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I ABSTRACT 

I In his 1900 address before the International Congress of Mathe­

maticians [6J, David Hilbert asked for an algorithm to decide of a 

I polynomial equation, in several variables, with integer coefficients, 

I 
whether or not the equation was solvable in integers. In 1970 it was 

shown that this, Hilbert's tenth problem, is recursively unsolvable. 

I Yuri Matijasevic, by using results of Martin Davis, Julia Robinson and 

Hilary Putnam [3J, gave the negative solution to the problem when he 

I proved that every recursively enumerable s et is Diophantine [9J, [lOJ. 

I DEFINITION: A re lation R(x l , ••• ,xk ), in non-negative integers , is 

Diophantine if there exists a polynomial P(x l ,··· ,xk,y 1"" ,y), with 

,I 
I integer coefficients, such that the relation R(X 1 , ••• ,xk ) holds just 


in case t he equati on P(x l , ••• ,xk ,Y 
1

, ••• ,Y ) = 0 is solvab le in non­
n

negati ve integers . 

I 
I Knowi ng , from Matijasevic's results, that there exist polynomials 

representing the Mersenne primes and the even perfect numbers, we here 

. construct some which are Simpler than would be given by following Hatijasevic's 

I constructions exactly. For example, we construct polynomials P and Q, with 

.J 
integer coefficiencts, satisfying 

a is a Mersenne prime ~ (]X ,x ' ••• 'Xll)~ P(a,x ,x
2 

, ••• ,x ) = 0
1 2 l I1 

"I B is an even perfect number ~ (3Yl'Y 2" " 'YI2)~O Q(f3'YI'Y2"" ,Y I 2 ) = O. 

Applying the "method of Putnam" [13J we then have: 

I a is a Mersenne prime <0> [P = oJ ~ a(1-p2) = a 

B is an even perfect number ~ [Q = oJ ~ B(1_Q2) B • 

. 1 

·1 




I. 
 
I (iv) 

I Thus, we are able to exhibit the Mersenne primes and the even perfe ct 

I numbers as the positive parts of the ranges of polynomials with several 

vari ables and i nte ger coefficients. (Note that if P and Q assume only 

I non-negative values, as they will in our case, then they need not be 

s quared.) 

I 
The ques tion of the existence of odd pe rfect numbe rs remains ope n . 

I We coul d stil l , however, construct a polynomial whose positive range is 

all per f ect numbers, even or odd, by using the result of Matijasevic 

I re ferred to above, since t he function a (n ) (the sum of the divisors of 

I /2 ) i s recursive . The length of such a polynomial, though, would b e pro­

hibit i v e , as i t would utilize a bounded universal quantifier . We r e f er 

I t he r eade r to [ 8J to see the problems involved in such a construc t i on . 

I 
I 
I 
I 
I 
I 
I 
I 
I 
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CHAPTER I 

PRELIMINARY NUMBER THEORY 

I 1.0. DEFINITIONS, THE ARITHMETICAL FUNCTION cr. 


I For any positive integer n, define cr(n) to be the sum of the divisors 


I 

of n, including n itself. 


We say n is perfect if cr(n) = 2n. 

I 
A number of the form N = 2n - 1, n a positive integer, is called a 

I Mersenne nwnber.; if N is prime, we say N is a Mersenne prime. 

I 
 Note that if N is prime, then so is n; for if n=kr (k,bl). then 2k_112n
_1. 


al a2 az 
with Pi prime ::: i the divisorsIf n = •• ·P t ' (1 ::: l), thenP l P2I b l b2 br 0 ::: b. ::: ai ; i = 1,2, ... ,r.of n are the numbers Pl •• ·Pr whereP2 'l-

I Hence 

I cr (n) 

I 
 2 a· 
= IT (1 + Pi + Pi + ... + pi'l-) 

I 
i=l 

; (p£i+l ~ 1) . (1)I i=l Pi-

I An arithmetical function f is called multiplicative if (m,m') = 1 ~ 

,I 
 f(mm') = f(m)f(m'). It is clear from (1) that cr is multiplicative. 


- 1 ­

br 
Pr 

I 



I 

I - 2 ­

I n+l . n n+l 

I 
LEMMA 1.1. (Euclid) • If 2 - 1 7-S prtme" then 2 (2 - 1) 7-S perfeot. 

n+l n
Prloof· Write 2 - 1 = p , N 2 p. 

Then o(N) o (2 )0 (p ) I n 

(1 + 2 + 

I (2n+ 1 _ 

I 
2N . 

I LEMMA 1.2. (Euler) . Any 

2n+l 1· .where - 7-S prtme . 

I 
Proof. We can write any 

I and b is odd. Then 

o(N) 

I 
Si nce N is perfect, 

I 
I 
 and so 


I 

a f raction in its lowest

I 

22 + ... + 2n) (p + 1) 

1) (2n+l) 

. n n+l 
even perfect nwriber 7-S of the form 2 (2 - 1), 

even number in the form N 2
nb , where n > 0 

o (N) 2N 

b 2n+1_1 

0(Ei) = 2n+ 1 


terms. Thus 

I 
whe re c is an i nteger. 

I 
If c > 1, then b has at least the divisors b, c , 1, so that 

I 

I 




o (b ) , 

I 

I 
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I 

I a contradiction. 

I 
 n n+l n+l n+l 2n+1

Hence c = 1, N = 2 (2 -1), and 0(2 -1) = 2 • But, 1. f - 1 

n+l n+l
is not prime, it has divisors other than itself and 1, and 0(2 -1) > 2 • 

I Hence 2n+ 1_l is prime, and the lemma is proved. 

I From Lemmas 1.1 and 1.2, we see that S is an even perfect number if 

and only if it is of the form a(a+l)/2, where a is a Mersenne prime.

I 
In order to prove the major theorem of this section (Theorem 1.26)

I we must develop some facts concerning congruences and residues. The proofs 

I 
 are those given in [5J. 


We denote by ~(m) (Euler's ~) the number of positive integers not

I greater than and prime to m. If a is prime to m, then so is any number 


I 
 x congruent to a (mod m). There are ~(m) classes of residues prime to m, 


and any set of ~ (m) residues, one from each class, is called a complete 

I set of residues prime to m. One such complete set is the set of ~(m) 


numbers less than and prime to m. 


I 

I 
 LEMMA 1. 3. If a ,a , ••• ,aHm) is a complete set of residues prime to m,


1 2 

and (k,m) = 1, then 

I 
I 
 1,8 also such a set. 


Proof. The numbers of the second set are plainly all prime to m, and no 

I 

I 




I 
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I two of them are congruent, for ka. - ka .(mod m) implies a . - a .(mod m). 
~ J ~ J 

I LE}frlA 1.4. (The Fermat-Euler Theorem). If (a,m) 1, then a<P(m) - l(mod m). 

I 
I Proof. If x runs through a complete system of residues prime to m, then, 

by Lemma 1.3, ax also runs through such a system. Hence, taking the pr o-

duct of each set, we have 

I TI(ax) - TIx(mod m) 

I or a<P(m)TIx _ TIx(mod m) • 

I Since every number x is prime to m, their product is prime to m; and hence 

a<P(m) _ l(mod m) . 

I 
I 
 LEMMA 1.5. (Fermat's Theorem). If p ~s prime~ and pt a~ then 


p-l _ 

I 

a- l(mod p) . 


Proof. Put m p in Lemma 1. 4. 

I 
Now, let us suppose that p is an odd prime, that pta, and that x i s 

I one of the numbers 

1,2,3, ••• ,p-1.

I 
Then, by Lemma 1.3, just one of the numbers 

I 
1·x,2·x:, ••• ,(p-l)x 

I 
is congruent to a(mod p). There is therefore a unique x' such that 

I 

I 




I 
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I xx' - a(mod p), 0 < x' < p , 

I We call x ' the associate of x. There are then two possibilit ies: 

either there is at least one x associated with itself, so that x' = x, or

I there is no such x. 

I (i) Suppose that the first alternative is the true one and that x 
I 

I 
 is associated with itself, In this case the congruence 


_ a(mod p)

I 
x 2 

has the solut i on x = xl; and we say that a is a quadratic' residue of P, 

I 
I or (when there is no danger of a misunderstanding) simply a residue of p. 

Plainly 

x p-x
I 

- -xl (mod p) 

I 
I is another solution of the congruence. Also, if x' x for any other 

value xl of x, we have 

I 
x~-x~ _ O(mod p) • 

Hence either x - Xl or

I 2 

I and there are just two solutions of the congruence, namely Xl and p-x I ' 

I In this case the numbers 

1,2, ... ,p-l

I 
may be grouped as Xl ' p-x l , and ~(p-3) pairs of unequal associated numbers. 

I 

I 




I 
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I Now 

I 
while xx' - a(mod p) 

I 
for any assoc i ated pair x, x'. Hence 

I I (p-l)! = ITx - _a·a~(P-3) - _a~(P-l) (mod p) • 

I (ii) If the second alternative is true and no x is associated with 

I 
 itself, we say a is a quadratic non-residue of p, or simply a non-residue 


of p. In this case the congruence 

I x 2 _ a(mod p) 

I has no solution, and the numbers 

I 1,2, •.• ,p-l 

I may be arranged in ~(p-l) associated pairs. Hence 

I 

We define 'Legendre's symbol' ,~), where p is an odd prime and a is

I any number not divisible by p, by 

I (g}G? +1, ff a is a residue of p, 

I (g}G? = -1, if a is a non-residue of p . 

I It is plain that ~J = ~j if a - b (mod p). We have thus proved 

I 

I 




I 


I 
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I LEMMA 1.6. If P is an odd prime and a ·iH not a multiple of p, then 

(p-l)! - -~Ja~(P-l)(mOd p) . 

I LEMMA 1. 7. (Wilson's Theorem). (p-l)! - -l(mod p). 

I Proof. The congruence 

X2 _ l(mod p)

I 
has the solut i ons X = fl. hence 

I 
~) 1.

I 
Put a 1 in Lemma 1.6. 

I 
LEMMA 1.8. ~) =a~(p-l)(modp).

I 
Proo f. From Lemmas 1.6 and 1.7. 

I 
-1 _ _ (~)a~ (P- l ) (mod p) • 

I 
I 

Multiplying by _a~(p-l) gives 

a ~(p-l) _ (~)aF-l(mOd p) , 

I and the result ·follows by Lemma 1.5. 

LEMMA 1.9. (Gauss's Lemma). (_pm) (-1) ll , where II is the nwnber of membersI 
of the set

I m.2m,3m, .•••~(p-l)m. 

I 

I 




I 
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I whose least positive residues (mod p) are great er than ~. 

I Proof. Note that 'residue' here has its usual meaning and i s not an 

abbreviation for iquadratic residue'. If p is an odd prime, there is j ust 

I 
I one residue of n(mod p) between -~p and ~p. We call this r esidue the 

minimal residue of n(mod p); it is positive or negative acoording as t he 

least non-negative residue of n lies between 0 and ~ or between ~p and 

I p. 

I We now suppose that m is an integer, positive or negative, not divi­

sible by p, and consider the minimal residues of the ~(p-l) numbers 

I 
m,2m,3m, ... ,~(p-l) m . ( 2) 

I We can write these residues in the form 


l' ,r' , ••• ,1', ,-1' " ,-1' , ... ,-1' ,,
I 1 2 A 1 2 ~ 

I 

whe re A + ~ ~(p-l) , o < 1'. < ~, o < r! < ~. 


1.- 1.-

Si nce the numbe rs (2) are incongruent, no two r' can be equal , and 

I no two 1" . If an l' and an 1" are equal, say r. = r~, let am , bm be the 
1.- J 

I two of the numbers (2) such that 

am - 1'. 
'[; 

, bm - -r~ (mod p) .
I J 

Then am + bm - O(mod p) , 

I 
and so a + b - o(mod p) , 

I 
which is imposs ible becaus e 0 < a < ~, 0 < b < ~ p. 

I 

I 




I 

I 


II 

I 

I 


II 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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It fo11m.;rs that the numbers r., r~ are a rearrangement of the numbers 
'Z- J 

1,2, ••. ,~(p-1) , 

and therefore that 

m·2m· •.. ·~(p-1)m = (-1)~1·2· ••• ·~(p-1)(mod p) 

and so m~(p-l) = (-l)~(mod p) • 

But ~) _ m~(p-l) (mod p) by Lemma 1. 8. 

LEMMA 1.10. 2 is a quadratic residue of primes of the form 

8n ± 1 and a quadratic non-re8idue of primes of the form 8n ± 3. 

Proof. Take m = 2 in Lemma 1.9. Then the numbers (2) are 

2,4, ... ,p-1 • 

In this case A is the number of positive even integers less than ~. 

We write txJ for the largest integer which does not exceed x. With 

this notation, 

A [!zip]. 

But A + ~ = ~(p-l), 

and 90 J.l = ~(p-1) - [~J • 

If P - l(mod 4), then 

~ = ~(p-l) - ~(p-1) = ~(p-l) = [~(p+l) ] , 



I 
 
I 
 

- 10 ­

I and if P - 3(mod 4), then 

I 1.1 = ~(p-1) - ~(p-3) = ~(p+1) .. [~(p+1) ] • 

Hence ~] :: (-1) [!4(p+l) ] (mod p) , 
I 
 
that is to say r~)I LPJ 1, if P = 8n ± 1 , 

(~JI U; =-1, if P = 8n ± 3. 

I 
LEMMA 1.11. I f pend q are dis tinct odd primes , if p' = ~(p-1) , 

q I = ~(q-1), and if 
I 
 
S(q,p ) I I' [~J= 

8=1 p , 

I then S(q,p) + S (p, q ) = p'q'. 

I Proof. 

c
I 

B 

/ 
/ 

VL' 
I /""

V 

./
V 

I Y 
",.. 

L "' 

V 
Vp M

I T. 
V

V 
VI V 

S K Ao
I 
 
I 
 



I 
 
I 
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I 
I The proof may be stated in a geometrical form. In the figure, AC and 

BC are x = p, y = q, and KM and LM are x = p' , y = q'. If (as in the 

figure) p > q, then q'lp' < qlp, and M falls below the diagonal OC. 

I Since nn'<q' < ~ q'+l, 

I 
P 

there is no integer between KM = q' and KN qp'lp. 

I 
I We count up, in two different ways, the number of lattice points in 

the rectang~e OKML, counting the points on KM and LM but not those on the 

axes. In the first place, this number is plainly p'q'. But there are no 

I lattice points on OC (since p and q are prime), and none in the triangle 

PMW except perhaps on PM. Hence the number of lattice points in OKML is 

I 
I the sum of those in the triangles OKN and OLP (counting those on KN and 

LP but not those on the axes). 

The numb~'r on ST , the line x"" 8, is Lsq/pJ, s ince sq/p is the ordi-

I nate of '1' . Hence the number in OKN is 

I 
 
I 
 Similarly , the number in OLP is S (p ,q), and the conclusion follows. 

I 
LEMMA 1.12. (Gauss's Law of Reciprocity). If p and q are distinc t odd 

I primes, then 

I 
I 
I 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1­
I 

I 
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Proof. We can write 

(3) 

where 1 ~ k ~ p', 1 ~ Uk ~ p-l. 

Here Uk is the leas t positive residue of kq(mod p). If Uk = Vk ~ p', 

then Uk is one of the minimal residues of Lemma 1. 9, while if Uk = Ilk> p' ,r i 

then Uk-p is one of the minimal residues -rj . Thus 

for every i, j , 

The r. and 
1.. 

in some order. 

and some k. 


2' ~ are, as we saw in Lemma 1. 9, the numbers 1,2,. ~ • ,p'

J 

Hence , if 

R' = Lr~ 
J 

(where )l is, as in Lemma 1.9, the number of the r~), we have 
J 

R + R ' 

and so 

(4) 

On the other hand, summing (3) from k = 1 to k p', we have 

(5) 

From (4) and (5) we deduce 



I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 
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12\a(p -1) (q-l) = pS(q ,p) + 2LWk - flP . (6) 

Now q-l is even, and p2_l = O(mod 8) (If P = 2n+l then p2_l = 4n(n+l) = 

O(mod 8», so that the left hand side of (6) is even, and also the s e cond 

term on the right. Hence (since p is odd) 

Seq ,p) - fl(mod 2) , 

and therefore, by Lemma 1.9, 

(-1) fl = (_l) S (q,P) 

(-1) Seq ,p)+S(p ,q) = (-l)P'q'Finally, 

by Lenuna loll. 

LEMMA 1.l3. I f P and q are odd primes, then 

unless both p and q are of the form 4n + 3, in which case 

Proof. Immediate from Lemma 1.12. 

The proof ·of Theorem 1. 26 will utilize some basic properties of two 

sequences of integers, which we now develop. 



I 
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1.14. DEFINITIONS. 

Let 

a = 1 + /3, b 1 - /3 

so that 

a +b 2, ah - 2, 
I 
 
We define two sequences of integers U and V by

l' l' 
I 
 
I 
 
I 
 

LEMMA 1.15. (i) V =1, U =2, V~2=2 V +2 V (1' ~ 0) • 
1 2 J." 1'+1 l' 

I (ii) V =2, V =8, V =2 V +2 V ( 1'~ O)
1 2 1'+2 1'+ 1 l' 

I 
Proof· (i) The first two equalities are easily verified, 

I r+2 br+2 a ­

I 
a- b 

I 
a1' (4+2/3) _b1' (4-2/3) 

a-b 

2 Ca1'-b1') + 2(1+I3')a1'-2(1-fflb1'

I a-b a-b 

I 
 
(ii) is similar. 
I 
 

I 
 
I 
 

a - b 213. 

and for l' ~ 0, 



I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 
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LEMMA 1.16. 2Ur+B UV + VU . 
1'8 1' S 

PY'oo f · 

LEMMA 1.17. 

PY'oof· 
U v - U V 

SY' Y' S 

LEMMA 1.18. 2Vr+s v V 

Y'S 

Proof· 
V V + 12U U 


Y' S Y'S 

U V - U V 
SY' Y'[5 

(as - b S) (aY' +bY' ) 
a-b 

-2 (aY'bs_asbY') 

a-b 

(Y' > S) 

(aY' _bY') ( as +bs ) 

a- b 

_2asbS ( aY'- s _bY'- S ) 

a-b 

+ 12U U 
Y'S 



I 
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LEMMA 1.19. U = U V • 
2Y' Y' Y' 

PY'oo f· (aY' _bY') (aY' +bY') 
U V = 

Y' Y' a-b 

2Y' b2Y' a ­
a-b 

U2Y' • 

I 
LEMMA 1.20. V = 0+ (_2)1"+1.

2Y' Y' 
I 
 
(a2Y'+b 2Y') ( aY'+bY') 2 PY'oof· V - 0 = ­

2Y' Y'

I 
_2(ah)Y' 

I .(_2)1"+1 

I 
LEMMA 1.21. 

I 
PY'oo f· 

I 
 
I 
 
I 
 (_2)1"+2 • 


I 
 1.22. DEFINITION. The rank of apparition of the add prime p is the least 


positive subs cript w (if it exists) for which U is divisible by p.
w 

I 
LEMMA 1.23. I f w is the Y'ank of apparition of p~ .then faY' any Y'~ p divides 

I 
 
I 
 



---- - ---

I 
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I Ill' i f and on ly 1:f w divides r. 

I Proof. Let S be the set of all subscripts r for which p divides Ur. 

From Lemmas 1.16 and 1.17 it follows that if rand s are members of S, 

I 
I so also are r ± s. Hence S coincides with the set of all integer multiples 

of its least positive member w. 

I 
 LEMMA 1. 24. ( i) U - ~J (mod p). (p > 3)

P 

I 
 (ii) V - 2 (mod p).

p 

I 
 Proof· To prove (i) we expand U as follows: 

p 

I 

I All the binomi al coefficients are divisible by p, except the last which 

is equal to unity. Hence 

I 
_ 3~ (p-l) 

I 
[,' _ (~) (mod p)p 

by Lemma 1. 8. 

I To prove (ii) we expand V in like manner, thus 
p 

I ~(~-l) ( )
V = (1+/3)P + (l-/3)P = 2 2. p 3

k 
• 

P k=O 2k 

I 
I In this case all the binomial coefficients except the first are divisible 

by p. Hence (ii) follows at once. 

I LEMHA 1.25. For any odd prime p~ the rank of apparit-ton of p exists and 

I 




I 
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I is :so p+l. 

Pro0 f. For p 3 the result holds, since 31 u3 . Thus assume p > 3. 

I 
 It is obvi ously sufficient to prove that p divides Up+1U
P

_ 1 • 
From 


Lemmas 1.15, 1 .16 and 1.17 we have 

I 
I -4U = 2U -v . 

P-l P P 

I Using Lemma 1.24, we have 

I _ 4(±1) 2 - 4 

I -- 0 (mod p ). 

I n
THEOREM 1.26. (D.H. Lehmer, [9J). The number N = 2 _l , where n > 2, is 

I a prime if, and on ly if, N di vides t he (n-l)-s t t erm of the sequence 

I 

I 


Proof. Let N = 2n_l be prime, n > 2. Then n is an odd prime . We have

I to show that S is divisible by N. Instead of the series Sk we may 

I 
n-l 


consider the series 


8,56,3104, ••. , Ok '···' 

I 2k- 1
2 Sk ' Then it is sufficient to show t hat 0n-l i s divisi blein which ok 

I 

I 




I 

I 
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I by N. Since 

I 
By Lemma 1.20, with r = 2k, we see thatwe have 0k+1

I 

I 


Moreover V 8 

I 
2 

I 
 We have to show then 


Lemma 1.20, with r= 

I 

I Therefore, 

I 

I 

I 


2 2k+1 
V k = V - 2

2 +1 2k 


Hence, in general, 


that V V~(N+1) is divisible by N. But from 
2n- 1 = 

~(N+l), we have 

V2 _ 4.2~(N-1) .VN+l = ~(N+1) 

2 4·2~(N-1)V V + 
J1 (N+1) N+1 

- VN+1 + 4(~](mOd N) by Lemma 1. 8. 

- VN+1 + 4(mod N) by Lemma 1. 10 . 

Hence it is sufficient to show that 

I VN+1 
(7)= -4(mod N) • 

I But (7) follows from Lemmas 1.24 and 1.18. In fact 

I 
I 
 To apply Lemma 1.24 with p = N, we note that N - l(mod 3) since n is odd, 


I 

I 




I 
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I and that (~J - (%J by Lennna 1. 13 

I -(1J 
I 

= -1 by Lennna 1.B. 

I Hence we have 

I 
 VN+1 = VN + 6UN - 2 - 6 - -4(mod N). 


Hence (7) is es t ablished, and Ni s l'I n-

Conve rs e ly, l e t S be divisible by N = 2n _l. Then N divi des 

I n-l 

Now let p be any prime factor of N and le t 

I 
 w be the rank of apparition of p . Then p divides U since N divides 

2n 

U V , whith is U 
2n 

by Lennna 1.19. By Lennna 1.23 , w di vides 2n . 

I 
2n-l 2n -1 

n -lOn the other hand, w does not di vide 2 , for otherwise, by Lennna 1. 23, 

P would di v i de U as well as V This is i mposs ibl e by Lennna 1.21 

I 
 2n -1 2n- 1 


since r is odd . Hence w = 2n . By Lennna 1.25, 

I 
I Hence p N, so that N is prime. 

I 
 The following theorem will be needed in Chapte r II: 


I THEOREM 1.27. If N > 0 and is not a per f e c t square ~ then the PeU equation 

_ Ny 2 = 1I x2 

has i nfinitely many so lutions "n inte gers x~ y . 

I 

I 




I 
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I Before proving Theorem 1.27, we develop some 

fractions, using proofs given in [lJ and [5J. We 

function 

I a 0 + __--=1____ 

I 

I 

I of the N+l variables 

a0' aI' ... , an' ... , aN 

I 
I 

as a finite continued fraction , or, when there is 

simply as a continued fraction. Rather than use 

shall usually write the continued fraction in one 

I 
I or [ao ,a 

1 
,'" ,aNJ . 

I We call a , a , ... , a the partia l quotients, or 

I 
o 1 N 

of the continued fraction. 

We find by calculation that 

I 

facts about continued 

shal l describe the 

(8) 

no risk of ambiguity, 

the notation (8), we 

of the two forms 

simply the quoti ents, 

I 
and it is plain that 

I [a ,a , ... ,a ] [a ,a ,'" ,a ,a +-
1 

] (9 ) 
o 1 n o 1 n- 2 n-l an 

I and that 

I 




I 

I 
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I [ aO ,aI, ••• ,anJ = [aO,a , ••• ,a ,[a ,am+ , ••• ,a J]1 m-I mIn 

I for 1 S m < n ~ N. We call 

I 

I 


LEMMA 1.28. I f P and q are defined by

I 
 n n 


I 
po=a S n' p =a a +1, p =a p +p (2 

o 1 Ion n n-I n-2 

(2 :::: nq =1 

I 
o ' 

then 

I [a , a , ••• , a ] = ill . 
o 1 n qn 

I 
 Proof. We have already verified the lemma for n o and n 


suppose it to be true for n S m, where m < N. Then 

I 
Pm 

= -= 

I 
I 
 and p , p , q , q depend only on


m-I m-2 m-I m-2 

I 

Hence, using (9), we obtain 

I 
I 
I 
I 

(10) 

~ N) (ll) 

-:: N) (12) 

1. Let us 



I 

I 
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I [an ,aI' .•. ,a ,a ,am+ ] an ,al , .•. ,a ,a -t---l-]m-l m 1 [ m-l In am+l 

I 

I 

I 

I 

I 

I 

Pm+l 

qm+l 

I and the lemma is proved by induction. 

I It follows from (11) and (12) that 

I 
 = (a P + P )q - P (a q + q )
n n- l n-2 n-l n-l n n -l n - 2 

I 

Repeating the argument with n-l,n-2, ••• ,2 in place of n, we obtain

I 
I 

(13) 

Now, let a be any irrational number. Let a
O 

be the integral part 

I of 0.. Then 

0. a + 0. ' 

I o ' 

where 0 < 0.' < 1. Put 

I 

I 




I 

I 
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I 1 
a ' I 

I then a 

I where a > 1 and is irrational. Now repeat the operation on ' expressingl a l 

it as 

I 
I where a 2 > 1. We can continue this .process indefinitely. Having reached 

a , itself an irrational number greater than 1, we can express it as 

1I 
n 

a an + -a-­n 

I 
n+l 

where a + > 1, and an is a natural number. If we combine all the equa­n l 

I tions up to this one, we obtain for a the expression 

1 1

I a+ an+l2 

The numbers a ' a l •... are called, as before, the partial quotients of

I o 

the continued fraction, and the complete quotient corresponding to an is 

I an ' or, what is the same thing, an +~. The process can never come 
n+l 

to an end, because each complete quotient is an irrational numbe r . 

I 
Then by Lemma 1.29, 

a 

I 

I 


LEMMA 1.29.

I 

I 

I 


an+IPn + Pn- l a (14) 
an+l qn + qn- l 

Wi th the above notation~ 



I 
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I Proof. Equation (14) gives 

Pn 
- =I 
 a ­
qn 

I ±l 

I 
using (13) Since a + > a + ' we have . n 1 n 1 

I 
la - Pqnnl < __1_+ 0 as n -+ (since q ~ n)00. 

qnqn+l

I 
n 

'I 
By a quadratic irrational we shall mean an (irrational) number which 

arises as a solution of a quadratic equation with integral coefficients. 

In particular, the square root of any natural number N, not a perfect 

I square, is a quadratic irrational. If a is a quadratic irrational, then 

we denote by a' the second root of the quadratic equation satisfied by

I a, and call a' the algebraic conjugate of a, or simply the conjugate of 

a. If a > 1 and -1 < a' < 0, then we say that a is reduced. 
I 
 
An infinite con tinued fraction of the form 
I 
 

I 
 
which is periodic from the beginning, is called purely periodic.

I 
I LEMMA 1. 30. If a is a reduced quadratic irrational, then the continued 

fraction for a is purely periodic. 

... , 

I 
 
I 
 
I 
 



p±/fj 
Q 

I 
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I Proof. We know that a satisfies some quadratic equation 

I Aa2 + Ba + C o , 

I 
 where A, B, C are integers. Solving this equation, we can express a in 


the form 

I 

I where p and Q are integers, and D is a positive integer which is not a 


I 

perfect square. We can suppose that the + sign is attached to /.D, for 


if it were the - sign, we could change it to the + sign by changing the 

I 
 signs of both the numbers P and Q. So 


I 
 P+/D P-li5 

a - Q-' a' = - Q­

I 
 We note that 


I 

so that p2 _D is ~ multiple of Q. 

I 
Since a is reduced, we have a >1 and -1 <a'<O. This means that 

liSI (i ) a - a ' > 0, that is (2) 0, whence Q > O', 

(ii) a + a ' > 0, that is .- > 0 whence P> O,· Q 'I 
P 

(iii) a'< 0, that is P < /D., 

I (iv) a > 1, that is Q < p+1iS < 21iS. 


I Thus a reduced quadratic irrational number a is of the form 


I 
 P + ID 

Q 

I 




I 
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I where 

I 
 P < 115 and Q < 21D , (15) 


and also satisfies the condition that p2_D is a multiple of Q.

I 
Now let a be developed into a continued fraction. The first step in 

I the process of development is to express a 'in the form 

I (16) 

I 
 where aO is the integral part of a 1 and a 1 > 1. It is easy to see that 


a 1 is again a reduced quadratic irrational, for the equation (16) implies 

I that the conjugates of a and a are connected by the similar relation 
1 

I a' 

So 
1a'

1 

I and since a' i s negative, and ao' is a natural number, we have - a ' > 1,aO 

I 
 and therefore o. ~ lies between -1 and O. Similarly, all the subsequent 


complete quotients a 2 , a 3 , ••• in the development are reduced quadratic 

I irrationals. 

I 
 As regards the form of a we have

1 

p-Qao+lD · 

I Q 

I 
 -P+Qao. Then 


I 

I. 



I 
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I 
I where Q is defined by

1 

I QQ . (17)
1 

I Note that Q is an integer, since p2 - D is a multiple of Q and 
1 
 

PI = - P(mod Q). We have


I 

and since 0. is reduced, the integers PI and Q are positive, and satisfy
11 

the conditions (15). Moreover pi - D is a multiple of Ql' by (17). 

I We are now in a position to see how the continued fraction process 

goes on. At the next step we start from 0. 1 instead of from a, but the 

I process is just the same. Generally, each complete quotient has the form 

I a n 

I where P and Q are natural numbers which satisfy (15), and have the n n 

property that P~ - D is a multiple of Qn . There are only finitely many

I possibilities for P and Q by (15), and eventually we must come to some n n 

I pair of values which has occurred before. That is, we must come to some 

complete quotient which is the same as some earlier one, and from this 

I point onwards the continued fraction is periodic. 
 

We have still to prove that the continued fraction is pureZy periodic, 
I 
 
that is, periodic from the beginning. To prove this, we shall show that 

I 
 
I 
 



, 
a n 

I 
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I if a = a , then a = am_I' and in this way we shall be able to work 
n m n-l 

I 
 backwards to the beginning of the continued fraction. The proof depends 


on the fact that it is possible to relate the partial quotients an not 

I only to the complete quotients an but also, in a somewhat similar way, 

to their conjugates. The relation between any complete quotient and the 

I next is 

nI 
a 

The same relation must connect their conjugates, so that 

I 

I 


Since each conjugate lies between -1 and 0, let us introduce the 

. -1I 
symbol i3 for ~. Then each of the numbers i3 is greater than 1. The 

nn 

I 
an 

last relation takes the form 

I 
I It now follows from the last relation that an ' in addition to being the 

integral part of an ' can also be interpreted as being the integral part 

I 
Now suppose that a and a are two equal complete quotients, where n m 

m < n. Then their conjugates a~ and a~ are also equal, and therefore 

I By the result just proved, a is the integral part of 13n , and 

I 
n-I 

a _ is the integral part of 13 • Hence a _ = am_I. But 
m I m n I 

I 

I 




I 

I 
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I = a + = + ~a ~ a a
n-l n-l a' m-l m-l a 

n m 

I Hence a = a • Repeating the argument, we obtain a _ = a _ , and 

I 
n-l m-l n 2 m 2 

so on until we reach the fact that a is the same as a itself. Puttingn-m 

n-m = r, we have 

I 1 1-a + ar-l

I 
and this shows that the continued fraction for a is purely periodic. 

I Now let N be a natural number which is not a square, and consider 

I 
 IiV + aO' where a is the integral part of 1iV. The conjugate of this number 
o 
is -IN + aO ' which lies between -1 and O. Hence the continued fraction 

I for I!V + aO is . purely periodic, and since it obviously begins with 2ao' 

it is of the form

I 

I 

I 
 LEMMA 1. 31. The Fe U equation 


x 2 - Ny2 1, 

I 
where N > 0 and ~s not a square , has a solution ~n integers x, y with 

I y 9= O. 

I 
 Froof. As above, 


I 

1 1 1
Iii = a +l 1 

o a + a + a + 2a + a + 
1 2 . n 0 1 

I 

I 




I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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Now let ~ and P!l. be the two convergents coming immediately before the 
qn-l qn 

term 2ao' that is 

1 PnPn-l--= -a--' - = 
qn-l n-l qn 

By the formula (14), we have 

a.n+ln;Pn - 1 (18) 
a.n+lqn+qn-l ' 

where a. + is the complete quotient after an' that is 
n 1 

Substituting this . value for a. + in (18), we obtain 
n 1 

1ii(Ifi+a)q + /N.q 1 = (Iii+ao)p -tp 1·o n n- n n-

Since IlV is irrational, and all the other numbers are i ntegers, thi s 

equa t i on impLies the two equations 

These may be regarded as expressing P - and q in terms of p and q : 
n 1 n-l n n 

=Nq -apPn-l nOn' 

Now substitute in (13). We obtain 

(_l)n-l , 



I 
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I or p2 _ Nq 2 = (_l)n-l • (19)
n n 

I Hence x = p and y = q provides a solution of the equation
n n 

I 
.1 If n is odd, we have a solution of Pe1l's equation. If not, we observe 

that the same argument would apply to the two convergents at the end of 

I 
 the next period. Since the term an' where it occurs for the second time, 


would be a + if the terms were numbered consecutively, we have to change 

I 
2n 1 

n in (19) to 2n+l, giving 

P2~+1 - Nq2~+1 = (_1)2 = 1I 
n 

This completes the proof of Lemma 1.31. 

I 
Proof of The oY'em 1.27. Let Xl' Yl and x 2 ' be integers which satisfyY2 

I 

I 

I 

I Multiplying gives 

x,2_Ny,2 

I and the result follows by Lemma 1.31. 

I 
I 
I 
I 



I 

I 

I 


CHAPTER II 

I BELL'S EQUATION AND THE EXPONENTIAL RELATION 

I 
In this chapter, we develop some basic facts about a special type 

I of Pe11 equation, and use them to give a Di'ophantine definition of the 

. 1 1· kexponent1a re at10n q = p Unless otherwise mentioned, all numbers

I are non-negative integers. The proofs of 2.1- 2.24, 2.26, and 2.27 are 

I 
 essentially those in [3] and [12]. Theorem 2.25 is a generalization of 


a result due to J. Robinson and Y.Matijasevic, [12]. 2.28 - 2.30 are 

I due to J. Jones, [8]. 

I 
 We consider the Pe11 equation: 


x2 _ dy2 1, x,y ~ 0I } (* ) 

where d = - 1, a > 1.

I 
a2 

Note the obvious solutions to (*) : 

I 
x 1 y 0 

I x a y 1. 

I LEMMA 2.0. For any positive integer t, there is a non-zero solution to 

I 
 (*) in which t iy. 
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I 

I 


http:2.1-2.24


1 

I 
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I Pr oof. We desi r e a solution to the equati on 

I 

I 
 Put N = dt 2 • Then N > 0 and is not a square , so t he r esult follows 


immediately fr om Theorem 1.27. 

I 
LEMMA 2.1. 'The re are no i ntege rs x, y .. pos itive.. negative or zero.. which 

I s atisfy (*) for' whi ch 1 < x+yld < a+ld . 

I Pr oof. Let x ,y satisfy (*). Since 

I 
 (x+y Id) (x -y /J) , 


I 
 the inequality implies (taking negative reciprocals), 


I 
 -1 < -x+yld < -a+/d. 


Adding t he inequali t.ies:

I o < 2y lJ < 21d , 

I i.e. 0 < y < 1 , a con tradiction . 

I LEMHA 2.2. Let x, y and x' .. y' be integers .. posi tive , negative , Or' zero 

I 
 which satisfy (*). Le t 


I 
 x" + y"ld = (x+y/dj(x,+y,/dj . 


Then x".. y" satis fy (W).

I 

I 

I 




I 
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I Proof. As in Theorem 1.27. 

I 
DEFINITION. X (n), 1J! (n) are defined for n ~ 0, a > 1, by setting 

I 
a a 


X (n) + 1J! (n) lJ. = (a+ld)n. 


I 
a a 

When it is unnecessary to mention explicitly the dependence on a , 

we write simp ly x(n), 1J!(n). 

I 
LEMMA 2.3 x(n ), 1J!(n) satisfy (*).

I 
Proof. Immediate by induction using Lemma 2.2. 

I 
I 


LEMMA 2.4. Let x, y be a non-negative solution of (*~. Then for s ome n, 


x = X( I1 ), y = tJ!(n). 

I -n 

I 

Proof· To begin with :r>+y id ~ 1. On the other hand the sequence (a+ld) 


increases to infinity. Hence for some n ~ 0, 


r:; n r; r:; n+l
(a+ vd) ::::n+y vd < (a+ vd) •

I 
If there is equality, the result is proved; so suppose otherwise: 

I 

I 


Since 

I tive. 

Lemmas 

I 

I 

I 


x(n) + 1J!(n)id < x + yld < (x(n)+1J!(n)id) (a+/d) • • 

(x (n)+tJ!(n)id) (x (n)-1J! (n) !d) = 1, the number X(n) - 1J!(n)/d is posi­

Hence, 1 < (x+yid)(x(n)-lJ;(n)/d) < a+ld• . But this contradicts 

2.1 and 2.2. 



I 
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I LEMMA 2.5. X(m±n) X(m) X(n) ± dlJ.! (n) lJ.!(m) , and 

I l)J(m±n ) x(n) lJ.!(m) ± X(m) lJ.!(n ) • 

I PI·oof· 

x (m+n ) + 1J! (m+n ) fcI = (at IJ) m+n 

I 
(X(m)+ 1J! (m) ld) ( X(n)+ 1J! (n ) id) 

I (x (m) X(n )+d1J! (n) 1J! (m») + (x (n)ljJ (m)+ X (m)ljJ (n ) ) Id . 

I Hence, 

I 
 X(m+n ) = X(m)X(n ) + d1J! (n ) 1J! (m) 


I 

1J!(m+n) = X(n )1J!(m) + X(m) lJ.! (n ) • 


Similarly , ( X (m-n)+lJ.!(m-n) /d) ( X (n )+lJ.!(n) /d) = x (m) + tJ! (m) Id. So 

I 
X(m-n ) + tJ!(m-n)/d= (X(m)+ 1J! (m) /d) ( X(n) - lJ.! (n)/d) , 

I 
and one proceeds as above. 

I 
LEMMA 2.6. x(2n ) ' = 2x2 (n ) - I, 1J! (2n) = 2x(n ) 1J! (n). 

I 
Proof. Immediate f r om Lemma 2.5 and the defining condition d1J!2(n) 

I 
LEllliA 2.7. 1J!(m±l) = a1J!(m) ± x (m), and x(m±l) = ax(m) ± d1J! (m).

I 
Proof. Take n = 1 in Lemma 2.5. 

I 

I 

I 


2x (n)-1. 



I 
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I LEMMA 2.8 . (x (n ) ,1jJ (n ») = 1. 

I 
 Froof. If tlx (n ) and tl 1}!(n), then t lx 2 (n ) + d 1}!2 (n ) , Le ., t il. 


I LEMMA 2.9. 1}!(n ) I1}! (nk ) (n, k > 0). 

I Proof. Obvious when k=l. Proceeding by induct i on, us i ng t he addit ion 

formula (Lemma 2. 5),

I 
1jJ (n (m+l») = x (n )1jJ(nm) + x (nm)1jJ(n) • 

I 
By the induction hypothesis, 1}!(n )I1}!(nm). 

I Hence , t/! (n )I1}!(n(m+l»). 

I 
LEMMA 2.10. !p (n ) 11}! (t) iJ and only i f n i t (n > 0 ) • 

.1 
Pr oof. Lerruna 2.9 gives the implication in one direc tion . For the converse 

I 
 suppose 1jJ (n ) I ~) ( t ) but n t t . So one can write t = nq+r, 0 < r <no Then, 


I 
 t/! ( t ) = X( r ) 1}! (nq) + X(nq ) 1}! (r) • 


Si nce « n )I1}!(nq ), it follows that 1}!(n) IX(nq) 1}! (r). But (1}! (n ), x (nq ») = 1.I 
(If dl 1}! ( n ),d l x (nq), then by Lemma 2.9 dl 1}! (nq), which by Lemma 2.8 implies 

I d = 1.) Hence 1}! (n)I 1}! (r). But, since l' < n , we have 1jJ ( r ) < 1jJ (n ) (e . g., 


by Lemma 2.7). This is a contradiction. 


I 

k-l 3

LEMMA 2.11. tjJ(nk ) :: k X (n ) 1jJ(n )mod1}! (n ) (n > 0) •

I 

I 

I 




I 
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I Proof. X(nk) + W(nk)IJ = (a+/J)nk 

I 

I 

I So, 

ljJ(nk) = I (~)xk-j(n)ljJj(n )d(j-l)/2
j=l JI 
j odd 

But all terms of this expansion for which j > 1 are - 0 mod W(n).I 
3 

I LEMMA 2.12. tJ; in)IW(nW(n»). (11, > 0). 

I 
 PY'oof. Set k"'w (n) in Lemma 2.11. 


I ( 11, > 0).LEMMA 2.13. (First step down lemma) If wfn)lw(t) , then W(n)l t. 

I 
 . 21 k- 1 

Proof. By Leuma 2.10, n t. Set t =nk. Using Lemma 2.11, wen) kx (11,) 1jJ (11, ) ,1 

Le.tJ;(n)lki-1(n). But by Lemma 2.8, (ljJ(n),X(n») = 1. So, ljJ(n)l k and hence 

I W(n ) 1 t. 

I 
LEMMA 2.14. X(n+l) = 2aX(n) X(n-1) and 1jJ(n+1) 2aw(n) - W(n-1).a 

I Proof. By Leuma 2.7, 

I 
 X(n+1) aX (n) + dW(n) , w(n+1) = aW(n) + x(n ), 


X(n-1) = aX (n ) - dW (n) , tJ; (n-1 ) = aW(n) - x(n ).

I 
So, X(n+1) + X(n -1) = 2aX (n), tJ;(n+1) + tJ;(n-1) = 2atJ;(n ). 

I 

I 




I 
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I LEMMA 2.15. ~(n ) - n mod a-l. 


I Proof. For n = 0,1 equality holds. Proceeding inductively using 


a :: 1 mod a-l: 

I Hn+l) 2a~(n) - ~(n-l) 

I _ 2n ~(n-l) mod a-l. 

I LEMMA 2.16. I f a - b mod c, then for aZ Z n, 

I 
I Proof. For n = 0,1 the congruence is an equality, or is equivalent to 

the assumed congruence. Proceeding by induction:

I 
~ (n+l) 2a~ (n) - ~ (n-l) 

I 
a a a 

I 

I and similarly for x(n ). 

I 
LEMMA 2.17. X (n) - ~ (n)(a-y) :: yn mod 2ay - y2 - 1. 

I 
a a 

Proof. X(O) - ~(O)(a-y) = 1 and X(l) - ~(l)(a-y) = y, so the result 

I holds for n~O and n=l. Using Lemma 2.14 and proceeding by induction: 

I 
I 
I 



I 
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I X(n+1) - ~(n+1) (a-y) = 2a[X(n)-~(n) (a-y) ] - [X(n-1)-tJi(n-l) (a-y)] 

I 
I 

n-1 
= y (2ay - 1) 

I 
n -1 2 

== Y Y 

n+1 2 
= Y mod 2ay - Y - 1.

I 
I 

n n
LEMMA 2.18. For all n, ~(n+1) > ~(n) ~ n; (2a-1) ~ ~ (n+1) ~ (2a) . 

a 

Proof. By Lemma 2.7, ~(n+1) > ~(n). Since tJi(O) = 0 ~ 0, it follows by

I induction that ~ (n) ~ n for all n . 

I For the second part, tJi (1) = 1 and ~ (2) = 2a. By Lemma 2.14,
a a 

I (2a-1)~(n) ~ 2at/ICn) - ~(n-1) = ~(n+1) ~ 2atJi(n) and the result follows by 

induction. 

I 
LEMMA 2.19. For aU n, X (n+1) > X (n) ~ a n; X (n) ~ (2a) n . 

I 
a a a 

Proof· By Lemmas 2.7 and 2.14 aX (n) ~ X (n+1) ~ 2aX (n). The result a a a 

I follows by induction. 

I LEMMA 2.20. ~(2n±m) ~ ~(m) mod x(n). 

I Proof. By Lemmas 2.5 and 2.6, 

~(2n ±m) = X (m)~(2n) ± x (2n)~(m)

I 
== +tJi(m) mod X(n) . 

I 
• 

I 



I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

-I 

I 
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LEMMA 2.21. tjJ ( 4n±m) :: ± tjJ (m) mod X(n ). 

Proo f. By Lemma 2.20 

LEMMA 2.22. 


Proof . (i) 


(ii) 

tjJ(4n±m) 	 - -tjJ(2n±m) 

_ ± tjJ{m) mod X(n ). 

(i ) tjJ 	 (n ) < ~X (n ) fo:r a > 2; (ii) 
a 	 a 

2

If a > 	 2, then 4tjJ (n ) < ( a 2-1) tjJ2 (n )+1a 	 a 

By Lemma 	 2.7, 

tjJ 2 (n- l) < ~X2 (n) . 

= X2(n ).a 

o S tjJ (n -1)
2 


By Lemma 2 .7 again, 

x (n) - tjJ (n) .2. 2 


Thus ~ X') (n ) > ,;J 
2 

(n - i ). 


LEMMA 2.23. Le t tjJ ( j ) :: ±tjJ (i) mod X(n ), n > 0, 0 sis j s n . Then i = j. 

P:roof. If a > 2, then Lemma 2.22 toget~er with the inequalit i es 

o = tjJ(O) < tjJ(l) < ... < tjJ(n) imply j = i. 

Suppose a = 2, but i +j . Then Lemma 2.22 implies j = n , and Lemma 2.8 

implies 	i > O. Then n > 1. Since 

0< tjJ 2 (n )-tjJ (i) < tjJ (n ) < X (n ) · ,
2 	 2 2 




I 

I 
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I Put i = n-k. Then 0 < k < n. By Lemma 2.5, 1/J2(i) - X2(k)1/J2(n) mod x2(n). 

Hence 1/J 2 (j) = 1/J2(n) - -x2(k)1/J2(n~ mod X2(n), i. e. 1 + X2(k) :: 0 mod X (n) , 2I since (X 2 (n) ,1/J2 (n») l. But since n > 1 we have, by Lemma 2 .7, 

I 
 o < 1+X2 (k) < d1/J 2(n-l)+aX2 (n-l) = X2(n). This is a contradiction. Thus, 


"/.. = J . 

I 
LEMMA 2.24. (Second step down lenuna) If 1jJ(j) - 1/J(i) mod X(n ) then 

I j :: ti mod 2n (n > 0). 

I Proof. First, assume i S n, j S 4n. If j S n then by Lemma 2.23, i j . 

I 

If n < j S 2n. then set j = 2n-j so 0 S j < n. By Lenuna 2.20,

I 1/J(J) - 1/J(j) :: 1jJ (i) mod X(n), so by Lenuna 2.23, i = J:: - j mod 2n. If 

2n < j S 4n, s et J = 4n-j so 0 S j < 2n. By Lemma 2.21 1/J(J) :: -1/J(j) :: 

-1jJ(i ) mod X(n), and a repetition of the above method shows that j - -i mod 2n 

I if J < n , and j :: i mod 2n if n S J < 2n. 

I Next, if i S n, j > 411, write j = 4nq+J, 0 < j < 4n. By Lemma 2.21, 


1/J(j) :: 1/J(J) mod X(n) and the result follows as above . 


I 

Thus the result holds for 0 sis n and all j. Repeating the pro­

I cedure shows that it also holds for all i. 


I THEOREM 2.25. Suppose a > 1, bk > 0, k = 1,2, ... ,me Then 


I 
I if and onLy if the foUowing system of equations has a soLution in 

I 




I 
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I non-negative inte ge rs : 

I x 2 
k 

I I I . 

I 

I 

I V. 

I 
V. 

I 
I (i. e . 

I Proof · Let t here be given a solut i on to J - VIIIk " By VI I I , VII and
k k k 

I 
[V , 

v > O. 

I Then by I , I I , and lII , there are positive integers i , jk ' n such that 
k k k 

I x
k 

= Xa (i k ) , 

I u = X (n ), v IjJ (n ) 
a a 

I s = Xe ( jk ) , k 

I By I V, I I, and V, 

e = 1 mod 2Yk 

I 

I 




I 
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I so that 

(1)

I 
by Lemma 2.16. By VII ,

I k 

(2) 

I By (1) and (2), 

(3)

I 
On the other hand,

I e _ a mod u 

I by V 80 that 

I 

by Lemma 2.16. Also 

I 
I 

by VI . Hence 

I 
k 

~ (i k ) = ~ (jk) mod X (n), (4) 
a a a 

I 
 since Yk ~ (i ) and u = X (n). Now 

a k a 

I 

by IV so by Lemma 2.13,

I 
I Heney by (4) and Lemma 2.24, 

I (5) 

I 




I 
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I By (3) and (5) we have 

I 
I 

Also 

I by VIII , and
k 

I 
by Lemma 2.18. Thus b = i k and 

I k 

I 
as required. 

I Conversely , set x = Xa (b ), Yk = 1Ji (b ) (k=1,2, ..• ,m). Then ~ and 

I 
k k a k 

VIII hold. By Lemma 2.0, choose h > 0 such that
k 

I 

and se t

I u X (h ), v = 1jJ (h ) • 
a a 

I Then I I and IV .ho1d. Let e be given by V. Set 

I 
I 
 sati sfying I II • Then 


k 

I 

by Lemma 2. 15, V , I I and IV. Also 

I 

I 




I 
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I 
I by Lemma 2.18, so gk can be chosen satisfying VIIk • 

I By our choice of e , 

e - a mod u

.1 
so that by Lemma 2.16, 

I (6) 

I Now e ~ a since u > 1, so that 

I 

This, together with (6), shows that VI can be satisfied. 

I 
k 

TilLs comp l e tes the p r oof of Theorem 2 .25. 

I 
LEMMA 2.26. II x and yare non- negative int egers, and if 

I 

I 
 for some integer z, t hen y > xx. 

I Proof. Put x+3 = d . Then d > 2 and by Theorem 1.27 there are infinitely 

I 
 many solutions of 


I Also, (d-l)(y+l) ~d (W ) for some W, and 

I w _ (d-l) (y+l) mod d-l, 

I 

I 




I 
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I 
 by Lemma 2.15. Since (d-l)(y+l) +0, w is a positive multiple of d-l, 


I 
and 


I Hence 

(d-l)(y+l) ~ (2d_l)d- 2 

I 
by Lemma 2. 18, i. e . 

I (x+2)(y+l) ~ (2x+5)X+l 

I so 

y > X •

I 
x 

I 
k k 

I 

LEMMA 2.27. If p, k > 0 and u > p , then 2up - p2 - 1 > P . 

Proof. Set g(p) 2up-p2_l. Then (since u ~ 2) gel) = 2u-2 ~ u. For 

1 S P < u, g' (p ) 2u-2p > 0. So g(p) ~ u for 1 S P < u. Then for 

I 
I LEMMA 2.28. If k> 2, u ~ 2, d = u2-l then 


I u + __u~_ s 10:+ 1. 

k-l

(u+l) 

I 
Proof· 

2
u + u < u + ~ = u +2u <_ luz-l + 1, 

I 
I (U+l)k- 1 - u+l u+l 

provided 

I which holds for u ~ If. 

I 



I 
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I kLEMMA 2.29. If u > P > 0" then 


I 1/1 (k)(u-p) + pk s X (k ). 


I 
u u 

Pr oof. For k=O or k=l, equality holds. 

I 
 For k ~ 2, we have (s~nce p > 0 and u ~ 2) 


I 
pk pk 

u-p + 1/1 (k) s u-l + k-l by Lemma 2.18 
u (2u-l) 

I < u-l + __u~_ 
(U+l)k-l 

I 
s Id by Lemma 2.28. 

I Hence 

I 
 Id1/l (k ) < x (k) . 
u u 

I THEOREM 2.30. Suppose p > 0" k > o. Then q = pk if and only if the 

f oHowi hJ system of .:;quations has a s o lution in non-negative integers:

I 
I . 

I 
II. 

I III. 

I IV. 

I V. 

I 

I 


a = p+q+k+3. 

··(a+2) a 3(u-H) 2+1 2 2 . 

aS1/I2(u). 

s sa• . 

t 2=( u2-1)s2+1 



I 

I - 49 ­

I VI . u-ll s - k (and s - k may be asswred non-negative). 

I VII. t q+s(u-p) + r(2up-p 2_l). 

I Proof. Let t he re by given a solution to I - VII . By I I , Lemma 2.26, ­

and I , 


I u > (a- 2) (a- 2) 
>. 

-4 (7) 


I Then 

a- p- k-3 S a-5 < (a-2) (a-2)_1 < u-l S 2up_p 2_l, 

I 
q 

provided 

I 
I But by (7) and I , 

u (2p-l) > (a-2)(a- 2)(2p-l) > pk (2p-l) ~ p2 , 

I 
(8) 

I By V, t he re i.s an n such tha t 


I s = tjJ (n ), t X (n ).

u u 

I 
 By Lemma 2.15, 


s - n mod u-l, 

I 
I 


and by VI , 


s - k mod u-l, 


I' 
 s o 


n - k mod u-l. (9) 

I 

I 




I 
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I 
Now, n < zrl, for if n ::: 2, then n <"3 < ;.rl by (7); and if n :> 2, then 

I 
4n 19n 

I 
< - Iji (n) = s ::: c 

u 

by Lemma 2.18, I V, and III. Also, 

I (a- 2 )
k < a-2 < (a-2) su-l 

by I and (7). Thus 

I 
 n = k 


I 
 by (9). By VII, 


I and by Lemma 2.17, 

I 
 X (k) - Iji (k) (u-p) =' pk mod 2up-p2-1.

u u 

I 
ThuB 

q (10) 

I By I, 


k (a-2)


I 
 p < (a-2) < U, 


so by Lemma 2.27,

I (ll) 

I By (8), (10) and (11), 

. q = p •I 
k 

Conversely, set q = p and let a be given by I. Choose u and Z

I' 
k 

satisfying I I , with U large enough 80 that 

I 

I 




I 

I 


- 51 ­

I 

I Set 

I 
satisfying III and V. Then s ~ k by Lemma 2.18, and s - k mod u-1 by

I Lemma 2.15, so VI i s satisfied. Also, 

13uI s = ~ (k) ~ (2 u)k-l ~ - ~ ~ (u) = c 
u 2 

I by Lemma 2.18 and our choice of u. Thus IV is satisfied. By Lemma 2.17, 

I t ::: q +s(u-p) mod 2up_p 2_1. 

I Since I - VI have already been satisfied, 

u > p > 0, so by Lemma 2.29,I 
k 

t ~ q + s (u- p ) • 

I 
Thus r may be chosen to satisfy VII. 

I 
I 
I 
I 
I 
I 
I 



I 

I 

I CHAPTER III 

I CONSTRUCTION OF THE POLYNOMIALS 

I In thi s chap ter , we construc t two expli c i t polynomials, of degree 23, 


I 
 with 21 and 22 var i ables, whose positive ranges coincide with the set of 


Mersenne primes and the set of even perfect numbers res pectively. 

I The diophantine definitions of the relations x = X (k ) and y = ~ (k)a a 

I 
 can be used not only in defining the exponential relation, as in Theorem 


2.30, but also in characterizing the sequence 3 , used for t est i ng t he 

primality of Me rsenne numbers.I 
n 

n-l 
.1

I THEOREM 3. 1. " 
n 

= 2X
2

(2 ). 

I Proo f. We use i nduction on n. 

I 4 

I 
and 

3 2 
- 2 n 

I 2(2X~(2n-l) - 1) by the induction hypothesis 

I 

I DEFINITION 3. 2. MP ( o. ) - " a is a Mersenne prime other than 3." 
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I 

I 




I 
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I In what follows, all quantifiers range over the non-negative integers. 

I - 1(n+3 n+1)LEMMA 3.3. MP(a)~ 3 n , a = 2 -1 f\ a X2(2 ). 

I Proof· MP ( a) eo ::n ( a = 2n+ 3_l als +2)f\ by Theorem 1.26 
n

I eo 3n (a = 2n+ 3_l f\ a 12 X (2n+1) ) by Theorem 3.1 

I 
2 

= 2n+ 3_l f\ a 1X2(2n+ 1) ) since ( a ,2) = l.eo 3n (a 

I 
 We then have 


I 
 a+l f\ ;,c' 


I LEMMA 3.4. MP(a) if and only if the following system of equations has a 

soluti0n in non- negati ve integers: 

I 
I 

A. a = 2 + (a+l) + (n+3) + 3 

B. (a+2) a 3(b+l) 2 + 1 = 22 

I ;,c2 3p2 + 1C. 


2 
 3v2 + 1D uI . 

E. (e 2-l)ti + 1I k 2 

I F. v = 2 (w-H)p2f2 

G. e = (u2_l )2 + 1

I 

II 

I 



I 

I 
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I H. t 1 = P + gu 

I I . t = b + 2hp
1 

I p = 8+1­J. 

I K. 

= n+3~ ()J -1)I L. 8 

t a+1+8 Cb -2)-tr (4b -5)

I M. 

x' 2 = 3f2 + 1 

I 
N. 

q2 = (e 2-l)t 2 + 1o. 

I 
2 

P. t = f + iu 
2 

I Q. t = b I + 2jf 
2 

I SfR. b ' 

I 4 b ' a + ls . 

I 
 x ' Ca
T. 

I 
 Proof. Let there by given a solution to A- fl' . By B, 


a-2
b > (a-2) > o.

I 
Then C-I imp l y that

I r S 1P (b ) . 2 

I 
 for if b S p, then (2) and Theorem 2.25 show that 


I 


Lemma 2.26 and A, 

(2) 

(3) 



I 
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,I ' 

I and if P < b, then by Lennna 2.18 

p < b ~ W (b).

I 
2 

Then A, B, J, K, L, M, and (3) imply, by Theorem 2.30, that 

I 
a. + 1 (4) 

I By S, b' > 0, so Theorem 2.25 applies and by D, F, G, N-R, 

I (5)x' 

I By (4), (5), S, '1', and (1), 

MP(a.).

I 
Conversely, if MP(a.), i.e. if the conditions of (1) are satisfied, 

I then l e t a be given by A, and choose b and z satisfying B. Put 

I 
I 
 Then by Theor em 2. 2j we see that C-I can be satisfied, and by Theorem 


2.30, J-M can be satisfied. Let b' be given by S. Then b' > 0 so by 

I Theorem 2.25, N-R can be satisfied. Finally, T can be satisfied by (1). 

I The conditions of Lennna 3.4 may be expressed more e conomically. 

I' LEMMA 3.5. MP (a. ) if and on ly if the f oUowin g sys tem of equations has a 

I 
 soluti on in non-negative integers : 


I 

I 




I 

I 

I 

I 

I 

I 

I 

·1 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 
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3 2
I. (a+n+ll) (a+n+9)3(b+l) 2 + 1 


If. 


III . p = s + l 

I V. 


V. 

VI. 

VII. p + gu = b + 2hp 

VITI . 

IX. s = n+3+m(b-l) 

X. 

XT. 

XII. 4(ftiu) = a+l+8jf 

Proof. First note that condition R of Lemma 3.4 may be omitted entirely, 

since if b' > f, then by N and S 

so 

o < x' < a , 

contradicting T . 



I 
,I 
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I We then have 

I, A ,B¢OI ; C ¢OII; J¢OIII; D,F¢OIV; C¢OV; 

I E ,H VI ; H ,I ¢O VII; K,M VIII; L IX; N,T X; O,P XI.¢O ¢O ¢O ¢O ¢O 

I Also, 

I 
¢OP,Q ~u b '+2jf ¢O XI , 

using S and the fact that by I-IX,

I 2n+3a+l 

I 80 there is an integer b' such that 

I 4b ' a+1. 

I By transpos ing the terms in each equation to one side and summing 

their squares, we get a non-negative polynomial P satisfying

I 
MP(a ) P O.¢O 

I 
Thus, a is a Mersenne prime (including 3) if and only if 

I (a-3)2p o. (6) 

I The method of Putnam then gives 

I 
THEOREM 3.6. The set of Me rsenne primes l.,S identical with the set of 

I 
 pos'itive values of 


I 

I 




I 
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I 
I 
I 
I 

for non-negati ve inte ger values of the variables.

I 
We saw in Chapter I that 8 is an even perfect number if and only if 

I 28 = a(a+l), where a is a Mersenne prime. This gives 

I 
THEOREM 3.7. The set of even perfect nwrbers is identical with the set 

I of positive va lues of 

I 
I 
I 
I 

foY' non-negati ve -integer values of the variables. 

I 
I 


Both of these polynomials assume certain negative values as well. 


This is unavoidable, as we shall now show. 


I THEOREM 3.8. [5J[7J. A polynorrria7 P(X .x •••• ,x ), with integer co­
1 2 n 

efficients, which asswnes only prime values must be constant.

I 

I 




I 

I 
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I 
I 

1 2 n 
Proof. Let P(X .X •••• ,X ) be a 

values. Then P (l.l, .•.• l) = P is 

we have P(1+m 1P,1+m2P •••. •1+mnP) 

I But P(1+m P,1+m P, ••• ,1+m P)
1 2 n

I 

polynomial which assumes only prime 

a prime. For any integers mI' m
2 

• 

=p mod p. 

m • n 

is prime. Hence for all integers 

p. 

,I 
This implies that P(x .x , ..••x ) has degree zero. 

1 2 n 

I 
COROLLARY 3.9. A polynorrrial P(x .x ••••• x ), with integer coefficients, 

I 

1 2 n
 

which assumes only Mersenne primes as values , must be con8tant. 

I Proof. Immediate from Theorem 3.8. 

I THEOREM 3.10. The set of all perfect numbers (even or odd) is not the 

I 
 exact range of a polynorrrial in several variables with integer coefficients. 


Proof. Let P(x .x , •••• x ) be such a polynomial. Then there exist

I 
 1 2 n
 

numbers a .a •..•• a such that 
1 2 n 

I P(a . a , .•.•a) 6. 
1 2 n 

I Let m ,m •••• ,m be integers. Then 
1 2 n 

I P(a1+6m ,a +6m . ",.a +6m) 6 mod 6
12 2 n n ­

I 
 = 0 mod 2. 


so P(a +6m ,a +6m , ..• ,a +6m ) is an even perfect number, say 

I 
 1 1 2 2 n n 


I 




I 
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I 
I for some k (depending on m ,m , ••• ,m ), where 2k_l is prime . 

1 2 n 

I Then 

I 

=> 2k -1 3 , since 2k_l is prime. 

I i. e. , 

I 
 P(a +6m ,a +6m , •.• ,a +6m )

1 1 2 2 n n 

I 

In the same way, we can prove

I 
I 
 TREOREN 3 . 11. :'1 polynomi al p(x 1 ,x2

"" . x n ), wi th int eger coeff i cients, 


which aB8wne f: only even perfect values must be constant. 

I 
I 

Till l. a lt Skcl ' ~m [14J showed t hat every diophantine equation is equi­

valent t o an equat ion of total degree 4. All that is necessary is t o 

break up l arge products by introducing new unknowns and new equations of 

I the fo r m z = xy and z = ~. A system of equations A. = B., of degree 2, 
t. t. 

is equivalent to an equation I(A.-B.)2 = 0, of degree 4.

I 
 • t. t. 

t. 

Skolem's method, when applie d to equatiomI-XII of Lemma 3.5, yields 

I 
I an equivalent s ystem of equations, of de gree 2 and with 56 unknowns. Summing 

their squares and using the method of Putnam then gives a polynomial of 

degree 5, in 57 variables, whos e positive range is the Mersenne primes. 

I Similarly, the even perfect numbers may be exhibited as the positive range 

of a po l ynomial of degl:ee 5, in 59 variables. 

I 



I 

I 

I CHAPTER IV 

I REDUCTION OF THE NUMBER OF VARIABLES 

I 
I We now give alternate definitions of the relations C = ~A(B) and 

y = xn, which are more economical, with respect to the number of unknowns, 

than those given previously. These, together with two "Relation-Combining 

I Theorems", (Theorems 4.1 and 4.2) will allow us to construct a polynomial 

of 12 variables and degree 495, whose positive range is the Mersenne primes. 

I 
I As in Chapter III, this then gives a polynomial of 13 variables, and the 

same degree, whose positive range is the even perfect numbers. 

Theorems 4.1 and 4.2 are adaptations of a more general theorem, due 

I 
I to Y. Matijasevi~ and J. Robinson in [12J. Theorems 4.3 and 4.4 are 

also fr Jm [12 J. 

I ~H.EORElI,f 4.1. L ;t R, 5 , T , U be i ntegers (positive, negat ive or zero) 

where R :> 1 , 5 +'- . 'Chen 5q (R) ("R is a square") and 51 T and U > 0 i f 

I and onl.y if 

I 
I f or some non-ne gative integer x. 

I 
 Proof. Let x be a non-negative root of F. 
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I 

I 


o 



I 
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I Then 

I 
so 

I 
 sl T. 


I 
 Since R satisfies an equation of the form 


I 

I , 


where y and z are integers, R is a square. Also 


-T2+S 2(2U-1) (R+T2 )±!Rs2(2U-1) 

I 
x = 

S2 

If U ~ 0, then since 2U-1 < 0 and 0 < R+T2 ±I.R 

I 

I 


a contradic tion. So 0 < U. 

I 
Conv2r se1y, if Sq ( R ) and s i T and U > 0, then put 

I _T2+S2 (2U-1) (R+T2)+&2 (2 U-1)
x = 

I 
S2 

as in (1). Then F(R,S,T,U,x) O. 

I In the same way, we can prove 

I 
THEOREM 4.2. Let R~ S~ T~ U be integers~ S > O ~ T > o. 

I SiT and U > 0 i f and on Zy if 

I 

I 


(1) 

Then Sq(R) and 



I 
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I G(R,S,T,U,x) (S~T-S (2U-1) (R+T») 2_ RS2 (2U-1)2 = ° 

I f or some non-negative integer x. 

I THEOREM 4.3. 

I 
 equations: 


I I . 

I 
II. 

III. 

I 
IV. 

I V. 

I VI. 

I VI T . 

I S1:£Ppose A > 

satisfied by 

I 

(Robinson-Matijasevi~). cm~sider the following system of 

S q(DFI) , FIH- C, B :s C. 

D = (A L 1) C2 + 1. 

E = 2 (i+1) DC2. 

F = (AL 1)E2 + 1. 

G=A+F(F-A). 

Ii = B + 2jC. 

I = (GL 1)H2 + 1. 

1, B > 0, C > O. Then 1/1 ACB) = C if and on ly if I-VII can be 

non-negati ve integers i and j and integers D, E, F, G, H, I. 

Proof. (Robinson-Matijasevic [12J). Suppose A > 1, B > 0, C > 0 and 

I I-VII are satisfied. Then D, ••• I are all positive (F > A since 

F = (,1+1) (A-l)E2 + 1 and A > 1). We will first show that D, F and I are

I co-prime and hence each is a square by I. We obtain in turn 

I E - 0, F = 1, G - 1, I - 1 (mod D) 1) 

I 
I 



I 
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I by III, IV , V, VII respectively. Next 

I G _ A, H _ C, I - D (mod F), 2) 

I 
 the first two congurences by V and I respectively, and then using them, 


together with II , to obtain the third. 

I 
Then, 

I (F, D) = (I, D) 1 

I by 1), and 

(I ,F) 1 

I 
since I = D(mod F) and (I,D) = 1. Hence D, F and I are all squares, so 

I there are positive integers p~q,r such that 

I 
 C = 1/JA(P)' D = X2 
(p) ,


A 

E 1/JA (q) , F = XA (q) ,I 
2 

2
if ~' ,(r ) , I = XG(r). 

I 
( , 

Now, 

I 
 G _ 1 (mod 2C) 


I 
 by III, IV and V, so that 


_ 1/J (r) (mod 2C) (by Lemma 2. 16) 
1 

I 
 _ r (mod 2C). 


I 
 Also, 


H _ B (mod 2C) 

I by VI, so that 

I 




I. 

I - 65 ­

I r :: B (mod 2C). 3) 

I On the other hand, 

G :: A (mod F)

I 
by ' V, so that 

I 
I by Lemma 2.16, and 

H :: C (mod F)

I 
by I. Hence 

I 
A A1Ji (r) - 1Ji (p) (mod xA (q») 4) 

I since C = 1Ji (p ) and F = Yn2(q).
A 

I Now 

I 

by 1J7 , s o by Lel1 na 2. 13 , 

I 
I 
 Hence by 4) and Lemma 2.24, 


r :: ±p (mod 2C). 5) 

I 
By 3) and 5), 

I B _ ±p (mod 2 C) • 

By I ,

I B S C 

I 

I 




I 

I - 66 ­

I and by Lemma 2.19, 

I 

p :::: 1jJ (p) = C,


A 

so B P and 

I 
I 
 Conversely, suppose A > 1, B > 0, C > 0 and ljJA(B) C. Put 


I 

satisfying II. Choose q > 0 so that 

I 
I 

For this, q may be any multiple of 2BljJA(2B) , since 

I 

I by Lemma 2.6, and 

I 
by Lemma 2 .12 . Pu ~ 

I 

I and choos e i satisfying III. Let F and G be given by IV and V. Put 

I 
I 
 Since II-V have already been satisfied, 


I 
 G :: 1 (mod 2C). 


Hence 

I 

I 




I 

I 
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I '4iG( B) - B (mod 2 C) , 

I and '4i (B) ~ B, so we can choose j satisfying VI. Let I be given by VII.
G

Finally, D, F and I are all squares by the hypothesis and the choice of

I 
E and H; G == A (mod F') so 

I C (mod F'), 

I and 

I Hence I is satisfied and the theorem is proved. 

I Note that we can eliminate D, E, F, G, H, I by means of II-VII, 

I 
 leaving only the two unknowns i and j and parameters A, B and C. 


We now consider the exponential relation y = xn. Here we shall again

I follow the treatment given in [12J. Suppose x > 0 and n > O. From Lemma 

I 
 2.18, 


I 
 Hence 

I 
 WM, (n+l)
x n 
'4iM (n+l) -+ x as M -+ co. 

I Let 

'4iMx (n+l) 

I 
 p 
 WM (n+1) , 

I 
 and define by <p> the nearest intege r to p. «p> is undefined if p is an 


integer plus a half.) We wish to find a lower bound MO such that for M> MO' 

I 

II 




I 
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I n 
<p> = x • 

I To make the necessary estimates, we will use the inequalities 

(i) (l-a)q ~ l-qa> 0 for 0 S a<­
qI 1 

I 
-1 

S a <1:.(ii) (i-a) S 1+2a for 0 - 2 . 

I Then for M ?: n , 

(2Mx)n 
p S (2M-l)n by Lemma 2.18

I 
I 
I 
I 
I and 

(2Mx- l )
n 

I 
p ~ (2M) n 

= Xn(l 1 In 
I 

- 2Mx 

6)~ xn(l - 2~J . 
I 

Hence if M is so large that 

I 
7) 

I 
then Ixn -p I < !:2 and <p> xn. Also if M> n, then 

I 
 
I 
 



I 
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I p > ~n 

I by 6). If y = <p>, that is 

I 

and if 

I M > 4n(y+l) 

I then 

ny+1 > P > !.;.x , 

I so 

M > 2nx
n 

, 

I satisfying 7), and 

I 
I THEOREM 4.4. 

equations: 

I 
I . 

I II. 

I III. 

I IV. 

I V. 

I VI. 

I VII. 

I 

y = <p> x· 
n 

(Robinson-Matijasevic). Consiaep the f ollowing system of 

(f - y] 2 < ~ , xyn > 0 

(or (L 2-4(C-Ly)2)xyn > 0) 

M = 4n (y+1) + x + 2 

L = n + 1 + l(M-1) 

A = Mx 


B= n + L 










I. 
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I Then x > 0 .. n > 0 and y = xn if and only if I-VII aan be satisfied by 

non-nega't ive 'z:ll te gerB x" y, n, l and integerB M, L, A, Sol C.

I 
Proof. Suppose I-VII hold. III implies x > 0, y > 0, n > O. L > 0 by

I IV and V so there is an integer L' such that 

I 
I by II, V and Lemma 2.15. Also L' ~ 0 since ~l > n+l by IV. We will first 

show that L' = 0 by contradiction. For L' > 0, 

I ~MX(n+l) < ~MX(n+l) 
~M(n+l+L'(~l») - ~M(n+l+~l)I 
 

I 
 
n 
 

xI 
 
I 
 1 

I 
<­

2 

provided 2~1 > x and M > 2n+l. Both of these conditions on M follow from 

I IV. Here we used the fact that n > 0 so (2M-I) 2(1. > 2· (2M)n. 

I Thus if L' > 0 then 

C
Y =< L >= 0 

I 
by the first part of III, contradicting the second part. ' 

I 
Hence L' o and 

L 
I 
 
I 
 



I 

I 
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I Then by III, I V and the argument preceding Theorem 4.4 , 

I y <p> = x n • 

nI On the ot her hand, suppose y x , ~ > 0, n > O. Let M, A, B , C be 

given by IV , VI , VII, I. Let

I L IjiM(n+l) , 

I then II holds and 

I 
 L - n+l (mod M-l) 


by Lemma 2.15. Also n+l < M-l by our choice of M, so we can choose L

I satisfying V. Finally , III holds since y = xn = <p> by the a~gument above. 

I 
LE:HMA 4.5. MP( rt ) .. 33 ,n,h(a+l = 2

n
+

3 
1\ 4B1 a+l 1\ h 

I 
1 

Proof. By Lemma 3.3, 

I MP(a) ... ::In ,B 1 , D
l 
(a+l 

I Put 

I then 

I 

so a lDl implies 

I 
I 
 Conversely, if h Iji (B ) and a 2 13h 2 + 1, then put


2 1 

I 

I 




I 
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I 
a ID • I 1 

I LEMMA 4.6. MP( a) if and onz,y if the foUOlJJing 8ystem of equations can be 

satisfied by non-negative integers a, i, j, k, z" m, n and integer8 A, B, 

I 
I i) Sq(DFI) , FIH-g, B ~ g 

I 

I 
 iii) E = 2(i+1)Dg2 


I 

v) G = A + F(F-A)

I 
vi) H = B + 2jg 

I 

I 

I 

I x) M = 4 (n+3) (a+2) + 1) 

I xi) L = n + 4 + l(M-1) 

I 
 xii) A = 2M 


I 
 xiii) B = n + 4 


I 




I 
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I xiv) 

I xv) D = 3h 2 + 11 

I 
 xvi ) 


I xvii ) F 
1 

= 3E2 
1 

+ 1 

xviii ) 

I 
xix) 4Hl = CL+l+8mh 

I 
xx) 

I 
xxi) 

I 
I Proof. Suppose i )-xxi) are satisfied. By xii ), xiii ), and i ), A > 1, 

B > 0, g > 0 , 8 0 Theorem 4.3 app l ies, and i )-vii ) i mply 

I 

This, t oge t her wit i' ~ii)-xiii), i mplies

I 
3a+l = 2n+ , 8) 

I 
by Theorem 4. 4. Then there is an integer Bl sati sfying 

I 9)o < 4Bl a+l. 

I 9) and xi v)-xx) imply 

I 
By 8),9), 10), xxi)

I 

I 


h 1/1 (B ) . 10)
2 1 

and Lemma 4.5, 



I 

I - 74 ­

I MP(a). 

I Conversely, if a is a Mersenne prime other than 3, i.e. if the con­

ditions of Lemma 4.5 hold, then substituting the appropriate terms into 

I the conditions of Theorems 4.3 and 

I We can eliminate from i)-xxi) 

a, g, h, i, j , k , Z, m, n. (g,h >

I we have 


I MP(a) ~ 3ghijkZmn (Sq(R.) 

~ 

I where 

4.4 gives i)-xxi). 

all but the non-negative integers 

0 by i) and xiv).) After doing this, 

A s.IT. A U. > 0 (i = 1,2,3») , 
~ ~ ~ 

R1 = DFI is of degree 120 

I 
R2 = (M2_l)L2 + 1 is of degree 9 

I 
I S1 = F is of degree 22 

I T H-g is of degree 2 
1 

I S 2 = 4F is of degree 10
1 . 

I T2 = 4H -4h is of degree 2 
l 

I 
I 
 3h 2 + 1 


g-B+l g-n-3

I 

I 




I 
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I 2 
V = L2 - 4(g-L(a+l)) i s of de gree 8

2 

I V3 = 4h - a . 

I We can now apply Theorems 4.1 and 4.2, to get MP (a) ~ 3defghijk ~mn 

(G2 (R ,S 3,T ,V ,d) + p 2(R ,S2,T , V ,e ) + p2 (R ,S l,T , V ,!) = 0). Her e , 
1 3 3 2 2 2 3 1 1I G(R ,S3,T ,V ,d) has the highest degree - 246. The me thod of Putnam

l 3 3 

I then gives 

I THEOREM 4.7. 'l'he set of MerBenne primes is identi aa~ with the positive 

r ange of 

I 
a(1-(a-3) 2 (G2 (R ,S 3 ,T ,V ,d) + p 2(R ,S ,T ,v ,e) + p2 (R ,S , T ,v ,f))) ,

l 3 3 2 2 2 2 3 1 1 1 

I 
I 

a po ~ynomia~ of de gree 495 3 for non-negative integer va~ueB of i t s 12 

vari-ab les a , d , e , f, g, h , i , j, k , ~ , m, n . 

I ;'HEOREt1 4 . 8 . '['he Bet of e ven perf eat nwrU:JerB is identiaa~ with t he posi t i ve 

I range oj 

I 

a po ~ynomial of de gree 495 3 for non-negative i nteger values of i t s 13 

I variab les a , S, d, e, f, g, h, i, j, k, l, m, n. 

We can also develop these polynomials by using the definition of the 

exponential .elat ion given i n Theorem 2 .30, along wi t h a generalization of 

I Theorem 4.3 to the case lj!A CB l) = C , lj!A CB 2) = C
2

, for A = 2. This results
l 

I in a polynomial with 13 variables, of degree 255, whose positive range i s the 

Me.rsenne primes. 

I 



I 
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I. 
I APPENDIX 

I 
k

THEOREM 1. Suppos e n > 0, a > 1, k -= 1,2, ••• ,me Then 

I (k=1,2 , ... ,m) 

I 	 if and only if the foUawing system of equations can be satisfied by non-

negati ve intege Y'S : 

I 	 ·I k

I II. 

I IIIk · 

I IV. 

I V. 

I 

I 


2x (a2-1)y~ + 	1
k 

u2 (a2-1)v2 + 1 

s2
k 

= (b 2-1)t
k 
2 + 1 

v = 422 2
TY 1Y2" ·Ym 

b = a + u2(u2-a) 

I 
I PY'oof. As in [3J. There, two equations (b = 1+4py = a+qu) are used to 

express the conditions b _ lmod4y and b = amodu. Here, Equation V, 

together with IV and II, accomplishes ' the. same ' thing. 

I 
THEOREM 2. The set of MeY'senne primes is identical with the set of positive 

I values of 

a(1-(a-3)2([(a+n+ll)(a+n+9)2(b+l)~1-z2J2+[(s+l)2-3p2-1J2+[u2-48k2p4j4-1J2+ 

I 	 [(S+l+gu)2_(e 2-1) (b+4hp)2-1J 2+[e-u4+2u2-2J2+[(a+l+bs-2s+4by.-5Y')2-b 2s2+s2_1]2+ 

[s-n-3-mb+mJ2+[c2a2-3f2-1J2+[16 (ca+iu) 2-(e 2-1) (cr+l+16jf) 2_16]2»),

I 
a polynorrrial of degY'ee 23, foY' non-negative integeY' values of its 18 variables. 
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I THEOREM 3. The set of even perfeat nwnbers is identiaaZ with the set of posi tive 

I vaZU8s of 
2 · 2 2 

S (1-(S-6) 2([2S-a2-aJ2.+[ (a+n+ll) (a+n+9) 2 (b+1) 2+1-z2 J +[ (s+Z) 2-3p2-1J +[u2-48k~4r-1J 
2 

+[(S+Z+gu)2_(e 2-1) (b+4hp)2_1J 2+[e_u4+2u2-2J2+[(a+1+bs-2s+4br-5r)2-b s +s -1J +I 2 2 2

[s_n_3_mb+mJ2+[a2a2-3f2-1f+[16 (aa+iu) 2_ (e 2-1) (a+1+16jf)2_16 J2)) , 

I a poZynomiaZ of degree 23, for non-negative integer vaZU8S of its 19 variabZes. 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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