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ABSTRACT

In his 1900 address before the International Congress of Mathe-
maticians [6], David Hilbert asked for an algorithm to decide of a
polynomial equation, in several variables, with integer coefficients,
whether or not the equation was solvable in integers. In 1970 it was

shown that this, Hilbert's tenth problem, is recursively unsolvable.

Hilary Putnam [3], gave the negative solution to the problem when he

proved that every recursively enumerable set is Diophantine [9], [10].

DEFINITION: A relation H(ml,...,xk), in non-negative integers, is
Diophantine 1f there exists a polynomial P(xl,...,xk,yl,...,yn), with
integer coefficients, such that the relation R(xl,...,xk) holds Just
in case the equdtion P(xl,...,xk,yl,...,yn) = 0 Zs solvable in non-

negative integers.

\
Yuri Matijasevi&, by using results of Martin Davis, Julia Robinson and
Knowing, from Matijasevicé's results, that there exist polynomials
representing the Mersenne primes and the even perfect numbers, we here
construct some which are simpler than would be given by following Matijasevid's
constructions exactly. For example, we construct polynomials P and ¢, with
integer coefficiencts, satisfying
\
a is a Mersenne prime « (Bxl,xz,...,xll >0 P(a,xl,xz,...,xll) =0
8 is an even perfect number < (3y1’yz""’y1z)zo Q(B,yl,yz,---,ylz) = 0.
Applying the "method of Putnam" [13] we then have:
o is a Mersenne prime « [P = 0] = a(1-P?) = a

B is an even perfect number = [@ = 0] = g(1-42) = 8.



(iv)

Thus, we are able to exhibit the Mersenne primes and the even perfect
numbers as the positive parts of the ranges of polynomials with several
variables and integer coefficients. (Note that if P and ¢ assume only
non-negative values, as they will in our case, then they need not be

squared.)

The question of the existence of odd perfect numbers remains open.
We could still, however, construct a polynomial whose positive range is
all perfect numbers, even or odd, by using the result of Matijasevic
referred to above, since the function o(#) (the sum of the divisors of
n) is recursive. The length of such a polynomial, though, would be pro-
hibitive, as it would utilize a bounded universal quantifier. We refer

the reader to [8] to see the problems involved in such a construction.
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CHAPTER I

PRELIMINARY NUMBER THEORY

1.0. DEFINITIONS, THE ARITHMETICAL FUNCTION o.

For any positive integer n, define o(n) to be the sum of the divisors

of n, including n itself.
We say n is perfect if o(n) = 2n.

A number of the form N = ?® - 1, n a positive integer, is called a

Mersenne number;if N is prime, we say N is a Mersenne prime.

Note that if N is prime, then so is n; for if n=kl (k,l>1), then 2k-l|2n—l.

1A

If n = plalpzaz...plaz, with p; prime (1 =1 L), then the divisors

IA

of n are the numbers plblpzbz...pzbZ where 0 = bi sy = 125000300

7/’
Hence
al as ay
by b b

o(n) = z .o 2 P, 1pzz.. pzZ
A i
1=1
L a;+1

= T (EJ‘_._I_&] . (1)

i=1 Py ~

An arithmetical function f is called multiplicative if (mym') = 1=

f@mm') = f(@m)f(m'). It is clear from (1) that o is multiplicative.

R



LEMMA 1.1. (Euclid). l'fzn+1 - 1 i8 prime, then 2”(2”+1 - 1) is perfect.

Proof. Write R " p, N = an.

Then o (V) = o(2%)a (p)
=@1+2+224+ ... +2H@ + 1)
- @yt
= 2n.

n+l

LEMMA 1.2. (Euler). Any even perfect number is of the form 2" (2 = L)y

1 . .
where 270 - 1 s prime.

Proof. We can write any even number in the form N = an, where n > 0
and b is odd. Then

o) = @) = @ -Do@) .

Since N is perfect,

o) = 20 = 2",
and so
B ) 2ﬂ+1_l
a(b) n+1

a fraction in its lowest termé. Thus
b= )e, o@) = 2",

where ¢ is an integer.

If ¢ > 1, then b has at least the divisors b, ¢, 1, so that



s G

o) 2 bterl= 2 a1 > e = s )

a contradiction.

n . nt+l n+1

+
Henge ¢ = 1, § » @54y, and o(27 1) = 27, Bup, 1f I 4

n+l

+1
is not prime, it has divisors other than itself and 1, and o(2 -1) > 2" :

n+ . s 3
Hence 2 l—l is prime, and the lemma is proved.

From Lemmas 1.1 and 1.2, we see that B is an even perfect number if

and only if it is of the form a(o+l)/2, where a is a Mersenne prime.

In order to prove the major theorem of this section (Theorem 1.26)
we must develop some facts concerning congruences and residues. The proofs

are those given in [51].

We denote by ¢(m) (Euler's ¢) the number of positive integers not
greater than and prime to m., If @ is prime to m, then so is any number
x congruent to a(mod m). There are ¢ (M) classes of residues prime to 7,
and any set of ¢(m) residues, one from each class, is called a complete
set of residues prime to m. One such complete set is the set of ¢(m)

numbers less than and prime to m.,

LEMMA 1.3. If L LYo, 18 a complete set of residues prime to m,
and (k,m) = 1, then

kal ,kaz,. o ,ka¢ (m)

18 also such a set.

Proof. The numbers of the second set are plainly all prime to m, and no



- b =

two of them are congruent, for kai = kaj(mod m) implies a, = aj(mod m).

LEMMA 1.4. (The Fermat-Euler Theorem). If (a,m) = 1, then a¢(m) Z 1(mod m).

Proof. 1f x runs through a complete system of residues prime to m, then,
by Lemma 1.3, ax also runs through such a system. Hence, taking the pro-
duct of each set, we have

e (mod m)

1

I (ax)

a¢(m)ﬂx

or NMax(mod m) .

Since every number x is prime to m, their product is prime to m; and hence

a¢(m) = 1(mod m) .

LEMMA 1.5. (Fermat's Theorem). If p is prime, and pta, then

ap-l

1

1(mod p) .

Proof. Put m = p in Lemma l.4.

Now, let us suppose that p is an odd prime, that pta, and that gz is
one of the numbers

12,850 s 401

Then, by Lemma 1.3, just one of the numbers

15852 Zge v v s (p=1) 2

is congruent to g(mod p). There is therefore a unique x' such that



ox! 2 gmod p), O=< ' < p .

We call x' the associate of x. There are then two possibilities:
either there is at least one X associated with itself, so that x’ = x, or

there is no such x.

(i) Suppose that the first alternative is the true one and that xl

is associated with itself. In this case the congruence
22 = a(mod p)

has the solution & = & ; and we say that a is a quadratic residue of p,
or (when there is no danger of a misunderstanding) simply a residue of p.

Plainly

& = p-x, = —xl(mod p)

is another solution of the congruence. Also, if x' = & for any other

value x; of x, we have

% 2 e . G b D
x] = a, x, £ a (al xz)(x1+x2) xi-xy = O0(mod p) .
Hence either xz = xl or
x2 = —xl = p—xl;

and there are just two solutions of the congruence, namely x.  and p=%,.

1

In this case the numbers

1255001

may be grouped as x,, p-Z,, and %3 (p-3) pairs of unequal associated numbers.



Now

xl(p—xl) = -x% = -q(mod p)
1

while zz' = a(mod P)

for any associated pair x, x'. Hence

(p-1)! = Ilix = -mali(p_s) = g2 (P-1) (mod P) .

(ii) If the second alternative is true and no x is associated with
itself, we say a is a quadratic non-residue of p, or simply a non-residue

of p. In this case the congruence
z? = q(mod p)
has no solution, and the numbers
1325000 5p=1
may be arranged in *(p-1) associated pairs. Hence
(p-1): = Iz = a%(p—l)(mod B) s

We define 'Legendre's symbol' &ﬂ, where p is an odd prime and g is

any number not divisible by p, by
B
5

It is plain that Eﬂ = Eﬂ if g = b(mod p). We have thus proved

+1, if ¢ is a residue of p,

-1, if g is a non-residue of p.
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LEMMA 1.6. If p is8 an odd prime and a is not a multiple of p, then

(p-1): = —(g]ali(p—l)(mod p) .

LEMMA 1.7. (Wilson's Theorem). (p-1)! = -1(mod p).

Proof. The congruence

8
1

2 = 1(mod p)

has the solutions x = *1, hence

4

Put ¢ = 1 in Lemma 1.6.
) L(r=1
LEMMA 1.8. (ﬁ] = g7 aag 1y,
Proof. From Lemmas 1.6 and 1.7,

L(p-
2(p-1) gives

q 2P-L - [g]ap—l(mod p)

Multiplying by -a

and the result follows by Lemma 1.5.

u
LEMMA 1.9. (Gauss's Lemma). Eﬂ = (-1) , where u is the number of members
of the set

Mmy2my3m, ... 25(p=-1)m,



= B -

whose least positive residues (mod p) are greater than p.

Proof. Note that 'residue' here has its usual meaning and is not an

abbreviation for 'quadratic residue'. If p is an odd prime, there is just

one residue of n(mod p) between -%p and %p. We call this residue the
minimal residue of n(mod p); it is positive or negative according as the

least non-negative residue of 5 lies between 0 and }p or between *p and
p.

We now suppose that m is an integer, positive or negative, not divi-

sible by p, and consider the minimal residues of the %(p-1) numbers
my2m,3m,...,%(p-1)m . (2)

We can write these residues in the form

4

r
r W

SR e .| B
rl’ 2’ ’ )\’ s 2’ b

where A + u = %(p-1), 0 < r, < Y, 0< Pé < 4.

Since the numbers (2) are incongruent, no two r can be equal, and

no two r'. If an » and an r’' are equal, say r, = r;, let am, bm be the

L2

two of the numbers (2) such that

S _anl
s bm = rj (mod p) .

Then an + bm = O(mod p) ,

1

and so a+ b 0(mod p) ,

which is impossible because 0 < a < 4, 0<b < k%p



=0 =
It follows that the numbers ros rj are a rearrangement of the numbers
1,2,...,%(pp-1) ,

and therefore that

(-1)"12-...+%(p-1) (mod p)

me2me . ..*%(p-1)m
and so m%(p—l) = (-l)u(mod Pl »
But Eﬂ = m%(p—l)(mod p) by Lemma 1.8.
LEMMA 1.10. 2 is a quadratic residue of primes of the form
8n * 1 and a quadratic non-residue of primes of the form 8n %t 3.
Proof. Take m = 2 in Lemma 1.9. Then the numbers (2) are
2,4 000,p-1 .
In this case A is the number of positive even integers less than ’p.

We write [xz] for the largest integer which does not exceed x. With

this notation,

A= Pl .
But A + u = %(p-1),
and so u=%@-1) - o] .
If p £ 1(mod 4), then

uo= ;é(p"'l) - 1/“(p...1) = Ll;(p—l) = [Lﬂ(p'l'l)] ’
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and if p = 3(mod 4), then

wo=25(p-1) - %(p-3) = 4(p+l) = [4(p+1)] .

Hence (ﬁl 2 {1 I:lﬁ(l)'*”l)](mod B)
that is to say (—ﬁ—] =1, ifp=28n 1,
(—é—] ==1l, ifp = 8n % 3,

LEMMA 1.11. If p ond q are distinet odd primes, if p' = %(p-1),
C[' = Li(q—l)’ and 7’f
5(q,p) = § [iq':’ s
e=1 | P

then S(q,p) + S(p,q) = p'q’.
Proof.

B 4

/
//
]
//
P
L~
o
L
P M
T)'/
=
e
[
0 S K
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The proof may be stated in a geometrical form. In the figure, AC and
BC are x =p, Yy =q, and KM and LM are £ =p', y =q'. If (as in the

figure) p > q, then q'/p' < q/p, and M falls below the diagonal OC.
Since q' < gp' <q'+l ,
p
there is no integer between XM = q' and XV = gp'/p.

We count up, in two different ways, the number of lattice points in
the rectangle OKML, counting the points on KM and LM but not those on the
axes., In the first place, this number is plainly p'q’. But there are no
lattice points on OC (since p and g are prime), and none in the triangle
PMV except perhaps on PM. Hence the number of lattice points in OKML is
the sum of those in the triangles OKN and OLP (counting those on XN and

LP but not those on the axes).

The number on 57, the line x = 8, is [8q/p], since 8q/p is the ordi-

nate of 7. Hence the number in OKN is

p'
S
3.2.1 [—5%] = #aips -

Similarly, the number in OLP is S(p,q), and the conclusion follows.

LEMMA 1.12. (Gauss's Law of Reciprocity). If p and q are distinct odd

primes, then
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Proof. We can write
kq = p kq + U (3)
p k>
where 1.2k =p?f, 1L S Uk = p-1.
Here Uk is the least positive residue of kq(mod p). If Uk = Vk =p',
then Uk is one of the minimal residues r, cf Lemma 1.9, while if Uk - Wk
then Uk~p is one of the minimal residues —P}. Thus

= I =
r. Vk’ rj p—Wk

for every 7, j, and some K.

v
!

The ». and r! are, as we saw in Lemma 1.9, the numbers 1,2,...,p
1 J 3 s 3

in some order. Hence, if

R = 21'1: =)V, R' = Zra’ B Z(p-!-!K) = Wp - Zwk

(where p is, as in Lenma 1.9, the number of the rj), we have

- 2
R+R = Jv=ZPEiPL P,
v=1
and so
L, 9
w + 17, - Wy = 5% . (4)

On the other hand, summing (3) from k = 1 to k = p’, we have
1
-gq(pz—l) = pS(q,p) + EUk = pS(q,p) + sz + Zwk . (5)

From (4) and (5) we deduce

r
=P s
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2@2-1)(@-1) = ps(q,p) + 2[W, - wp . (6)

Now g-1 is even, and p2-1 = O(mod 8) (If p = 2n+l then p?-1 = n(n+l) =
O(mod 8)), so that the left hand side of (6) is even, and also the second

term on the right. Hence (since p is odd)
S(q,p) = u(mod 2) ,

and therefore, by Lemma 1.9,

(<Y = (-nS@P)

Sis
1

Finally’ (g.] (p_] = (_l)S(QsP)*‘S(p,CI) = (-—l)bp'q'

by Lemma 1.11.

LEMMA 1.13. If p and q are odd primes, then

o - B

wnless both p and q are of the form 4n + 3, in which case

Proof. Immediate from Lemma 1.12.

The proof of Theorem 1.26 will utilize some basic properties of two

sequences of integers, which we now develop.
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1.14. DEFINITIONS.

Let

so that

a+hb =2, ab = - 2, a->b=2/3.

We define two sequences of integers Ur and Vf by

]
I

(a¥r-b¥) Ja-b

|74 =ar+br

LEMMA 1.15. (i) U1=l, U=2, U ,.=2U +2Up (r 2 0)

3 r+2 “rne

v

i =2 = =2 +2 0
(ii) v1 ,V28,1G*2 n%l v, (r = 0)

Proof. (i) The first two equalities are easily verified, and for » = 0,

2 2
a -br+

“pto a-b

_ o (4+2/3)-b" (4-2/3)
a-b

2 @-p") , 20+/3)a"-2(1-/N)D"
a-b ab

2Ur + 2Ur+1 .

(ii) is similar.



LEMMA 1.16.

Proof.

LEMMA 1.17.

Proof.

LEMMA 1.18.

Proof.

2Ur=+s - Ur'Vs
uv + 17U
r 8 re

s+1
{~2) Up—s
ugv =-=UV
s r r s

() —3
“Vp+s Ver

V.V + 12U U
rs rs

+ V. U.
rs

@b (@46%) | (@) (a7-b0)
a-b a=b

2 (ar-i-s_bﬁs)

a-b

=USV -—UrV . (r > 8)

_ (@D (@) (@ +°)
a a-b a-b

_ -2 (d'b°-a°p"y
a=b

2518 ( LS _prs
a-b

+ 120 U .
rs

= (@) (P 1°) + 12(d"-p") (&°-b%)

(a-b) 2

= 2(a" ")

=2VP+S.



LEMMA 1.19. U, = U V..
2r rr
Proof. ) (ar_br)(ar+br)
uv =
rr a-b
. 272"
a-b
= Uzr ‘
LEMMA 1.20. V, = V2 + (=2)"" .
27 r
2
Proof. V. -V = (2T - (D
2r r
= -2(ab)”
r+1
= (=2) .

2 2
LEMMA 1.21. V. - 1zui - =),

Proof. 5
(i abTY 2 = 12 e =Ty
(a-b)

I

v = 120
r r

4(ab)*

(=2)

1.22. DEFINITION. The rank of apparition of the eodd prime p is the least

positive subscript w (if it exists) for which Uw is divisible by p.

LEMMA 1.23. If w is the rank of apparition of p, then for any r, p divides



u, tf and only if w divides r. -

Proof. Let 5 be the set of all subscripts r for which p divides U .
From Lemmas 1.16 and 1.17 it follows that if r and s are members of S,
so also are r * gs. Hence § coincides with the set of all integer multiples

of its least positive member w.

LEMMA 1.24. (i) Up

11

E—] (mod p). (p > 3)

2(mod p).

ii) Vv
(ii) >

Proof. To prove (i) we expand Up as follows:
(p-1)
=1 P_(1-/3)P} = p |4k
4, m{(lﬁ@) (1-V/3)7} kzo (2“1}3 .

All the binomial coefficients are divisible by p, except the last which

is equal to unity. Hence

L’p = 31/2(p—1) = (g—} (mod p)

by Lemma 1.8.

To prove (ii) we expand Vb in like manner, thus

%(p-1)
v o= (1+/3)P + (1-/3)F =2 (pl3k.
j2 %=0 2k

In this case all the binomial coefficients except the first are divisible

by p. Hence (ii) follows at once.

LEMMA 1.25. Jor any odd prime p, the rank of apparition of p exists and



=
V2]
IA

p+1.

Proof. For p = 3 the result holds, since 3|U3. Thus assume p > 3.

It is obviously sufficient to prove that p divides Up+1Up-1' From

Lemmas 1.15, 1.16 and 1.17 we have

20 . = 2U 4V,
p+l pp
=40 = 2U -V .
p-1 p
Using Lemma 1.24, we have " )
8U .U = 4U° -1
p+lp-1 p p
= 4(1)% - 4
= 0(mod p).

THEOREM 1.26. (D.H. Lehmer, [9]). The number N = Zn—l, where n > 2, 18

a prime if, ard only if, N divides the (n=1)-st term of the sequence

S1=b, 5y=14, 5,19, ..., Sps ees

where Sy = Sk—l_z'

Proof. Let N = 2"-1 be prime, n > 2. Then n is an odd prime. We have
to show that Sn—l is divisible by N. Instead of the series Sk we may

consider the series

8, 56,3104,...,0; 54>

k=1
in which ¢, = 22 S . Then it is sufficient to show that Gn—l is divisible
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by N. Since

= 2—-

gy = 2
k
2 241

we have Ofen1 = Ok—2 ¥ . By Lemma 1.20, with r = Zk, we see that

2 2k4q

V2k+l B Vzk -2 k

Moreover V2 =8 = o) Hence, in general,

Ok 2kl
We have to show then that Vzn-l = V%(N+1) is divisible by N. But froq
Lemma 1.20, with r= %(V+1), we have
1 i
v, =V 42 200

N+1 I/’L»‘;(lv+1) -

Therefore,

- Los(l-1)
V-'é(N'*'l) VN+1 * a2

1
~
+

4(%1(mod N) by Lemma 1.8.

=V + 4(mod N) by Lemma 1.10.

Hence it is sufficient to show that

Vb+1 = ~4(mod ) . (7)

But (7) follows from Lemmas 1.24 and 1.18. In fact

2%+1=2%V+1H%'

To apply Lemma 1.24 with p = N, we note that VN 1(mod 3) since 7 is odd,




and that (3]

]

|
AT

w|

N] by Lemma 1.13

I

-1 by Lemma 1.8.

Hence we have

i

v = V. % 6UN

W1 i 2 - 6 = -4(mod N)f

Hence (7) is established, and len—l'

1

Conversely, let Sn-l be divisible by ¥ = 2°=1. Then N divides

o} = 22n—25 =V . Now let p be any prime factor of ¥ and let

n=1 =1 on=1

w be the rank of apparition of p. Then p divides U . since N divides
2

U % , which is U _ by Lemma 1.19. By Lemma 1.23, w divides 2.
on-i n—l on

2n—1

On the other hand, w does not divide , for otherwise, by Lemma 1.23,

p would divide U
on n-1

as well as 7 . This is impossible by Lemma 1.21
2

since p is odd. Hence w = 7t By Lemma 1.25,

Hence p = I, so that N is prime.

The following theorem will be needed in Chapter II:

THEOREM 1.27. If N > 0 and is not a perfect square, then the Pell equation

x2 - Ny2 =1

has infinitely many solutions in integers x, y.
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Before proving Theorem 1.27, we develop some facts about continued
fractions, using proofs given in [1] and [5]. We shall describe the

function

Ayt o (8)

of the N+1 variables

Aus Gps vevs Gy cees Gy

as a finite continued fraction, or, when there is no risk of ambiguity,
simply as a continued fraction. Rather than use the notation (8), we

shall usually write the continued fraction in one of the two forms

ek, A EY
+ o 5
0 aj ai+ ay
or [ao ,al,---,aN] .

We call ao, a s cees ay the partial quotients, or simply the quotients,
1

of the continued fractionmn.

We find by calculation that

. ] _ 2%+l
[aO] s [ao,al] a,
and it is plain that
[Q +Q seevsa ] = [@ sa sevesa_ sa _ .+ j;] €D
0 1 n 0 1 n-2" n-l an

and that
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[ao,al,...,anj = [ao,al,...,am_l,[am,am+ seresa ]] (10)
for 1 =m<n =N. We call
[awap.n¢%] O <n <N)
th
the n" convergent to [ao,al,...,aN].
LEMMA 1.28. If‘pn and q, are de fined by
p,=a,> p,=aatl, p=ap P, _, 2 =n=m @11)
q, 1; q,=a.> 4,72,4, 1%4,_, (2 =n <N (12)
then
[q 4a 5...5a ) =E2,
0 1 i an

Proof. We have already verified the lemma for n = 0 and n = 1. Let us
suppose it to be true for n <m, where m < N. Then
+
Pm _ YPm-1 " P2

La,sa;seessa a ]&=—m=
O’ 1, » —l’m + )
m dm Gy T 9y

and Poy? Py ? qm_l, qm_2 depend only on

ao, al,ﬂi',am_l

Hence, using (9), we obtain



am+1pm+pm—1

and the lemma is proved by induction.
It follows from (11) and (12) that
Pudnor ™ Ppoan = @Ppoy ¥ Ppp)y ) Py @0, ¥ )
- —(pn-lqn—z - pn-zqn—l) :
Repeating the argument with n-1,1-2,...,2 in place of n, we obtain
Pdy-1 = Ppo1d, = (-l>n_1(p1qo - Pody) = DI (13)

Now, let a be any irrational number. Let a, be the integral part |

of a. Then

where 0 < o' < 1. Put



’

ol =.-]—-—
%

Q
I

then ay + =

1

where o; > 1 and is irrational. Now repeat the operation on @, , expressing
it as

1
M=oty
2

where &, > 1. We can continue this process indefinitely. Having reached

un, itself an irrational number greater than 1, we can express it as

1
a+a "
n+1

Q
|

where an+1 > 1, and @, is a natural number. If we combine all the equa-

tions up to this one, we obtain for & the expression

a=ao+a—; —_:I- ...-al—+ Y z
1 2 n n+l

1L il 1
a

The numbers «,, a;, ... are called, as before, the partial quotients of

the continued fraction, and the complete quotient corresponding to a 1is

n
P 3 :
0,5 OT, what is the same thing, R, g . The process can never come
n+1

to an end, because each complete quotient is an irrational number.

Then by Lemma 1.29,

an+1pn + pn—l (14)

= .

a
ni1%n Il

LEMMA 1.29. With the above notation,

n
— 2 o ag n T



= 25 =

Proof. Equation (14) gives

using (13) Since % 41 7 %40 We have
Pn B

a_——

Ay

>0 asn>», (since q = n)
Ut &

By a quadratic irrationagl we shall mean an (irrational) number which
arises as a solution of a quadratic equation with integral coefficients.
In particular, the square root of any natural number N, not a perfect
square, is a quadratic irrational. If o is a quadratic irrational, then
we denote by o' the second root of the quadratic equation satisfied by
a, and call a; the algebraic conjugate of a, or simply the conjugate of

o. If a > 1 and -1 < o' < 0, then we say that a is reduced.

An infinite continued fraction of the form

which is periodic from the beginning, is called purely periodic.

LEMMA 1.30. If o is a reduced quadratic irrational, then the continued

fraction for o is purely periodic.
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Proof. We know that o satisfies some quadratic equation
Ao? +Ba +C =10,

where 4, B, (¢ are integers. Solving this equation, we can express g in

the form

_ —B*/B2-4AC _ P*/D
24 g *

where P and ¢ are integers, and D is a positive integer which is not a

perfect square. We can suppose that the + sign is attached to /5, for

if it were the - sign, we could change it to the + sign by changing the

signs of both the numbers P and €. So

We note that

P2-D _ B?-(B-4AC) _ 9

Q 24 Cs

so that P2-D is . multiple of Q.
Since o is reduced, we have a >1 and -1 <a’ < 0. This means that

(i) a - o’ >0, that is —/—g—> 0, whence & > 0;
(1id) a+a’' >0, that is % >0, whence P> 0;

(iii) a'< 0, that is P < VD;

(iv) o >1, that is @ <P+/D < 2/D.
Thus a reduced quadratic irrational number a is of the form

P+ /D
Q s’
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where

P< /D and @ < 2/D , (15)
and also satisfies the condition that P?-D is a multiple of €.

Now let o be developed into a continued fraction. The first step in
the process of development is to express o in the form
L
O(.=a0+&—1-, (16)
where a, is the integral part of oy and oy > 1. It is easy to see that
o; is again a reduced quadratic irrational, for the equation (16) implies

that the conjugates of o and a, are connected by the similar relation

1
P
(!.—a0+-a—r.
1
So
al = - —~;L—T
1 ag-a’ ?

and since o’ is negative, and Ay, is a natural number, we have a, - af = 1,
and therefore u{ lies between -1 and 0. Similarly, all the subsequent

complete quotients a,, 05, ... in the development are reduced quadratic

irrationals.

As regards the form of a, we have

14y B0 _ P-Qagt/D
o, 0 @ 0 Q *

Let Pl = -P+da,. Then



where Ql is defined by

2 -
D - Pl QQl . (17)

Note that Ql is an integer, since P? - D is a multiple of @ and

P1 Z -P(mod @). We have

_ P1+/D
L. 9

(o}

and since al is reduced, the integers P1 and Ql are positive, and satisfy

the conditions (15). Moreover P% - D is a multiple of Ql, by (17).

We are now in a position to see how the continued fraction process
goes on. At the next step we start from o, instead of from a, but the
process is just the same. Generally, each complete quotient has the form

‘1=%@’

n

Q

where Pn and Qn are natural numbers which satisfy (15), and have the
property that Pé - D is a multiple of Qn' There are only finitely many
possibilities for Pn and Qn by (15), and eventually we must come to some
pair of values which has occurred before. That is, we must come to some
complete quotient which is the same as some earlier one, and from this

point onwards the continued fraction is periodic.

We have still to prove that the continued fraction is purely periodic,

that is, periodic from the beginning. To prove this, we shall show that



\
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ig a, = o, then o i, R and in this way we shall be able to work
backwards to the beginning of the continued fraction. The proof depends
on the fact that it is possible to relate the partial quotients a 6 not

only to the complete quotients o, but also, in a somewhat similar way,

to their conjugates. The relation between any complete quotient and the

next is

an = an + - E s
n+1

The same relation must connect their conjugates, so that

' a. =+ —-—-——-rl
a = .
n n o,
n+1

Since each conjugate lies between -1 and 0, let us introduce the

symbol Bn for-é%. Then each of the numbers Bn is greater than 1. The
N
last relation takes the form

1 _ & 1
_EZ = a, 8n+1’ or Bn+1 =a, + Bn 5

It now follows from the last relation that a s in addition to being the

integral part of a can also be interpreted as being the integral part

n’

of B

n+1

Now suppose that o, and a, are two equal complete quotients, where
. : ' '
m < n. Then their conjugates o, and a, are also equal, and therefore

Bn = Bm. By the result just proved, an_1 is the integral part of Bn’ and

a, ., is the integral part of Bm. Hence a, , = a, ;. But
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1 1
= + =, a = + — .
-1 %=1 o * “m-1 -1 Q
n m
= % in o = 0
Hence an—l am_l Repeating the argument, we obtain - T and

so on until we reach the fact that - is the same as o itself. Putting

n-m = r, we have

_ 1 1
o = a0 + L +
1 r—1

1
o b

and this shows that the continued fraction for o is purely periodic.

Now let N be a natural number which is not a square, and consider
W+ ay» where a, is the integral part of YN. The conjugate of this number
1s -/ + a; which lies between -1 and 0. Hence the continued fraction
for /N + a isvpurely periodic, and since it obviously begins with 2a0,

it is of the form

1 1 1 1
A+ ao = 2a0 + al+ 524 vux T 2a0+ o o
n

LEMMA 1.31. The Pell equation

xz-Ny2=l’

where N > 0 and is not a square, has a solution in integers x, y with

y#O.

Proof. As above,

1 1 1 A" 1
M=oy +ooy oo s Tak a+
1 2 n 0 1
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Now let gnzl-and P pe the two convergents coming immediately before the
n=1 n

term 2a0, that is

Py 1 1 Pn 1 1
__71_]_'.=a0+—_'+- e y — = a0+——— ...-CT-.
dn-1 ay a1 9, a;+ A

By the formula (14), we have

a . pip, _
/T = nti‘n “n-1 (18)

19,1

where % 41 is the complete quotient after a s that is

i -
=2q +=— ...=VN+ "
aﬂ+1 aO a1+ N ao

Substituting this value for o in (18), we obtain

n+1

A (Wta dq, + Mg, _, = (W+a)p o, -

Since VN is irrational, and all the other numbers are integers, this

equation implies the two equations

Bq, = @GP W, »

L S R P
These may be regarded as expressing By and - - in terms of P, and q,:

2 = Nqn = APy Ay TPy T %, -

n-1

Now substitute in (13). We obtain

n-1
p,®,-aaq,) - 4,U0q,-ap ) = (-1) ,
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2 g - @ oyl
or p, - ¥q, (=1) . (19)
Hence x = p, and y = q,, provides a solution of the equation
x? - Ny2 = (—l)n—1 -

If n is odd, we have a solution of Pell's equation. If not, we observe
that the same argument would apply to the two convergents at the end of
the next period. Since the term a, s where it occurs for the second time,
would be Ayl if the terms were numbered consecutively, we have to change

n in (19) to 2n+1l, giving

~ng 2 = DT =1.

2
Pon+1 on+1

This completes the proof of Lemma 1.31.

Proof of Theorem 1.27. Let x,, y, and &,, Y, be integers which satisfy

Let &' + y'vl = (x1+y1fﬁ)(x2+y2ﬂ7).
Then x' - y'VlN = (xl—yIVW)(xz—yz/ﬁS.

Multiplying gives
z'2 - Ny'2 = (x%—Ny%)(x%-Ny%) =1,

and the result follows by Lemma 1.3l.



CHAPTER II

RELL'S EQUATION AND THE EXPONENTIAL RELATION

In this chapter, we develop some basic facts about a special type
of Pell equation, and use them to give a Diophantine definition of the
exponential relation g = pk. Unless otherwise mentioned, all numbers
are non-negative integers. The proofs of 2.1-2.24, 2.26, and 2.27 are
essentially those in [3] and [12]. Theorem 2.25 is a generalization of
a result due to J. Robinson and Y, Matijasevi¥, [12]. 2.28 - 2.30 are

due to J. Jones, [8].

We consider the Pell equation:

(*)

where d = g2 - 1, a > 1.

Note the obvious solutions to (*):

LEMMA 2.0. For any positive integer t, there is a non-zero solution to

(*) in which t|y.
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http:2.1-2.24

= B =
Proof. We desire a solution to the equation
x® - d(zt)? = 1.
Put ¥ = dt2. Then N > 0 and is not a square, so the result follows
immediately from Theorem 1.27.
LEMMA 2.1. There are no integers x, Yy, positive, negative or 2zero, which
satisfy (*) for which 1 < xty/d < at+/d.
Proof. Let x,;y satisfy (*). Since
1 = (atVd) (a=Vd) = (cty/d) (x—yVd)
the inequality implies (taking negative reciprocals),
-1 < =xty/d < -atvd.

Adding the inequalities:

0 < 2y/d < 2Vd ,

i.e. 0<y < 1, a contradiction.

LEMMA 2.2. Let x, y and x', y' be integers, positive, negative, or zero
which satisfy (¥). Let

x4+ y"d = (aty/d) (z'+y VD

Then x", y" satisfy (%*).



Proof. As in Theorem 1.27.

DEFINITION. Xa(n), wa(n) are defined for » =2 0, a > 1, by setting

X, (n) + ¥ (0)Vd = (ar/D)".

When it is unnecessary to mention explicitly the dependence on a,
we write simply x(n), ¥v(n).
LEMMA 2.3 x(n), v(n) satisfy (*).
Proof. Immediate by induction using Lemma 2.2.
LEMMA 2.4. Jet x, y be a non-negative solution of (*). Then for some n,
x=xX(n), y = v(n).

Proof. To begin with m+y/2 2 1. On the other hand the sequence (w+/3)n

increases to infinity. Hence for some 7 = 0,

(/D" = wiy/d < (/D .
If there is equality, the result is proved; so suppose otherwise:

X() + v@)Vd < & + y/d < (X()+(n)Vd) (a+/d) . i

Since (x(7)+¥(1)Vd) (X(n)-¥()YQ) = 1, the number X(n) - ¥(n)’d is posi-
tive. Hence, 1 < (x+y/z3(x(n)—w(n)/55 < a+/d. But this contradicts

Lemmas 2.1 and 2.2.
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LEMMA 2.5. XxX(min) = x(m)x(n) £ dv(n)v(m), and
v(min) = X(m)v(m) = x(m)¥v() .

Proof.

X(mn) + Vamn)vd = (arvd)

(X(m)+V(m) Vd) (X (n)+V¥ () Vd)

(x(m) X () +dv ) ¥(m)) + (X)) V) +x(m)¥(n)) VA .

Hence,

X(mn) = x(m)xn) + dv(n)¥(m)

V(mn) = Xm)¥(m) + X(mv(»n) .
Similarly, (X(m=n)+V(mn)V/d) (X()+¥(n)Vd) = x(m) + v(m)vVd. So
X(mn) + V(Omn)Vd = (X(m)+¥(m) vd) (X(n)-Vv () V) ,

and one proceeds as above.

LEMMA 2.6. x(2n) = 2x?(n) - 1, ¥(2n) = 2x(n)v(n).

Proof. Immediate from Lemma 2.5 and the defining condition dy?(n)

LEMMA 2.7. U(mxl) = a¥(m) = x(m), and x(mtl) = ax(m) * dv(m).

Proof. Take n = 1 in Lemma 2.5.

= Xz(n)—l.



LEMMA 2.8. (x(n),v(n)) = 1.

Proof. 1f t|X(n) and t|¥(n), then t|x2(n) + d¥?(n), i.e., t|1.

LEMMA 2.9. VY(1)|v(k) (n,k > 0).

Proof. Obvious when k=1. Proceeding by induction, using the addition

formula (Lemma 2.5),
Va(ml)) = x@)¥m) + x(mm)¥(n) .
By the induction hypothesis, w(n)lw(nm).

Hence, w(n)IW(n(m+l)).

LEMMA 2.10. U(n)|¥(¢) if and only if n|t (n > 0).

Proof. Lemma 2.9 gives the implication in one direction. For the converse

suppose ¢(n)lW(t) but ntt. So one can write ¢t = ng+r, 0 < r<n. Then,
P(t) = x(@¥(ng) + x(ng)¥(x) .

SincelKn)|w(nq), it follows that W(n)lx(”Q)w(P). But [W(”),X(”Q)] %
(1f d|v(n),d|x(nq), then by Lemma 2.9 d|¢(nq), which by Lemma 2.8 implies
d = 1.) Hence w(n)|w(r). But, since r < n, we have Y() < Vv(n) (e.g.,

by Lemma 2.7). This is a contradiction.

LEMMA 2.11. y(mrk) = kxk—l(n)w(il)modtp3(n) n > 0) .
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nk

Proof. X(nk) + V(nk)Vd = (a+Vd)

i

X () + () VD

§ (?]xk'j(n)wj(n)dd/z

J=0

So,

k . . .
o0+ § [ una
J=
J odd

3
But all terms of this expansion for which j > 1 are = 0 mod ¥(n).

LEMMA 2.12. o) | (nb(n)). (n > 0).

Proof. Set k=y(n) in Lemma 2.1l.

LEMMA 2.13. (First step down lemma) If w%n)H}(t), then V()| t. (n > 0).

2 -
Proof. By Lemma 2.10, n[t. Set t = nk. Using Lemma 2.11, ¥(n) |7<)<]< l(Vt)w('rz),
i.e.l).(n)[kxk—l(n). But by Lemma 2.8, (w(n),x(n)) = 1. So, w(n)]k and hence

y(n) | t.

LEMMA 2.14. X(n+l) = 2aXx(n) = X(n-1) and Y(n+l) = 2ay(n) - v(n-1).

Proof. By Lemma 2.7,

av(n) + x(n),

ax(n) + av(n), b(n+l)

X(n+1)

]
I

X(#n-1) = ax(n) - av(n), Y(n-1) = av(n) - x(n).

So, X(n+l) + x(n-1) = 2ax(n), Y(nt+l) + v(n-1) = 2a¥(n).
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LEMMA 2.15. V(n) = n mod a-1l.

Proof. For n = 0,1 equality holds. Proceeding inductively using

a = 1 mod ag-1:

Y(n+l) = 2ap(n) - Yv(n-1)

= 2n - (n-1) mod a-1.

LEMMA 2.16. [f a = b mod e, then for all n,
Xa(n) = Xb(ﬂ), wa(”) = ¥ (n) mod e.

Proof. For n = 0,1 the congruence is an equality, or is equivalent to

the assumed congruence. Proceeding by induction:

I

wa(n+l) Zawa(n) - wa(n—l)

(1]

wab(n) - wb(n—l) mod ¢

I

wb(n+l)

and similarly for x(n).

LEMMA 2.17. xa(n) - wa(n)(a-y) = yn mod 2ay - y? - 1.

Proof. X(0) - ¢(0)(a-y) = 1 and X(1) - ¥(1)(a~y) = y, so the result

holds for #n=0 and n=1. Using Lemma 2.14 and proceeding by induction:
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X(n+l) - p(n+l) (a-y) = 2alx()-v () (a-y)1 - [X(n-1)-¥ (n~1) (a-y) ]

n-1

i

n
2y -y

-1
Yy Qay - 1)

n=-1 2
Y

1

Y

yn+1mod 2ay - y? - 1.

LEMMA 2.18. For all n, v(n+l) > v(n) = n; (2a-1)" < b (1) = o,

Proof. By Lemma 2.7, Y(n+l) > y(n). Since y(0) = 0 =2 0, it follows by

induction that y(n) = n for all n.

For the second part, wa(l) = 1 and wa(Z) = 2q. By Lemma 2.14,
Qa-)y(n) = 2ap(n) - v(n-1) = Yy(n+l) = 2aP(n) and the result follows by
induction.

LEMMA 2.19. For all n, X_(n#l) > X_(n) = d*; X (1) = 2a)".

Proof. By Lemmas 2.7 and 2.14 aXa(n) < xa(n+l) < 2axa(n). The result
follows by induction.

LEMMA 2.20. y(2n*m) = +yp(m) mod X(n).

Proof. By Lemmas 2.5 and 2.6,

Y(2nzm) = x(My(2n) £ x(2n)y(m)

1]

Fy(m) mod Xx(n).
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LEMMA 2.21. y(4ntm) = % y(m) mod X(n).

Proof. By Lemma 2.20

V(4nm) - (2ntm)

+ y(m) mod X(n).

LEMMA 2.22. (i) wa(n) < %xa(n) for a > 2; (ii) wz(n—l) < %xz(n).

Proof. (i) 1f a > 2, then 4¢a(%) < (az—l)wé(n)+l = Xé(n).

(ii) By Lemma 2.7,

Vv

0 = 11’2(71'1) = sz(n)"XZ(n)s i.e. ‘1!2(7’1) 1/2)(2(}’[).
Thus %X, (1) Z X,(n) = ¥,(n).

By Lemma 2.7 again,

i

b,(n=1) < X,(n=1) + ¥,(n-1) = X,(n) -y, ().

Thus Y%y (n) > gz(n-l).
LEMMA 2.23. Let y(j) = *9(Z) mod X(n), n >0, 0 =7 =j =n. Then 7 = j.

Proof. 1If a > 2, then Lemma 2.22 together with the inequalities

0=¢(0) < (1) < ... < y(n) imply J = <.

Suppose a = 2, but 7 + j. Then Lemma 2.22 implies j =n, and Lemma 2.8

implies ¢ > 0. Then n > 1. Since

0 < y,(m)-¥, @) < 9,(n) < x,(n) ,
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we cannot have wzgj) = wz(i). So wz(j) = -wz(i).

Put ¢ = n-k. Then 0 < k < n. By Lemma 2.5, wz(i) = Xz(k)wz(n) mod Xz(n).

Hence ¥, (j) = wz(n) —xz(k)wz(n) mod x,(n), i.e. 1 + xz(k) = 0 mod Xz(n),

since (xz(n),wz(n)) 1. But since n > 1 we have, by Lemma 2.7,
0 < 1+X2(k) < dwz(n—l)+aX2(n—l) = Xz(n). This is a contradiction. Thus,

=7
LEMMA 2.24. (Second step down lemma) If ¢(j) = v(Z) mod X(n) then
J = * mod 2n (n > 0).

Proof. First, assume 7 <#n, j < 4n. If j =n then by Lemma 2.23, { = j.

1f n < j < 2n, then set j = 2u~-j so 0 < j <n. By Lemma 2.20,

i

v = ¥(G) = ¥(E) mod X(n), so by Lemma 2.23, { = j = —=j mod 2n. If
M < g < bn, set 3-= n-7 so 0 = 3'< 27. By Lemma 2.21 ¢(3) = () =
-y(Z) mod X(7), and a repetition of the above method shows that J = -7 mod 2n

i mod 2n ifn = J < 2.

11

if j <n, and J

Next, if 7 =n, j > &, write j = 4nq¥3, 0 < 3:< 4n. By Lemma 2.21,

V(i) = W(;) mod X(x) and the result follows as above.

Thus the result holds for O =7 =<n and all j. Repeating the pro-

cedure shows that it also holds for all <.

THEOREM 2.25. Suppose a > 1, bk >0,k =1,2,...,m. Then
T = XgBp) and gy = v ()

if and only if the following system of equations has a solution in
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non-negative integers:

2 = 2. 2

Ik' Ly, (a l)yk +1.
IT. u? = (a®-1)v2+1.

§ A= 2. 2
IIlk. 81 (e l)tk +1.
? = 25,2 2
Iv. v 2(w+l)ylyz... Yoo
V. e = (a-1) (u?-1)%+1.
V. t, = Yptlphe
VII,. e = bk+2gkyk.
VI[Ik. bk = Ype (i.e. bk+ck = yk)
Proof. Let there be given a solution to Ik = VIIIk. By VII[k, VIIk and

v,

yk>0, tk>0, U>O.

there are positive integers 7

Then by Ik’ II, and j[Ik, % jk’ n such that
x, = Xa(ik), Yy = wa(ik)
u=x,n), P = ¢a(n)
5 = X, ()5 t, = ¥, ().

By 1v, I, and V,

e = 1 mod Zyk



tk = we(ak)

by Lemma 2.16. By VIIk,

By (1) and (2),

On the other hand,

by V so that

by Lemma 2.16. Also

: wl(jk) = Jj, mod 2y, (1)
by, mod 2y, . (2)
jk mod Zyk. (3)
= g mod u

x = we(jk) = wa(Jk) mod u

tk = Yy mod u©

by VIk' Hence

b, () = ¥,(G) mod x (), (4)
since Yy = wa(lk) and u = Xa(n). Now

ykzlwa(n)
by IV so by Lemma 2.13,
ykin'
Hency by (4) and Lemma 2.24,
jk = iik mod Zyk. (5)



By (3) and (5) we have

S
i
&,
=
(o]
<%
&
X

Also

by VIII,, and

by Lemma 2.18. Thus bk = ik and

xk = Xa(bk)’ yk = wa(bk) (k=l’2:"'sm)a

as required.

Conversely, set %, = Xa(bk)’ Uy = wa(bk) (k=1,2,.:.

VIITk hold. By Lemma 2.0, choose # > 0 such that

2yys coyZle (1),

and set

u = Xa(h), v o= wa(h).
Then 77 and IV hold. Let ¢ be given by V. Set
Sk = Xe(bk), tk = we(bk),

satisfying IIIK. Then

= b, mod Zyk

k

by Lemma 2.15, V, I/ and IV. Also

) -

Then lé and



by Lemma 2.18, so I can be chosen satisfying VIIk.

By our choice of e,

e = g mod u

so that by Lemma 2.16,

t, =y mod u. (6)

Now ¢ 2 g since u > 1, so that
k= Yk

This, together with (6), shows that VIk can be satisfied.

This completes the proof of Theorem 2.25.

LEMMA 2.26. [ x and y are non-negative integers, and if
((x+3)2-1) (242)2(y+1)2 + 1 = 22
for some integer z, then y > .

Proof. Put a+3 = d. Then d > 2 and by Theorem 1.27 there are infinitely
many solutions of

(d?-1)(d-1)2(y+1)2 + 1 = 22,
Also, (d-1)(y+l) = wd(w) for some w, and

W = (d—l)(y+l) mod d-1,
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by Lemma 2.15. Since (d-1) (y+1) + 0, w is a positive multiple of d-1,
and

wd(w) == 'Pd(d-l) .

Hence

(d-1) (y+1) = (2d-1)32

v

by Lemma 2.18, i.e.

(2+2) (y+1) = (2a+5)""!

SO

Y =0 s

LEMMA 2.27. Ifp, k>0 and u > pk, then 2up - p? - 1 > pk.

I

Proof. Set g(p) Zup—pz—l. Then (since u = 2) g(1) = 2u-2 = u. For
l<p<u, g'(p) = 2u-2p > 0. So g(p) =2 u for 1 <p < u. Then for

U > pk >p, 2upp2-lzus>p .

LEMMA 2.28. If k=2, u=>2, d= u2-1 then
u + uk—l < /d+ 1.
(ut+1)

Proof.

2

U u _ u“t2u v
Ui e emetypnp 5 4 4 ey = Sy < Vut-1 + 1,
(u+1)

provided

ultu-1 < (utl)Vu?-1 ,

which holds for u = V2.
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LEMMA 2.29. If u > pk > 0, then
v (0 Gup) + pF = x (R)
9 p P = Ay \itds
Proof. For k=0 or k=1, equality holds.

For k¥ = 2, we have (since p > 0 and u = 2)

k k
u-p + ET%E7'5 u-1 + —_—E——Z:T' by Lemma 2.18
u (2u~-1)

Uu

< u-l+
)

IA

vd by Lemma 2.28.

Hence

v, (&) (u-p) + P~ < vap, (k) < x (k).

THEOREM 2.30. Suppose p > 0, k > 0. Then q = pk if and only if the

following system of cquations has a solution in non-negative integers:

I. a = p+q+k+3.

II. (a+2)a3 (1) 241 = 22,
TIT, e = wz(u).

I Ve 8 = c.

V. t2= (u”?-1)s2+1
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VL. u-1|s-k  (and s-k may be assumed non-negative).
VII. t = g+s(u-p) + r(2up-p?-1).

Proof. Let there by given a solution to I - VII. By II, Lemma 2.26,

and T,
i > (a-2)Y52) L 4, Q)
Then
R o ” (a-?-)_ 1 < 2
q a=p~k=3 £ a-3 = (g=2) 1< u=~1 = 2up-p<~1,
provided

u(2p-1) = pz.

But by (7) and I,

u(2p-1) > (a—Z)(a—z)(Zp—l) > pk(2p_1) > pz’
g B (8)

By V, there is an n such that

s =y (), t=x ().

By Lemma 2.15,

s = n mod u-1,
and by VT,
s = k mod u-1,
s0
n = k mod u-1l. )
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Now, n < w1, for if n <2, then n <3 < &1 by (7); and if n > 2, then

' < 97! = )™ ) =8 e sy <4*!

by Lemma 2.18, IV, and III. Also,

(a-2)

k < a2 < (a=2) <u~-1

by I and (7). Thus

by (9). By VII,

X, (k) = ¥, (k) (u-p) = q mod 2up-p2-1,

and by Lemma 2.17,

pk mod 2up-p2-1.

H

X, &) = v (&) (u-p)

Thus

q : pk mod 2up-p?-1, (10)
By £,
pk < (a-2) (=2} < U,
so by Lemma 2.27,
pk < 2up-p2-1. (11)
By (8), (10) and (11),
k
q=p-.

Conversely, set q = pk and let a be given by I. Choose % and 2

satisfying /[, with 4 large enough so that
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1 u-1

(Zu)k_ <3

Set

s =y (kK), t=X (&), c=1v,®),

satisfying 771 and V. Then s = k by Lemma 2.18, and s = kK mod u-1 by

Lemma 2.15, so VI is satisfied. Also,
8. = wu(k) < (2u)k_1 < 3u—l S¥v, (W) =c
by Lemma 2.18 and our choice of u. Thus IV is satisfied. By Lemma 2.17,
t = qg+s(u-p) mod 2up-p?-1.
Since I - VI have already been satisfied,
u > pk > 0, so by Lemma 2.29,

t=2q + s(u-p).

Thus r may be chosen to satisfy VII.




CHAPTER TII

CONSTRUCTION OF THE POLYNOMIALS

In this chapter, we construct two explicit polynomials, of degree 23,
with 21 and 22 variables, whose positive ranges coincide with the set of

Mersenne primes and the set of even perfect numbers respectively.

The diophantine definitions of the relations x = Xa(k) and y = wa(k)
can be used not only in defining the exponential relation, as in Theorem
2.30, but also in characterizing the sequence Sn’ used for testing the
primality of Mersenne numbers.

n—l)

THEOREM 3.1. hn = 2X2(2

Proof. We use induction on n.

19!
It

4 = 2X2(l),
and

= o2 _
Sn+1 B Sn 2

=1
= 2(2X§(2n ) - 1) by the induction hypothesis

= 2%, (") by Lemma 2.6.

DEFINITION 3.2. MP(¢) = "a is a Mersenne prime other than 3."

= 89 =
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In what follows, all quantifiers range over the non-negative integers.

n+3_ 7’L+l))'

LEMMA 3.3. MP(a)e 3nfo=2"" -1 Aa|x,(2

n+3

]

2

Proof. MP (o) = F(o -1 A a|Sn+2) by Theorem 1.26

231 A of2%,(2")) by Theorem 3.1

diHn[a

3
2n+ -1 A alX2(2n+1)] since (0,2) = 1.

I

c>3n[a
We then have

MP(0) = In,blx’(a+l = 23 A4t = okl Azt = X,(b") A alz?) (D).

LEMMA 3.4. MP(a) if and only if the following system of equations has a

solution in non-negative integers:

A. a=2+ (a+l) + n+3) + 3
B. (a+2)a3 (B+1)2 + 1 = 22
C. x? = 3p2 + 1

D. u? = 302 + 1

E. k% = (e2-1t] + 1

F. = 2@HL)p2f2

G. e= (u-1)2 + 1
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H. tl =p + gu
L tl =b + Zp
J. . p =s+l
K. t2 = p2-1)s2 + 1
L. s =n+3+m@-1)
M. t = otlds @ -2)+r (4 -5)
n. z'? =32 + 1
0. q? = 2-1)t7 + 1
P. tz = £+ 1u
Q. £, = b* # 241

LY = F
S Lp" =g+ 1
T x' = ca

Proof. Let there by given a solution to A-7. By B, Lemma 2.26 and 4,

b s (ard) T > 2 0.

Then C-I imply that
p 3 b
v, ®)

for if b < p, then (2) and Theorem 2.25 show that

(2)

(3)
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p=1v,0),

and if p < b, then by Lemma 2.18

p<b=v,).
Then 4, B, J» Ks Ls M, and (3) imply, by Theorem 2.30, that
o+ L= 215, (4)
By S, b' > 0, so Theorem 2.25 applies and by D, F, G, N-F,
x' = X, (b"). (5)

By (4), (5), §, T, and (1),

ﬁﬁs(a).

Conversely, iflﬁﬁ(a), i.e. if the conditions of (1) are satisfied,

then let a be given by 4, and choose b and 2 satisfying B. Put
p = ¥, (B).

Then by Theorem 2.25 we see that C-I can be satisfied, and by Theorem
2.30, J-M can be satisfied. Let b' be given by S. Then b’ > 0 so by

Theorem 2.25, N-R can be satisfied. Finally, T can be satisfied by (1).

The conditions of Lemma 3.4 may be expressed more economically.

LEMMA 3.5. MP (o) if and only if the following system of equations has a

solution in non-negative integers:




LL,

IIT.

IV.

VI.

VII.

VIII,

IX.

XT
Al

XIT.

Proof.

since if

SO

contradi
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(atn+11) (atn+9) 3(B+1)2 + 1 = 32
x? = 3p% + 1
p=sg+1
u? = 12 (w+l) 2ptfFt
e=u* - 2y2 +2
k? = (e2-1) (p+gu)? + 1
p+gu=>b+ 2mp
(atlts (b-2) + r(4b=5))2 = (b2-1)s? + 1
s = n+3+m(b-1)
(ca)? = 3f2 + 1
g% = (e2=1)(fHuw)? + 1
4(FHu) = otl+85f

First note that condition R of Lemma 3.4 may be omitted entirely,

b'" > f, then by N and S

212 = 321 = 3(b-1)241 < (4b'-1)2 = g2,

0 <x' <o,

cting I




w 5T e

We then have

AB eIy CeoIly JeIIl; D,F IV; G e V;

EsH » VI; H,I » VIIy; KM e VIII; L e IX; N,T =X; O0,P e XI.

Also,

I

P, o friu = b'+2jf & XTI,

using S and the fact that by I-IX,

otl = 2773
so there is an integer p' such that
4p' = otl.

By transposing the terms in each equation to one side and summing

their squares, we get a non-negative polynomial P satisfying

MP(a) = P = 0.

Thus, o is a Mersenne prime (including 3) if and only if

(a-3)2p = 0. (6)

The method of Putnam then gives

THEOREM 3.6. The set of Mersenne primes is identical with the set of

positive values of
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a (1= (a=3) 2([ (otn+11) (o4n+9) 3 (b+1) 2+1-22 ]2+[x2—3p2-l]2+[p—8—l]2+
[u2-12(w+l)Zp”f”]2+[e—u“+2u2—232+[k2—(ez—l)(p+gu)2—1]2+[p+gu—b~2hp]2+
[(a+l%bs—23+4br-5r)2~b232+62—1]2+[s—n—3-mb+m]2+[c2a2—3f2~l]2+
[q2- (e2-1) (f+iu) 2-11°+[4Frbiu-a-1-85F1%)) ,

for non-negative integer values of the variables.

We saw in Chapter I that B is an even perfect number if and only if

28 = a(a+l), where o is a Mersenne prime. This gives

THEOREM 3.7. The set of even perfect numbers is identical with the set

of positive values of
6 (1- (8-6) 2 ([28-02=a )2+ [ (ortn+11) (ortn+9) 3 (bH1) 241-52 1 +[w?-3p2-11"+
[p—s—l]2+[u2-12(w+l)Zp”f“]2+[e—u”+2u2-2]2+[k2-(ez—l)(p+gu)2—l]2+
[pt gu=b=2hp | +7 (0 14hs—28+bbr=51) 2-b 28 248 21124 [g-n-3-mb+m] +

[cza2—3f2—1]2+[q2—(62—1)(f#iu)2—1]2+[4f44iu—a-1—8jf]2)) ,

for non-negative integer values of the variables.

Both of these polynomials assume certain negative values as well.

This is unavoidable, as we shall now show.

THEOREM 3.8. [51[7]. A4 polyncmial P& 4%, 5000 5%,) with integer co-

efficients, which assumes only prime values must be constant.
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Proof. lLet P(xl,xz,...,xn) be a polynomial which assumes only prime

m

values. Then P(1,1,...,1) =p is a prime. For any integers m v DL g

Y% o n

we have P(l+m1p,l+m2p,...,l+mnp) = p mod p.

But P(1+m1p,l+m2p,...,l+mnp) is prime. Hence for all integers
My sy seee sty s

P(l+m1p,l+m2p,...,l+mnp) = Dp.
This implies that P(xl,xz,...,xn) has degree zero.
COROLLARY 3.9. A polynomial P(xl,xo,...,qi), with integer coefficients,
which assumes only Mersenne primes as values, must be conatant.
Proof. Immediate from Theorem 3.8.
THEOREM 3.10. The set of all perfect numbers (even or odd) is not the
exact range of a polynomial in several variables with integer coefficients.

Proof. Let P(wl,xz,...,xn) be such a polynomial. Then there exist
numbers a ,a ,...,a_ such that
1" 2 n
P(al,az,. i ,an) = 6.

Let ml,mz,...,mZ be integers. Then
r

P(a1+6m1,az+6m2.,,,.an+6mn) = 6 mod 6

1

0 mod 2,

so P(a1+6m1,a2+6m ,...,an+6n%) is an even perfect number, say
Z
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P(a, +6m_,a_+6m a +6m ) = Zk—l(Zk—l)
1 | s e

for some k (depending on m ,mz,...,mn), where Zk—l is prime.

1

Then

(;lzk‘1 1) - 3| k1

k

= 2°-1 = 3, since Zk—l is prime.

f.e.,

P(a1+6m1,a2+6m2,...,an+6mn) = 6 for all integers AP TR

Thus P(xl,xz,...,xn) has degree zero.

In the same way, we can prove

THEOREM 3.11. . polynomial P(xl,x ..xn), with integer coefficients,

2,.'

which assumes only even perfect values must be constant.

Thccalt Ske'»m [14 ] showed that every diophantine equation is equi-
valent to an equation of total degree 4. All that is necessary is to
break up large products by introducing new unknowns and new equations of
the form z = xy and z = x+y. A system of equations Ai = Bi’ of degree 2,

is equivalent to an equation Z(Ai-Bi)z = 0, of degree 4.
%

Skolem's method, when applied to equatiors 7-XIJ of Lemma 3.5, yields
an equivalent system of equations, of degree 2 and with 56 unknowns. Summing
their squares and using the method of Putnam then gives a polynomial of
degree 5, in 57 variables, whose positive range is the Mersenne primes.

Similarly, the even perfect numbers may be exhibited as the positive range

of a polynomial of degree 5, in 59 variables.




CHAPTER IV

REDUCTION OF THE NUMBER OF VARIABLES

We now give alternate definitions of the relations C = wA(B) and
y = xn, which are more economical, with respect to the number of unknowns,
than those given previously. These, together with two "Relation-Combining
Theorems", (Theorems 4.1 and 4.2) will allow us to construct a polynomial
of 12 variables and degree 495, whose positive range is the Mersenne primes.
As in Chapter III, this then gives a polynomial of 13 variables, and the

same degree, whose positive range is the even perfect numbers.

Theorems 4.1 and 4.2 are adaptations of a more general theorem, due
to Y. Matijasevid and J. Robinson in [12]. Theorems 4.3 and 4.4 are

also from [121].

THEORFM 4.1. [ :t R, S, T, U be integers (positive, negative or zero)
where R > 1, S ¥+ <. Then Sq(R) ("R is a square") and S|T and U >0 if

and only 1f

F(R,S,T,U,x) = (S2a+72-52(20-1) (RT2)) *-Rs* (20-1)2 = 0
for some non-negative integer X.
Proof. Let x be a non-negative root of F.

- BL =
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Then
52|522472-52 (2U-1) (R+T?)
SO

s|z.
Since R satisfies an equation of the form
y2 - Rz? = 0,
where y and z are integers, R is a square. Also

_ =T%+52(2y-1) (R+T?) /RS2 (20-1)

52

If U <0, then since 2U~1 < 0 and 0 < R+T2 *V/R

o = -T2+§[2U-12[R+T21/m -0
s

’

a contradiction, So 0 < [.

Conversely, if Sg(R) and 5|T and U > 0, then put

_ =T2+52 (2y-1) (R+72)+/ES2 (2U-1)

.5'2

as in (1). Then F(R,S,T,U,x) = O.

In the same way, we can prove

THEOREM 4.2. Let R, S, T, U be integers, S > 0, T > 0.

S|T and U > 0 if and only if

(1)

Then Sq(R) and
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G(R,S,T,U,x) = (Sw+T-5(2U-1) (R1)) - RS2 (20-1)2 = 0

for some non-negative integer x.

THEOREM 4.3. (Robinson-Matijasevit). Consider the following system of

equations:

I. Sq(DFI), F|H-C, B =< C.
II. D= (42-1)C% + 1.
IIT, E = 2(i+1)DC2.

Iv. F = (42-1)E? + 1.

v. G = A+ F(F-4).

VI, H =B+ 2jC.

VIT. I = (G2-1)H? + 1.

Suppose A > 1, B > 0, C > 0. Then ¥,(B) = Cif and only if I-VII can be

satisfied by non-negative integers i and j and integers D, E, F, G, H, I.

Proof. (Robinson-Matijasevic [12]). Suppose 4 > 1, B> 0, ¢ > 0 and
I-VIT are satisfied. Then D,...I are all positive (F > A since
F= (A+1) (4-1)8%2 + 1 and 4 > 1). We will first show that D, F and I are

co-prime and hence each is a square by I. We obtain in turn

E=Z0, F=1, G=1, I =1 (mod D) 1)
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by III, IV, V, VII respectively. Next
I =D (mod F), 2)

3 ’

the first two congurences by V and I respectively, and then using them,

together with II, to obtain the third.

Then,

(F,D) = (I,D) = 1

by 1), and

(r,» =1

since I = D(mod F) and (I,D) = 1. Hence D, F and I are all squares, so

there are positive integers p,q,r such that

I

Q
il

1PA@), D

2

&
Il

, 2
q 1;“,(17) . XG(I')-

Now,

G =1 (mod 20)

by III, IV and V, so that

1l

H = wG(r) wl(r) (mod 2(C) (by Lemma 2.16)

r (mod 2C).

Also,

H

1

B(mod 2C)

by VI, so that
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r = B (mod 20). 3)
On the other hand,
G = A (mod F)
by v, so that
H= wG(r) = wA(r) (mod F)
by Lemma 2.16, and
H = ¢ (mod F)
by I. Hence
v, () =y, () (mod XA(q)) 4)
since ¢ = y (p) and F = )%lz(q)-
Now
C2|¢A(q)
by /iI, so by Leuna 2.13,
Clq-
Hence by 4) and Lemma 2.24,
r = ¥ (mod 20). 5)

By 3) and 5),

B

By I,

tp (mod 20) .
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and by Lemma 2.19,
p = qup) = C,
so B = p and
¥,(B) = C.

Conversely, suppose 4 > 1, B >0, C >0 and wA(B) = (. Put
2
D=2,
satisfying II. Choose g > 0 so that
2DC%|¥,(q) -
For this, ¢ may be any multiple of ZBwA(ZB), since
4Dc? = (2X,(B)y (B))2 = y2(2B)
A A A

by Lemma 2.6, and

v2(28) | v, (2Bv,(2B))

by Lemma 2.1Z. Puc

E = 9,

and choose 7 satisfying IIZ. Let F and G be given by IV and V.
= 9,8).

Since II-V have already been satisfied,

G = 1 (mod 20).

Hence

Put
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wG(B) = B (mod 2¢),

and wG(B) > B, so we can choose j satisfying VI. Let I be given by VII.
Finally, D, F and I are all squares by the hypothesis and the choice of

F and H; G = A (mod F) so

H= q,G(B) = y,(B) = C (mod F),

and

B < wA(B) o

Hence I is satisfied and the theorem is proved.
Note that we can eliminate D, E, F, G, H, I by means of II-VII,
leaving only the two unknowns 7 and j and parameters A, B and C.
n

We now consider the exponential relation y = x . Here we shall again

follow the treatment given in [12]. Suppose x > 0 and n > 0. From Lemma

2.18,

0,8 ~ 2D as 4 >«
Hence

YD o

wM (n+1) o -
Let

me(n+l)
E (n+1) °

and define by <p> the nearest integer to p. (<p> is undefined if p is an

integer plus a half.) We wish to find a lower bound MO such that for M > MO’



To make the necessary estimates, we will use the inequalities

(i) (1-0)? = 1-qa >0  for 0 < a

il
(ii) (1-a) < 1420 for 0 < a

Then for M = n,

and

Hence if M is so large that

then lxndp| < %% and <p> = xn_

A
N Qe

IA

by Lemma 2.18

IA
HS
—
H
+
=
et igjady

/
S
G
o

]
=
iy
=
|
|-
ST
N

v
8§
o,
=
1

=
i

Also if M > n, then

6)

7)




by 6). If y = <p>, that is

and if

then

80

satisfying 7), and

(p-y)? < %,

M > dn(y+l)

ytl >p > %xn,

M > ann,

n

y= =z

THEOREM 4.4. (Robinson-Matijasevid).

equations:

B

11,

IIT,

IV,

VI.

VII.

Congider the following system of

¢ = \PA(B)

Sq ((2-1)L% + 1)

2
y} <4%,myn >0

(or (L2-4(C-Ly)?)ayn > 0)

n(y+l) + x + 2

+ L(M-1)

Mx
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Then ¢ > 0, n >0 and y = o if and only if I[-VII can be satisfied by

non-negative integeres x, y, n, L and integere M, L, A, B, C.

Proof. Suppose I-VII hold. III implies 2 >0, y >0, n>0. L > 0 by

IV and V so there is an integer L' such that
L= ¥, (140" (1)

by II, V and Lemma 2.15. Also L’ > 0 since M-1 > n+l by IV. We will first

show that L’ = 0 by contradiction. For L' > 0,

xpr(n+l) wa(n+l)
B, (HIFLTED)) =y, (T

N (2mx)"

ew” P

DTt @ep)

Mn-1
1
<7 >

provided 2M-1 > x and M > 2x+l. Both of these conditions on ¥ follow from

2
IV. Here we used the fact that n > 0 so (2M-1) " s 2'(2&0”.

Thus if L' > 0 then

<
Il
A
=l
N
Il
o

by the first part of III, contradicting the second part.

Hence L' = 0 and

L = q,M(n+1) .
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Then by III, IV and the argument preceding Theorem 4.4,

y = <p>=a.

On the other hand, suppose y = acn, x>0,n>0. Let M, A, B, C be

given by IV, VI, VII, I. Let

S
I

= wM(YH—l) ’

then II holds and

<]
i

n+l (mod M-1)

by Lemma 2.15. Also n+l < M-1 by our choice of M, so we can choose 7

satisfying V. Finally, IIT holds since y = o = <p> by the argument above.

LEMMA 4.5. MP(a) = 3B ,n,h(o+l = gtFe 4B, = o+l A h o= wz(Bl) A o?|3n2+1).

Proof. By Lemma 3.3,

e . . of¥3 _
MP(a) = 1,8 ,D (ol = 2 A 4B, = atl A D = X,(B)) A alD)).

Put
b= ;B;)s
then
D‘i=3h2+1
so o D1 implies
a?|3n2 + 1.

Conversely, if h = ¢2(31) and a?|3k% + 1, then put

D, = X,(8)),
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then alei S0

o ID .
1

LEMMA 4.6. MP(a) if and only if the following system of equations can be
satisfied by non-negative integers a, 1, j, k, L, my n and integers A, B,

g’ D’ E! F’ G’ H’ I’ L’ M’ Bl’ h’ Dl,El’ Fl’ Gl’Hl’ Il:

) Sq(DFI), F|H-g, B <g
i1) D= (A%-1)g% + 1
i) E = 2(i+1)Dg?

iv) F = (A2-1)E? + 1
») G = A+ F(F-4)

Vi) H =B+ 2jg

vit) I = (G>1E?> +1
viii) Sq ((2=1)1? + 1)
i) 12 - 4(g-1 (+1))% > 0
) M = 4((n+3) (0+2) + 1)
xi) L=n+4+ L(#1)
xi1) A= 2M

xiit) B=n+4




xiv)

xv)

xVL)

xvit)

2VLil)

LX)

BE)

xwt)

Proof. Suppose ¢ )-xxi) are satisfied.

B >0, g > 0, so Theorem 4.3 applies, and 7)-viz) imply

This, together wit

by Theorem 4.4. Then there is an integer B1 satisfying

= T3 ==
Sq(16D,F I,), 4F1|4H1—4h, o+l < 4h
D, = 3h% + 1
E, = 2(k+1)D h*
P, - 3E2 + 1

G, = 2 +F (F}-2)

4H1 = a+1+8mh

161, = (G%—l)(4H1)2 + 16

a?|3n? + 1.

g = wA(B).
11i1)=xiil), implies

n+3
o+l = 2 3

0 < 431 = ot+l.

9) and xiv)-xx) imply

ho= wz(B]).

By 8), 9), 10), «x.) and Lemma 4.5,

By xii), xiii), and 7), A > 1,

8)

9)

10)



i Pl =
MP (o).

Conversely, if o is a Mersenne prime other than 3, i.e. if the con-
ditions of Lemma 4.5 hold, then substituting the appropriate terms into

the conditions of Theorems 4.3 and 4.4 gives 7)-xxi).

We can eliminate from %)=-xxi) all but the non-negative integers
Gy gy hy Ty Jy ky Ly myn. (g,h >0 by 2) and xiv).) After doing this,

we have
MP(a) = 3ghijklm (Sq(R,) A S |T, AU, >0 (¢ = 1,2,3)) ,

where

Rl = DFI is of degree 120

(M2-1)L2 + 1 is of degree 9

=
[l

=
]

16 D1F1I1 is of degree 56
Sl = F is of degree 22

T1 = H-g is of degree 2

52 = 4F1 is of degree 10

T2 = 4Hl—4h is of degree 2



=I5 -

2
U2 =12 - 4(g—L(a+l)) is of degree 8

U3 = 4h - o.

We can now apply Theorems 4.1 and 4.2, to get MP (o) = Idefghigklmn
2 2 2 "
(G2(R 55T 5U5sd) + F2(R,,S,,T,,U,,e) + F2(R .S ,T ,U ,f) = 0). Here,
G(Rl,Sg,T3,U3,d) has the highest degree — 246. The method of Putnam

then gives

THEOREM 4.7. IThe set of Mersenne primes is identical with the positive

range of
o (1-(0=3)2 (G2 (R} 484,14, U5sd) + F2(R,,8,,T 50, se) + FZ(Rs,sl,Tl,Ul,f))) :

a polynomial of degree 495, for non-negative integer values of its 12

variables o, d, 2, fs gs hy Ty ds Ky L, m, n.

'HEOREM 4.8. The set of cven perfect numbers is identical with the positive

range o}
2 ’
8 (1- (8-6)2 ((28-a(ar+1)) G2 (R, 5 42T 5 ,dg s D+F2(R, 55Ty Uy @) +F2 (Ry,S 111,01, )

a polynomial of degree 495, for non-negative integer values of its 13

variables o, B, ds €5 fs gs By 5 Js ks Ly M,y 0.

We can also develop these polynomials by using the definition of the
exponential relation given in Theorem 2.30, along with a generalization of
Theorem 4.3 to the case wA(Bl) ® Cva wA(BZ) * s for 4 = 2. This results
in a polynomial with 13 variables, of degree 255, whose positive range is the

Mersenne primes.




l.

10.

11.

12.

13.

14,
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APPENDIX

THEOREM 1. Suppose ng, > 0,a>1, k=1,2,...,m Then

xk - Xa(nk) and yk = wa(nk) (k=1’2’-" !m)

if and only if the following system of equations can be satisfied by non-

negative integers:

L

IIT; .

Iv.

VI,.

VIIk.

VIIIk.

xi = (az—l)yi + 1
u? = (a®-1)v? + 1
20 2_ 2

V= 4ry%y§...y;

b = a+ u?(u?-a)
8, = &y + cu
tk =M e Adkyk

ny, = Y-

Proof. As in [3]. There, two equations (b = l+4py = atqu) are used to

express the conditions b = lmod4y and b = amodu. Here, Equation V,

together with IV and II, accomplishes’ the same thing.

THEOREM 2. The set of Mersenne primes is identical with the set of positive

values of

o (1- (a=3) 2([ (orbr+11) (abr49) 2 (b+1) 241-22 124 [ (9+2) 2-3p 2-1 12+ [u2-48Kk 2pH f4-11%+

[ (s+1+gu) 2- (e2-1) (b+4hp) 2-1 1%+ [e-u+2u2=2 1%+ [ (ot 14bs~2s+4br=57) 2-b2g 2+ 2-1 1%+

[s-n-3-mbm 124+ [c2a2-3F2-11%+[16 (cotiu) 2- (e2-1) (ot1+165£) 2-161%))

a polynomial of degree 23, for non-negative integer values of its 18 variables.

o PP -




|

=78 =

THEOREM 3. The set of even perfect numbers is identical with the set of positive
values of

8 (1~ (8-6)2([28-02~012+[ (an+11) (ortn+9)  (b+1) 241-221°+[ (s+1) 2-3p2-1]2+[u2-48k2-p4 f4-11°
+[ (8+1+gu) 2= (e?-1) (b+4hp) 2_11%+[e-u't+2u2-2 124+ (a+1+bs-28+4br-5r) 2~b2s 24g2-1 1+
[on-3-mb+m 12+ [c2a?-3£2-112+[16 (catin) > (e2-1) (o+1+165 ) 2-1619) ,

a polynomial of degree 23, for non-negative integer values of its 19 variables.
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