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Abstract The mantle-inner core gravitational (MICG) mode is the free mode of axial oscillation between

the mantle and inner core, sustained by the gravitational torque between their degree 2 order 2 density struc-

tures. As part of this mode, the tangent cylinder (TC) is entrained to move jointly with the inner core, and

the oscillations of the TC launch Alfvén waves propagating in the region outside the TC. Here, we investigate

how the MICG is altered by the strength of the internal magnetic field in the core which controls the travelling

speed of Alfvén waves. We show that the MICGmode remains a distinct normal mode of oscillation of the core-

mantle system only when Alfvén waves are attenuated before they traverse the width of the fluid core. For an

internal magnetic field strength of a few mT, as we expect in Earth’s core, Alfvén waves can readily traverse

the width of the core, and the MICG mode is absorbed into the spectrum of torsional oscillation (TO) modes.

The MICG period retains a dynamical influence, acting as a point of resonance for TO modes, and marking the

transition from a TO mode that is weakly impacted by gravitational coupling to one in which the motion of the

TC (including the inner core) is strongly restricted. Our results imply that the observed 6-year periodic signal

in the length of day cannot be interpreted as the signature of the MICG mode and must instead be caused by

TO modes, or more generally, by the propagation of Alfvén waves.

Non-technical summary The Earth’s mantle is not

uniform but contains continental size density anomalies. The

topography of the solid inner core (located at the centre of

our planet) is aligned on average with these mantle den-

sity anomalies. The axial gravitational restoring torque be-

tween these mantle and inner core structures – when they

are rotated out of longitudinal alignment – sustains a natu-

ral mode of oscillation termed the mantle-inner core gravi-

tational (MICG) mode. Previous studies have suggested that

the MICG mode may explain a periodic signal of 6 years

observed in the changes in the length of day (LOD). Here,

we show that when the magnetic field inside the fluid core

is high (of the order of a few mT), the nature of the MICG

changes; it is no longer a distinct, independent mode of os-

cillation of the core-mantle system. Instead, the MICG mode

merges into the set of modes of torsional oscillations (TO),

which consist in the longitudinal oscillations of nested cylin-

drical surfaces within the fluid core maintained by the mag-

netic tension between them (oscillations that are also known

as Alfvén waves). The inner core can still oscillate with re-

spect to the mantle, but it is due to its entrainment as part of

the TOmodes. These results have important implications for

the interpretation of the 6 year LOD signal, which cannot be

caused by theMICGmode, but must instead be caused by the

TO modes, or more generally, by the propagation of Alfvén

waves in the fluid core.

∗
Corresponding author: dumberry@ualberta.ca

1 Introduction
The mantle-inner core gravitational (MICG) mode of axial

oscillation owes its existence to aspherical mass anomalies

within the mantle, including those caused by the topography

at surfaces of density contrast (Buffett, 1996b). The largest of

these occur at spherical harmonic degree 2 order 2 (e.g. De-

fraigne et al., 1996; Simmons et al., 2007), warping equipo-

tential surfaces everywhere inside the Earth (including the

surface geoid) into ellipsoid shapes elongated in the equato-

rial plane. Within the core, surfaces of constant density coin-

cide with these elliptically shaped equipotential surfaces in

order to maintain hydrostatic equilibrium. Provided the in-

ner core deforms viscously on a timescale shorter than the

typical changes in the gravitational potential imposed by the

mantle, the inner core boundary (ICB) should also match an

equipotential surface. Its shape should then be elliptical in

the plane of the equator (i.e. equatorially elliptical) and longi-

tudinally aligned with the leading order mantle mass anoma-

lies (Buffett, 1996b). An axial rotation of the inner core out of

this longitudinal alignment, driven for example by magnetic

stresses at the ICB (e.g. Buffett and Glatzmaier, 2000; Aubert

and Dumberry, 2011), leads to a gravitational torque acting

to restore the equilibrium state of minimum gravitational po-

tential energy (Buffett, 1996b). This gravitational torque can

thus sustain a natural mode of axial oscillation between the

inner core and the mantle, referred to as the MICG mode

(Mound and Buffett, 2006).

The period of the MICG mode depends on the gravita-
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tional strength factor, Γ, capturing the amplitude of the grav-

itational torque for a given small longitudinal misalignment

between the inner core andmantle (Buffett, 1996a). In turn, Γ
depends on the amplitude of the degree 2 order 2 geoid at the

core-mantle boundary (CMB), which itself depends on esti-

mates of the mantle density anomalies, including that caused

by the topography of the CMB (Buffett, 1996b; Davies et al.,

2014; Chao, 2017; Shih and Chao, 2021). The period of the

MICG mode also depends on whether the region of the fluid

core inside the axial cylinder that encloses the inner core –

the so-called tangent cylinder (TC) – is entrained into co-

rotation with the inner core, which is expected given the

strong electromagnetic coupling at the ICB (Buffett, 1996a;

Mound and Buffett, 2003).

Estimates of the period of the MICG mode can be derived

by computing predictions of Γ on the basis of viscous man-

tle flow models. The latter are built from density anomalies

within the mantle inferred from seismic tomography and the

subsequent viscous deformation of surfaces of density dis-

continuities that they cause (e.g. Hager et al., 1985; Forte

et al., 1994; Defraigne et al., 1996). Based on the mantle

flow models available at the time, Buffett (1996b) estimated

a MICG period of approximately 2 to 3 years. The more re-

cent survey of Davies et al. (2014) suggests a longer period

in the range 7 to 18 years. The range of uncertainty reflects

our limited knowledge of both the amplitude of the internal

mantle density anomalies (primarily those of degree 2, order

2 associated with Large Low Seismic Velocity provinces in

the lower mantle, e.g. Garnero et al., 2016; McNamara, 2019)

and the viscosity of the lowermost mantle.

An alternate approach is to seek the signature of theMICG

mode in the observed changes in the mantle rotation rate

measured as changes in the length of day (LOD). Indeed,

an observed quasi-periodic LOD signal with an amplitude

of ∼ 0.13 ms and a period of ∼ 5.9 years (Abarca del Rio et

al., 2000; Holme and Viron, 2013; Chao et al., 2014) has been

linked with the MICGmode (Mound and Buffett, 2006; Chao,

2017; Ding and Chao, 2018; Duan et al., 2018; Shih and Chao,

2021). The magnitude of Γ required to match this period pro-

vides then a direct measure of the equatorial ellipticities of

the geoid at the CMB and of the ICB topography (Davies et

al., 2014; Chao, 2017; Shih and Chao, 2021).

This simplified picture of the MICG mode neglects the dy-

namical influence of the fluid core in the region outside the

tangent cylinder (ROTC) or assumes that it plays a passive

role. At periods relevant to the MICG mode, axisymmetric

azimuthal (zonal) flows are expected to be invariant in the

direction of the rotation axis and take the form of rigidly ro-

tating nested cylindrical surfaces (Jault, 2008). A differential

motion between adjacent cylinders shears the cylindrically

radial (𝐵𝑠 ) magnetic field lines that threads their surfaces.

This creates an azimuthal restoring force between cylinders

and allows for the propagation of Alfvén waves in the cylin-

drically radial direction (Braginsky, 1970).

The normal modes of axial oscillations between the cylin-

ders formed by the superposition of these Alfvén waves are

referred to as torsional oscillations (TO, Braginsky, 1970)

and their periods depend the strength of 𝐵𝑠 within the core.

These TO modes include the motion of the TC, so they are

necessarily coupled to the MICG mode. The prevalent view

at the time the earliest studies on the MICG mode were pub-

lished (e.g. Buffett, 1996b; Buffett, 1996a; Mound and Buffett,

2003; Mound and Buffett, 2006) was that the gravest mode of

TO had a period of 60-80 years, implying a 𝐵𝑠 -field strength

of 0.2-0.3 mT within the core (Zatman and Bloxham, 1997).

Under this scenario, the MICG period is distinctly shorter

than that of the fundamental TO mode. Consequently, the

MICG mode provides a resonant band of amplification to

higher TO harmonics that have periods in the vicinity of the

MICG period (Mound and Buffett, 2003). The oscillating mo-

tion of the inner core, entrained by the TO modes, exerts a

gravitational torque on the mantle leading to distinct peaks

in the LOD at periods close to the MICG mode. Even though

the ROTC is dynamically involved, it carries little angular

momentum and the primary angular momentum balance for

these amplified TO modes is between the mantle and the

whole of the TC, just as is the case for a pure MICG mode.

The 5.9 yr oscillation in the LOD may still be tied to MICG

period and provides a constraint on Γ (Mound and Buffett,

2006).

The general consensus on the magnetic field strength

within the core has since shifted. Numerical models of the

dynamo suggest that the field deep inside the core is likely

stronger by a factor 10 than at the CMB, suggesting an in-

ternal field strength of 3-4 mT (e.g. Christensen and Aubert,

2006; Aubert et al., 2009). With such a large field strength,

Alfvén waves propagate through the entire width of the core

in only a few years and the periods of the gravest TO modes

are expected to be in the subdecadal range. Indeed, Gillet

et al. (2010) showed that the angular momentum carried by

propagating Alfvén waves matches that required to explain

the observed periodic 5.9-yr LOD signal. This indicates that

the mantle exchanges its angular momentumwith the whole

of the core rather than with the TC alone, in contrast with

an idealized MICG mode. Furthermore, in this scenario, the

5.9 yr period is instead tied to the period of the fundamental

mode of TO, not the strength of the gravitational torque, even

though the gravitational torque may still provide the means

by which angular momentum is transferred to the mantle.

In a strong 𝐵𝑠 -field regime, Alfvén waves travel through

the width of the core in a shorter time than the MICG period.

Here, our goal is to investigate how theMICGmode is altered

by such fast propagating Alfvén waves. We shall show that

when Alfvén waves can propagate through the ROTC before

they get attenuated, the MICG mode is no longer an inde-

pendent mode of the coupled core-mantle system. Instead, it

gets absorbed into the spectrum of TO modes, although the

latter are affected by gravitational coupling.

2 Theory

2.1 Angular momentum balance

The model of internal coupling between the mantle, fluid

core and inner core that we use follows broadly that pre-

sented in several studies, including in Buffett (1996a); Buffett

(1998); Mound and Buffett (2003); Mound and Buffett (2005);

Dumberry and Mound (2008); Dumberry and Mound (2010).

We assume a spherical model of Earth’s interior comprised

of an inner core (radius 𝑟𝑖 ), a fluid core (outer radius 𝑟 𝑓 ) and

mantle. We adopt a simplified model of flow in the fluid core

restricted to its azimuthal component 𝑣𝜙 and assumed to be

axisymmetric and invariant along the direction of the rota-

tion axis. Accordingly, we use cylindrical coordinates (𝑠 , 𝜙 ,
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𝑧), and we divide the fluid core in a set of𝑁𝑠 discrete cylindri-

cal surfaces with radius 𝑠 that intersect the CMB at axial po-

sition 𝑧𝑓 =
√︃
𝑟 2

𝑓
−𝑠2

in the Northern hemisphere. Cylinders

inside the TC (𝑠 < 𝑟𝑖 ) intersect the ICB at 𝑧𝑖 =

√︃
𝑟 2

𝑖
−𝑠2

; we set

𝑧𝑖 = 0 for cylinders outside the TC. The azimuthal velocity of

each cylinder is set equal to 𝑣𝜙 = 𝑠Ω𝑓 , where Ω𝑓 ≡ Ω𝑓 (𝑠) is
the angular velocity.

In the absence of an external torque, the axial angular mo-

mentum equations of the mantle, inner core and fluid core

are given, respectively, by

𝐶𝑚

𝑑

𝑑𝑡
Ω𝑚 = Γ𝛼 + Γ𝑐𝑚𝑏 , (1a)

𝐶𝑖

𝑑

𝑑𝑡
Ω𝑖 =−Γ𝛼 + Γ𝑖𝑐𝑏 , (1b)∫ 𝑟 𝑓

0

𝑐 𝑓
𝑑Ω𝑓

𝑑𝑡
𝑑𝑠 =−Γ𝑐𝑚𝑏 − Γ𝑖𝑐𝑏 , (1c)

where,𝐶𝑚 ,𝐶𝑖 are the axial moments of inertia of the mantle

and inner core, Ω𝑚 , Ω𝑖 their rotation rates, and

𝑐 𝑓 = 4𝜋𝜌𝑠3 (𝑧𝑓 −𝑧𝑖 ) , (2)

is the axial moment of inertia density of cylinders within the

fluid core, where 𝜌 is the density (assumed uniform). Γ𝑐𝑚𝑏

and Γ𝑖𝑐𝑏 are the torques from all surface forces acting on the

mantle at the CMB and on the inner core at the ICB, respec-

tively. Γ is the strength of the gravitational torque between

the mantle and inner core and 𝛼 is the (assumed small) lon-

gitudinal angle of misalignment between the degree 2 order

2 mantle density field and the long equatorial axis of the ICB

topography. 𝛼 depends on the differential rotation between

the inner core and the mantle and on the viscous relaxation

time 𝜏 for the ICB topography to return to its equilibrium

alignment with the imposed gravitational potential from the

mantle; its evolution is given by

𝑑𝛼

𝑑𝑡
=Ω𝑖 −Ω𝑚 − 𝛼

𝜏
. (3)

We assume that Γ𝑖𝑐𝑏 and Γ𝑐𝑚𝑏 are both dominated by elec-

tromagnetic (EM) forces, and expressed as (e.g. Buffett, 1998)

Γ𝑐𝑚𝑏 =

∫ 𝑟 𝑓

0

F𝑚 (𝑠)
[
Ω𝑓 −Ω𝑚

]
𝑑𝑠 , (4a)

Γ𝑖𝑐𝑏 =

∫ 𝑟𝑖

0

F𝑖 (𝑠)
[
Ω𝑓 −Ω𝑖

]
𝑑𝑠 , (4b)

where the coupling parameters F𝑚 (𝑠) and F𝑖 (𝑠) depend on

the morphology of the magnetic field and the electrical con-

ductivity of the solid side of the boundary. These are given

by

F𝑚 (𝑠) = 2𝜋𝑠3𝐺𝑚

(
𝑧𝑓

𝑟 𝑓

(
𝐵𝑑𝑚

)
2

+
𝑟 𝑓

𝑧𝑓
⟨𝐵𝑟,𝑚⟩2

)
, (5a)

F𝑖 (𝑠) = 4𝜋𝑠3𝐺𝑖

𝑧𝑖

𝑟𝑖

(
𝐵𝑑𝑖

)
2

. (5b)

where 𝐵𝑑𝑚 and 𝐵𝑑𝑖 are the polar amplitudes of the axial dipole

at the CMB and ICB, respectively, ⟨𝐵𝑟,𝑚⟩ is the root mean

squared (rms) strength of the total radial field (including the

axial dipole) at the CMB,𝐺𝑚 is the conductance of the lower-

most mantle and𝐺𝑖 is a conductance factor at the ICB given

by

𝐺𝑖 =
1

4

[1+ 𝑖 sgn(𝜔)]𝜎 𝛿 , (6)

where 𝜎 is the conductivity of the fluid core (assumed equal

to that of the inner core), 𝛿 =
√︁

2/|𝜔 |𝜇𝜎 is the magnetic skin

depth at oscillation frequency 𝜔 , with 𝜇 the magnetic per-

meability of free space, and sgn(𝜔) = 𝜔/|𝜔 |. The form of

F𝑚 (𝑠) was shown in Dumberry and Mound (2008) to be a

good match with the EM coupling resulting from a realis-

tic field model at the CMB comprised of a large number of

spherical harmonic terms. The field at the ICB is undoubt-

edly more complex than a simple axial dipole, although the

latter is expected to be its dominant contribution, and it is

sufficient to capture the first order effect of EM coupling at

the ICB.

2.2 The MICG mode
To illustrate how the MICG mode emerges from the above

system, let us assume a perfectly rigid inner core (𝜏 =∞), and

no coupling at the CMB (F𝑚 (𝑠) = 0). Let us further assume

that the fluid in the ROTC is not involved and remains at

rest, while the fluid inside the TC rotates as a single rigid

body with angular velocity Ω𝑡𝑐
𝑓
. Taking the time-derivatives

of eqs. (1a), (1b) and (1c), and using eq. (3), gives

𝐶𝑚

𝑑2Ω𝑚

𝑑𝑡2
= Γ(Ω𝑖 −Ω𝑚) , (7a)

𝐶𝑖

𝑑2Ω𝑖

𝑑𝑡2
=−Γ(Ω𝑖 −Ω𝑚) +𝑟𝑖 F 𝑖

𝑑

𝑑𝑡
(Ω𝑡𝑐

𝑓
−Ω𝑖 ) , (7b)

𝐶𝑡𝑐
𝑓

𝑑2Ω𝑡𝑐
𝑓

𝑑𝑡2
=−𝑟𝑖 F 𝑖

𝑑

𝑑𝑡
(Ω𝑡𝑐

𝑓
−Ω𝑖 ) , (7c)

where𝐶𝑡𝑐
𝑓
is the moment of inertia of the fluid inside the TC

and F 𝑖 is the integrated average of F𝑖 (𝑠) over the ICB. This
forms a simple system of axial oscillations between Ω𝑚 , Ω𝑖

and Ω𝑡𝑐
𝑓
, with a restoring gravitational torque between the

inner core and mantle and a restoring (and dissipating) EM

torque between the inner core and the fluid inside the TC.

The natural modes of oscillations of this system include the

MICG mode, whose frequency depends on the strength of Γ

and F 𝑖 .

Let us consider two end-member scenarios for F 𝑖 . For no

EM coupling at the ICB (F 𝑖 = 0), the fluid inside the TC is de-

coupled and not involved in the MICG mode. The frequency

and eigenvector of the MICG mode are (e.g. Dumberry and

Mound, 2010),

𝜔𝑚𝑖𝑐𝑔 =

√︄
Γ̄(𝐶𝑚 +𝐶𝑖 )

𝐶𝑚𝐶𝑖

, [Ω𝑚,Ω𝑖 ] =
[
1,−𝐶𝑚

𝐶𝑖

]
. (8)

The oscillation (and angular momentum exchange) is be-

tween the mantle and inner core, with no involvement of the

fluid core. As an example, taking Γ = 3× 10
20

N m, and 𝐶𝑚

and𝐶𝑖 given in Table 1, this gives a MICG period of 2.8 years.

If instead F 𝑖 is very large, the differential rotation between

Ω𝑡𝑐
𝑓
and Ω𝑖 must remain very small (over the period of the

MICG mode), and Ω𝑡𝑐
𝑓
and Ω𝑖 are locked into a common ro-

tation. Substituting the EM coupling term of eq. (7c) into eq.
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(7b), and assuming Ω𝑡𝑐
𝑓
≈ Ω𝑖 , the frequency and eigenvector

of the MICG mode are now

𝜔𝑚𝑖𝑐𝑔 =

√︄
Γ̄(𝐶𝑚 +𝐶𝑡𝑐 )

𝐶𝑚𝐶𝑡𝑐

, [Ω𝑚,Ω𝑖 ] =
[
1,−𝐶𝑚

𝐶𝑡𝑐

]
, (9)

where 𝐶𝑡𝑐 =𝐶𝑖 +𝐶𝑡𝑐
𝑓
. Even though the gravitational torque

remains between the mantle and inner core, the oscillation

in this case is between the mantle and the whole of the TC

(including the inner core). The larger moment of inertia of

the whole of the TC, compared to the inner core alone, re-

duces the frequency of the MICG and lengthens its period.

Using Γ = 3×10
20
N m as above, the period is now 5.9 years,

approximately twice as long. If F 𝑖 is somewhere between

these two extremes, with an amplitude such that the time it

takes for Ω𝑖 and Ω𝑡𝑐
𝑓
to be brought back into co-rotation is of

the order a few years, then the MICG mode is more complex,

with each of Ω𝑚 , Ω𝑖 and Ω𝑡𝑐
𝑓
oscillating at different phases.

At periods of a few years, and assuming a radial magnetic

field strength at the ICB of the order of 1 mT or larger, EM

coupling is sufficiently strong to prevent any large differen-

tial rotation at the ICB (Gubbins, 1981). A rotation of the

inner core will tend to entrain the fluid in contact with the

ICB into co-rotation. This zonal motion is communicated by

the (strong) Coriolis force to the whole of the fluid column

above and below the inner core, forcing it to rotate rigidly

with it in accordance with the Proudman-Taylor constraint

(Jault, 2008). Hence, on dynamical grounds, and for the ex-

pected strength of the magnetic field at the ICB, we expect

that the MICG mode involves the whole of the TC, not just

the inner core.

This simple presentation of the MICG mode is idealized in

several ways. First, although F 𝑖 is most likely strong enough

to lock the fluid cylinders inside the TC to the rotational mo-

tion of the inner core, some degree of differential rotation

can occur near the outer edge of the TC (e.g. Buffett, 1996a;

Buffett, 1998). Second, we have neglected the global elas-

tic deformations that occur in response to the rotational dis-

placement of the inner core out of its equilibrium longitu-

dinal alignment. Taking these into account would lengthen

the MICG period, though not by a large fraction. Third, if the

inner core relaxes viscously over a relatively short time (ap-

proaching the MICG period), this would attenuate the mode

significantly.

Perhaps the most important dynamical omission from this

idealized picture though is the role played by the fluid in the

ROTC. The latter has been considered in a number of stud-

ies (e.g. Mound and Buffett, 2003; Mound and Buffett, 2005;

Buffett andMound, 2005; Mound and Buffett, 2006), although

under the assumption that the magnetic field permeating the

entire core is relatively weak, with a strength of the order of

0.3 to 0.4 mT. The primary motivation for our study is pre-

cisely to reassess how the dynamics of the ROTC affects the

MICG mode when the magnetic field inside the core is much

stronger.

2.3 Torsional oscillation modes

The dynamical equation that governs the evolution of Ω𝑓

is obtained by integrating the azimuthal component of the

momentum equation over a cylindrical surface in the fluid

core. For this specific geometry, the Coriolis acceleration

term vanishes (e.g. Taylor, 1963; Braginsky, 1970), giving

𝑐 𝑓
𝜕Ω𝑓

𝜕𝑡
=

1

𝜌𝜇

𝜕

𝜕𝑠

(
𝑐 𝑓 {𝐵𝑠 }

𝑏𝜙

𝑠

)
−F𝑚

[
Ω𝑓 −Ω𝑚

]
−F𝑖

[
Ω𝑓 −Ω𝑖

]
+𝜈 𝜕

𝜕𝑠

(
𝑐 𝑓

𝜕Ω𝑓

𝜕𝑠

)
,

(10)

where 𝜈 is the kinematic viscosity, {𝐵𝑠 } is the rms strength of

the 𝑠-component of the background magnetic field averaged

over a cylindrical surface, and 𝑏𝜙 is the azimuthal magnetic

field perturbation induced by the differential motion of the

cylinders. The latter obeys the induction equation

𝜕𝑏𝜙

𝜕𝑡
= 𝑠{𝐵𝑠 }

𝜕Ω𝑓

𝜕𝑠
+𝜂

(
𝜕2𝑏𝜙

𝜕𝑠2
+ 1

𝑠

𝜕𝑏𝜙

𝜕𝑠
−
𝑏𝜙

𝑠2

)
, (11)

where 𝜂 = 1/𝜇𝜎 is the magnetic diffusivity.

When both viscous and magnetic diffusion are neglected,

inserting eq. (11) into eq. (10), we retrieve the characteristic

equation for Alfvén waves subject to EM friction at the top

and bottom of the cylinders, (e.g. Braginsky, 1970; Buffett,

1998)

𝑐 𝑓
𝜕2Ω𝑓

𝜕𝑡2
=

1

𝜌𝜇

𝜕

𝜕𝑠

(
𝑐 𝑓 {𝐵2

𝑠 }
𝜕Ω𝑓

𝜕𝑠

)
−F𝑚

𝜕

𝜕𝑡

[
Ω𝑓 −Ω𝑚

]
−F𝑖

𝜕

𝜕𝑡

[
Ω𝑓 −Ω𝑖

]
,

(12)

where we have assumed {𝐵𝑠 }2 ≈ {𝐵2

𝑠 }. The normal modes of

oscillations of Ω𝑓 that obey eq. (12) are the torsional oscil-

lations (TO) modes (e.g. Braginsky, 1970). In their simplest

form, when assuming F𝑚 = F𝑖 = 0, these modes describe the

set of azimuthal oscillations of cylinders maintained by the

magnetic tension between them. The terms that contain F𝑚
and F𝑖 capture the coupling of the fluid cylinders with the

mantle (at the CMB) and the inner core (at the ICB). Keeping

these terms affects the structure of the modes and provides a

way by which TO modes can exchange angular momentum

with the mantle and inner core.

In most previous studies on TO modes coupled with the

mantle and inner core, eq. (12) was assumed for the dy-

namics of Ω𝑓 (Buffett, 1996a; Buffett, 1998; Mound and Buf-

fett, 2003; Mound and Buffett, 2005; Dumberry and Mound,

2008; Dumberry and Mound, 2010). The studies of Bragin-

sky (1984) and Mound and Buffett (2007) included the effects

of viscous diffusion both within the volume of the fluid core

and at boundaries. Here, we retain both magnetic and vis-

cous diffusion and solve for both Ω𝑓 and 𝑏𝜙 using the cou-

pled eqs. (10) and (11). Although we expect 𝜈 ≪ 𝜂 in the fluid

core, the motivation for retaining viscous diffusion in (10) is

for numerical convenience, as it makes it easier to prescribe

appropriate boundary conditions for Ω𝑓 . For all our results,

we have used 𝜈 =𝜂/100, so as to ensure that magnetic diffu-

sion dominates over viscous diffusion. Although it would be

preferable to solve for Ω𝑓 and 𝑏𝜙 as a function of both 𝑠 and

𝑧 (e.g. Luo and Jackson, 2022), our simple one-dimensional

(1D) model captures the leading order dynamics of Alfvén

waves within the core.

As we shall show, whether the MICG mode is an inde-

pendent mode of the core-mantle system depends on the

travel time versus diffusion time of Alfvén waves in the

ROTC. Alfvén waves travel at velocity 𝑉𝐴 = {𝐵𝑠 }/
√
𝜌𝜇, and
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the time they take to travel between the TC and the equa-

tor of the CMB (𝑠 = 𝑟 𝑓 ) is 𝜏𝐴 = (𝑟 𝑓 − 𝑟𝑖 )/𝑉𝐴. Their typi-

cal timescale of diffusion from ohmic dissipation within the

core is 𝜏𝑑 = 1/(𝑘2

𝑠𝜂), where 𝑘𝑠 is the wavenumber in the 𝑠-

direction. Alfvén waves obey the dispersion relation 𝜔 =

𝑘𝑠𝑉𝐴, so TOmodes that have frequencies close toMICGmode

should have a typical wavenumber 𝑘𝑠 = 𝜔𝑚𝑖𝑐𝑔/𝑉𝐴, giving
𝜏𝑑 =𝑉

2

𝐴
/𝜂𝜔2

𝑚𝑖𝑐𝑔. Alfvénwaves are also attenuated by EM cou-

pling at the CMB. A simple estimate of this EM attenuation

timescale can be obtained from eq. (10) and is 𝜏𝑒𝑚 = 𝑐 𝑓 /F𝑚 .
This quantity depends on 𝑠 but a rough bulk estimate is given

by 𝜏𝑒𝑚 = 𝜌𝑟𝑐/(𝐺𝑚 ⟨𝐵𝑟,𝑚⟩2). The travel time versus diffusion

time of Alfvén waves is then characterized by two Lundquist

numbers,

𝐿𝑢 =
𝜏𝑑

𝜏𝐴
, 𝐿𝑢𝑒𝑚 =

𝜏𝑒𝑚

𝜏𝐴
. (13)

If either 𝐿𝑢 < 1 or 𝐿𝑢𝑒𝑚 < 1, Alfvén waves are attenuated

before they travel the full width of the ROTC.

Another useful diagnostic quantity is the Lundquist num-

ber based on the travel versus diffusion time of Alfvén waves

in the conducting mantle,

𝐿𝑢𝑚 =

√︂
𝜇

𝜌
𝐺𝑚 ⟨𝐵𝑟,𝑚⟩ . (14)

In particular, 𝐿𝑢𝑚 determines the degree of reflection of

Alfvénwaveswhen they reach the equator of the CMB;when

𝐿𝑢𝑚 ≈ 1, Alfvén waves are fully absorbed (Schaeffer and

Jault, 2016; Gillet et al., 2017). This quantity is denoted as

𝑄 in both Schaeffer and Jault (2016) and Gillet et al. (2017),

but here we reserve 𝑄 to denote the quality factor of modes.

3 Numerical implementation

Eqs. (10) and (11) are discretized on a set of grid points in the

𝑠-direction, with derivatives in 𝑠 approximated by second-

order finite differences. The points 𝑠 = 𝑟𝑖 = 𝑠𝑡𝑐 and 𝑠 = 𝑟 𝑓 are

singular in eq. (10) because 𝑑𝑐 𝑓 /𝑑𝑠 diverges at these loca-

tions. Likewise, the point 𝑠 = 0 is singular in eq. (11). To

avoid these numerical difficulties, we set the innermost and

outermost grid points at 𝑠𝑜 =0.01 and 𝑠𝑒 =0.999, respectively,

and modify the definition of 𝑧𝑖 in the vicinity of 𝑠 = 𝑠𝑡𝑐 to

𝑧𝑖 = 𝑧𝑖 −𝑧𝑖
[
1−

(
𝑠 −𝑠𝑡𝑐
𝜁

)]
exp

(
𝑠 −𝑠𝑡𝑐
𝜁

)
, (15)

where 𝜁 ≪ 1 is an adjustable parameter. With this new def-

inition, 𝑑𝑧𝑖/𝑑𝑠 = 0 at 𝑠 = 𝑠𝑡𝑐 , removing the discontinuity at

the TC. The smaller 𝜁 is, the more confined the modification

is to the region close to the TC. For all our results, we used

𝜁 = 0.001.

Eqs. (10) and (11) each require boundary conditions at

𝑠𝑜 and 𝑠𝑒 . At 𝑠 = 𝑠𝑜 , we impose the regularity conditions

𝑑Ω𝑓 /𝑑𝑠 = 0 and 𝑏𝜙 = 0. At 𝑠 = 𝑠𝑒 , the condition on 𝑏𝜙 is set by

the magnetic field perturbation resulting from EM coupling

(e.g. eq. 12 of Buffett, 1998)

𝑏𝜙 (𝑠𝑒 ) =−⟨𝐵𝑟,𝑚⟩𝜇𝐺𝑚𝑠𝑒
(
Ω𝑓 (𝑠𝑒 ) −Ω𝑚

)
, (16)

and we impose a free-slip condition, 𝑑Ω𝑓 /𝑑𝑠 = 0. The latter

implies that there is no viscous torque between the fluid core

and mantle and minimizes the influence of viscosity on our

solutions. Since we use 𝜈 = 𝜂/100, the free-slip condition is

met by a flow adjustment in a thin viscous boundary layer

near 𝑠 = 𝑠𝑒 .

With these boundary conditions, integrating eq. (10) be-

tween 𝑠𝑜 and 𝑠𝑒 yields∫ 𝑠𝑒

𝑠𝑜

𝑐 𝑓
𝑑Ω𝑓

𝑑𝑡
𝑑𝑠 =−Γ̂𝑐𝑚𝑏 − Γ̂𝑖𝑐𝑏 , (17)

where Γ̂𝑐𝑚𝑏 and Γ̂𝑖𝑐𝑏 are modified expressions for the torque

on the mantle and inner core given by

Γ̂𝑐𝑚𝑏 =

∫ 𝑠𝑒

𝑠𝑜

F𝑚 (𝑠)
[
Ω𝑓 −Ω𝑚

]
𝑑𝑠

+4𝜋𝑠3

𝑒

√︁
1−𝑠2

𝑒𝐺𝑚 ⟨𝐵𝑟,𝑚⟩2
(
Ω𝑓 (𝑠𝑒 ) −Ω𝑚

)
, (18a)

Γ̂𝑖𝑐𝑏 =

∫ 𝑠𝑡𝑐

𝑠𝑜

F𝑖 (𝑠)
[
Ω𝑓 −Ω𝑖

]
𝑑𝑠 . (18b)

The same modified expressions are used for the equations

of the mantle (1a) and inner core (1b) to ensure that angular

momentum is conserved.

We specify the location of the discrete 𝑠-grid points on two

Chebyshev grids: one between 𝑠𝑜 and 𝑠𝑡𝑐 and a second be-

tween 𝑠𝑡𝑐 and 𝑠𝑒 . The crowding of points near 𝑠𝑜 , 𝑠𝑡𝑐 and 𝑠𝑒
helps to resolve the thin viscous and magnetic boundary lay-

ers at 𝑠𝑜 and 𝑠𝑒 and to handle the rapidly changing 𝑐 𝑓 in the

region near the TC. We use 350 points inside the TC and 650

in the ROTC, for a total of𝑁𝑠=1000 grid points, which proved

to be sufficient to resolve the structure of the relevant TO

modes, and to ensure that angular momentum is conserved

to within approximately 1 part in 10
4
.

The set of eqs. (1a), (1b), (3) and the discretized set of eqs.

(10) and (11) on each of the 𝑁𝑠 grid points form a homoge-

neous system of equations for the set of 𝑛 = 2𝑁𝑠 +3 variables

Ω𝑚 , Ω𝑖 , 𝛼 , Ω𝑓 (𝑠𝑘 ) and 𝑏𝜙 (𝑠𝑘 ), where 𝑘 = 1,2...𝑁𝑠 . We as-

sume that each variable has a time-dependency proportional

to exp(−𝑖𝜔𝑡), where 𝜔 is a complex frequency. The system

of equations can be written in matrix form as an eigenvalue

problem with eigenvalues 𝜔 and eigenvectors x,

𝜔B ·x =A ·x , (19)

whereA andB are𝑛×𝑛matrices. The solutions are the possi-

ble free modes of the system. The imaginary part of𝜔 is neg-

ative, capturing mode decay. The real part of𝜔 is either pos-

itive or negative (with the same magnitude) and represents

the frequency of oscillation; we only solve for the positive

frequencies. Note that F𝑖 in eq. (5b) has a weak dependence

on 𝜔 through the magnetic skin depth 𝛿 . However, for a ra-

dial magnetic field strength at the ICB≥ 1 mT, the fluid cylin-

ders inside the TC become quasi-locked to the inner core, and

this frequency dependence only has a very small effect on the

normal modes. To simplify, we use a nominal frequency of

2𝜋/6 yr
−1

for calculating 𝛿 , such that F𝑖 is no longer a func-
tion of 𝜔 , allowing us to write the system in the simple form

of eq. (19). The same strategy has been employed in previous

studies (e.g. Buffett, 1998; Buffett and Mound, 2005).

Solutions depend on the choice of the profile of {𝐵𝑠 } inside
the core. We use a simple prescription given by

{𝐵𝑠 } = 𝐵𝑠 sin

(
𝜋𝑠

𝑟 𝑓

)
+
(
𝑠

𝑟 𝑓

)
𝐵𝑠𝑒 , (20)

where 𝐵𝑠 is an amplitude factor and 𝐵𝑠𝑒 is the amplitude

of the radial magnetic field at the equator of the CMB. The
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sine term produces a maximum 𝐵𝑠 -field in the middle of the

core, similar to the profile inverted by Gillet et al. (2010).

The linear term ensures that the radial field at the equa-

tor does not vanish. For our numerical experiments in the

weak-field regime, 𝐵𝑠 is varied between 0.1-0.3 mT, and we

set 𝐵𝑠𝑒 =𝐵𝑠/6. In the strong-field regime, we set 𝐵𝑠 = 3.3 mT

and 𝐵𝑠𝑒 = ⟨𝐵𝑟,𝑚⟩.
The numerical values that we adopt for all other pa-

rameters are given in Table 1. The dipole field amplitude

𝐵𝑑𝑚 = 0.319 mT and the total rms strength of the radial field

⟨𝐵𝑟,𝑚⟩ = 0.391 mT at the CMB were obtained by taking the

time-average of the gufm1model of Jackson et al. (2000) over

the time period 1950–1990 (the rms of the radial part of the

dipole field alone is 0.226 mT). We note that, for our exper-

iments in the weak-field regime, there is an inconsistency

between our chosen ICB and CMB field strengths and the

lower 𝐵𝑠 -field in the range of 0.1-0.3 mT. These low values

were chosen because they are similar to those used in previ-

ous studies of the MICG mode (e.g. Mound and Buffett, 2003;

Mound and Buffett, 2006) and they help to illustrate the role

that Alfvén waves have on this mode.

We show results for different choices of mantle conduc-

tance: 𝐺𝑚 = 10
8
S, 2×10

8
S, 4×10

8
S, and 6×10

8
S. The cor-

responding 𝐿𝑢𝑚 values, in increasing order of 𝐺𝑚 , are: 0.34,

0.68, 1.36, 2.05. These remain sufficiently low that our 1D

model captures correctly the reflection properties of Alfvén

waves as they reach the equator of the CMB (Schaeffer and

Jault, 2016; Gillet et al., 2017).

Table 1: Parameters used in calculations.

Parameter value

radius of the core 𝑟 𝑓 = 3.480×10
6
m

radius of the inner core 𝑟𝑖 = 1.221×10
6
m

moment of inertia, mantle 𝐶𝑚 = 7.13×10
37
kg m

2

moment of inertia, inner core 𝐶𝑖 = 5.87×10
34
kg m

2

moment of inertia, fluid core 𝐶𝑓 = 9.42×10
36
kg m

2
(*)

moment of inertia, TC 𝐶𝑡𝑐 = 2.65×10
35
kg m

2
(*)

uniform density, fluid core 𝜌 = 1.1×10
4
kg m

−3

conductivity, core 𝜎 = 10
6
S m

−1

magnetic diffusivity, core 𝜂 = 1

𝜇𝜎
= 0.796 m

2
s
−1

kinematic viscosity, fluid core 𝜈 =
𝜂

100
= 0.00796 m

2
s
−1

rms radial magnetic field, CMB ⟨𝐵𝑟,𝑚⟩ = 0.319 mT

axial dipole, CMB 𝐵𝑑𝑚 = 0.391 mT

axial dipole, ICB 𝐵𝑑𝑖 = 3.0 mT

(*) Based on a uniform fluid core density of 𝜌 = 1.1×10
4
kg m

−3
.

4 Results

Let us first illustrate a case where the modes of axial oscilla-

tions between the mantle, inner core and fluid core include

a distinct MICG mode. We set Γ = 3× 10
20
N m, which gives

an expected MICG frequency of𝜔𝑚𝑖𝑐𝑔 = 1.065 yr
−1

(period of

5.902 years) based on eq. (9), and we set the mantle conduc-

tance at 𝐺𝑚 = 10
8
S. We set 𝜏 = 100 years to ensure that the

MICGmode is only weakly damped by the viscous relaxation

of the inner core. We choose 𝐵𝑠 = 0.1 mT, which gives a typ-

ical travel time for Alfvén waves across the ROTC of 𝜏𝐴 = 84

yr. We compute the set of normal modes of oscillations for

this setup, which we refer to as case 𝑎.

Figure 1a shows the frequency and quality factor 𝑄 of a

subset of the resulting modes (light blue circles) that have

frequencies in the vicinity of 𝜔𝑚𝑖𝑐𝑔. For this choice of 𝐵𝑠 ,

the fundamental mode (first harmonic) of TO has a period of

∼ 180 years; the sequence of modes that have a 𝑄 between

3 and 4 on Figure 1a correspond to higher harmonics of TO.

In addition to these, a distinct mode (identified by a purple

outline) with a higher 𝑄 of approximately 7, separated from

the TO branch, is also present: this is the MICG mode. Its

frequency matches well the expected theoretical prediction

under the assumption that the whole of the TC co-rotates

with the inner core. Figure 2a shows the profile of Ω𝑓 for this

MICG mode, at the phase when Ω𝑖 is maximum in the pro-

grade direction. Inside the TC, Ω𝑓 is locked with Ω𝑖 except

near the edge of the TC, as found in previous studies (Buffett,

1996b; Buffett, 1998). The rotation of the mantle, Ω𝑚 , is op-

posite that of the inner core, and its amplitude matches that

of the MICG mode under the assumption that the whole of

the TC oscillates as a rigid body, Ω𝑚 = −(𝐶𝑡𝑐/𝐶𝑚)Ω𝑖 . (Note

that Ω𝑚 is increased by a factor 100 on Figure 2 so that it

reaches a similar scale as Ω𝑖 and Ω𝑓 ). The departure of Ω𝑓

from Ω𝑖 near the edge of the TC implies a slight reduction in

the effective moment of inertia of the TC taking part in the

MICGmode and explains why its frequency is slightly higher

than its theoretical prediction (see Figure 1a). Also visible in

Figure 2a are the Alfvén waves generated from the TC out-

ward. With 𝐵𝑠 = 0.1 mT, and at the frequency of the MICG

mode, their wavelength is sufficiently small that their typical

time of attenuation is 𝜏𝑑 = 25 yr. This is shorter than 𝜏𝐴, so

𝐿𝑢 < 1, and Alfvén waves get attenuated before they reach

the equator of the CMB (𝑠 = 𝑟 𝑓 ). These waves carry angu-

lar momentum but their short wavelengths imply a small net

angular momentumwhen integrated over the ROTC, and the

latter plays a negligible role in theMICG angular momentum

budget.

For comparison, we also show on Figure 1a the modes

(black squares) that result when there is no gravitational cou-

pling (Γ = 0). In this case, the MICG mode is absent from the

spectrum ofmodes; only TOmodes are present, and their fre-

quencies and𝑄 coincide almost identically with those found

with Γ ≠ 0. These results show that when 𝐵𝑠 within the core

is sufficiently weak, the MICG mode emerges as an indepen-

dent mode of the system, along with a set of TO modes, and

the latter are only weakly influenced by gravitational cou-

pling.

For a mantle conductance of 𝐺𝑚 = 10
8
, the typical EM at-

tenuation time of Alfvén waves is 𝜏𝑒𝑚 = 119 yr. We also show

on Figure 1a the set of modes for three other choices of 𝐺𝑚 :

2 × 10
8
S (𝜏𝑒𝑚 = 60 yr), 4 × 10

8
S (𝜏𝑒𝑚 = 30 yr) and 6 × 10

8

S (𝜏𝑒𝑚 = 20 yr). The 𝑄 of all modes is reduced because of

the enhanced attenuation from EM coupling at the CMB. In

each case, theMICGmode is present as an independentmode

because 𝐿𝑢 < 1, while 𝐿𝑢𝑒𝑚 is also < 1 for the 3 cases with

higher mantle conductance.

Let us now increase 𝐵𝑠 while keeping Γ = 3×10
20
Nm and

restoring 𝐺𝑚 = 10
8
S. We compute the modes for 𝐵𝑠 = 0.15

mT (case 𝑏) and 𝐵𝑠 = 0.3 mT (case 𝑐). The results are shown

on Figure 1 (panels b and c, respectively), where we again

show the comparison with the modes computed with Γ = 0.

Figures 2b and 2c show the profiles of Ω𝑓 for the modes close

to the MICG frequency identified by a purple outline in pan-

els 𝑏 and 𝑐 of Figure 1. With a larger 𝐵𝑠 -field, Alfvén waves

generated at the TC travel faster, their wavelengths at fre-
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Figure 1: Frequency and 𝑄 of a subset of the normal modes obtained with Γ = 3× 10
20
N m, (a) 𝐵𝑠 = 0.1, (b) 𝐵𝑠 = 0.15, and (c) 𝐵𝑠 = 0.3, and

different choices of mantle conductance 𝐺𝑚 (see legend). Black squares show the TO modes in the absence of gravitational coupling: Γ = 0.

In each panel, the predicted 𝜔𝑚𝑖𝑐𝑔 from Eq. (9) is indicated by the pink vertical line. The angular velocity structure of the modes identified

by a purple outline is shown in Figure 2.

quencies close to 𝜔𝑚𝑖𝑐𝑔 is longer (increasing their ohmic dif-

fusion time 𝜏𝑑 ), so they propagate further before they get at-

tenuated. The travel and ohmic diffusion times for case 𝑏

are 𝜏𝐴 = 56 yr, 𝜏𝑑 = 58 yr and those for case 𝑐 are 𝜏𝐴 = 28 yr,

𝜏𝑑 = 235 yr. In each case, 𝐿𝑢 > 1 (though barely for case 𝑏)

and (with 𝜏𝑒𝑚 =119 yr) 𝐿𝑢𝑒𝑚 > 1; Alfvén waves can travel the

width of ROTC before they get attenuated. Consequently,

the structure of Alfvén waves within the whole of the ROTC

must be compatible with their end-condition at 𝑠 = 𝑟 𝑓 and

they thus have a feedback on the oscillating motion of the

TC. In each case, the MICG mode is no longer a distinct, in-

dependent mode of the system. Instead, it merges into the

spectrum of TO modes.

Figures 1b and 1c also show the resulting modes when the

mantle conductance is increased to 2×10
8
S (𝜏𝑒𝑚 = 60 yr), 4×

10
8
S (𝜏𝑒𝑚 =30 yr) and 6×10

8
S (𝜏𝑒𝑚 =20 yr). By progressively

decreasing 𝜏𝑒𝑚 , a point is reached when Alfvén waves get

attenuated before they can travel thewidth of the ROTC (that

is, 𝐿𝑢𝑒𝑚 becomes smaller than 1), and a distinct MICG mode

re-emerges in the spectrum of modes. With 𝐵𝑠 = 0.15 mT

(𝜏𝐴 = 56 yr), the MICG is almost fully out of the TO branch

for𝐺𝑚 = 2×10
8
S (𝐿𝑢𝑒𝑚 ∼ 1), and clearly separated for𝐺𝑚 >

4×10
8
S . With 𝐵𝑠 = 0.3 mT (𝜏𝐴 = 28 yr), a larger𝐺𝑚 = 6×10

8

S is required for 𝐿𝑢𝑒𝑚 < 1 and for the MICG mode to split

from the TO branch.

The above analysis shows that the MICG only remains an

independent mode when Alfvén waves launched by the os-

cillating TC get attenuated before they reach 𝑠 = 𝑟 𝑓 (either

because 𝐿𝑢 < 1 or 𝐿𝑢𝑒𝑚 < 1). If so, they do not have a feed-

back on the motion of the TC, and the MICG mode can exist

independently from the TOmodes. In contrast, when Alfvén

waves can travel through the entire width of the ROTC, the

motion of the TC must be compatible with the structure of

TO modes, and the MICG mode gets absorbed in the spec-

trum of TO modes. Alfvén waves may be partially or fully

absorbed once they reach the equator of the CMB (Schaef-

fer and Jault, 2016; Gillet et al., 2017), but the key factor is

whether they can reach this point.

The 𝐵𝑠 -field chosen for cases 𝑏 and 𝑐 above remains weak
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Figure 2: The angular velocity of the inner core Ω𝑖 (thick light

blue), mantle Ω𝑚 × 100 (thick orange) and of the fluid core Ω𝑓

(thin dark blue) as a function of cylindrical radius (𝑠/𝑟 𝑓 ) for the
modes identified by a purple outline on the respective panels of

Figure 1. The dashed black line corresponds to the prediction

Ω𝑚 = −(𝐶𝑡𝑐/𝐶𝑚)Ω𝑖 (multiplied by 100) when the exchange of an-

gular momentum is between the mantle and whole of TC. In each

panel, the phase is chosen when Ω𝑖 is maximum in the prograde

direction and the amplitude is normalized such that max |Ω𝑓 | = 1.

(smaller than 0.3 mT). The TO harmonics at periods close to

the MICG mode have short wavelengths and the net angular

momentum of the ROTC for these modes remains small. The

angular momentum budget for these TO modes remains pri-

marily an exchange between the mantle and the whole of the

TC via gravitational coupling. Figures 2b and 2c show that

Ω𝑚 indeed remains approximately equal to −(𝐶𝑡𝑐/𝐶𝑚)Ω𝑖 for
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these selectedmodes. Hence, these TOmodes share the same

angular momentum dynamics as the MICG mode.

Although presented differently, our results are in agree-

ment with those of Mound and Buffett (2003). In their study,

which uses a similar model, they do not compute modes

directly. Rather, they impose a forcing on the inner core,

and monitor the response of the mantle. The frequencies at

which the angular motion of the mantle is amplified mark

the periods of the normal modes. With a uniform 𝐵𝑠 -field of

0.4 mT (similar to our case 𝑐), and with no EM coupling at

the CMB, they find (as we do) a set of TO modes amplified

in the broad vicinity of the MICG frequency (see their Figure

4). This amplification leaves a broad peak in the LOD at the

period of the MICG mode (Mound and Buffett, 2006).

We now explore how theMICGmode affects the TOmodes

in a strong 𝐵𝑠 -field regime. We restore 𝐺𝑚 = 10
8
S and set

𝐵𝑠 = 3.3 mT, typical of the field strength expected inside the

core (Gillet et al., 2010). With these choices, the fundamen-

tal TO mode has a period of approximately 6 years. Alfvén

waves can readily propagate across the entire ROTC in a

short timescale of 𝜏𝐴 = 2.5 yr. This is much faster than 𝜏𝑒𝑚
and also much faster than 𝜏𝑑 which (for a period of 6 yr) is

now close to 3× 10
4
yr. Hence, both 𝐿𝑢 ≫ 1 and 𝐿𝑢𝑒𝑚 ≫ 1,

and, accordingly, the spectrum of modes should not include

an independent MICG mode; we have verified that this is in-

deed the case for any choices of Γ. With our chosen mantle

conductance, 𝐿𝑢𝑚 = 0.34; this is sufficiently high that Alfvén

waves are partly absorbed at the equator of the CMB, yet low

enough that distinct spectral peaks at the periods of the TO

modes would remain visible in the LOD spectrum, compati-

ble with observations (Gillet et al., 2017).

Figure 3 shows how the periods (panel a) and𝑄 (panel b) of

the first four TO harmonics are altered as a function of Γ. Fig-
ure 4 shows how the structure of the first three TOharmonics

differ in a weak (Γ = 10
19

N m) versus a strong (Γ = 10
22

N

m) gravitational coupling regime. When gravitational cou-

pling is weak (Γ = 10
19
N m), the oscillation of the TC – en-

trained by the TO modes – is only weakly resisted by gravi-

tational coupling. We also show on Figure 4 the predictions

of Ω𝑚 based on an angular momentum exchangewith the TC

( Ω𝑚 =−(𝐶𝑡𝑐/𝐶𝑚)Ω𝑖 ) and with the ROTC (Ω𝑚 =−𝐿𝑟𝑜𝑡𝑐/𝐶𝑚 ,

where 𝐿𝑟𝑜𝑡𝑐 is the net angular momentum of the ROTC). The

sum of these predictions matches Ω𝑚 well, reflecting that the

core-mantle angular momentum is conserved. But neither

provides a good fit to Ω𝑚 , which has a much smaller ampli-

tude. This indicates that the angular momentum budget for

these modes is primarily an exchange between the TC and

the ROTC; Ω𝑚 reflects the small imbalance in the angular

momenta of the TC and the ROTC. When gravitational cou-

pling is strong (Γ =10
22
Nm), the oscillation of the TC ismore

restricted. Using standing waves on a string as an analogy,

a strong gravitational coupling changes the boundary condi-

tion on Ω𝑓 from a free-end at 𝑠 → 0 to one more akin to a

fixed-end at 𝑠 < 𝑠𝑡𝑐 . Because the latter implies a shorter mode

wavelength, the period of the TO modes are shorter (see Fig-

ure 3a). The angular momentum budget is now dominantly

an exchange between the mantle and the ROTC (although

the TC plays a non-negligible role). Whether Γ is weak or

strong, these TO modes have a different angular momentum

dynamics than the MICG mode. Instead, the ROTC is in-

volved in the angular momentum budget and it is the whole

of the core that exchanges its angular momentum with the
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Figure 3: The period (a) and 𝑄 (b) of the first four TO harmonics

(coloured lines, legend) as a function of Γ. The black line in (a) is the
period of the MICG mode predicted from Eq. (9). In (b), results are

shown for 𝜏 = 100 years (solid lines), 𝜏 = 10 years (thin solid lines)

and 𝜏 = 3 years (dashed lines).

mantle.

Figure 3a also shows that the point of transition between

the weak and strong gravitational coupling regime for every

TOmode is set by the period of theMICGmode. Hence, even

though the MICG mode is no longer an individual mode of

the system, its period retains an influence in the character-

istics of the resulting TO modes. When the period of a TO

mode approaches the MICG period, a resonance effect oc-

curs, leading to a higher 𝑄 (Figure 3b). Note that the level

of amplification is larger when the MICG period matches

higher TO harmonics, consistent with results obtained in the

weak 𝐵𝑠 -field regime. When the MICG period is longer than

the period of the fundamental TO harmonic, the level of am-

plification is limited. The amplification also depends on the

attenuation of the TO modes caused by EM damping at the

CMB and by the viscous relaxation time of the inner core 𝜏 .

When the latter is of the same order or shorter than the pe-

riod of a given TO mode, 𝑄 is significantly reduced. This is

shown in Figure 3b, where we have computed 𝑄 for 𝜏 = 100,

10 and 3 years.

5 Discussion and conclusions

Our results show that if Alfvén waves launched at the TC

can travel across the entire width of the ROTC before being

attenuated, the MICG mode is no longer a distinct indepen-

dent mode of the core-mantle system. For a magnetic field

strength in the bulk of the outer core equal to a few mT, as

predicted by dynamo models (Christensen and Aubert, 2006;
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Figure 4: The angular velocity as a function of cylindrical radius (𝑠/𝑟 𝑓 ) of the (a, d) first, (b, e) second, and (c, f) third TO harmonics for

Γ = 10
19
N m (left column) and Γ = 10

22
N m (right column). Thin blue lines: Ω𝑓 , thick light blue lines: Ω𝑖 and thick orange lines: Ω𝑚 × 100.

The dashed black line corresponds to the prediction Ω𝑚 =−(𝐶𝑡𝑐/𝐶𝑚)Ω𝑖 (multiplied by 100). The dashed red line corresponds to the prediction

of Ω𝑚 =−𝐿𝑟𝑜𝑡𝑐/𝐶𝑚 (multiplied by 100), where 𝐿𝑟𝑜𝑡𝑐 is the net angular momentum of the ROTC. In each panel, the phase is chosen when Ω𝑖

is maximum in the prograde direction and the amplitude is normalized such that max |Ω𝑓 | = 1.

Aubert et al., 2009), Alfvén waves can readily traverse the

core in only a few years (Gillet et al., 2010), much shorter

than their attenuation time. The MICG mode should be ab-

sorbed into the spectrum of TO modes. The MICG period re-

tains a dynamical influence, as it acts as a point of resonance

for TO modes, and marks the transition from a TO mode in

which the oscillating motion of the TC is weakly affected by

gravitational coupling to one in which the motion of the TC

is strongly impeded by it.

For theMICGmode to remain an independent mode of the

core-mantle system, the attenuation time of Alfvén waves by

coupling at the CMB (EM or otherwise) would need to be of

the order of one year or less. As an indication, such a fast at-

tenuation requires amantle conductance larger than 10
9
S, so

large in fact that the gravest TO modes and the MICG mode

would all have a 𝑄 below 1. Hence, the very fact that TO

modes are excited to an observable level points to a limit in

the mantle conductance which is well below 10
9
S (Gillet et

al., 2017). In addition, such a large conductance would intro-

duce a significant delay between the time a magnetic signal

is generated at the CMB and its observation at the surface

(e.g. Jault, 2015), yet no evidence of such a delay is observed

(e.g. Holme and Viron, 2013; Gillet et al., 2015). The latest

results from mineral physics and seismology also point to

an upper bound on the mantle conductance well below 10
9

S. The electrical conductivity of FeO at CMB conditions is

in the range of 10
4 − 10

5
S m

−1
(Ohta et al., 2012; Ho et al.,

2024), and while a thin layer of approximately 2 km of such

iron-enriched material is supported by normal modes (Rus-

sell et al., 2023), a thicker layer of a few tens of km – such as

would be required for a conductance > 10
9
S – is not. Given

the limits on the possible mantle conductance, it is difficult

to escape the conclusion that the MICG mode should be ab-

sorbed in the spectrum of TO modes.

This conclusion is important regarding the interpretation

of the 5.9 year oscillation in the LOD, which includes a clear

contribution from the core (e.g. Pfeffer et al., 2023; Cazenave

et al., 2025). A number of studies have suggested that this sig-

nal may represent the signature of the MICG mode (Mound

and Buffett, 2006; Chao, 2017; Ding and Chao, 2018; Duan

et al., 2018; Shih and Chao, 2021). This interpretation rests

on the assumption that the magnetic field in the core is weak

(equal to a fraction of amT). In such a case, the resonant exci-

tation of a cluster of high TO harmonics with periods close to

that of the MICG produces a distinct LOD peak at the MICG

period (Mound and Buffett, 2003; Mound and Buffett, 2006).

The angular momentum budget for these TO modes is pri-

marily an exchange between the mantle and the whole of

the TC, just as it is for the MICG mode. However, when the

magnetic field strength inside the core is a few mT (as we ex-

pect), the subdecadal period range is now populated by the

first few TO harmonics. These have distinct, separated peri-

ods and their angular momentum dynamics feature a leading

order contribution from the ROTC; they do not behave like

the MICG mode. These TO modes have a higher 𝑄 if their

periods are close to the MICG period, but the peaks in the

LOD that they may leave correspond to the distinct periods

of the TO modes, not the period of the MICG. Hence, for a

strongmagnetic field inside the core of a fewmT, the 5.9 year

LOD signal cannot represent a direct signature of the MICG

mode. Instead, it must be a signature of the fundamental TO

mode, or any other free or driven core flow motion. This is

consistent with the results of Gillet et al. (2010) who showed

that, for the 5.9 year LOD signal, the mantle exchanges its
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angular momentum with the whole of the core, not the TC

alone.

The most recent estimates of the gravitational coupling

constant Γ based on mantle flow models suggest a range of

0.3− 2× 10
20

N m (Davies et al., 2014), corresponding to a

range of MICG periods between 7 and 19 years. Assuming a

𝐵𝑠 -field of approximately 3mT or larger, all TOmodes should

then have a period shorter than the MICG period. This im-

plies that TO modes should be weakly influenced by gravita-

tional coupling in the sense that oscillations of the TC re-

gion should not be severely restricted by the mantle. We

thus expect that, at subdecadal periods, the TC (including

the inner core) can undergo oscillating motion with respect

to themantle at a similar angular velocity amplitude as cylin-

ders outside the TC. At a period of 6 years, and based on the

observed fluctuations of the magnetic field, zonal flow fluc-

tuations inside the TC have an amplitude of approximately

𝑣𝜙 ∼ 0.4 km yr
−1

(Gillet et al., 2010). Using this as a represen-

tative measure, this corresponds to longitudinal angular fluc-

tuations of the inner core of approximately 0.02
◦
(Lecomte et

al., 2023).

Our results also have important implications for the in-

terpretation of the subdecadal fluctuations in inner core ro-

tations recently inferred by seismic observations, notably in

the study of Wang and Vidale (2022) which suggests a super-

rotation of the inner core of ∼ 0.29
◦
between 1971 and 1974

and a sub-rotation of ∼ 0.1◦ between 1969 and 1971. Wang

and Vidale (2022) further showed that the amplitude and

phase of these inferred inner core rotation changes (Ω𝑖 ) are

consistent with those reconstructed from the 5.9 year LOD

signal under the assumption that the latter is caused by the

MICG mode. The authors have themselves challenged their

own interpretation in a subsequent study focused on the time

window 1991-2023, in which a 6-yr inner core oscillation of a

similar magnitude is not observed (Wang et al., 2024). Based

on our results, we favour an interpretation of subdecadal

changes in Ω𝑖 entrained by TO modes or, more generally,

by Alfvén waves. In this case, unlike for the MICG mode,

a prediction of Ω𝑖 cannot be constructed directly from the

LOD signal but instead depends on many factors, including

the relative strengths of the EM and gravitational torque on

the mantle and the structure of Alfvén waves. It is of course

possible that the phase of Ω𝑖 entrained by Alfvén waves is

similar to that predicted from the LOD signal on the ba-

sis of the MICG mode. However, the amplitude of the sub-

decadal changes Ω𝑖 should be limited to approximately 0.02
◦
,

as stated above, much smaller than the amplitudes inferred

by Wang and Vidale (2022).

Although our focus here has been on the MICG mode, our

model may be adapted to monitor the angular momentum

response of the core-mantle system to a specified forcing in

the core, either at a given frequency (e.g. Mound and Buf-

fett, 2003; Mound and Buffett, 2005) or for a stochastic forc-

ing (e.g. Gillet et al., 2017). The parameter space of Γ, 𝜏 and

𝐺𝑚 may be surveyed to determine the range of values that

allow to best reproduce the characteristics of the observed

Alfvén waves, while also matching the amplitude and phase

of the LOD changes at subdecadal and decadal timescales.

This would provide constraints on these parameters, which

in turn would provide further constraints on the structure,

composition and dynamics of the lower mantle and inner

core.
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