
17080 DO 6000 I=1,H 
17090 SUH=SUH+«HU*D11>**(I-1»/HAC(I-1) 
17100 6000 CONTINUE 
17110 GB=DEXP(-MU*011)*SUH 
17120 6300 RETURN 
17130 END 
18000 INTEGER FUNCTION HAC(I1) 
18010 INTEGER Il,J1 
18020 HAC=1 

18030 IF(I1.EG.0)GO TO 7000 

18040 DO 6500 J1=1,I1 

18050 HAC=HAC*J1 

18060 6500 CONTINUE 

18070 7000 RETURN 

1808.0. END 

/ ~ ~.. ~ 
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