
Optimal Smooth Approximation for Quantile Matrix Factorization

Peng Liu∗ Yi Liu† Rui Zhu‡ Linglong Kong§ Bei Jiang¶ Di Niu‖

Abstract

Matrix Factorization (MF) is essential to many estima-
tion tasks. Most existing matrix factorization meth-
ods focus on least squares matrix factorization (LSMF),
which aims to minimize a smooth L2 loss between obser-
vations and their dependent matrix measurement vari-
ables. In reality, however, L1 loss and check loss are
widely used in regression to deal with outliers or obser-
vations contaminated by skewed or heavy-tailed noise.
Although under certain conditions, linear convergence
to the global optimality can be established for ma-
trix factorization under the L2 loss, there is a lack of
provably efficient algorithms for solving matrix factor-
ization under non-smooth losses. In this paper, we
investigate Quantile Matrix Factorization (QMF), the
counterpart of Quantile Regression in matrix estima-
tion, that adopts a tunable check loss and introduces
robustness to matrix estimation for skewed and heavy-
tailed observations, which are prevalent in reality. To
deal with the non-smooth loss, we propose Nesterov-
smoothed QMF (NsQMF), extending Nesterov’s opti-
mal smooth approximation technique to the matrix fac-
torization setting. We then present an alternating min-
imization algorithm to solve the smooth NsQMF ef-
ficiently. We mathematically prove that solving the
smoothed NsQMF is equivalent to solving the original
non-smooth QMF problem and that our proposed algo-
rithm achieves linear convergence to the global optimal-
ity of QMF. Numerical evaluations verify our theoreti-
cal findings and demonstrate that NsQMF significantly
outperforms the commonly used LSMF and prior ap-
proximate smoothing heuristics for QMF under various
noise distributions.
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1 INTRODUCTION

Matrix Factorization (MF) is a popular approach to
low-rank matrix estimation, which attempts to find
two matrices U ∈ Rr×m and V ∈ Rr×n with r <
min(m,n), such that M = U⊤V ∈ Rm×n is low-
rank and each ⟨Ai, U

⊤V ⟩ approximates a possibly noisy
observation bi, i = 1, . . . , p, where Ai ∈ Rm×n is a linear
transformation matrix, and the inner product ⟨Ai,M⟩
is defined as the sum of element-wise products between
two matrices of the same size. MF especially appeals
to large-scale or distributed implementation, since it
has a lower per-iteration computational cost (Sun &
Luo, 2015) and can be solved by simple optimization
algorithms. Hence, MF has been widely adopted in
recommender systems (Chen, 2016), computer vision
(Chen & Suter, 2004), etc.

In recent years, a number of theoretical results have
been established for the convergence of MF, especially
for the widely adopted Least Squares Matrix Factor-
ization (LSMF) (Jain, 2013; Tu, 2016), which aims
to minimize an L2 loss between bi and corresponding
⟨Ai, U

⊤V ⟩. It is proved that although MF is non-convex
in terms of U and V , under certain conditions, some
simple algorithms can achieve global optimality.

However, a common limitation of existing MF
schemes is that they minimize smooth objective func-
tions, e.g., L2 loss, which are not robust to outliers.
While the use of non-smooth loss functions, such as
the check loss and L1 loss, there lacks provably efficient
techniques to handle skewed or heavy-tailed data in ma-
trix observations, which are also prevalent in practice.
For example, latencies to web services on the Internet
are highly skewed: most measurements are within hun-
dreds of milliseconds while a few outliers could be over
several seconds due to congestion (Zheng, 2014). Here
LSMF yields M̂ such that ⟨Ai, M̂⟩ estimates the con-
ditional mean of the observation bi. However, if the
observation is contaminated by non-Gaussian noise, the
conditional mean may be far away from the central ten-
dency of data. For example, it is better to recommend
web services based on the most probable latency to each
service, which is more appropriately represented by the
median latency than by the mean, the latter tending to
bias toward large outliers.

QMF (Karatzoglou & Weimer, 2010), Zhu (2017),
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the counterpart of Quantile Regression(Koenker & Bas-
sett, 1978) in the context of matrix factorization, has
emerged as a promising approach to solving data skew-
ness issues. QMF aims to estimate the τ -th conditional
quantile of ⟨Ai, M̂⟩. QMF not only improves the robust-
ness of MF to outliers, but can also offer a more com-
plete statistical view of matrix variables beyond mean
statistics.

In this paper, we propose the first provably optimal
algorithm to solve QMF, we focus on the matrix sensing
problem, which aims to recover the unknown matrix
from a small number of linear measurements Park
(2017). Matrix sensing is closely related to the popular
matrix completion problemJain (2013), and the latter
is a special case of the former. The proposed method
is called Nesterov-smoothed QMF (NsQMF) (Nesterov,
2005). Specifically, we present an efficient algorithm
to solve the non-convex and non-smooth QMF problem
with a theoretical guarantee on linear convergence,
while such guarantees were previously known only for
smooth and strongly convex MF objective functions.
Our main contributions are highlighted as follows:

First, we propose an optimal smooth approximation
to the QMF problem based on Nesterov’s smoothing
method. We establish that Nesterov’s method can
provide optimal smoothing to QMF. That is, solving
NsQMF is equivalent to solving QMF, while NsQMF
can be handled much more efficiently with gradient-
based optimization techniques.

Second, we propose an alternating minimization al-
gorithm to solve the smooth (yet non-convex) NsQMF
problem efficiently. With an initialization procedure
that terminates in a constant number of steps, we es-
tablish the linear convergence of the proposed algo-
rithm to the global optimality. Since we have proved
that solving NsQMF is equivalent to solving the orig-
inal QMF, we have shown that the proposed NsQMF
can efficiently generate optimal solutions to QMF using
gradient-descent based optimization.

We further perform numerical experiments to ver-
ify our theoretical findings, algorithm efficiency, and the
advantages of the proposed NsQMF method over LSMF
and prior heuristic smoothing techniques for QMF, in
a wide range of settings. We show that NsQMF signif-
icantly outperforms LSMF and other prior smoothing
techniques for QMF in a wide range of settings. In
the meantime, NsQMF can recover the underlying true
low-rank matrix when there is no noise, while achiev-
ing linear convergence to the global optimality, which is
comparable to the convergence speed of LSMF.

2 RELATED WORK

Recently, there are several works that aim to combine
alternating minimization and Nesterov’s momentum al-
gorithm, in order to achieve optimal convergence, e.g.
(Guminov, 2021; Mitchell, 2020). However, none of
them are dealing with matrix recovery or factorization.
For MF, Li & Lin (2020) develop an accelerated gradient
method for non-convex low-rank optimization. How-
ever, the proposed method contains an obstacle that is
hard to achieve in practice. Guan et al. (2012) uti-
lize Nesterov’s smoothing technique for non-negative
matrix factorization (NNMF), but have not provided
any theoretical characterization on the gap between
the smoothed and original problems. We close such a
smoothing gap for QMF by showing that solving the
smoothed NsQMF is equivalent to solving QMF.

Karatzoglou & Weimer (2010) directly apply gradi-
ent descent on the non-smooth objective function, which
may cause numerical issues since non-smooth functions
do not have gradients1. Various algorithms may be used
to handle the non-smoothness, e.g., linear program-
ming, interior point and MM algorithms (Barrodale &
Roberts, 1973; Hunter & Lange, 2000), and the recently
proposed Mixed Integer Optimization (MIO) framework
(Bertsimas et al., 2014). However, most of these algo-
rithms are computationally intensive or difficult to tune,
since it is hard to choose the learning rate around the
check point.

As a useful alternative to solve non-smooth prob-
lems, smoothing methods are investigated such that gra-
dient based methods can be applied onto the smoothed
problem. Zhu (2017) describe the first heuristic smooth-

ing method for QMF, using
√
x2 + η to approximate

|x| in the check loss, where η is a smoothing constant,
yet without optimality guarantee. Regarding on the
application of Nesterov’s smoothing method in matrix
factorization, Tu et al. (2021) compared several ad hoc
algorithms, such as Adam and YellowFin, and showed
that Nesterov’s smoothing method have the best perfor-
mance in terms of convergence speed and accuracy. To
the best of our knowledge, this is the first convergence
and optimality result for matrix factorization under a
quantile loss function.

Recently, Park (2018) studied matrix factoriza-
tion problems but adopt a differentiable objective func-
tion f(U⊤V ), and they showed the linear convergence
rate based on gradient descent algorithm. Under non-
smooth objective function, Li et al. (2020a) considered
robust low-rank matrix recovery under subgradient al-
gorithm, which is not efficient. Li et al. (2020b) pro-

1A subgradient algorithm can be applied, but is 20× slower
than our proposed algorithm in experiments.
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posed a low-rank matrix recovery under quadratic loss
via median-truncated gradient descent algorithm, and
obtained the linear convergence rate, but their method
is not robust to outliers.

3 PROBLEM FORMULATION

Consider noisy observations made from an underlying
low-rank matrix M ∈ Rm×n via linear mapping A(M) :
Rm×n → Rp . The objective is to recover M based
on p observations, which bi, i = 1, . . . , p are possibly
contaminated by noise, here p≪ m ·n. We assume that
the data are generated from the following model:

(3.1) bi = (A(M∗))i + ϵi, i = 1, . . . , p,

where M∗ is the ground truth matrix, ϵi is the noise,
(A(M∗))i denotes the ith component of A(M∗), assume
that A(M) can be expressed as:

(A(M))i = ⟨Ai,M⟩, for any i = 1, · · · , p andAi ∈ Rm×n,

where ⟨Ai,M⟩ is defined as the sum of element-wise
products between the two matrices Ai and M .

In MFmethods, a true matrixM∗ with rank(M∗) ≤
r is assumed to be factorizable, i.e.,M∗ = U∗⊤V ∗, U∗ ∈
Rr×m, V ∗ ∈ Rr×n, where r ≪ {m,n, p}. Under these
assumptions, U∗ and V ∗ can be found by solving:

min
U,V

1

p

p∑
i=1

L(bi, ⟨Ai, U
⊤V ⟩),

where L(·, ·) is a certain loss function. Once the solution
to the above problem, i.e., Û and V̂ , are found, M∗ can
be estimated by M̂ = Û⊤V̂ .

The most common loss function used in MF is the
L2 loss, leading to the LSMF problem:

(3.2) (ÛLS , V̂LS) = argmin
U,V

1

p

p∑
i=1

(bi − ⟨Ai, U
⊤V ⟩)2.

Just like least squares estimates in linear regression,
⟨Ai, Û

⊤
LS V̂LS⟩ based on (3.2) can be deemed as estimat-

ing the conditional mean function for each observation
bi. Although the conditional mean is the most efficient
estimator under symmetric Gaussian noise, yet it is not
for skewed or heavy-tailed noise. In these cases, we
need new techniques beyond to better capture the cen-
tral tendency of observations and provide a more com-
plete characterization of the matrix data of interest.

The QMF differs from LSMF in that it replaces the
L2 loss with a check loss, solving the problem:

min
U,V

1

p

p∑
i=1

ρτ (bi − ⟨Ai, U
⊤V ⟩),(3.3)

for simplicity, we denote ρ̄τ (·) = 1/p
∑p

i=1 ρτ (·). The

above problem aims to find M̂ = Û⊤V̂ such that
⟨Ai, M̂⟩ estimates the τ -th conditional quantile.

4 NESTEROV’s SMOOTHING METHOD for
QMF

Despite its statistical advantages, solving (3.3) is sig-
nificantly more challenging than LSMF due to its non-
convex and non-smooth nature. To handle the non-
smooth objective function, we propose a smooth ap-
proximation to (3.3). Notice that ρτ (x) = (τ − 1/2)x+
1/2|x|, where the first term is smooth and we propose
to approximate the 1/2|x| with a smoothing function
by utilizing Nesterov’s smoothing method (Nesterov,
2005). We have following proposition:

Proposition 1. The smooth approximation for ρτ (x)
by utilizing Nesterov’s smoothing method is

ρδ,τ (x) = 1/2ψδ(|x|) + (τ − 1/2)x,(4.4)

where

ψδ(x) =

{
x2

2δ , −δ ≤ x ≤ δ
x− δ

2 , x ≥ δ or x ≤ −δ
.(4.5)

Fig. 4.1 illustrates the behavior of the smooth
approximation for the check loss function.

x

y
Check loss

Smooth δ = 0.1
Smooth δ = 0.2

Figure 4.1: Nesterov’s smoothing method applied to the
check loss function.

Due to Proposition 1, the smooth approximation
to the original QMF problem can be written in the
following form:

min
U,V

1

p

p∑
i=1

ρδ,τ (bi − ⟨Ai, U
⊤V ⟩),(4.6)

here we denote ρ̄δ,τ (·) = 1/p
∑p

i=1 ρδ,τ (·).
However, in MF, given M = U⊤V , we can find

infinite number of pairs, PU and (P−1)⊤V , where
P ∈ Rr×r could be any invertible matrix. And
(PU)⊤(P−1)⊤V still equals to M . Therefore, we

Copyright © 2023 by SIAM
Unauthorized reproduction of this article is prohibited



consider the optimal solution restricted to a smaller set
of ‘equally-footed’ factorizations (Park, 2017).

X ∗ = {(U∗, V ∗) :

U∗ ∈ Rr×m, V ∗ ∈ Rr×n, U∗⊤V ∗ =M∗,(4.7)

σi(U
∗) = σi(V

∗) = σi(M
∗)1/2, i = 1, . . . , r}.

Here σi(·) denotes the ith largest eigenvalue. (U∗, V ∗) ∈
X ∗ if and only if U∗ = A∗Σ∗1/2R, V ∗ = B∗Σ∗1/2R,
where A∗Σ∗B∗ is the Singular Value Decomposition of
M∗, and R ∈ Rr×r is an orthogonal matrix.

However, practically it is hard to find a solution
(U∗, V ∗) that belongs to X ∗. As a result, in numer-
ical computation, we introduce a regularizer ∥UU⊤ −
V V ⊤∥2F when minimizing ρ̄δ,τ (b−A(U⊤V )), leading to
the following smoothed, regularized problem:

min
U,V

ρ̄δ,τ (b−A(U⊤V )) + λ∥UU⊤ − V V ⊤∥2F ,(4.8)

denote (4.8) as minU,V ˜̄ρδ,τ (b −A(U⊤V )). Accord-
ing to Park (2018), (4.8) will lead to the solution of
(U, V ) lies in X ∗, and the regularizer guarantees the pu-
tative estimates per iteration are not too ill-conditioned.
The regularizer can preserve the relative structures of U
and V and can ensure that the two factors satisfy the
‘equal-footing’ property, which is also referred to as the
orthogonal Procrustes problem (Schönemann, 1966).

More importantly, introducing the regularizer in
(4.8) does not change the problem, in the sense that
if U∗ and V ∗ belong to the set X ∗, then ˜̄ρδ,τ (b −
A(U∗⊤V ∗)) = ρ̄δ,τ (b − A(U∗⊤V ∗)). So the solution to
(4.8) is also a solution to (4.6) (Park, 2017).

In our case, the regularizer has another purpose,
which is to make the objective function ˜̄ρδ,τ (·) strongly
convex and L-smooth. Define

Z =

[
U
V

]
, M̃ = ZZ⊤

Then ˜̄ρδ,τ (M̃) is strongly (L + 4λ)-smooth and
2λ strongly convex function over positive semi-definite
matrices with rank(M̃) ≤ r, where L is the strongly
convex parameter of ρ̄δ,τ (M̃).

5 ALGORITHM

Although the loss function ˜̄ρτ (b−A(U⊤V )) is not convex
in terms of the joint tuple (U, V ), (4.8) has a bi-convex
structure with respect to U and V , i.e., it is convex in
U when V is fixed and vice versa. Leveraging the bi-
convex nature of the problem, we employ an alternating
optimization method to solve (4.8), which alternately
updates U or V in each iteration while keeping the
other variables fixed, while in each update, we use
the Nesterov’s momentum method. The algorithm is
presented as follows:

Algorithm 5.1. The Alternating Optimization Pro-
cedure (Main algorithm)
1: Input b,A
2: Initial point U(0), V(0), iteration number T , sub-

solver iteration number K
3: For t = 0, 1, 2, . . . , T
4: 1.1. U(t+1) = NESTMOMENU(U(t), V(t))
5: 1.2. V(t+1) = NESTMOMENV(U(t+1), V(t))
6: Output U(T ), V(T )

The alternating optimization idea has been used by
several authors in low-rank matrix recovery previously
(Jain, 2013; Tu, 2016). However, they only deal with
LSMF, with a least squares objective. Here, we make
modifications to the usual gradient descent algorithm
for the updates of U and V so that we can handle
the proposed Nesterov-smoothed objective function in
(4.8). This leads to Algorithms 5.2 and 5.3 for updating
U and V , respectively, based on Nesterov’s momentum
method applied to our NsQMF problem. Here we set
the momentum term γ to be 2λ, and the learning
rate α = 1/(L + 4λ). In practical, according to our
experience, we can choose the momentum to be 0.9.
And we will also examine the practical behavior of
different values of the learning rate.

Algorithm 5.2. Update U(t+1) under Nesterov’s mo-
mentum algorithm (NESTMOMENU)

1: Input V(t) ∈ Rr×n, U0
(t) ≜ U(t) ∈ Rr×m

2: For t∗ = 0, 1, 2, . . . ,K − 1
3: 1.1. Ũ t∗+1

(t) = U t∗

(t) −
1
β∇U ˜̄ρδ,τ (b−A((U t∗

(t))
⊤V t∗

(t)))

4: 1.2. U t∗+1
(t) = (1− γt)Ũ t∗+1

(t) + γŨ t∗

(t)

5: Output U(t+1) = UK
(t)

Algorithm 5.3. Update V(t+1) under Nesterov’s mo-
mentum algorithm (NESTMOMENV)

1: U(t+1) ∈ Rr×m, V 0
(t) ≜ V(t) ∈ Rr×n

2: For t† = 0, 1, 2, . . . ,K − 1

3: 1.1. Ṽ t†+1
(t) = V t†

(t) −
1
β∇V ˜̄ρδ,τ (b−A((U t†

(t))
⊤V t†

(t)))

4: 1.2. V t†+1
(t) = (1− γt)Ṽ t†+1

(t) + γṼ t†

(t)

5: Output V(t+1) = V K
(t)

Finally, it is worth noting that in our algorithm,
U(0) and V(0) are not randomly initialized. In fact,
when the initial values U(0) and V(0) are orthogonal
or almost orthogonal to the true search space, there
may exist a risk that the optimal values of U and
V may never be reached (Jain, 2013). Therefore,
before starting running the alternating optimization
procedure, we need a initialization (warm-up) to set the
proper U(0), V(0) in order to guarantee the optimality
results to be presented in Section 6.

Copyright © 2023 by SIAM
Unauthorized reproduction of this article is prohibited



Here we utilize the singular value projection (SVP)
for warm-up (Jain, 2010; Tu, 2016). However, we can
not utilize their results directly, since in their work, SVP
is proposed for the LSMF setting. Therefore, we revise
the SVP algorithm to work for the proposed NsQMF
setting. The detailed steps of the revised SVP are shown
in Algorithm 5.4. The difference between Algorithm
5.4 and the original SVP (Jain, 2010) is that we have
modified Step 2 (gradient descent) in the original SVP
algorithm to adapt to the new objective in NsQMF.

Algorithm 5.4. Initialization by the (revised) SVP
algorithm
1: Input A, b, tolerance ε, step size ξt for t =

0, 1, · · · ,M0 = 0m×n

2: Output M t+1

3: Repeat
4: N t+1 ←M t − ξt∇M ˜̄ρδ,τ (b−A(M t))
5: Compute top r singular vectors of N t+1:Ur,Σr, Vr
6: M t+1 ← UrΣrVr
7: t← t+ 1
8: Until ∥M t+1 −M t∥F ≤ ε, denote T0 = t+ 1

Algorithm 5.4 can be rewritten in a compact form:

M t+1 ← Pr

(
M t − ξt∇X ρ̄

δ
τ (b−A(M t))

)
,

where Pr represents projection onto the space of matri-
ces of rank r. Interestingly, in the LSMF literature, al-
though SVP can lead to optimal solutions (Jain, 2010),
it is only used for initialization to guarantee certain de-
sired theoretical properties of subsequent algorithms, as
it demands intensive calculation. Here, we use SVP for
the same purpose.

6 OPTIMALITY AND CONVERGENCE

In theoretical analysis, we assume the linear mapping
A has following restricted isometry property (RIP):

Definition 1. (restricted isometry property) A linear
mapping A satisfies the r-RIP with constant ηr if

(1− ηr)∥M∥2F ≤ ∥A(M)∥22 ≤ (1 + ηr)∥M∥2F

for all matrices M ∈ Rm×n with Rank(M) = r.

In the following, we will show results on the equiva-
lence between the smoothed problem (4.8) and the orig-
inal non-smooth QMF problem (3.3) in terms of the
objective functions attained as well as the optimal so-
lutions. Let Ûδ, V̂ δ and Û , V̂ be the optimal solutions
to ρ̄δ,τ (b−A(U⊤V )) and ρ̄τ (b−A(U⊤V )), respectively,

where (Û δ, V̂ δ) ∈ X ∗, (Û , V̂ ) ∈ X ∗. Then we have the
following theorem:

Theorem 6.1. For any b ∈ Rp, U ∈ Rr×m, V ∈ Rr×n,

−δ
4
≤ ρ̄δ,τ (b−A(U⊤V ))− ρ̄τ (b−A(U⊤V )) ≤ 0.(6.9)

Moreover,

−δ
4
≤ ρ̄δ,τ (b−A(Ûδ⊤V̂ δ))− ρ̄τ (b−A(Û⊤V̂ )) ≤ 0.(6.10)

−δ
4
≤ ˜̄ρδ,τ (b−A(Ûδ⊤V̂ δ))− ˜̄ρτ (b−A(Û⊤V̂ )) ≤ 0.(6.11)

As δ → 0+, we have Ûδ⊤V̂ δ → Û⊤V̂ .

Theorem 6.1 means that we can use NsQMF to solve
original QMF, and they are equivalent when δ → 0+.
The advantage of NsQMF is that it is a smooth opti-
mization problem which can be solved by gradient-based
algorithms. In the meantime, the optimal solution to
NsQMF will converge to the optimal solution to the
original QMF problem when the smoothing parameter
δ approaches zero. It is worth noting that while smooth
approximations to the check loss have been considered
by several authors (Aravkin et al., 2014; Chen, 2007).
However, to the best of our knowledge, no literature has
formally proved that the smoothed problem will con-
verge to the original non-smooth problem. As a result,
the optimal solution of the QMF (3.3) is equivalent to
the optimal solution of NsQMF (4.8).

Furthermore, we can establish a linear convergence
rate for Algorithm 5.1. Define the distance between the

two matrices

[
U(0)

V(0)

]
and

[
U
V

]
as

dist

([
U(0)

V(0)

]
,

[
U
V

])
= min

R∈Rr:R⊤R=Ir

∣∣∣∣∣∣∣∣[ U(0)

V(0)

]
−
[
U
V

]
R

∣∣∣∣∣∣∣∣
F

.

Then we have the following theorem:

Theorem 6.2. Let X ∈ Rm×n be a matrix with rank
r. Let X = A⊤ΣB. Define U = Σ1/2A ∈ Rr×m, V =
Σ1/2B ∈ Rr×n. A satisfies a rank-6r RIP condition
with RIP constant σ6r < 1

25 , ξt = 1
p . Then starting

from any initial solution that satisfies

dist

([
U(0)

V(0)

]
,

[
U
V

])
≤ 1

4
σr(U),(6.12)

the t-th iteration of Algorithm 5.1 satisfies

dist

([
U(t)

V(t)

]
,

[
U
V

])
≤ 1

4

(
1−

√
2λ√

L+ 4λ

)t

σr(U).
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Theorem 6.2 states that linear convergence rate can
be established for NsQMF. However, since the above
results rely on an initial solution satisfying the condition
(6.12), in the following, we show that Algorithm 5.4 is
able to produce an initial solution that satisfies (6.12):

Theorem 6.3. Let X ∈ Rm×n be a matrix with rank
r, denote the singular values of X as σ1(X) ≥ σ2(X) ≥
· · · ≥ σr(X), let κ = σ1(X)/σr(X) be the conditional
number, let X = A⊤ΣB. Define U = Σ1/2A ∈
Rr×m, V = Σ1/2B ∈ Rr×n. A satisfies a rank-6r
RIP condition with RIP constant σ6r < 1

25 , ξt = 1
p ,

then performing T0 ≥ 3 log(
√
rκ) + 5 iterations of the

initialization phase of Procrustes Flow yields a solution
U(0), V(0) that satisfies

dist

([
U(0)

V(0)

]
,

[
U
V

])
≤ 1

4
σr(U).(6.13)

Theorem 6.3 implies that we can run T0 iterations of
Algorithm 5.4 to make the distance between [U(0), V(0)]

⊤

and [U, V ]⊤ smaller than 1/4σr(U). The number of
iterations T0 can be chosen as the smallest positive
integer that is larger than 3 log(

√
rκ) + 5.

By combining Theorem 6.1 and 6.2, we are able to
establish linear convergence rate in matrix factorization
under a non-smooth check loss (or l1 loss), whereas
Park (2018) achieved linear convergence rate in MF
only when the objective function is L-smooth and µ-
restricted strongly convex.

7 EXPERIMENTS

In this section, we conduct numerical experiments to
evaluate the recovery performance and convergence
behaviour of the NsQMF in comparison to various
baselines. We repeat the experiment 100 times. Each
curve plots the median of them with IQR region.

7.1 Exact Recovery from Noiseless Observa-
tions First, we evaluate the performance of NsQMF on
matrix recovery when observations are made noiseless.
We intend to recover a ground-truth matrix M∗ from
observations {bi, i = 1, . . . , 2000}, where bi = ⟨Ai,M

∗⟩,
and each Ai is a random observation matrix. The
ground-truth matrix M∗ ∈ R64×64 is randomly gen-
erated, where M∗ = U∗⊤V ∗, U∗ ∈ R6×64 and V ∗ ∈
R6×64. Each component of U∗ and V ∗ is drawn ran-
domly from a Gaussian distribution.

Fig. 7.1 shows the performance of exact recovery of
NsQMF under τ = 0.2, 0.5, 0.8, which corresponds to
lower, median, and upper quantile, respectively. From
Fig. 7.1 we can see that under the three scenarios,
∥M̂ − M∗∥F converges to zero, which implies exact
recovery under different quantile levels.

Figure 7.1: Convergence of ∥M̂ −M∗∥F in logarithmic
scale under noiseless observations.

Another phenomenon we observe in Fig. 7.1 is that
there is a critical spot in all three curves. To be specific,
when τ = 0.5, ∥M̂ − M∗∥F decreases slowly at the
beginning and, after approximately 500 iterations, drops
linearly to zero. In fact, ∥M̂ −M∗∥F is in the order
of 10−2 after 1000 iterations, and about 10−10 after
2000 iterations. Similarly, we can find such critical spot
around 1000 iterations when τ = 0.2 and 0.8. This
phenomenon is largely due to our smoothing technique:
after NsQMF runs for a certain number of iterations,
solutions enter the smoothing area, which is a locally
strongly convex valley, this phenomenon corroborates
our theoretical result in Theorem 6.2, where linear
convergence rate is established for NsQMF given a good
initial solution satisfying (6.12).

7.2 Recovery From Heavy-Tailed Noise We now
evaluate the matrix recovery performance of NsQMF
when observations are made with heavy-tailed noise. In
particular, we assume bi = ⟨Ai,M

∗⟩+ ϵi, where each Ai

is a random observation matrix, and ϵi follows a heavy-
tailed distribution. We compare our method with the
following methods:

1. LSMF: the conventional MF scheme using L2 loss,
which aims at estimating the conditional mean;

2. QMF (Zhu, 2017): a QMF heuristic using
√
x2 + η

for smooth approximation, where η > 0 is a
smoothing constant. For simplicity, we call this
method rough-smoothed QMF (RsQMF).

We use relative recovery loss (RRL), which is defined
as ∥M̂ −M∗∥F /∥M∗∥F , to compare the performance of
these MF methods. We use RRL instead of ∥M̂−M∗∥F
as the performance metric, because RRL for different
methods are on the same scale. Similarly, we repeat
each experiment for 100 times.

First, we assume the noise ϵi follows the Standard
Cauchy distribution. The results are shown in Fig. 7.2.
Although the RRL of LSMF decreases at a faster rate
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Figure 7.2: Convergence of RRL under Cauchy noise.

Figure 7.3: Convergence of RRL under log-normal noise.

initially, decreasing from around 0.5 to 0.23 in 20
iterations, the RRL of LSMF can not further decrease
after 100 iterations, which shows that LSMF can not
recover the ground-truth matrix M∗ well under this
type of noise. In contrast, the RRL of RsQMF or
NsQMF approaches 0 at iteration 1000. Therefore, an
L2 loss is not suitable for recovering a matrix from
observations with heavy-tailed noise. In this case, QMF
is a more appealing alternative. Comparing the two
QMF schemes, NsQMF and RsQMF, we can see that
NsQMF converges faster than RsQMF. Specifically, it
takes 600 iterations for the RRL of NsQMF to reduce
from 0.6 to 0.05, while it takes RsQMF approximately
1000 iterations to achieve the same reduction in RRL.

We also performed experiments when ϵi follows a
log-normal distribution, which is asymmetrically skewed
and heavy-tailed. The results are shown in Fig. 7.3.
We can see that the behavior of the three methods is
similar to their behavior for Standard Cauchy noise.
Specifically, the RRL of LSMF decreases fast initially
but stays at a higher error, while NsQMF outperforms
all other methods as it achieves the fastest decrease and
convergence in RRL.

Next, we evaluate how RRL will change with re-
spect to different quantile levels. Here we only con-
sider the scenario when ϵi follows log-normal distribu-

Figure 7.4: Relative recovery loss (RRL) after 1000
iterations under log-normal noise for different quantile
levels. Each curve represents the median of 25 runs.

tion. The results are presented in Fig. 7.4. The figure
shows that the RRL is larger in upper and lower tails
and is smaller in the middle part. In addition, RRL
achieves minimum when τ = 0.55. This is due to the
fact that the center of the distribution is around its 55%
quantile.

Then we investigate how different quantile levels
affect recovery performance for NsQMF and RsQMF, by
considering three quantile levels τ = 0.2, 0.5, 0.8, when
the noise is either Standard Cauchy distribution or log-
normal distribution. Under log-normal distribution, we
multiply the noise term by 15 to ensure that the noise
is not negligible compared to the observations. The
results are shown in Table 7.1. To make both methods
comparable, we select the results at the 1000th iteration
for RsQMF and NsQMF, respectively. From Table 7.1,
we can see that NsQMF has achieved smaller recovery
error than RsQMF under all the quantile levels. We also
do further comparisons under more quantile levels under
log-normal noise. The results are shown in Fig. 7.4,
which shows that NsQMF outperforms RsQMF.

τ Noise NsQMF RsQMF

0.2
(a) 0.0509 0.1176
(b) 0.1881 0.2183

0.5
(a) 0.0215 0.0539
(b) 0.1197 0.1282

0.8
(a) 0.0383 0.1134
(b) 0.1483 0.1770

Table 7.1: RRL. (a): Cauchy, (b): log-normal.

Finally, we examine the effect of different learning
rates under different noises. Here M is a 50× 50
matrix, and rank(M) = 5. We run each simulation for
20,000 steps, the final error is measured by the relative
recovery loss. For ith iteration, here we consider four
different step sizes, (I) Small constant: 10−5. (II) Small
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decreasing: 10−5 100
100+i . (III) Large constant: 10−4.

(IV) Large decreasing: 10−4 100
100+i .

p/mn outlier I II III IV
2 0 0 0 0 0
2 0.1 5.466 5.437 8.413 5.610
2 0.2 9.032 8.794 1299.257 8.878
2 0.3 11.843 13.002 1834.958 250.332
2 0.4 18.019 17.317 2181.498 673.469
2 0.5 28.017 27.134 2315.424 1191.906
8 0 0 0 0 0
8 0.1 2.417 2.446 102.623 2.281
8 0.2 3.640 3.613 329.327 3.881
8 0.3 5.376 5.119 453.162 5.154
8 0.4 7.473 7.132 652.517 7.251
8 0.5 9.515 9.809 742.683 9.240

Table 7.2: Convergence under different step sizes, each
of the values in column 2-6 is multiplied by ×10−5

From Table 7.2, under different outlier percentages,
we can see that when the sample size is small (p/mn =
2), smaller step size are preferred, and there is no
significant difference between a constant step size and a
decreasing one. When the sample size is large (p/mn =
8), apart from small constant and small decreasing step
sizes, the performance of large decreasing step size is
also comparable to previous two small step sizes as well.

8 MIT Logo Experiment

In this experiment, we use the MIT logo (a 128 × 64
grey-scale image) as the ground truth matrix. Our
goal is to recover this image using NsQMF under noisy
observations. The model to generate the observation
is bi = ⟨Ai,M

∗⟩ + 2ϵi, where ϵi follows Chi-squared
distribution with a degree of freedom of 3.

We also compare the performance of NsQMF with
that of LSMF. The recovery results are shown in
Fig. 8.1, where Fig. 8.1(a) represents the true image.
Fig. 8.1(b) and (e) represent the recovered images for
NsQMF under different quantile levels τ = 0.1 and
τ = 0.9. Fig. 8.1(d) represents the image recovered
by LSMF. We also present the images recovered by the
original non-smooth QMF based on a subgradient algo-
rithm2. The results are shown in Fig. 8.1(c) and (f).

From the figure, we can observe that LSMF has
a high error rate of 28.2%. For NsQMF, they are
4.1%/7.9% when τ = 0.1/0.9, which are significantly
smaller than LSMF. This means the proposed NsQMF
can handle heavy-tailed noise much better. For the

2Since the objective function of QMF is non-smooth, gradient
descent cannot be direclty applied. A subgradient descent

algorithm is used instead.

non-smooth QMF based on subgradient descent, when
τ = 0.1/0.9, an error rate of 4.1%/8.7% are achieved,
which is the same as/slightly higher than NsQMF.

(a) Truth(ER
0.0%)

(b) NsQMF(ER
4.1%)

(c) QMF(ER
4.1%)

(d) LSMF(ER
28.2%)

(e) NsQMF(ER
7.9%)

(f) QMF(ER
8.7%)

Figure 8.1: Recovery results on noisy real data. ER:
error rate. (a) True image, (b/e) NsQMF, τ = 0.1/0.9,
(c/f) QMF with subgradient, τ = 0.1/0.9, (d) LSMF.

9 CONCLUDING REMARKS

In this paper, we present an optimal solution to Quan-
tile Matrix Factorization, the counterpart of Quantile
Regression in the setting of matrix estimation, which is
able to handle skewed observations and outliers in real
data. We propose the NsQMF technique to solve quan-
tile matrix factorization, which is a challenging non-
smooth and non-convex matrix factorization problem.
To handle the non-smoothness in the objective func-
tion, we use the Nesterov’s smoothing method to ob-
tain a smooth approximation of the check loss func-
tion in the original objective. We then apply an alter-
nating minimization algorithm onto the smoothed ap-
proximation to approach the original non-smooth QMF
problem. We theoretically show the equivalence of the
smoothed NsQMF problem to the original QMF prob-
lem in terms of the objective functions attained as well
as their optimal solutions. Specifically, we show that
when the smoothing parameter δ in Nesterov’s method
approaches zero, the optimal solution to NsQMF will
converge to the optimal solution to the original problem.
Furthermore, under a simple initialization procedure,
we establish the linear convergence rate for the pro-
posed alternating minimization algorithm for NsQMF
and that the convergence rate for NsQMF is known to
be optimal. Numerical experiments have verified our
theoretical findings and the algorithm efficiency, as well
as the benefits of the proposed NsQMF method in a
range of settings. Recently, Zhou et al. (2008) and Meira
et al. (2018) studied scalable matrix factorization meth-
ods based on the alternative least squares, in the future,
we intend to extend the existing methodology to allow
for scalability and adaptive to large-scale computation.
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