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1 Introduction

Woolston, Runyan and Byrdson first reported a theoretical study of aeroe-
lastic systems with structural freeplay in 1955. Recently, there has been
considerable interest in the study of nonlinear aeroelastic systems using ex-
perimental investigation and numerical simulations ([1],[3], [5])-

Nonlinearities in aeroelastic systems can result due to the structural and
aerodynamic forces. Typically, real structures may have structural nonlin-
earities such as freeplay and hysteresis. In an effort to reduce the uncertainty
in nonlinear aeroelastic models, it may be of interest to identify the specific
type of structural nonlinearity in an aeroelastic response. The more accurate
information of the aeroelastic characteristic may be useful in the develop-
ment of aeroelastic models, which in turns leads to the improved design of
aircraft safety and performance.

In this paper, we continue our early work reported in [7], and we propose
a methodology which is capable to identify the specific type of structural
nonlinearities such as freeplay and hysteresis from a given aeroelastic re-
sponse. The aeroelastic data can arise from an experiment or a ground test.
Moreover, our proposed technique also estimates the locations of the switch-
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ing points in the freeplay and hysteresis. The switching points define the
changes of the system dynamics in the corresponding linear sub-domains.

In [7], we have reported a procedure based on the successive calcula-
tions of the difference between consecutive observations. The method have
been successfully tested for a numerically simulated aeroelastic signal with
freeplay. However, if the signal is corrupted with noise, the method can not
be applied. In this paper, we propose a methodology based on a statistical
non-parametric method to identify freeplay or hysteresis for a given response
data. To the best of our knowledge, no other work has been reported on
the identification of the structural nonlinearity directly using the aeroelas-
tic response. The developed methodology is capable of dealing with noisy
aeroelastic signals. It has been tested to aeroelastic responses arising from
polynomial spring, freeplay and hysteresis. In a typical experiment, we are
given response signals representing the pitch angle, plunge displacement and
the flap rotational motion of an aeroelastic system with a control surface.
Without knowing that a freeplay structural nonlinearity is imposed to the
control surface, using our method we successfully identify the freeplay in the
flap degree-of-freedom by testing the aeroelastic response signals (in pitch,
plunge and flap motions). Moreover, the switching points are accurately
located.

So far, our study is limited to having a freeplay nonlinearity in one-
degree-of-freedom in the aeroelastic system. It is of interest to investigate if
there are two freeplays in the aeroelastic system. We expect the proposed
technique could still identify the freeplay individually, but we need to obtain
or to simulate the aeroelastic data to confirm this remark. The technique,
however, could deal with aeroelastic signals resulting with both structural
and aerodynamic nonlinearities. Moreover, notice that after the structural
nonlinearity is determined, we can apply system identification methods to
reconstruct the corresponding aeroelastic model.

2 Aeroelastic systems with structural non-
linearities
The concentrated structural non-linearities can be generally classified as poly-

nomial springs, freeplay, or hysteresis. A polynomial stiffness may be ob-
served in the large bendings of wings or propeller blades. Mathematical this



non-linearity can be expressed by a polynomial function
M(z) = apa™ + ...+ a1z + ap. (1)

For example, for the cubic spring displayed in Fig.1 (a), M(x) is given by
M(z) = ayx + azx®.
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Figure 1:General sketch:(a) cubic spring (b) freeplay (c) hysteresis

In this paper we are mainly concerned with non-linearities represented
by piece-wise linear functions, such as freeplay or hysteresis. A backlash in
loose or worn control surface linkages or hinges may be the cause of a freeplay
nonlinearity. Mathematically, we have a continuous piece-wise linear function

My +x+ of if r < ay
M(z) = § Mo+ M¢(z — ay) ifap<z<ap+6 (2)
My+x—ap+6(M;—1) ifz>ar+0,

where M, is the preload, d is the freeplay and oy is the beginning of the
freeplay. A general sketch of a freeplay without a preload (M, = 0) is given
in Fig.1(b).

When friction affects linkage dynamics, the aeroelastic system may ex-
hibit a hysteresis non-linearity. If 1 and | denotes that the motion is in-
creasing or decreasing in the x direction, a hysteresis nonlinearity can be
expressed as

'x—af—i-Mg ifrx <ot
T+ ap— M iftr>—arl

M(:c)=<MO ?fafgzvgaf%—(ST (3)
—M, if —ap—o0<z<—-arl
r—ap—0+My ifx>a;+61
(z+or+0—-My, fz<—-ar—0].



Similarly as defined in equation (2), M, is the preload, ¢ is the freeplay and
ay is the beginning of the freeplay. The function M(z) corresponding to a
hysteresis is illustrated in Fig.1(c).

Many mathematical models for aeroelastic systems with structural non-
linearities can be formulated as systems of ordinary differential that can be
expressed in the state-space form:

X, = AX, + F(X,), (4)

where A is a matrix containing the system coefficients, F' is a non-linear
function, and ' denotes the real time derivative.

A two-degree-of-freedom airfoil oscillating in pitch and plunge can be
modeled by the following system of equations [4]:

~ ~ 2
" " W w 1
2 —- = = Oyt
& +aa0 + 2 +<U*) GO = -6 .
Lo 1 " Ca / 1

Here G(£) and M () are the nonlinear plunge and pitch stiffness terms, re-
spectively. Cp(t), Cp(t) are the lift and pitching moment coefficients, and
they are expressed by integral terms for the subsonic flows. By introducing
four new variables wy, ws, w3, wy, the integro-differential system (5) can be
reformulated as in equation (4) with X = [a,a,&, &, wi,wa, ws, wy]t. De-
pending on the type of the structural non-linearity, the functions G(&) and
M (o) can be expressed as in formulas (1), (2) or (3).
For an airfoil with a freeplay control surface, the mathematical model can
be written as:
M,X" + B,X' + K,X = F. (6)

Here the matrices M;, B, and K, are given in [5], and X = [h, a, (], where
h is the plunge displacement, « is the pitch angle, and 3 is the flap rotation.
With a structural freeplay in flap the nonlinearity is given by the following
formula
B+6 ifpB< -6
M(B)=40  if —6<B<S (7)
g—46 if B>

The model (6) can also be expressed in a state-space form [1].



3 Nonlinearity identification

In this paper we propose a method to determine the presence of the structural
nonlinearities such as freplay and hysteresis, using only the noisy aeroelastic
response. Moreover, we find the freeplay parameters 6 and ay. The same
problem was solved in [7] for simulated clean data, by analysing the differ-
ences between consecutive observations. However, this method can not be
extended to noisy data because of the commonly non-differentiable nature of
the noise.

3.1 Non-parametric estimation

Here, we propose a robust method similar to the methods used to find the
thresholds for self-exciting autoregressive models (SETAR) [10]. Let {to, t1,
..., t;} denote the thresholds, i.e. a linearly ordered subset of real numbers,
such that ) < t; < ... < t;, where t; = —o0 and t; = +00. A self-exciting
threshold autoregressive model of order (I;p,...,p) or SETAR (;p,...,p)
where p is repeated [ times, is a univariate time series {X,,} of the form

p
Xn = CLE)]) + ZG,L('])Xn—i + €n, tj—l < Xn—d S t]a (8)

=1

for j = 1,2,...1, where d is a fixed integer belonging to { 1,2,...,p}, and
{en} is a Gaussian, independent, identically distributed white noise sequence.
If for j =1,2,...,1, we have agj) =0fori=p;+1,p; +2,...,p, then {X,}
is known as a SETAR((; p1, po, - .., p;) model. Hence, a SETAR (1,p) model
is equivalent to a linear autoregressive (AR) model of order p.
If we define the vector Y, = (X,,... ,Xn,pﬂ)t, then to a SETAR((; p, p,
.., p) model corresponds a discrete state-space form:

Y, = f(Yn—l) + Ey, (9)

where E, = (e4,0,...,0)", f(Yn_1) = (h(Yn_1), Xn_1,---, Xn_ps1)’, and
h(Y,_1) is given in the right side of the equation (8).

The most difficult task for these models is to determine the thresholds
and the delay parameter d. In [10], Chapter 7.2.3, Tong suggests to use
exploratory data analysis, and to study the non-parametric lag regression
estimates. If m;(z) = E(X,| X,4;), a non-parametric kernel estimate ()



for m,(z) is given by

mi(z) = Y Xibn(x—Xigy)/ Y onl(z — Xig), (10)

i=—j+1 i=—j+1

for j = —s,...,—1, where s is a positive integer much smaller than the size
N of the data set (see page 218 in [10] and Chapter 4.1.5 in [11]). Here, dx/(+)
is a function defined by

u(e) = {(1 = lel/hw) b i || < By a

0 otherwise,

where hpy is chosen such that Ay — 0 as N — oco. A similar formula can
be written for the non-parametric estimates v,(x) of the variance v;(z) =
VAR(X,|Xn+;). Analysing the plots of 7;(z) and 9;(z) for several values of
7, we can determine the thresholds and the delay parameter. In addition to
the simple kernels dy(-), there are also other possible choices for the kernels
(see [11], page 139), e.g the Gaussian or the Epanechnikov kernels. The
bandwidth Ay can be chosen using the leave-on-out cross-validation ([11],
page 141). Asymptotic properties of /() are given in [9].

It should be noted that there are many similarities between the discrete
state-space model given in (9) and the aeroelastic model stated in (4). The
techniques used to determine the thresholds can in fact be extended to iden-
tify the structural nonlinearity in aeroelastic response data. In the next
subsection we present the results obtained using the simple kernels given
n (11). A more detailed study and discussion will be presented in the full

paper.

3.2 Case studies

Figs.2 and 3 display the pitch motions of an oscillating airfoil. The data'
presented in Fig. 2 are obtained from an experimental wind-tunnel testing
performed at the Texas A&M University, in which a polynomial structural
nonlinearity is imposed in the pitch-degree-of-freedom. The corresponding
mathematical model ([2]) is similar with (5). Fig. 3 illustrates a pitch motion

I The data are from  the file DNO04J.dat available  online at
http://aerounix.tamu.edu/aeroel.
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Figure 2: Aeroelastic response with polynomial nonlinearity: pitch angle

from a numerical time-integration method applied to the two-dimensional
aeroelastic model given in (5). The numerical data (solid red lines) are
contaminated with additive Gaussian noise such that the signal-to-noise ratio
is 3 (dash dotted blue line). Here, a hysteresis nonlinearity is imposed in the
pitch degree-of-freedom, with 6 = 1, and ay = 0.
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Figure 3: Aeroelastic response with hysteresis: pitch angle

The response signal shown in Fig. 4, corresponds to the flap rotation
motion with a freeplay nonlinearity. The data (solid red lines) are generated
numerically using the model given in (6). The freeplay is § = 1, and the signal
contains an additive white Gaussian noise with signal-to-noise ratio=3.
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Figure 4: Aeroelastic response with freeplay: flap displacement

From the aeroelastic responses shown in Figs. 2 - 4, it is impossible
to identify which signal is resulted from a freeplay or hysteresis. Now, by



applying the non-parametric technique presented in the previous subsection,
we can study the conditional means F(z;|z;+ j) and variances Var(z;|z;+ j)
of the response signal for various value of j.

Figs. 5 and 6 shows the results corresponding to the data given in Fig.2.
The estimates of the means are well approximated by a straight line. For the
variances, we obtain simple concave curves. Here we present only the results
for j=-1, -10 and -30, since the profile of the curves obtained for values of j
between —80 and 0 are similar. Since we know that the experimental data
displayed in Fig. 2 do not exhibit any piece-wise non-linearity, we can use
them as a control data set.
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Figure 5: Polynomial aeroelastic response: the estimates of the mean
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Figure 6: Polynomial aeroelastic response: the estimates of the variance

Now we study the non-parametric estimates for the data in Fig. 3. The
results presented in Fig. 7 indicate the existence of three inflection points in
the mean. This provides a clear identification of the hysteresis nonlinearity,
with the parameters near 6 = 1 and ay = 0. The plots of the corresponding
variances (see Fig. 8) further confirm this observation, where the curves
comprise of three extrema located around -1, 0 and 1.

Finally, the plots of the means corresponding to the flap motion are shown
in Fig. 9, and a freeplay nonlinearity is expected from the two inflection
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Figure 7: Aeroelastic response with hysteresis: the estimates of the means
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Figure 8: Aeroelastic response with hysteresis: the estimates of the
variances
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Figure 9: Aeroelastic response with freeplay: the estimates of the means

points near -1 and 1.

4 Aeroelastic system identification

Knowing the structural nonlinearity, is very helpful in order to perform sys-
tem identification for an aeroelastic model. For example, the state space
form corresponding to a two-degree-of-freedom airfoil characterized by the



model (5) with a freeplay in pitch is as follows:

X, = AX, + F, if X,(1) < oy,
X, = BX; + Fy if ay < X,(1) < oy + 9,
X, = AX, + F3 if X,(1) > o + 6,

where X (1) = « is the first component of the eight dimensional vector X =
[a, &, a’,{’,wl,wQ,wg,m]t. Hence, we have three linear systems that can be
solved analytically. With a sufficiently small sampling step 7, the solution
can be expressed as

Xt—H' = Al(T)Xt + bl(T) if Xt(].) < af,
Xivr = Ao(1) Xy + bo(7) if o < Xu(1) < ap + 9, (12)
Xt—H' = Al(T)Xt + b3(7') if Xt(].) > af.

Since in practice only a and £ can be measured, we associate with the system
(12) the following linear discrete switching state-space system:

Tpr = Aspp Tr + bsy ) + Vg1, (13)
yr = Cap, + wy, (14)

where Sy, is a discrete random variable given by

1 lfl‘k(l) < ay,
Sk+1= 2 ifozfgxk(l) SOff-i-(S,
3 if.’L‘k(l) > .

Here, A;, i = 1,2,3 are 8 x 8 matrices, A3 = Ay, b;, 1 = 1,2,3 are eight-
dimensional vectors, y;, = [a, £]" is the two-dimensional observation vector, zy
is the eight-dimensional state vector, vy ~ N(0,Qs,) and wy ~ N(0, R) are
independent Gaussian white noise vectors, (Q;, + = 1,2, 3 are 8 x 8 matrices,
R is a 2 x 2 matrix, and C is the 2 x 8 matrix

100 ...0
C_[o 10 ... 0]'

Suppose that we know o and ¢ (e.g. we determine the thresholds a and
oy + 60 using the non-parametric method presented in previous section), thus

10



the values of the switching variable Sy are known. Then we can estimate
the system parameters using the Expectation Maximization (EM) algorithm
and the Kalman filter [6]. If the system exhibit both polynomial and freeplay
nonlinearities, then, after we determine the thresholds, for system identifica-
tion we can apply the EM algorithm and the extended Kalman filter or the
Unscented filter [8]. Applications for aeroelastic system identification will be
presented in the full paper.

5 Conclusions

From the results presented here, the proposed procedure is capable to cor-
rectly identify the specific type of structural nonlinearities such as freeplay
and hysteresis directly for a given aeroelastic response. Moreover, the loca-
tion of the switching points are also estimated. Once the type of the nonlin-
earity is determined, we can develop a state-space model for the aeroelastic
system, and estimate the system parameters using the EM and the Kalman
filtering techniques.
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