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Normal (aka Gaussian) r.v.

=)’
1 e 20 2

fx(x)= 16

Here, 0 >0 and u are two parameters characterizing the PDF.

Sometimes denoted X ~ N(i,67)

f(X)
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Normalization
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Problem 3.14: show that j Fo(x)dx=1.
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First, simplify through a change of variable: s=
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(This is often very useful when working with normal random variables!)

First, simplify through a change of variable: s =
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Normalization
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Normalization
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Problem 3.14: show that j Fo(x)dx=1.
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(This is often very useful when working with normal random variables!)

First, simplify through a change of variable: s =
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Normalization

2
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fx(x) =
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Problem 3.14: show that j Fo(x)dx=1.
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o
(This is often very useful when working with normal random variables!)

First, simplify through a change of variable: s =

_(x_.u)2 0o 1 2
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_J; 27w_e 20 dxz_J;\/Ee 2ds
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Second,compute[]\/z_e 2dS} :[J%e 2du].[‘[\/2_e 2dv]
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Normalization

2
1 _(xz ,uz)
e ()

fx(x) =

2o

Problem 3.14: show that j Fo(x)dx=1.

X—H
o
(This is often very useful when working with normal random variables!)

First, simplify through a change of variable: s =

(x .U) 52

e 29 dx= J‘\/Ee_gds
Second, compute {T _% } (
-1

_J; 2TO

2 du] : []i \/;_n_ evjdv]

u+v

]ozi 2 dudy

8"_08
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Normalization, continued

2 2

&0 oo 1 u +v . B V
To compute J 2—e 2 dudv, use polar coordinates r =\u’ +v*, O =tan"' —
DA/ u
A
r
\\/
V) S ’
P u -
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Normalization, continued

o 0 1 u2+v2

To compute J z—e_ 2 dudv, use polar coordinates r =\u’ +v*, 0 =tan™' d
c Y 2r U
Recall: rdrd6 = dudv. A
e
V) S ’
/\" W@ i —_
u

PURDUE llya Pollak



Normalization, continued

221 u? +v*

To compute j j 2—e_ 2 dudv, use polar coordinates r = Vu” +v*, 0 =tan”' i
Y or u
Recall: rdrd@ = dudv. A
2 2 2 r
oo oo 1 Uty 1 21 | oo o \\/
j j—e > dudy =—_[ J.e “rdr;do 2 S g
cY2r 21y |y \ :
/" W@ : —_
U

PURDUE llya Pollak



Normalization, continued

221 u? +v*

To compute j j 2—e_ 2 dudv, use polar coordinates r = Vu” +v*, 0 =tan”' i
R[4 u
Recall: rdrd@ = dudv. A
2 2 2 2 r
o oo 1 Uty 1 27 | oo e © /
jj—e . dudv=—J. J.e ‘rdr d9=_[e ‘rdr Vi-mmem :
cY2r 21y |y ) \ !
/" W@ : —_
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Normalization, continued

o0 oo u? +v*

1 -
To compute j j 2—e > dudv, use polar coordinates r = Nu®+v,0=tan" L
R [ u
Recall: rdrd6 = dudv. A
2 2 2 2 r
AR 1 *Fle = = \/
jj—e . dudv=—_[ J.e ‘rdr;d0=|e *rdr | %
LL2W 27 5 % 0 . N6
) P u”

Another change of variable, y = %
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Normalization, continued

2 2

co oo 1 _u +v
To compute J J 2—6 > dudv, use polar coordinates r = Ju®+v*,0=tan" L
R[4 u
Recall: rdrd6 = dudv. A
2,2 2 2 r
o oo 1 _ut+vy 1 27 | oo r \\/
J —e ? dudv=— J. 2rdrd0 = J 2rdr 74 SR s
c Y 2r 21y |y \ 5 |

Another change of variable, y = % Then dy = rdr, and

oo

]o rdr—J. e’ dy
0
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Normalization, continued

2 2

co oo 1 _u +v
To compute J J 2—6 > dudv, use polar coordinates r = Ju®+v*,0=tan" L
R[4 u
Recall: rdrd6 = dudv. A
2,2 2 2 r
o oo 1 _ut+vy 1 27 | oo r \\/
J —e ? dudv=— J. 2rdrd0 = J 2rdr 74 SR s
c Y 2r 21y |y \ 5 |

Another change of variable, y = % Then dy = rdr, and

oo

]o rdr—J._ydyz—_
0

» 1

0
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Mean of a normal r.v.

x—U

Again, use a change of variable s = , X=80+ U, dx=0ds:

1 _(x_.u)z

e 29 dx
N2ro

E[X]=Tx
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Mean of a normal r.v.

Again, use a change of variable s = T H , X=80+ U, dx=0ds:
r ] o+ s

E[X]=jx e 20 dx—JS Rz 2ods
* \2mo 2TO
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Mean of a normal r.v.

Again, use a change of variable s = i o , X=80+ U, dx=0ds :
o (x=p)’ oo 5°
- 2 O + -
E[X]=jx e ?*° dx=js ‘ue 2 0ds
< N2mo Y N2ro
= 1 = = 1 s
=0 e ?sds+ e *ds
_‘[,\/2% 'u_J; N2T
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Mean of a normal r.v.

Again, use a change of variable s = A , X=80+ U, dx=0ds :
o]
r ] e o+ s
E[X]=jx e 20 dx—js Rz 2ods
~ 2mo 2mwo
[ele] 1 2
=0 Sds+ e 2ds
_J;k 27r ,uj \/27'[
odd
even W odd 4 odd 4
0 g 0 g 0 >
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Mean of a normal r.v.

Again, use a change of variable s = i , X=80+ U, dx=0ds :
r ] e so+u -

E[X]= | x 20" dx = e 2 ods
_i N2T1 G j 2TO

2

|
=0 J Sds + ,uj 2y
_wk2n %2%
N ogd )
0
even W odd 4 odd 4
>
0 0 > 0 >
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Mean of a normal r.v.

Again, use a change of variable s = i , X=80+ U, dx=0ds :
r ] e so+u -

E[X]= | x 20" dx = e 2 ods
_i N2T1 G j 2TO

2

|
=0 J Sds + U j 2ds
_wk2n V2n
N ogd )
0
even W odd 4 odd 4
>
0 0 > 0 >
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Mean of a normal r.v.

Again, use a change of variable s = i , X=80+ U, dx=0ds :
r ] e so+u -

E[X]= | x 20" dx = e 2 ods
_i N2T1 G j 2TO

2

|
ZGJ SdS-I-‘Ltj e 2ds=L
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0
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Normal PDF is symmetric around
the mean

1 _(x_.u)z

fx(-x): e 2

2O

I/t2

1 Con 2
fX(lH'”):mGe 0 = fy(u—u)
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The maximum of a normal PDF is at
Its mean

1 (x_‘u)Z

Jx(x)= %0

27t6

(x—p)’
202

x-p |
R Tl
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The maximum of a normal PDF is at

Its mean
i (=)’
fx ()= e
2mO
) o x—U 1 _(x2—6M2)2
Jx ()= o’ 21O ‘

Unique extremum 1s at x = U.
Since f, (x) >0 for x < u
and f7 (x) <0 for x > u,

1t's a maximum.
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The variance and standard
deviation of a normal r.v.

1 _(x_;u)z

fx(-x): e

2O

* \ariance = 02
e Standard deviation=o0
e Exercise: integration by parts
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A linear function of a normal r.v. is
a hormal r.v.

e Suppose X is hormal with mean n and variance
02, and a #0, b are real numbers
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A linear function of a normal r.v. is
a hormal r.v.

e Suppose X is hormal with mean n and variance
02, and a #0, b are real numbers

e letY=aX+b
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A linear function of a normal r.v. is
a hormal r.v.

e Suppose X is hormal with mean n and variance
02, and a #0, b are real numbers

e letY=aX+b
e Then Yis a normal random variable
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A linear function of a normal r.v. is
a hormal r.v.

e Suppose X is hormal with mean n and variance
02, and a #0, b are real numbers

e letY=aX+b
e Then Yis a normal random variable
* E[Y]=au+b
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A linear function of a normal r.v. is
a hormal r.v.

e Suppose X is hormal with mean n and variance
02, and a #0, b are real numbers

e letY=aX+b

* Then Yis a normal random variable
e E[Y]=au+b

* var(Y) = ao?
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A linear function of a normal r.v. is
a hormal r.v.

F,(y)=PY <y)=P(aX+b<y)
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A linear function of a normal r.v. is
a hormal r.v.

FE(y)=PY¥ <y)=PaX+b<y)

:P(Xsy_bj
a
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A linear function of a normal r.v. is
a hormal r.v.

F,()=PY <y)=PaX+b<y)

—b
= P(X <? ) --- not quite!
a
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A linear function of a normal r.v. is
a hormal r.v.

F,(y)=PY <y)=PaX+b<y)

plx<2=?

, a>0
\ a

b

Pl x>2

, a<0
a
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A linear function of a normal r.v. is
a hormal r.v.

F,(y)=PY <y)=PaX+b<y)

PURDUE
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A linear function of a normal r.v. is
a hormal r.v.

F,(y))=PY <y)=PaX+b<y)

plx<2=%) 450 Fx(y_bj,a>0

Pl X2

L) =F ()=
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A linear function of a normal r.v. is
a Vv r.V.

E()=PY <y)=PlaX+b<y)

P(Xsy_bj, a>0 Fx(y_bj, a>0
. a . a
P(Xzy_bj a<0 1—Fx(y_bj, a<0
a a
iF(Y‘bj a>0 le(Y‘bj a>0
Sy () =F(y)=+ . a - ¢ ¢
Y D 4 - _
- —b
_4dp (y b) a<0 —lfx(y j a<0
dy a a a
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A linear function of a normal r.v. is

PURDUE

a hormal r.v.

FE()=PY <y)=PaX+b<y)

—b ( —b
P(ng ) a>0 Fx(y ) a>0
B a _ a
—b —b
P()(zy ) a<0 1—Fx(y ),a<0
a a
d —b 1 (y-b
—-F (y j a>0 —fx(y j a>0
y a a a
(y)=F(y)=+ =
SrM=FQ d (y—b L (yeb
——F, , a<0 ——fx , a<0
dy a a a
1 (y—ap->b)
e 240 a>0
_ ) 2mao
B | (y-api—b)
— e 240 a<0
2mao
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A linear function of a normal r.v. is

a hormal r.v.

F,()=PY <y)=PaX+b<y)

_b , _b
Plx<2=2| a>0 Fx(y j,a>0
a a
= < = <
—b —b
Plx>2"2| a<o0 1—Fx(y ] a<0
a a
(4 _b (1 (y-b
—Fx(y ) a>0 —fx(y j a>0
LM =F Q)= % ¢ =1 ¢
' ' d _(y-b 1 (y=b
— F; , a<0 ——fx
y a a a
r 1 _(y_a.u_b)z
e 29 4>0 I
_| V2rmac 1 e—wzj;‘az”) 0
| et \Paldo |
— e 1% [ a<
2mao
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Standard normal (aka standard
Gaussian) r.v.

* Normal random variable
* Mean u=0
e Standard deviation o=1
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Standard normal (aka standard
Gaussian) r.v.

e Normal random variable

2
Y

* Mean u=0 1 -

(y) = e ’
e Standard deviation o=1 U N2
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Standard normal (aka standard
Gaussian) r.v.

e Normal random variable

2
Y

* Mean u=0 1 -

(y) = e ’
e Standard deviation o=1 U N2

* |ts CDF is denoted by ©

t2

O(y)=P(Y < y) = 2 dt

1 7+ -
NIk
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How to evaluate normal CDF

* No closed form available for normal CDF ®
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How to evaluate normal CDF

* No closed form available for normal CDF ®
e But there are tables (for standard normal)
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How to evaluate normal CDF

* No closed form available for normal CDF ®
e But there are tables (for standard normal)

* To convert between any normal and a
standard normal, use the fact that
—if X~ N(u,0%) and Y = (X-u)/o,

— then Y~ N(0,1)
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Example

« X~N(2,16)
* Find P(X < 3).
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Example

« X~N(2,16)
* Find P(X < 3).
e P(X<3)=P((X-2)/4<(3-2)/4)
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Example

« X~N(2,16)
* Find P(X < 3).
» P(X<3)=P((X-2)/4<(3-2)/4)=D(0.25)
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Example

¢ X~N(2,16)
* Find P(X < 3).
* P(X<3)=P((X-2)/4<(3-2)/4)=](0.25) = 0.5987

— from a table, e.g.,
www.math.unb.ca/~knight/utility/NormTble.htm
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PURDUE

Table F-14. Normal-distribution Areas*

Fractional parts of the total area (1.000) under the normal curve between the mean
and a perpendicular erected at various numbers of standard deviations (z/s) from the
mean. To illustrate the use of the table, 39.065 per cent of the total area under the
curve will lie between the mean and a perpendicular erected at a distance of 1.23¢ from

the mean.

X
|

o]
Each figure in the body of the table is preceded by a decimal point.

z/o 0.00 0.01 | 002 | 003 | 0.04 | 0.05 | 0.06 | 0.07 | 0.08 | 0.09
0.0 | 00000 00399 | 00798 | 01197 | 01595 | 01994 | 02392 | 02790 | 03188 | 03586
0.1 | 03983 04380 | 04776 | 05172 | 05567 | 05962 | 06356 | 06749 | 07142 | 07535
0.2 | 07926 08317 | 08706 | 09095 | 09483 | 09871 | 10257 | 10642 | 11026 | 11409
0.3 | 11791 12172 | 12552 | 12030 | 13307 | 13683 | 14058 | 14431 | 14803 | 15173
0.4 | 15554 15910 | 16276 | 16640 | 17003 | 17364 | 17724 | 18082 | 18439 | 18793
0.5 | 19146 19497 | 19847 | 20194 | 20450 | 20884 | 21226 | 21566 | 21904 | 22240
0.6 | 22575 22007 | 23237 | 23565 | 23891 | 24215 | 24537 | 24857 | 25175 | 25490
0.7 | 25804 26115 | 26424 | 26730 | 27035 | 27337 | 27637 | 27935 | 28230 | 28524
0.8 | 28814 29103 | 29389 | 20673 | 29955 | 30234 | 30511 | 30785 | 31057 | 31327
0.9 | 31594 31859 | 32121 | 32381 | 32639 | 32894 | 33147 | 33398 | 33646 | 33891
1.0 | 34134 34375 | 34614 | 34850 | 35083 | 35313 | 35543 | 35769 | 35993 | 36214
1.1 | 36433 36650 | 36864 | 37076 | 37286 | 37493 | 37698 | 37900 | 38100

1.2 | 38493 38686 | 38877 | 39065 | 39251 | 39435 | 39617 | 39796 | 39973 | 40147
1.3 | 40320 40490 | 40658 | 40824 | 40988 | 41149 | 41308 | 41466 | 41621 | 41774
1.4 | 41924 42073 | 42220 | 42364 | 42507 | 42647 | 42786 | 42922 | 43056 | 43189
1.5 | 43319 43448 | 43574 | 43699 | 43822 | 43943 | 44062 | 44179 | 44295 [ 44408
1.6 | 44520 44630 | 44738 | 44845 | 44950 | 45053 | 45154 | 45254 | 45352 | 45449
1.7 | 45543 45637 | 45728 | 45818 | 45907 | 45994 | 46080 | 46164 | 46246 | 46327
1.8 | 46407 46485 | 46562 | 46638 | 46712 | 46784 | 46856 | 46926 | 46995 | 47062
1.9 | 47128 47193 | 47257 | 47320 | 47381 | 47441 | 47500 | 47558 | 47615 | 47670
2.0 | 47725 47778 | 47831 | 47882 | 47932 | 47982 | 48030 | 48077 | 48124 | 48169
2.1 | 48214 48257 | 48300 | 48341 | 48382 | 48422 | 48461 | 48500 | 48537 | 48574
2.2 | 48610 48645 | 48679 | 48713 | 48745 | 48778 | 48809 | 48840 | 48870

2.3 | 48928 48956 | 48983 | 49010 | 49036 | 49061 | 49086 | 49111 | 49134 | 49158
2.4 | 49180 49202 | 49224 | 49245 | 49266 | 49286 | 49305 | 49324 | 49343 | 49361
2.5 | 49379 49396 | 49413 | 49430 | 49446 | 49461 | 49477 | 49492 | 49506 | 49520
2.6 | 49534 49547 | 49560 | 49573 | 49585 | 49598 | 49609 | 49621 | 49632 | 49643
2.7 | 49653 49664 | 49674 | 49683 | 49693 | 49702 | 49711 | 49720 | 49728 | 49736
2.8 | 49744 49752 | 49760 | 49767 | 49774 | 49781 | 49788 | 49795 | 49801 | 49807
2.9 | 49813 49819 | 49825 | 49831 | 49836 | 49841 | 49846 | 49851 | 49856 | 49861
3.0 | 49865

3.5 | 4997674

4.0 | 4999683

4.5 | 4999966

5.0 | 4999997133
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Table F-14. Normal-distribution Areas*

Fractional parts of the total area (1.000) under the normal curve between the mean
and a perpendicular erected at various numbers of standard deviations (z/s) from the
mean, To illustrate the use of the table, 39.065 per cent of the total area under the
curve will lie between the mean and a perpendicular erected at a distance of 1.23¢ from
the mean.

' X
-

[} <
Each figure in the body of the table is preceded by a decimal point.

z/o 0.00 001 | 002 | 003 | 004 | 0.05 | 0.06 | 0.07 | 0.08 | 0.09
0.0 | 00000 00399 | 00798 | 01197 | 01595 | 01994 | 02392 | 02790 | 03188 | 03586
’_0.1_4:398-2 04380 | 04776 | 05172 | 05567 | 05962 | 06356 | 06749 | 07142 | 07

0.2 | 07926 08317 | 08706 | 09095 | 09483 | 09871 | 10257 | 10642 | 11026 | 11409
0.3 | 11791 12172 | 12662 | 12930 | 13307 | 13683 | 14058 | 14431 | 14803 |
0.4 | 15554 15910 | 16276 | 16640 | 17003 | 17364 | 17724 | 18082 | 18439 | 18793
0.5 | 19146 19497 | 19847 | 20194 | 20450 | 20884 | 21226 | 21566 | 21904 | 22240
0.6 | 22575 22007 | 23237 | 23565 | 23891 | 24215 | 24537 | 24857 | 25175 | 25490
0.7 | 25804 26115 | 26424 | 26730 | 27035 | 27337 | 27637 | 27935 | 28230 | 28524
0.8 | 28814 20103 | 20389 | 20673 | 29955 | 30234 | 30511 | 30785 | 31057 | 31327
0.9 | 31594 31859 | 32121 | 32381 | 32639 | 32894 | 33147 | 33398 | 33646 | 33891
1.0 | 34134 34375 | 34614 | 34850 | 35083 | 35313 | 35543 | 35769 | 35993 | 36214
1.1 | 36433 36650 | 36864 | 37076 | 37286 | 37493 | 37698 | 37900 | 38100 | 38298
1.2 | 38493 38686 | 38877 | 39065 | 39251 | 39435 | 39617 | 39796 | 39973 | 40147
1.3 | 40320 40490 | 40658 | 40824 | 40988 | 41149 | 41308 | 41466 | 41621 | 41774
1.4 | 41924 42073 | 42220 | 42364 | 42507 | 42647 | 42786 | 42022 | 43056 | 43189
1.5 | 43319 43448 | 43574 | 43699 | 43822 | 43043 | 44062 | 44179 | 44295 | 44408
1.6 | 44520 44630 | 44738 | 44845 | 44950 | 45053 | 45154 | 45254 | 45352 | 45449
1.7 | 45543 45637 | 45728 | 45818 | 45007 | 45994 | 46080 | 46164 | 46246 | 46327
1.8 | 46407 46485 | 46562 | 46638 | 46712 | 46784 | 46856 | 46926 | 46995 | 47062
1.9 | 47128 47193 | 47257 | 47320 | 47381 | 47441 | 47500 | 47558 | 47615 | 47670
2.0 | 47725 47778 | 47831 | 47882 | 47932 | 47982 | 48030 | 48077 | 48124 | 48169
2.1 | 48214 48257 | 48300 | 48341 | 48382 | 48422 | 48461 | 48500 | 48537 | 48574
2.2 | 48610 48645 | 48679 | 48713 | 48745 | 48778 | 48809 | 48840 | 48870 | 48899
2.3 | 48928 48956 | 48983 | 49010 | 49036 | 49061 | 49086 | 49111 | 49134 | 49158
2.4 | 49180 49202 | 49224 | 49245 | 49266 | 49286 | 49305 | 49324 | 49343 | 49361
2.5 | 49379 49396 | 49413 | 49430 | 49446 | 49461 | 40477 | 49492 | 49506 | 49520
2.6 | 49534 49547 | 49560 | 49573 | 49585 | 49598 | 49609 | 49621 | 49632 | 49643
2.7 | 49653 49664 | 49674 | 49683 | 49693 | 49702 | 49711 | 49720 | 49728 | 49736
2.8 | 49744 49752 | 49760 | 49767 | 49774 | 49781 | 49788 | 49795 | 49801 | 49807
2.9 | 49813 49819 | 49825 | 49831 | 49836 | 49841 | 49846 | 49851 | 49856 | 49861
3.0 | 49865
3.5 | 4997674
40| 4 :
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Table F-14. Normal-distribution Areas*

Fractional parts of the total area (1.000) under the normal curve between the mean
and a perpendicular erected at various numbers of standard deviations (z/s) from the
mean, To illustrate the use of the table, 39.065 per cent of the total area under the
curve will lie between the mean and a perpendicular erected at a distance of 1.23¢ from
the mean.

' X
-

[} <
Each figure in the body of the table is preceded by a decimal point.

z/o 0.00 001 | 0.02 { 0.03 { 0.04 || 0.05 | 0.06 | 0.07 | 0.08 | 0.09
0.0 | 00000 00399 | 00798 | 01197 | 01595)| 01994 | 02392 | 02790 | 03188 | 03586
| 02083 04280 | 04776 | 05172 | 05567 /i 05962 || 06356 | 06749 | 07142 | 07

0.2 | 07926 08317 | 08706 | 09095 | 09483 || 09571 g%g; 10642 110264%&
0.3 | 11791 12172 [ 12563 | 12930 | 13307 15085 14431 | 14803
0.4 | 15554 15910 | 16276 | 16640 | 17003|| 17364 | 17724 | 18082 | 18439 | 18793
0.5 | 19146 19497 | 19847 | 20194 | 20450|| 20884 || 21226 | 21566 | 21904 | 22240
0.6 | 22575 22007 | 23237 | 23565 | 23891 || 24215 || 24537 | 24857 | 25175 | 25490
0.7 | 25804 26115 | 26424 | 26730 | 27035|| 27337 | 27637 | 27935 | 28230 | 28524
0.8 | 28814 29103 | 29389 | 29673 | 29955 || 30234 || 30511 | 30785 | 31057 | 31327
0.9 | 31594 31859 | 32121 | 32381 | 32639|| 32894 | 33147 | 33398 | 33646 | 33891
1.0 | 34134 34375 | 34614 | 34850 | 35083 || 35313 | 35543 | 35769 | 35993 | 36214
1.1 | 36433 36650 | 36864 | 37076 | 37286|| 37493 || 37698 | 37900 | 38100 | 38298
1.2 | 38493 38686 | 38877 | 39065 | 39251 || 39435 | 39617 | 39796 | 39973 | 40147
1.3 | 40320 40490 | 40658 | 40824 | 40988 || 41149 | 41308 | 41466 | 41621 | 41774
1.4 | 41924 42073 | 42220 | 42364 | 42507 || 42647 || 42786 | 42922 | 43056 | 43189
1.5 | 43319 43448 | 43574 | 43699 | 43822|| 43943 | 44062 | 44179 | 44295 | 44408
1.6 | 44520 44630 | 44738 | 44845 | 44950|| 45053 | 45154 | 45254 | 45352 | 45449
1.7 | 45543 45637 | 45728 | 45818 | 45907 || 45994 | 46080 | 46164 | 46246 | 46327
1.8 | 46407 46485 | 46562 | 46638 | 46712| 46784 | 46856 | 46926 | 46995 | 47062
1.9 | 47128 47193 | 47257 | 47320 | 47381 || 47441 | 47500 | 47558 | 47615 | 47670
2.0 | 47725 47778 | 47831 | 47882 | 47932|| 47982 | 48030 | 48077 | 48124 | 48169
2.1 | 48214 48257 | 48300 | 48341 | 48382|| 48422 | 48461 | 48500 | 48537 | 48574
2.2 | 48610 48645 | 48679 | 48713 | 48745|| 48778 | 48809 | 48840 | 48870 | 48899
2.3 | 48928 48956 | 48983 | 49010 | 49036|| 40061 | 49086 | 49111 | 49134 | 49158
2.4 | 49180 49202 | 49224 | 49245 | 49266/|| 40286 | 49305 | 49324 | 49343 | 49361
2.5 | 49379 49396 | 49413 | 49430 | 49446|| 49461 | 49477 | 49492 | 49506 | 49520
2.6 | 49534 49547 | 49560 | 49573 | 49585|| 49598 | 49609 | 49621 | 49632 | 49643
2.7 | 49653 49664 | 49674 | 49683 | 49693|| 49702 | 49711 | 49720 | 49728 | 49736
2.8 | 49744 49752 | 49760 | 49767 | 49774|| 49781 | 49788 | 49795 | 49801 | 49807
2.9 | 49813 49819 | 49825 | 49831 | 49836|| 49841 | 49846 | 49851 | 49856 | 49861
3.0 | 49865
3.5 | 4997674
4.0 | 4999683

PURDUE 50 | 4609097133
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Table F-14. Normal-distribution Areas*

Fractional parts of the total area (1.000) under the normal curve between the mean
and a perpendicular erected at various numbers of standard deviations (z/s) from the
mean, To illustrate the use of the table, 39.065 per cent of the total area under the
curve will lie between the mean and a perpendicular erected at a distance of 1.23¢ from
the mean.

' X
-

[} <
Each figure in the body of the table is preceded by a decimal point.

z/o 0.00 001 ] 002 003 | 004 0.05 | 006 | 0.07 | 0.08 | 0.09
0.0 | 00000 00399 | 00798 | 01197 | 01595 || 01994 | 02392 | 02790 | 03188 | 03586
| 02983 04380 | 04776 | 05172 mzmgﬁ%mmm 07142 | 07
0.2 | 07926 08317 | 08706 | 09095 wmml H%g; 10642 | 11026 | 11409

0.3 | 11791 12172 12662 | 12930 | Eaascd 14431 | 14803
0.4 | 15554 15910 | 16276 | 16640 | 17003|| 17364 | 17724 | 18082 | 18439 | 18793
0.5 | 19146 19497 | 19847 | 20194 | 20450|| 20884 | 21226 | 21566 | 21904 | 22240
0.6 | 22575 22907 | 23237 | 23565 | 23891 || 24215 || 24537 | 24857 | 25175 | 25490
0.7 | 25804 26115 | 26424 | 26730 | 27035 || 27337 | 27637 | 27935 | 28230 | 28524
0.8 | 28814 20103 | 29389 | 29673 | 29955 || 30234 || 30511 | 30785 | 31057 | 31327
0.9 | 31594 31859 | 32121 | 32381 | 32639|| 32894 | 33147 | 33398 | 33646 | 33891
1.0 | 34134 34375 | 34614 | 34850 | 35083 || 35313 | 35543 | 35769 | 35993 | 36214
1.1 | 36433 36650 | 36864 | 37076 | 37286 || 37493 | 37698 | 37900 | 38100 | 38298
1.2 | 38493 38686 | 38877 | 39065 | 39251 || 39435 | 39617 | 39796 | 39973 | 40147
1.3 | 40320 40490 | 40658 | 40824 | 40988 || 41149 | 41308 | 41466 | 41621 | 41774
1.4 | 41924 42073 | 42220 | 42364 | 42507 || 42647 || 12786 | 42922 | 43056 | 43189
1.5 | 43319 43448 | 43574 | 43699 | 43822 || 43943 | 44062 | 44179 | 44295 | 44408
1.6 | 44520 44630 | 44738 | 44845 | 44950 | 45053 || 45154 | 45254 | 45352 | 45449
1.7 | 45543 45637 | 45728 | 45818 | 45907 || 45994 || 46080 | 46164 | 46246 | 46327
1.8 | 46407 46485 | 46562 | 46638 | 46712|| 46784 | 46856 | 46926 | 46995 | 47062
1.9 | 47128 47193 | 47257 | 47320 | 47381 || 47441 | 47500 | 47558 | 47615 | 47670
2.0 | 47725 47778 | 47831 | 47882 | 47932|| 47982 | 48030 | 48077 | 48124 | 48169
2.1 | 48214 48257 | 48300 | 48341 | 48382|| 48422 | 48461 | 48500 | 48537 | 48574
2.2 | 48610 48645 | 48679 | 48713 | 48745|| 48778 | 48809 | 48840 | 48870 | 48899
2.3 | 48928 48956 | 48983 | 49010 | 49036/|| 40061 | 49086 | 49111 | 49134 | 49158
2.4 | 49180 49202 | 49224 | 49245 | 49266|| 49286 | 49305 | 49324 | 49343 | 49361
2.5 | 49379 49396 | 49413 | 49430 | 49446|| 49461 | 49477 | 49492 | 49506 | 49520
2.6 | 49534 49547 | 49560 | 49573 | 49585|| 49598 | 49609 | 49621 | 49632 | 49643
2.7 | 49653 49664 | 40674 | 49683 | 49693|| 49702 | 49711 | 49720 | 49728 | 49736
2.8 | 49744 49752 | 49760 | 49767 | 49774| 49781 | 49788 | 49795 | 49801 | 49807
2.9 | 49813 49819 | 49825 | 49831 | 49836/ | 49841 | 49846 | 49851 | 49856 | 49861
3.0 | 49865
3.5 | 4997674
4.0 | 4999683

PURDUE 50 | 19099097133
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z/o 0.00 001 | 002 | 003 { 004 | 0.05 ||0.06 | 0.07 | 0.08 | 0.09
0.0 | 00000 00399 | 00798 | 01197 | 01595 | 01994 | 02392 | 02790 | 03188 | 03586
0.1 | 03983 -1 04380 | 04776 | 05172 | 05567 06356 | 06749 | 07142 | 07535
02107926 | 08317 | 08706 | 09095 | 09483 [ 09571 7 110642 | 11026 | 11409
0.3 | 11791 12172 | 125562 | 12930 | 13307 4058 | 14431 | 14803 | 15173
0.4 | 15554 15910 | 16276 | 16640 | 17003 | 17364 | 17724 | 18082 | 18439 | 18793
0.5 | 19146 19497 | 19847 | 20194 | 20450 | 20884 | 21226 | 21566 | 21904 | 22240
0.6 | 22575 22907 | 23237 | 23565 | 23891 | 24215 24857 | 25175 | 25490
0.7 |25804 | 26115 | 26424 | 26730 | 27035 | 27337 | 27637 | 27935 | 28230 | 28524
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Example

¢ X~N(2,16)
* Find P(X < 3).
* P(X<3)=P((X-2)/4<(3-2)/4)=](0.25) = 0.5987

— from a table, e.g.,
www.math.unb.ca/~knight/utility/NormTble.htm

* In general, if X ~N(u,0°) and Y = (X-u)/o
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Example

¢ X~N(2,16)
* Find P(X < 3).
* P(X<3)=P((X-2)/4<(3-2)/4)=](0.25) = 0.5987

— from a table, e.g.,
www.math.unb.ca/~knight/utility/NormTble.htm

* In general, if X ~ N(u,0%) and Y = (X-u)/o, then
—P(X<x)=P((X-u)/o < (x-u)/o)=P(Y<(x-u)/o)
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Example

¢ X~N(2,16)
* Find P(X < 3).
* P(X<3)=P((X-2)/4<(3-2)/4)=](0.25) = 0.5987

— from a table, e.g.,
www.math.unb.ca/~knight/utility/NormTble.htm

* In general, if X ~ N(u,0%) and Y = (X-u)/o, then
—P(X<x)=P((X-u)/o<(x-u)/o)=P(Y<(x-u)/o)=
O( (x-u)/o),
— because Y ~ N(0,1)
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Then there is Wolfram Alpha

e cdf[normal distribution, mean 1, standard
deviation 3, 2] computes the CDF of a N(1,9)
random variable at 2.



Then there is Wolfram Alpha and
other software packages

e cdf[normal distribution, mean 1, standard
deviation 3, 2] computes the CDF of a N(1,9)
random variable at 2.

* Most scientific software packages (e.g.,
Matlab) have normal CDF.



Example 3.8: Signal detection

signal S = +1 or -1,
with prob 7z and 2 Noisy
>

channel

Transmitter
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Example 3.8: Signal detection

signal S =+1 or -1,
with prob %2 and 72 Noisy Y=S+W
>

channel

Transmitter

—>

Noise W ~ N(0,0?)
independent of S
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Example 3.8: Signal detection

Transmitter

signal S = +1 or -1,
with prob %2 and 2

PURDUE

>

Noisy
channel

Y=S+W

—>

Receiver

Noise W ~ N(0,0?)
independent of S

+1ifY=20

-1ifY<O0

llya Pollak



Example 3.8: Signal detection

Transmitter

signal S = +1 or -1,
with prob %2 and 2

P(error) =7

PURDUE

>

Noisy
channel

Y=S+W

—>

Receiver

Noise W ~ N(0,0?)
independent of S

+1ifY=20

-1ifY<O0

llya Pollak



Example 3.8: Signal detection

+1ifY=0
signal S =+1 or -1,
) with prob 2 and ¥ i Y=S+W .
Transmitter pro> 7~ :_ Noisy —s Receiver
channel

-1ifY<O0

Noise W ~ N(0,0?)

independent of S

P(error) =P(error N {S=-1}) + P(error N {S=1})
=P(error | S=-1)P(S=-1) + P(error | S=1)P(S=1) (total probability thm)
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Example 3.8: Signal detection

+1ifY=0
signal S =+1 or -1,
) with prob 2 and ¥ i Y=S+W .
Transmitter pro> 7~ :_ Noisy —s Receiver
channel

-1ifY<O0

Noise W ~ N(0,0?)

independent of S

P(error) =P(error N {S=-1}) + P(error N {S=1})
=P(error | S=-1)P(S=-1) + P(error | S=1D)P(S=1) (total probability thm)

=P(W 21 | S:—l)-% + P(W <—1 | S=1)-%
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Example 3.8: Signal detection

+1ifY=0
signal S =+1 or -1,
) with prob 2 and ¥ i Y=S+W .
Transmitter pro> 7~ :_ Noisy —s Receiver
channel

-1ifY<O0

Noise W ~ N(0,0?)

independent of S

P(error) =P(error N {S=-1}) + P(error N {S=1})
=P(error | §=—1)P(S§=-1) + P(error | S=1)P(S=1) (total probability thm)

=P(W =1 | S:—l)-% + P(W <-11 Szl)-%

=[P(W =1) + P(W <-1)]- (independence of S and W)

1
2
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Example 3.8: Signal detection

+1ifY=0
signal S =+1 or -1,
) with prob 2 and ¥ i Y=S+W .
Transmitter pro> 7~ :_ Noisy —s Receiver
channel

-1ifY<O0

Noise W ~ N(0,0?)

independent of S

P(error) = P(error N {S=-1}) + P(error N {S=1})
=P(error | S=-1P(S=-1) + Perror | S=1)P(S=1) (total probability thm)

| 1
=P(W =1 | S=—1)-5 + P(W <—1 | S=1)-5

1
=[P(W =1) + P(W <-1)]- 5 (independence of S and W)

=P(W <—-1) (symmetry of zero-mean normal PDF around 0)
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Example 3.8: Signal detection

+1ifY=0
signal S =+1 or -1,
) with prob 2 and ¥ i Y=S+W .
Transmitter pro> 7~ :_ Noisy —s Receiver
channel

-1ifY<O0

Noise W ~ N(0,0?)

independent of S

P(error) = P(error N {S=-1}) + P(error N {S=1})
=P(error | S=-DP(S=-1) + Perror | S=1)P(S=1) (total probability thm)

| 1
=P(W =1 | S=—1)-5 + P(W <-1 1 S=1)-E

1
=[P(W =1) + P(W <-1)]- 5 (independence of S and W)

=P(W <—-1) (symmetry of zero-mean normal PDF around 0)
1 1
o o
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Example 3.8: Signal detection

+1ifY=0
signal S =+1 or -1,
) with prob 2 and ¥ i Y=S+W .
Transmitter pro> 7~ :_ Noisy —s Receiver
channel

-1ifY<O0

Noise W ~ N(0,0?)

independent of S

P(error) = P(error N {S =-1}) + P(error N {S=1})
=P(error | S=-1P(S=-1) + Perror | §=1)P(S=1) (total probability thm)

1 1
=P(W =1 | S=—1)-5 + P(W <—1 | Szl)-z

1
=[PW =21 + P(W <-1)|- - (independence of S and W)

=P(W <—-1) (symmetry of zero-mean normal PDF around 0)

of Lol

E.g.,if o =1, thisis 1-0.8413 = 0.1587
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Example 3.8: Signal detection
) 4

-1 0 1 w

P(error) = P(error N {S =-1}) + P(error N {S=1})
=P(error | S=-1P(S=-1) + Perror | §=1)P(S=1) (total probability thm)

1 1
=P(W =1 | S=—1)-5 + P(W <—1 | Szl)-z

1
=[PW =21 + P(W <-1)|- - (independence of S and W)

=P(W <—-1) (symmetry of zero-mean normal PDF around 0)

of Lol

E.g.,if o =1, thisis 1-0.8413 = 0.1587
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Error function (erf) as an
alternative to @ function

The error function, erf, is built in to Matlab, Google, and Wolfram Alpha, and
can be called using erf
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Error function (erf) as an
alternative to @ function

The error function, erf, is built in to Matlab, Google, and Wolfram Alpha, and
can be called using erf
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Error function (erf) as an
alternative to © function

The error function, erf, is built in to Matlab, Google, and Wolfram Alpha, and
can be called using erf

For standard
= P[~V2x < <V2x] nomatry. ¥ <N ()
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Error function (erf) as an
alternative to © function

The error function, erf, is built in to Matlab, Google, and Wolfram Alpha, and
can be called using erf

For standard
= [ -V2x<¥ <V2x] nomatry. ¥~ N(O)

= (V2x) - & 2x) = 200(V2x) -1
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Error function (erf) as an
alternative to @ function

The error function, erf, is built in to Matlab, Google, and Wolfram Alpha, and
can be called using erf

For standard
= [ -V2x<¥ <V2x] nomatry. ¥~ N(O)

_ @(\Ex) _ cD(—\Ex) _ 2c1>(\ﬁx) -1
_ 1+erf(x/\/5)

(x)
PURDUE 2 llya Pollak




