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ABSTRACT 
 
Increasingly, fractals are being incorporated into 
pharmacokinetic models to describe transport and 
chemical kinetic processes occurring in confined 
and heterogeneous spaces. However, fractal 
compartmental models lead to differential 
equations with power-law time-dependent kinetic 
rate coefficients that currently are not 
accommodated by common commercial software 
programs. This paper describes a parameter 
optimization method for fitting individual 
pharmacokinetic curves based on a simulated 
annealing (SA) algorithm, which always 
converged towards the global minimum and was 
independent of the initial parameter values and 
parameter bounds. In a comparison using a 
classical compartmental model, similar fits by the 
Gauss-Newton and Nelder-Mead simplex 
algorithms required stringent initial estimates and 
ranges for the model parameters. The SA 
algorithm is ideal for fitting a wide variety of 
pharmacokinetic models to clinical data, 
especially those for which there is weak prior 
knowledge of the parameter values, such as the 
fractal models. 
 
INTRODUCTION 
 
Pharmacokinetics (1), the study of the absorption, 
distribution, metabolism, and eventual elimination 
of a drug from the body, is a quantitative tool used 
in drug development and subsequent therapy. 
Pharmacokinetic models are mathematical 

constructs whose parameters can be estimated from 
experimental data, which typically consist of discrete 
values of the drug concentration as a function of 
time. 
 
Pharmacokinetic models can be divided broadly into 
two classes, compartmental models and non-
compartmental models. The latter include moment 
curve and residence time analysis (2). In 
compartmental modeling (3), the body is divided into 
compartments, with a compartment being defined as 
the number of drug molecules having the same 
probability of undergoing a set of chemical kinetic 
processes. The exchange of drug molecules between 
compartments is described by kinetic rate 
coefficients, which may be related to physiological 
parameters such as molecular binding rates and organ 
volumes.  
 
Because the rate of change of the concentration is as 
important as its magnitude, most pharmacokinetic 
models are expressed as a set of differential 
equations. Modeling is most efficient when these 
equations can be solved analytically to produce 
algebraic equations that can be fit to experimental 
data using linear and nonlinear regression techniques. 
However, some models, especially those with 
nonlinear or time-dependent terms, lead to equations 
that can only be solved numerically(4). In such cases, 
including the growing set of fractal models, alternate 
methods must be developed to estimate the model 
parameters. The objectives of this paper are to 
experimentally determine the optimal implementation 
of the simulated annealing algorithm, test its 
performance against existing algorithms, and assess 
its applicability to fitting compartmental models. 
Specific attention is given to the case of fractal 
compartmental models, in which one or more kinetic 
rate coefficients are power functions of time. 
 
FRACTAL PHARMACOKINETICS 
 
In the past couple of decades, the concept of fractals 
(5) has emerged in pharmacokinetics to describe the 
influence of heterogeneous structures and physiology 
on drug processes occurring within the body.  
 
Corresponding Author: Dr. Rebeccah E. Marsh, 
Department of Physics, Room #238 CEB, University of 
Alberta Edmonton, AB, Canada T6G 2G7, Tel: (604) 532-
8169, Email: rmarsh@ualberta.ca 



J Pharm Pharmaceut Sci (www. cspsCanada.org): ?????, 2007 
 

 

 
169 

Fractals can describe complex objects that cannot 
be characterized by one spatial scale. Fractal 
structures in the body include the bifurcating 
patterns of the bronchial tree, vascular system, bile-
duct system, renal urine collection tubules, and the 
neuronal network (6). In addition, the architecture, 
growth, and blood supply of tumors exhibit fractal 
organization (7,8). 
 
The concept of fractals also extends to processes 
that do not have a characteristic time scale. Drug 
processes that have been found to exhibit fractal 
behaviour include drug release (9), aerosol transport 
in the lungs (10), transport across membranes (11), 
diffusion (12), binding and dissociation kinetics 
(13,14), washout from the heart (15), and tissue 
trapping (16). 
 
Transport and chemical reactions that occur on or 
within a fractal medium obey anomalous, fractal 
behaviour (17). Specifically, the kinetic rate 
coefficient follows a decreasing power of time 
(18,19) 
 

α−= tkk 0    (1) 
 
where α is the fractal exponent and 0 ≤ α <1. The 
quantity t - a  is considered dimensionless, and both 
k and k0 are in units of inverse time (h - 1 ). 
 
Because equation (1) has a singularity at t = 0  for 
h > 0 , Schnell and Turner (20) suggested a 
modified form based on the Zipf-Mandelbrot 
distribution, k = k 0 ( τ+ t ) - a , where the constant τ 
is the critical time from which the rate constant is 
driven by fractal effects. However, if τ is very 
small, equation (1) is a good approximation. 
 
Macheras (21) first suggested the application of 
fractal kinetics to the study of drugs, and 
subsequently, fractal equivalents have been derived 
for the Michaelis-Menton formalism (22,23), the 
volume of distribution (24), and the clearance and 
half-life (25). 
 
Fuite et al. (26) developed a fractal compartmental 
model to fit experimental data for the cardiac drug 
mibefradil (27). Because mibefradil is dispersed 
relatively quickly in the plasma but the fractal 
geometry of the liver slows down its rate of 
elimination, a classical compartment was used to 

represent the plasma whereas a compartment with a 
fractal elimination rate coefficient was used to 
represent the liver. 
 
A classical compartment can be broadly defined as 
one for which the probability of a molecule 
undergoing a kinetic process remains constant in 
time, whereas a fractal compartment is a 
compartment for which this probability varies in 
time. Fuite et al. obtained approximate analytical 
solutions through perturbation analysis, fit them to 
experimental data, and found a relationship between 
the fractal exponent from the compartmental model 
and the fractal dimension of the liver. Simulations 
of the model showed that the fractal exponent 
describing drug elimination plays a significant role 
in determining the shape of the concentration-time 
curve (28). Advantages of the fractal 
compartmental model in addressing clinical 
questions include its traditional compartmental 
framework and the relatively simple adjustments 
that can take into account the effects of 
heterogeneity. 
 
Unfortunately, most fractal models cannot be 
solved analytically. There are several 
commercially-available software packages, 
including WinNonLin® (29) and Boomer® (30), 
that make use of the Gauss-Newton (31), and 
Nelder-Mead simplex (32) algorithms to 
numerically fit differential equations to 
experimental data. For models based on classical 
and Michaelis-Menton kinetics, these programs are 
excellent. However, even with the option of user-
defined models, these programs currently do not 
have the capability to handle power-law time-
dependent kinetic rate coefficients. Furthermore, 
the Gauss-Newton method is a gradient-based 
method that involves the calculation of derivatives, 
and the simplex algorithm is sensitive to initial 
conditions (33). To fit their model for fractal 
Michaelis-Menten kinetics to experimental data, 
Kosmidis et al. (23) used the Levenberg-Marquardt 
(LM) algorithm. However, the LM algorithm is also 
gradient-based; therefore, although it is appropriate 
for fitting their one-compartment model that can be 
solved analytically, it may not be the best method 
for fitting models that do not have an algebraic 
solution. Furthermore, the LM algorithm has the 
disadvantage of converging towards local minima 
when the initial parameter estimates are poor (34). 
This paper describes the simulated annealing 
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algorithm and explores its ability to optimize 
functions through an efficient exploration of the 
parameter space. 
 
SIMULATED ANNEALING 
 
Kirkpatrick and colleagues developed simulated 
annealing to optimize the design of integrated 
circuits, and they later applied it to the optimization 
of many-variable functions (35). Simulated 
annealing (SA) derives its name from an analogy to 
the cooling of heated metals. As a metal cools, the 
atoms fluctuate between relatively higher and lower 
energy levels. If the temperature is dropped slowly 
enough, the atoms will all reach their ground state. 
However, if the temperature is dropped too quickly, 
the system will get trapped in a less-than-optimum 
configuration. If the energy function of this physical 
system is instead replaced by an objective function 
f({xi}), where {xi} is a set of independent 
variables, then the progression of this function 
towards the global minimum is analogous to the 
physical progression towards the ground state. 
 
The SA algorithm also requires a control parameter, 
T (an effective temperature), a strategy for changing 
T, and a method for exploring the parameter space. 
The algorithm, illustrated in Figure 1, begins at a 
random initial position in parameter space with a 
corresponding objective function value, f0 . The 
parameters are then perturbed to generate a trial 
point with a new objective function, f1, and the 
move is either accepted or rejected. All downhill 
moves, corresponding to Δ f  = f i  -  f i - 1

 <0 , are 
accepted, while uphill moves, corresponding to    
Δ f  >0 , are accepted in a probabilistic manner using 
the Metropolis algorithm (35), where 
 

( ) ⎥⎦
⎤

⎢⎣
⎡ Δ
−=Δ

T
ffP exp    (2) 

 
A random number is generated over the range ( )1,0 , 
and if P(Δf)  > random(0,1) , the trial point is 
accepted. Otherwise, the point is rejected and 
another trial point is generated. The control 
parameter is decreased every n steps, and the step 
lengths can be adjusted every m steps. The process 
continues in an iterative manner until the program 
converges on a solution. This convergence can be 
expressed as a function of the control parameter, the 

number of iterations, the acceptance rate of new 
moves, or the absolute or relative change in the 
objective function. 
 
At the start of the annealing process, the control 
parameter is relatively high compared to the 
standard deviation of the objective function, so the 
probability of accepting an uphill move is great. 
Hence, the random walk is able to explore a wide 
area of parameter space without getting trapped in 
local minima. As the control parameter is 
decreased, the algorithm is able to focus on the 
most promising areas. 
 
In addition to manipulating the control parameter, 
the magnitude of the step length in parameter space 
can be controlled. It has been found experimentally 
that the space is best explored when the acceptance 
rate of new steps is 50% (36). A relatively high 
rejection rate means that the space is being 
ineffectively explored, while a relatively low 
rejection rate means the algorithm is being explored 
with too-small steps.  
 
The SA algorithm has many advantages over other 
optimization methods. It is largely independent of 
the starting values, it can escape local minima 
through selective uphill moves, and the underlying 
function need not be continuous. The SA method 
has been found to be superior to the simplex 
method, the Adaptive Random Search, and the 
quasi-Newton algorithm in finding the optimum of 
a continuous function (33,37). Eftaxias et al. (34) 
compared the SA and Levenberg-Marquardt 
algorithms and found that the LM algorithm was 
only advantageous when few model parameters 
must be optimized and a good initial estimate was 
provided. They observed that the SA algorithm was 
more robust and found more accurate and 
meaningful fits as the number of model parameters 
was increased.  
 
The SA algorithm has been applied to population 
pharmacokinetics (38), optimal design (39), and in 
the physiologically-based program PKQuest (40). 
However, in the latter, the method is built into an 
application for Maple, a commercial mathematical 
problem-solving program, and not explicitly 
described. To our knowledge, this algorithm has not 
yet been applied to solve compartmental models in 
individual pharmacokinetics.  
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Figure 1. The simulated annealing algorithm. The operator ( )21 ,mod xx  returns the 

remainder of 1x  divided by 2x . 
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METHODS 
 
The SA algorithm was implemented in a C++ 
program, PKPhit. The differential equations were 
solved numerically using a fourth-order Runge-
Kutta routine with 500 steps (41). 
 
Annealing schedule 
The program begins by generating a random 
starting position in parameter space and calculating 
the corresponding objective function, f 0 . The form 
of the objective function, f, was chosen to be the 
weighted residual sum of squares (WRSS)  

( )
2

1

ˆ∑
=

−=
n

i
iii CCwWRSS    (3) 

where Ĉ i  denotes the predicted value of Ci  based 
on the chosen model, and wi  is the weighting 
factor. The weight is commonly chosen to be the 
inverse of the variance of the observation, and here 
an iterative reweighting scheme was chosen where 
the variance was taken to be proportional to the 
predicted concentration, Ĉ i , so that (42)  

2ˆ
1

i
i C

w =    (4) 

The algorithm progresses as new steps are 
generated and either accepted or rejected as a 
function of the control parameter T, which is 
reduced every m iterations. The magnitude of a step 
is calculated by multiplying a random number 
between 0 and 1 by the step length. The acceptance 
rate (AR) of new trials is checked every n 
iterations. The step lengths are increased if AR > 
60%, decreased if AR < 40%, and left unchanged 
otherwise. Following Corana et al. (33), the new 
step length, L ′ j , for the j t h  parameter is calculated 
from the previous step length Lj  according to 

⎟
⎠
⎞

⎜
⎝
⎛ −
+=′

4.0
6.01 ARcLL jjj if AR > 0.6   (5) 

4.0
4.01 ARc

L
L

j

j
j −

+
=′  if AR < 0.4   (6) 

where cj  is the step length adjustor for parameter j. 
 
The program terminates when the convergence 
criteria are reached. Several different criteria were 

investigated alone and in combination, including 
the total number of iterations, the absolute or 
relative change in WRSS, the acceptance rate, and 
the current value of the control parameter. 
 
Test models 
The robustness of the SA algorithm in fitting 
pharmacokinetic parameters was tested using three 
two-compartment models. Figure 2 shows a 
mamillary model with a central compartment. The 
case with constant kinetic rate coefficients, which 
we will refer to as the classical Model 1, is 
described by the equations 

( )
dV
tiCkkCkC )(

110122211 ++−=&    (7) 

2211122 CkCkC −=&    (8) 

where C1  is the concentration in compartment 1, 
C2  is the concentration in compartment 2, ki j  is the 
kinetic rate coefficient for the transfer of drug 
molecules from compartment i to compartment j, 
and i(t)  is the infusion rate of the drug in mass or 
moles per hour. The term Vd  is the apparent volume 
of distribution, defined as the volume of fluid into 
which the dose would have to be dispersed in order 
to produce the concentration observed in the 
plasma, and it is expressed in liters. Compartment 1 
typically corresponds to the plasma, and 
compartment 2 could represent a tumor, the brain, a 
bound state, or simply a mathematical construct. In 
the case of a bolus dose or a constant infusion, 
Equations (7) and (8) have an exact algebraic 
solution in which the compartment concentrations 
are typically sums of terms that are exponential in 
time. 
 
By replacing one or more of the constant kinetic 
rate coefficients by the fractal equivalent given by 
equation (1), a fractal compartmental model can be 
created. For example, by making the substitution 
k21=k21t -α  in equations (7) and (8), a fractal 
trapping model is obtained, with a power-law 
release of drug molecules from compartment 2 back 
into compartment 1. This Model 2 is expressed 
mathematically as 

( )
dV
tiCkkCtkC )(

110122211 ++−= −α&    (9) 

2211122 CtkCkC α−−=&    (10) 
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Figure 2. A two-compartment mamillary model. Figure 3. A two-compartment catenary model. 

Alternatively, a fractal elimination model can be 
created from the concatenary configuration shown 
in Figure 3. Fuite et al. (26) designated 
compartment 1 as the plasma and compartment 2 as 
the liver. By making the substitution k20=k20t -α , 
elimination from the liver now occurs at a fractal 
rate. This case comprises Model 3 and is described 
by the equations 

dV
tiCkCkC )(

1122211 +−=&    (11) 

( ) 220211122 CtkkCkC α−+−=&    (12) 

The fractal compartmental models are linear, since 
the kinetics remain first-order. However, the value 
of the fractal kinetic rate coefficient, and thus the 
probability of drug release from the fractal 
compartment, changes with time. Unlike Model 1, 
the equations for Models 2 and 3 cannot be solved 
exactly using analytical methods, except for a few 
special cases of the parameter values (28). 
 
Simulated data sets 
Sets of error-free data were generated for each 
model using parameters (listed in Table 1) that were 
chosen to reproduce real clinical situations. For 
Models 1 and 2, the values correspond to 
parameters reported for the anticancer agent 
carboplatin in pediatric patients (43). In addition, an 
arbitrary value of α = 0.6 was included for Model 2. 
The dose and infusion time were taken to be 500 mg 
and 1.5 h, respectively.  

Twelve concentration values, Ci , were calculated 
for times t i  = 0, 0.5, 1, 1.5, 2, 3, 4, 6, 8, 10, 12, and 
18 h. Beyond 18 hours, the concentration falls 
below the quantification limit of 0.0025 mg L-1 
reported for free platinum using atomic absorption 
spectrometry (44). Model 3 was fit to mibefradil 
data (27), and the estimated parameters were used 
to generate 12 points for times t i  = 0, 0.8333, 
0.1667, 0.25, 0.3333, 0.5, 1, 1.5, 2, 6, 12, and 24 h. 
A dose of 25 mg and an infusion time of 0.1667 h 
was selected for a hypothetical 25-kg dog. 
To create sets of realistic, noisy data, ( )*, ii Ct , an 
independent error value, ε i , was added to each 
concentration value: 

iii CC ε+=*    (13) 

A Gaussian distribution with zero mean was 
assumed for ε i , such that 

( )2,0~ ii N σε    (14) 

where N(µ,σ2) is a normally-distributed random 
variate with mean µ and variance. The variance was 
chosen to induce a coefficient of variation (CV) of  
10% in Ci  (45), where 

%100%100 ×=×=
iC

CV σ
μ
σ

   (15) 
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Table 1. Theoretical coefficients for the simulated two-compartment models 

 
Model 

12k  

( 1−h ) 
21k  

( 1−h ) 
10k  

( 1−h ) 
20k  

( 1−h ) 
dV  

( L ) 

α  

Classical 1.5 1.1 1.25 - 5.0 - 

Fractal trapping 1.5 1.1 1.25 - 5.0 0.6 

Fractal elimination 28.0 3.0 - 0.6 10.0 0.8 
 
 
 
In order to generate ( )2,0 iN σ , we used the polar 
form of the Box-Muller method to transform two 
uniformly-distributed random numbers into two 
N(0,1) variates (41) Further modification provides 

( ) ( )1,0,0 2 NN iii ×== σσε    (16) 

with ⎟
⎠
⎞

⎜
⎝
⎛ ×= ii CCV

%100
σ  from equation (15). 

Finally, substituting into equation (13) yields 

 

( )⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡+= 1,0

%100
1* NCVCC ii    (17) 

Figure 4 shows the range in data points for the three 
models. 
 
RESULTS AND DISCUSSION 
 
Optimum algorithm parameters 
Perhaps the most important step in evaluating the 
SA algorithm is the development of an appropriate 
annealing schedule. To ensure successful 
optimization, the control parameter T should be 
lowered slowly enough to find the global minimum 
but quickly enough to minimize computer run time. 
For the two-compartment models, it was found that 
a linear decrease in the control parameter by a 
factor R was the most efficient, as compared to 
exponential or power law functions of T, or a 
function of the number of iterations. Furthermore, 
the drop in the control parameter was best achieved 
when the ratio of m, the number of iterations at 
each value of the control parameter, to T0 , the 

initial value of the control parameter, was 0.10 
(with m = 1 and T0  = 10) and R = 0.999. 

When 0.1
0

=
T
m

, the algorithm failed to converge, 

and when 01.0
0

=
T
m

, the algorithm was inefficient 

and required more than twice as many iterations. 
An increase in R to 0.9999 also proved inefficient, 
while a decrease to 0.99 led to a lower accuracy in 
the final results. 
 
The choice of appropriate convergence criteria was 
also investigated. WinNonLin® monitors the 
relative change in the objective function. In this 
work, a modified method based on results of Goffe 
et al. (37) was developed for PKPhit. Every Nδ  
iterations, the average of the previous Nδ  accepted 
values of the objective function was calculated and 
compared to both the current function value, f i , and 
the optimum value, f optimum. The relative changes 
were compared to a predetermined value δ, and the 
algorithm converged  
 

if δ<
−

previous

iprevious

f

ff
…(18) 

and δ<
−

previous

optimumprevious

f

ff
…(19) 

where 
δ

δ

N

f
f

N

j
j

previous

∑
== 1    (20) 
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Figure 4. The simulated data sets for (a) Model 1, (b) Model 2, and (c) Model 3. 

 
 
For flexibility in fitting difficult data sets, an 
additional condition was imposed such that the total 
number of iterations did not exceed Nmax = 30,000. 
Using the optimum parameters discussed above and 
values of Nδ  = 10 and δ = 0.0001, convergence was 
found to occur after 15,000± 5,000 iterations 
(taking less than a minute on a Pentium 4 computer, 
3.2 GHz with 1 G of RAM). 
 
Because it was found that adjusting the step length 
actually led to longer run times and in many cases 
an inability to converge, constant step length values 
were used. A step length of 0.01 to 0.05 was 
optimal for the kinetic rate parameters and volume 
of distribution, while a value of 0.001 was ideal for 
the fractal exponent. When these values were 
increased, the algorithm quickly found the correct 
area in parameter space, but subsequently took over 
30,000 iterations to narrow in on the optimum. 
Smaller step lengths resulted in inefficient 
exploration of the parameter space and the same 

excess of iterations. The bounds in parameter space 
were taken to be 0.01- 10.0 for the kinetic rate 
coefficients and volume of distribution, and 0 - 5  
for the fractal exponent; however, widening the 
ranges, even by a factor of 104, had no effect on the 
progression of the algorithm. 
 
In order to investigate the sensitivity of the SA 
algorithm to the initial parameter values, Model 1 
was fit to a data set 50 times, each time with 
different values of the random seed and initial 
model parameter values (randomly chosen over the 
range (0,10]). The mean WRSS was 
0.3389± 0.0004, and the coefficient of variation was 
less than 5% for each of the estimated model 
parameters. Although the algorithm is most 
efficient when the range of the initial values is 
limited, it never failed to reach the global optimum, 
even when the ranges were extended to (0,50] and 
the initial function value was as high as 10100. 
Consequently, the performance of the SA algorithm 
is independent of the starting point. 
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Finally, performing occasional restarts of the 
program using the current optimum parameter 
values as the new initial values was not found to be 
beneficial; the algorithm explored the surrounding 
space but still converged on the minimum at the 
same value of the control parameter.  
 
Comparison with other algorithms 
To evaluate the performance of the SA algorithm, 
the WRSS and model parameter values found by 
PKPhit for Model 1 were compared to those 
determined by the Gauss-Newton (Levenberg and 
Hartley) and Nelder-Mead simplex algorithms as 
implemented by WinNonLin® Version 4.1. Table 2 
lists the results for 50 data sets, the number found to 
achieve meaningful results since two independent 
groups of 50 were statistically equivalent (with 
WRSS values of 0.27± 0.10 and 0.28± 0.10). The 
confidence intervals should include the theoretical 
values used to generate the noise-free data, and this 
is indeed the case for all of the parameters. 
 
Because the same data and model is involved, the 
WRSS can be used to compare the goodness of fit 
of the three algorithms. The WRSS values were the 
same for all three algorithms, and thus PKPhit 
performs as well as the commercially-available 
implementations of the Gauss-Newton and simplex 
algorithms. However, in order to get the similar 
degree of accuracy and precision in the Gauss-
Newton and simplex results, the initial parameter 
values had to be within 40% of the actual values, 
and the lower and upper bounds had to be within an 
order of magnitude for the Gauss-Newton algorithm 
and more than twice as narrow again for the 
simplex algorithm. Doubling the range of the 
parameter bounds for the simplex algorithm 
resulted in a decrease in the accuracy of the 
parameter estimates by an average of 30% and an 
increase in their standard deviation by an average of 
140%. In the case of the Gauss-Newton algorithm, 
simply increasing the initial estimates of the kinetic 
rate coefficients from 1.0 h - 1  to 5.0 h -1  resulted in 
an inability of the algorithm to converge to a 
solution for any of the 100 data sets.  
 
In the extreme case where no initial estimates were 
provided to WinNonLin®, the program was unable 
to find solutions for 26 of the data sets when using 
the Gauss-Newton algorithm and 24 of the sets 
when using the simplex algorithm. Furthermore, 
although the mean objective functions did not rise 

significantly, the standard deviations in the 
parameter estimates increased by 15-50% in the 
Gauss-Newton case and by 50-350% in the simplex 
case. Therefore, although the three algorithms are 
capable of achieving equivalent model fits, the 
Gauss-Newton and simplex algorithms require strict 
initial conditions, whereas the SA algorithm is able 
to explore the parameter space and focus on the 
most promising area without prior knowledge of its 
location.  
 
Applicability to fractal models 
Fifty noisy data sets were generated for Model 2, 
the fractal trapping model, and Model 3, the fractal 
elimination model. Based on the performance of 
PKPhit demonstrated in the previous section, the 
parameters for the fractal models were estimated 
using PKPhit, and the results are listed in Tables 3 
and 4, respectively. For both the models, the 
parameter estimates agree with the predicted values, 
and the confidence intervals are reasonable. These 
values are similarly independent of the initial values 
and bounds of the parameters. In these cases, the 
WRSS values are strictly the metric for 
minimization and as such cannot be compared 
across Tables 2-4. 
 
On a final note, while the WRSS is a good metric 
for function optimization, we recommend using the 
Akaike Information Criterion (AIC) and/or the 
Schwarz-Bayesian Criterion (SBC) to guide 
selection between different models (46). These 
metrics adjust for the number of model parameters 
and the number of data points. 
 
CONCLUSION 
 
This paper introduced the first detailed application 
of the simulated annealing optimization routine to 
fit individual pharmacokinetic data. The robustness 
of the SA algorithm in fitting both classical and 
fractal compartmental models has been 
demonstrated. Although a technique was used to 
modify the step length, a constant step length was 
found to lead to a more stable solution.  
 
Convergence of the SA algorithm was most 
efficient with a linear decrease in the control 
parameter by a factor R=0.999 every m=0.10 T0 
iterations and best estimated using the relative 
decrease in the objective function. 
 



J Pharm Pharmaceut Sci (www. cspsCanada.org): ?????, 2007 
 

 

 
177 

Table 2. Estimated parameters for the classical two-compartment model 

 Estimated Value Parameter Theoretical 
Value  PKPhit Gauss-Newtona Simplexb 

mean 2.26 2.23 2.48 
SD 0.86 1.06 0.68 

12k  

( 1−h ) 

1.5 

range 0.83-4.1 0.68-5.5 0.93-3.0 
mean 1.44 1.43 1.47 
SD 0.22 0.18 0.17 

21k  

( 1−h ) 

1.1 

range 0.95-2.1 1.1-1.9 1.0-1.9 
mean 1.44 1.42 1.51 
SD 0.30 0.35 0.27 

10k  

( 1−h ) 

1.25 

range 0.88-2.3 0.87-2.7 0.92-2.0 
mean 4.53 4.64 4.29 
SD 0.93 1.0 0.88 

dV  

( L ) 

5 

range 2.7-7.3 2.3-7.6 3.1-7.0 
mean 0.28 0.28 0.28 
SD 0.10 0.11 0.09 

WRSS - 

range 0.11-0.50 0.11-0.54 0.12-0.51 
WRSS = weighted residual sum of squares; SD = standard deviation; 
aInitial parameter values: k12= k21= k10= 1.0 h -1 and Vd= 7 L ; parameter bounds: 0.5- 10 h -1 and 0.5- 10L . 
bInitial parameter values: k12= k21= k10= 1.0 h -1 and Vd= 7 L ; parameter bounds: 0.5- 3.0 h -1  and 2- 7L . 

 
 

 
Table 3. Estimated parameters for the two-compartment model with fractal trapping 

 
 

12k  

( 1−h ) 
21k  

( 1−h ) 
10k  

( 1−h ) 
dV  

( L ) 
α WRSS 

theoretical 1.5 1.1 1.25 5 0.6 - 

mean 1.75 1.11 1.40 4.76 0.58 0.067 

SD 0.75 0.32 0.28 0.94 0.073 0.043 

range 0.58-4.01 0.50-1.89 0.96-2.54 1.46-6.99 0.39-0.72 0.0077-0.20 
WRSS = weighted residual sum of squares; SD = standard deviation 

 
 
 

Table 4. Estimated parameters for the two-compartment model with fractal elimination 
 
 

12k  

( 1−h ) 
21k  

( 1−h ) 
20k  

( 1−h ) 
dV  

( L ) 
α WRSS 

theoretical 28.0 3.0 0.6 10.0 0.8 - 

mean 24.3 2.68 0.57 10.9 0.77 0.074 

SD 2.0 0.58 0.059 1.19 0.056 0.047 

range 18.3-29.6 1.42-4.43 0.43-0.71 7.8-15.1 0.63-0.88 0.0068-0.23 
WRSS = weighted residual sum of squares; SD = standard deviation 
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PKPhit always converged towards the global 
minimum, irrespective of the initial values and 
bounds of the model parameters, whereas similar 
fits by the Gauss-Newton and simplex algorithms 
required estimates of the parameters to within 40% 
of the actual values as well as narrow parameter 
ranges. This limitation is significant not only in the 
case of a new drug, but also for established drugs 
due to wide ranges in interindividual variability. For 
example, when Sonnichsen et al. (47) fit a two-
compartment model to data for the anticancer agent 
paclitaxel in 30 pediatric patients, the ranges of 
values found for three of the parameters were 2.9-
47.4 µmol h-1, 6.0- 142.7 µmol h-1, and 0.052- 1.04 
µmol h-1.  
 
Due to its versatility and independence on prior 
knowledge of the parameter values, the SA 
algorithm is particularly applicable to fitting fractal 
models that are not solvable using analytical 
techniques. Eftaxias et al. (34) found that an SA 
solution may be further improved by around 5% by 
subsequent application of the LM algorithm, and 
this possibility could be investigated in a future 
study.  
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