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What are Tensors?

For our purposes today,

You've all used some basic tensors: Matrices!

Tensors ≡ Multi-dimensional Arrays ≡ Matrix-like Objects With Many Indices
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What are Tensors?

They appear in many contexts in physics:

Electromagnetic Field Strength Tensor 

Cauchy Stress Tensor 

Levi-Civita Symbol 

Quadrupole Tensor 

Technically the strict physics definition of a tensor (field) involves how the object
transforms under coordinate transformations.

But for the talk today my definition will be loose: Any object that you can index and get
numbers out of is a tensor.

𝐹 𝜇𝜈

𝜎𝑖𝑗

𝜖𝑖𝑗𝑘

𝑄𝑖𝑗
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What do Tensors do?

Tensors are a natural extension of matrices from linear algebra.

Many matrix operations can be extended to tensors.

First, let's get the hang of manipulating tensor indices. Here's  with three:

Each index has a particular dimension, i.e.

etc.

𝐴𝑖𝑗𝑘

𝑖 = 1, 2, ...,𝑁

𝑗 = 1, 2, ...,𝑀
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What do Tensors do? Tensor Indices

The rank of a tensor 

Scalar: rank 

Vector: rank 

Matrix: rank 

Tensor: rank 

Indices can be combined or grouped
together.

Your computer stores (dense) tensors in memory like this! The two indices are reshaped
into a single vector index.

= # of indices

0

1

2

≥ 3
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What do Tensors do? Tensor Contractions

Basic tensor contraction: just matrix multiplication

Contraction with more indices:

You can always combine indices to make a particular contraction into a matrix product.

∑
𝑗

𝐴𝑖𝑗𝐵𝑗𝑘 =
= 𝐶𝑖𝑘

∑
𝑘

𝐴𝑖𝑗𝑘𝐵𝑘𝑙𝑚 =
= 𝐶𝑖𝑗𝑙𝑚

8 /  28



What do Tensors do? Tensor Decompositions

Any of your favourite matrix decompositions work with tensors.

For example, Singular Value Decomposition (SVD):

 contains the singular values of the decomposition,  and  are unitary matrices.

All it takes is combining indices until the tensor is a matrix, then doing the
decomposition.

𝑆 𝑈 𝑉
†
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Making Networks

A tensor network is just a collection of tensors with common indices contracted over.

For example, in QM a "Matrix" Product State (MPS) is stored as a collection of tensors,
but is contracted over to compute things.

We represent the network with shared indices joined together.

The contraction order is important! Doing it inefficiently can be extremely slow.

10 /  28



How Computers Compute Tensors

Ever heard of Nvidia's tensor cores?

They're just parallelized matrix multiplication units!

They do  generalized matrix products  in a single clock cycle [ ].4 × 4 𝐴𝐵+ 𝐶 = 𝐷 1
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How Computers Compute Tensors

 is pretty small, so Nvidia's compute
interface CUDA breaks the input into tiles [ ].

A GPU does these tiled operations in parallel
 huge accelerations!!

Since we can reshape any tensor contraction as
a matrix product, these cores are very useful.

4 × 4

1

⟶
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Software

Many many libraries out there for working with tensors.

Julia: ITensor, TensorKit, ...

Python: TeNPy, PyTorch + TensorFlow, NumPy, ...

C++: ATen, ITensor (old), ...

MATLAB: Tensor Toolbox

+ more!

Any language which supports multidimensional arrays, reshaping, and permuting
dimensions also works!

Many of these can interface with compute APIs like CUDA to get GPU acceleration.
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Applications 1: Machine Learning, CNNs

Preface: I am not an expert! I've only dabbled with convolutional neural networks (CNNs)

CNNs work by passing image data through a series of convolution kernel/filter layers [ ].

Don't quote me, but I think the formula for a single output element  of  is

These kernels help distinguish edges, features, etc., just like how the eye works!

Training the network + kernels, you can do image classification and recognition!

2

𝑐 𝐶

𝑐 = tr (𝐴𝑖𝑗(𝑘
𝑇 )𝑗𝑘)
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Applications 1: Machine Learning, CNNs

Often, the image data is split into a 3D array (2 spatial dimensions  3 RGB channels or
similar).

This input data is therefore a tensor.

The convolution kernels can then be thought of as a (messy) sequence of small tensor
operations.

×
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Applications 1: Machine Learning, CNNs

Each convolution of the kernel with the input data is a set of tensor contractions. These
form a Tree Tensor Network (TTN)[ , ]:

We will see this structure again in a bit.

3 4
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Applications 2: Quantum Computing and Circuits

Fundamentally, quantum computing algorithms are sequences of operations.

These operations end up forming circuits, in analogy to classical logic [ ]:

All the quantum mechanical operators appear as tensors in these diagrams.

Simulating quantum computers can be done efficiently with these networks.

5
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Applications 3: Quantum Systems, MPS

Calculating the ground state of large many-body quantum systems is very difficult.

Matrices grow exponentially with the system size!!

In one dimension, it has been shown that many quantum ground states can be
approximated by Matrix Product States (MPS).

The (essentially) compressed wavefunction ends up being represented as a tensor network.

Shared indices are so-called virtual bonds.

These bonds carry information about the entanglement between tensors.
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Applications 4: Quantum Systems, PEPS

This sort of decomposition sort of works for higher dimensions.

Projected Entangled Pair States (PEPS) in 2D [ , ]:

Major problems with scaling though. Contractions become very costly.

Even harder to scale to 3D.

6 4
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Applications 5: Quantum Systems, TTN

Tree Tensor Networks [ ]:

These networks encode a Wilsonian Renormalization Group structure by how they coarse
grain degrees of freedom [ ].

This is the same form the CNNs had!

There's a relation between certain deep learning techniques and quantum mechanics [ , ].

7

4

3 4
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Applications 6: Quantum Algorithms, DMRG

In just 1D, the Density Matrix Renormalization Group (DMRG) algorithm lets us find
ground states for cheap using Matrix Product States.

     Originally formulated in [ , ], MPS proven in [ , ], Reviewed well in [ , ]

Effectively boils down to a variational optimization problem.

At each step, one tensor in the MPS is optimized against the Hamiltonian.

By tweaking all of the tensors multiple times, we converge to the ground state.

This process is mathematically optimal for compressing the wavefunction!

Can also be applied in quantum chemistry for simple molecules!

8 9 10 11 12 13
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Applications 7: Quantum Systems, TEBD

Equipped with a state and
Hamiltonian, we can evolve it in
time!

Time-Evolving Block Decimation
(TEBD) is one tensor network
algorithm for this [ , ].

Very similar to DMRG, but instead
uses the unitary time evolution
operator.

A Trotter-Suzuki decomposition [ ]
on suitable Hamiltonians makes this
possible.

The four-index "gates" are similar to
those found in quantum computing.

14 15

16
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Applications 8: Quantum Systems, VUMPS

In 1D in the thermodynamic limit, we can formulate a special Variational Uniform MPS
(VUMPS) [ ]

VUMPS can be optimized to get the ground state directly in the thermodynamic limit!

It can also give us correlators at arbitrary separation, ex. :

Technically requires an infinite bond dimension to capture the true ground state.

17

⟨𝑆 𝑧
𝑐
𝑆

𝑧
𝑟
⟩
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Summary

Tensors are:

Not scary

Versatile

Easy to work with

The networks we can create with tensors can:

Compute quantum mechanical models

Perform deep learning

Compress highly entangled systems

Solve previously computationally impossible problems

I hope this has been inspiring! Let me know if you come up with a novel application using
tensor networks!
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