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Flatness-Based Feedback Control of an Automotive
Solenoid Valve
Soon K. Chung, Charles Robert Koch, Member, IEEE, Alan F. Lynch, Member, IEEE

Abstract— This paper considers the control of solenoid valve
actuators used for gas exchange in internal combustion engines.
Although solenoid valves offer performance benefits over traditional camshaft-based valve systems, maintaining low impact
velocity is a critical performance requirement. Flatness provides
a convenient framework for meeting a number of performance
specifications on the valve’s end motion. The proposed control
design incorporates voltage constraints, nonlinear magnetic effects, and various motion planning requirements. A flat output
acts as a design parameter and is parameterized with a spline
basis. A nonlinear feasibility problem is solved to obtain optimal
spline coefficients such that performance requirements are met.
The resulting flat output provides an open-loop control which is
augmented with feedback so that a linear stable tracking error
system results. The proposed control scheme is demonstrated in
simulation and on an experimental testbed. The performance of
a Proportional-Integral controller is compared experimentally to
the flatness-based method.
Index Terms— Digital control, internal combustion engines,
modeling, motion-planning, nonlinear systems, solenoids, tracking.

I. I NTRODUCTION
IGNIFICANT improvement in spark ignition internal
combustion (IC) engine fuel consumption and reduction
of hazardous exhaust emissions can be obtained with solenoid
valve actuators to control engine gas exchange valves. These
performance benefits over conventional camshaft engines result from being able to adjust individual valve timing over
the entire load-speed range [33]. Novel combustion techniques
such as Homogeneous Charge Compression Ignition (HCCI)
[2], [12], which also potentially reduce fuel consumption and
exhaust pollutants, can be used with variable valve timing
[7] to adjust in-cylinder conditions during engine transients.
A number of variable valve timing designs exist including
solenoid valves [32] or hydraulic system [1] based solutions.
Two important criteria must be met when solenoids are used
to actuate gas exchange valves in an IC engine. First, the transition time for a valve to open/close should take approximately
4 ms in order to meet maximum engine speeds of 5000 – 6000
RPM [31]. Second, impact velocities of less than 0.1 m/s are
desirable for maintaining acceptable engine acoustical noise
levels, and ensuring valve seatings and wear requirements are
met [38]. However, performing efficient solenoid valve control
is a challenging problem due in part to an actuator’s uncertain
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nonlinear behaviour. This complex behaviour results from
eddy currents, magnetic saturation, limited range of authority,
and sensitivity to parameter variation and load disturbances.
Existing control work often applies linear position and velocity
feedback in an effort to limit valve impact velocities [23].
Other proposed solutions include an energy-based method [35]
and a nonlinear scheme using acoustical measurements where
the controller is tuned based on sound pressure intensity [31].
A sensorless approach suggested in [4], [5] alleviates the need
for position and velocity measurements. Here each coil is
used for both current measurement and force generation. For
most of these strategies, a combination of open and closedloop control is performed [17]. After the valve is released,
open-loop compensation is enabled during the middle stages
of motion. A feedback scheme (called end-control here) then
follows in the final portion of the valve motion to ensure the
valve lands at a desired velocity. The objective of open-loop
control is to setup valve motion conditions so that when the
end-control is switched on, low valve impact is achievable.
This strategy is necessary due to the system’s limited control
authority at large air gaps.
This paper exploits a flatness property of the solenoid valve
actuator model [15], [16]. Flatness is particularly well-suited
for designing a feasible open-loop trajectory which respects
a number of competing performance requirements. As well,
it naturally leads to a feedback control which can account
for model error and disturbances. The proposed flatnessbased control is intended for the final stage of armature
motion, and we do not consider the initial control phase. In
addition to an open-loop trajectory design which incorporates
motion planning constraints as in [21], [22], the proposed
method also accounts for magnetic saturation. A nonlinear
feasibility problem is solved numerically to compute a desired
open-loop trajectory which meets performance requirements.
Optimization applied to motion planning has been well-studied
in [3], [13], [28], [29], [30] and [37]. For the class of flat
systems, the optimization problem is simplified by eliminating
dynamic constraints. This is because system variables can be
differentially parameterized by a flat output which acts as the
design parameter in the optimization problem.
This paper is organized as follows. Section II presents a
model of the solenoid valve actuator which includes magnetic
saturation. Section III derives a flatness-based feedback endcontrol. Section IV outlines the open-loop trajectory design.
Section V demonstrates the method in simulation, and Section VI validates the control scheme experimentally.
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Magnetic force is given by
∂Wc
(x, ic )
∂x

(2)

i
λs f ′ (x) h
1 − (1 + ic f (x)) e−ic f (x)
2
f (x)

(3)

F (x, ic ) =
Substituting (1) into (2) gives
F (x, ic ) =

where f ′ (x) = 2C1 /(C2 − x)2 . Coefficients λs , C1 , C2
and C3 are determined by taking a least squares fit to static
experimental force data. The resulting parameters are λs =
0.0763 Wb, C1 = 2.30 · 10−2 mm/A, C2 = 4.04 mm and
C3 = 4.18 · 10−4 A−1 . Using these parameters in (3), the
magnetic force expression has a good fit with experimental
data, see Figure 2. Newton’s law for the armature gives
1800
Predicted Force
Measured Force Data
1600

1400

Fig. 1. Schematic of a two-spring solenoid actuator valve. Here x is the
valve position, ic,i is coil current, Rc,i is the coil resistance and vi is the
coil voltage where i = 1 denotes the closer and i = 2 denotes the opener
coil.
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II. M ODELING
The solenoid valve actuator considered here is similar to that
proposed in [32]. This linear actuator, shown schematically in
Figure 1, consists of two opposing electromagnets that move
an armature-valve assembly. The device is spring-loaded to
store mechanical energy with an unforced rest position midway
between the coils. Experimental data from a prototype valve
for a modern spark ignition engine provided by DaimlerChrysler is used for identifying simulation model parameters.
The armature position, denoted by x, varies on [−4, 4] mm
with x = 0 being the midpoint between coils as shown in
Figure 1. Using a flux saturation model similar to [19], we
take
λ(x, ic ) = λs (1 − e−ic f (x) ), ic ≥ 0
(1)
where λ is coil flux linkage, λs is saturated coil flux linkage,
ic is coil current and f is defined as
f (x) =

2 C1
+ C3
C2 − x

This form of f was chosen such that the flux linkage model
(1) is consistent with previous work [21] for small ic ; this
gives a physical interpretation for Ci . Only Coil 1 is turned
on and we assume no magnetic coupling between coils. This
is a valid assumption since both coils are not energized at the
same time. The force F exerted by Coil 1 on the armature is
obtained by differentiating the coenergy:
Z ic
Wc (x, ic ) =
λ(x, ξ)dξ
0

0
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Fig. 2.
Comparison of (3) with experimental data – ic
{1, 2, 4, 6, 8, 10, 15, 20, 25, 30, 35} A.

mẍ = F (x, ic ) + A(x, ẋ)

∈

(4)

where A(x, ẋ) = −(ks x + B ẋ), ks x is the spring force, B ẋ
is the viscous friction and m is the moving mass. The endcontrol method proposed here actuates only one coil since air
gap distances, as shown in Figure 2, would be too large for
the other coil to exert any substantial force when the armature
is near the activated coil. We ignore disturbance load forces
acting on the valve.
The parameters of the mechanical subsystem are obtained
by system identification. Armature position for free oscillations are experimentally measured and Matlab’s Prediction
Error method PEM in the System Identification Toolbox [25],
[26] is used to obtain estimates of m, Ks and B in (4).
The results are m = 0.2773 kg, ks = 250.98 N/mm and
B = 12.75 Ns/m.
The coil dynamics can be approximately represented by
dλ
(x, ic ) = v − Rc ic
dt

(5)

where v is coil input voltage and Rc is coil resistance. The
value of Rc = 0.52 Ω is measured directly. Solving for the
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time derivative of ic in (5) gives


dic
dλ
1
dx
v − Rc ic −
(6)
= dλ
(x, ic )
dt
dx
dt
dt (x, ic )

eic f (x) 
v − Rc ic − λs f ′ (x) ẋ ic e−ic f (x)
=
λs f (x)
The system has three states: armature position x, armature
velocity ẋ and coil current ic . The coil voltage v is the system
input.

A flatness-based static state feedback control is derived
so that the armature position converges exponentially to a
desired trajectory. As in [24], [27] and [39] differential flatness
provides a convenient framework for solving this trajectory
tracking problem. A flat output is defined as
(7)

Using (4) and (7), it can be shown that the states can be
expressed as functions of y and a finite number of its time
derivatives:
x=y
ẋ = ẏ
ic = −

(8a)
(8b)
1
[W−1 (−g(y, ẏ, ÿ)/e) + 1]
f (y)

function of y and a finite number its time derivatives. Consequently, convenient methods for solving trajectory tracking
problems exist.
Although the flatness-based strategy solves the open-loop
trajectory tracking problem, an additional feedback is required
to compensate for initial condition output tracking error,
external disturbances, and parameter variations. Denote yd as
the desired trajectory for the armature and ỹ = y − yd as the
tracking error. In order to obtain a closed-loop voltage which
achieves linear error dynamics
ỹ (3) + k2 ỹ¨ + k1 ỹ˙ + k0 ỹ = 0.

III. F LATNESS - BASED E ND -C ONTROL

y=x

3

(12)

we solve (12) for y (3) to obtain
(3)
y (3) = yd − k2 ỹ¨ − k1 ỹ˙ − k0 ỹ

(13)

Substituting this expression for y (3) into (11) gives the expression for the closed-loop static state feedback voltage:
f (y) h
(3)
m[yd − k2 ỹ¨ − k1 ỹ˙ − k0 ỹ] − Ȧ(y, ẏ)
v=
ic f ′ (y)


f ′ (y)
1
+ Rc ic
(14)
−
−2ẏF (y, ic )
C2 − y
f (y)
We choose k0 , k1 and k2 to ensure y converges to yd
exponentially. The robustness of this control law to model
error is discussed in Appendix I.

(8c)
IV. O PEN -L OOP T RAJECTORY D ESIGN

where
f 2 (y)[mÿ − A(y, ẏ)]
g(y, ẏ, ÿ) = 1 −
λs f ′ (y)

(8d)

and W−1 is a real-valued branch of Lambert’s W function [10].
The Lambert W function W (z) is defined such that for every
complex number z, z = W (z)eW (z) . Since 0 ≤ g(y, ẏ, ÿ) <
1, the argument of W−1 is between −1/e and 0, and this
ensures that W−1 is well-defined.
The third time derivative of y is used to obtain an expression
for voltage input
i
1 h
Ḟ (y, ic ) + Ȧ(y, ẏ)
(9)
y (3) =
m
with


1
f ′ (y)
Ḟ (y, ic ) = 2ẏF (y, ic )
−
C2 − y
f (y)
ic f ′ (y)
+
[v − Rc ic ]
(10)
f (y)
Solving for v gives
v=

f (y) h (3)
my − Ȧ(y, ẏ) − 2ẏF (y, ic )
i f ′ (y)

c
f ′ (y)
1
−
+ Rc ic
C2 − y
f (y)

(11)

Equation (11) has a singularity at ic = 0, however, the motion
planning described in Section IV ensures nonzero open-loop
current to avoid this condition. From (8) and (11) the system
is differentially flat, i.e., we can express state and input as a

In this section we describe the design of a suitable desired
trajectory yd to meet the system performance specifications.
We constrain the initial and final armature positions as
yd (t0 ) = 2.55 mm

(15)

yd (tf ) = 4 mm

(16)

where t0 is the time at which the end-control is activated and
tf is the time at which the armature lands. The constraints on
velocity are
ẏd (t0 ) = 2.59 m/s

(17)

ẏd (tf ) ≤ 0.1 m/s
ẏd (t) ≥ 0, t0 < t < tf

(18)
(19)

Constraint (18) is critical in ensuring reduced wear and
acoustical noise as discussed in Section I. The constraints on
acceleration and current are
ÿd (t0 ) = [F (yd (t0 ), ic (t0 )) + A(yd (t0 ), ẏd (t0 ))] /m
ÿd (tf ) = 0

(20)
(21)

ÿd (t) > A(yd (t), ẏd (t))/m
ic (t0 ) = 8.9 A

(22)
(23)

Since only one coil is being used, constraint (22) is required
to ensure only attractive forces are applied. We expect the
initial open-loop control phase ensures armature conditions are
close to the prescribed desired initial values for the position,
velocity, and current in (15), (17), and (23) respectively. These
limits were chosen based on experimental testing.

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 13, NO. 5, MAY 2006

Using (11) we can impose a constraint on the maximum
voltage during end-control:
|v(t)| ≤ 42 V,

t0 ≤ t ≤ tf

(24)

The value of 42 V is chosen to match the experimental
actuator design requirements and possible future on-board
vehicle voltage standards [6].
Following [27], we parameterize yd using a B-spline basis:
yd (t) = θT B(t) t0 ≤ t ≤ tf

(25)

where θ is a vector of spline coefficients and B is a vector of
B-spline basis functions of order k defined on the interval
[t0 , tf ]. Due to (11), we take fourth order (i.e., quartic or
k = 5) B-splines with 6 evenly spaced simple knots on
(3)
[t0 , tf ] to ensure yd is well-defined and we can evaluate (14).
The nonlinear feasibility problem is solved using Matlab’s
Spline and Optimization Toolboxes. Conditions (15), (16),
(17), (20) and (21) are linear equality constraints. Conditions
(18) and (19) are linear inequality constraints. Condition (22)
is discretized in time and becomes a nonlinear inequality
constraints. Choosing t0 = 0 and tf = 1.84 ms, the optimization algorithm converges to a feasible trajectory shown
in Figures 6.
V. S IMULATION
Due to limited coil force at large airgaps, closed-loop
control (14) is applied in the final stage of motion [38], [31].
That is, end-control is performed only in the last 1.45 mm of
the entire 8 mm motion. We take actual system conditions of
x(t0 ) = 2.53 mm and ẋ(t0 ) = 2.58 m/s. These values differ
from the initial conditions of the trajectory design defined in
Section IV to investigate sensitivity to initial condition error.
A block diagram of the control strategy for closer coil is
shown in Figure 3 – the control strategy for the opener coil
is similar and both coils are never switched on at the same
time. Controller gains for the error dynamics are selected to
ensure the simulation converges to the designed trajectory
within the time interval tf − t0 = 1.84 ms. The values for
the gains are k0 = 8.0 · 1012 s−3 , k1 = 1.02248 · 109 s−2 and
k2 = 6 · 104 s−1 .

4

the coil through on-off switching in the H-bridge is included
to improve simulation accuracy of coil voltage transients [8].
Filter algorithms which are needed in the experiment are also
implemented in the simulation model to estimate armature
velocity and acceleration [9]. A constant gain Kalman filter
is used to estimate the velocity, and the acceleration is estimated using a exponentially weighted moving average of
velocity. Since predictions of current dynamics are needed for
determining electromagnetic forces accurately, eddy current
effects are also considered in the simulation to provide a more
accurate model of the real actuator. Eddy currents are induced
as a direct result of flux changes within the actuator coil [14],
[18]. For fast operation, eddy current losses can substantially
affect actuator performance due to net flux reductions that
cause electromechanical response times to increase. However,
computing exact amplitude and distribution of eddy currents
is a challenging problem that depends on the nature of timevarying current flow in the coil and the position of the armature
[36]. A useful model for approximating eddy currents is an
equivalent circuit representation consisting of a secondarybranch resistance Re and an inductance Le [34], [8]. This
model is
dλ
(x, ic ) = v − Rc [ic + ie ]
(26)
dt
i = ic + ie
(27)
h
die
1
v − Rc [ic + ie ]
=
dt
Le (x, ic )
i
− Re (x, ic )ie
(28)
where Re (x, ic ) is a parasitic resistance, Le (x, ic ) is a parasitic
inductance and ie is an eddy current. Figure 4 shows the
circuit diagram for (26)–(28); it is a more complex coil model
than that used for control design. The functions Re (x, ic ) and
Le (x, ic ) in (28) are difficult to determine analytically, but
using transient FEA solutions and least squares optimization,
look-up tables for these functions can be obtained.

Fig. 4.

Equivalent circuit diagram with augmented eddy current model.

Fig. 3. Scheme of flatness-based voltage end-control with estimation of state
variables.

VI. E XPERIMENTAL S ETUP

The simulation assumes linear voltage v can be applied to
the coil using a switch logic block to output PWM signals into
the power electronics. A power electronics model that drives

The experimental setup is shown in Figure 5. A real-time
implementation of the control law is coded in C, and a
dSPACE DS1103 control board reads current and armature
position as analog inputs. PWM and digital TTL signals
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to the power electronics are output at a sample rate of 50
kHz. The H-bridge power electronics provide three output
modes (+42 V, 0 V, and −42 V) for regulating voltage to
the actuator coils [9]. All modes are achieved by switching
two high speed voltage-controlled power IGBT transistors.
One transistor is switched at 50 kHz while the other receives
a PWM signal with a 50 kHz duty cycle. If switching
frequencies are sufficiently high it is reasonable to assume
that PWM duty cycle approximates linear average voltage
[11], [31]. The DC power supply is a Sorenson DCS6018E 1kW switching power supply set to 42 VDC. Current
measurements are conducted with a Hall-effect (LEM LA55P) current sensor. Armature displacement measurements are
measured by an eddy current position sensor. Since the testbed
does not have a hydraulic lash adjuster, the exhaust/intake
valve can be assumed to be rigidly connected to the armature
without separation throughout the entire range of motion.

5

Figures 6–10 show experimental results obtained for both
controllers. The simulation results for flatness-based control
are also superimposed on the graphs. In Figure 6 the flatnessbased control shows good convergence of armature position
to its desired reference. The simulation results show good
agreement with the experimental data. Discrepancies with
simulation are more apparent in Figure 7 where the flatnessbased control achieves an acceptable end-velocity of about
0.11 m/s. Figure 7 also illustrates slight impact bounce effects not observed in simulation. After-impact dynamics are
not modeled in simulation since we are only interested in
achieving low impact velocity at initial contact. Experimental
results confirm that if the low impact velocity condition is
satisfied, bounce dynamics can be neglected. Armature impact
velocity under the PI controller is about 0.12 m/s. The higher
impact velocity can be attributed to increased current levels
as shown in Figure 9. Figure 8 and 9 show good agreement
between actual and simulated acceleration and current results,
respectively. Actual voltage levels are shown to be within
±42 V in Figure 10. When t ≤ 2.85 ms, +42 V is switched
on to pull the armature in.

Armature Position (mm)

4

Fig. 5. Schematic of experimental testbench showing the dSpace controller,
the solenoid actuator, power electronics and DC Power.
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VII. E XPERIMENTAL R ESULTS
Both a flatness-based and Proportional-Integral (PI) controller are experimentally implemented. The PI current feedback controller
Z t
ipi = Kp ỹ + KI
ỹ(τ )dτ
0

uses ỹ to generate a coil current. The gains Kp and KI are
tuned to obtain the best possible performance and this result
is compared to the flatness-based control. Both feedback controllers require an initial open-loop current control to deliver
the armature to a suitable suitable condition to initiate endcontrol. For the case of the flatness-based control, the armature
is delivered to x(t0 ) = 2.525 mm and ẋ(t0 ) = 2.580 m/s. Note
these conditions are close to the prescribed initial conditions
used in the simulation described in Section V. For the PI
controller, the armature is delivered to x(t0 ) = 2.309 mm
and ẋ(t0 ) = 2.690 m/s. The PI controller has a proportional
gain Kp = 2500 A/m and integral gain KI = 350 A/m2 .

Fig. 6.

x 10

Desired yd , simulated and measured armature position x.

Fifty experimental closing tests are conducted using the
flatness-based control in order to verify its ability to repeatedly
maintain low impact velocity. Given a variation in the initial
state at which the end-control was activated, the flatness-based
design consistently landed the armature softly. An average
velocity of 0.097 m/s with a standard deviation of 0.028 m/s is
obtained as shown in Figure 11. A similar test cycle using the
PI controller is performed. Figure 12 shows the distribution
of armature impact velocities with a slightly higher average
velocity of 0.12 m/s and standard deviation of 0.045 m/s. From
these results we conclude that the flatness-based end-control
provides robust performance as long as initial condition error
is small. In addition, flatness-based control is enabled later in
the valve motion than PI end-control, and judging by the input
trajectories shown in Figures 9 and 10 seems to require less
control effort.
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1000
Simulation (FB)
Actual (FB)
Actual (PI)
Reference

Armature Acceleration (m/s2)

500

0

−500

−1000

−1500

−2000

Fig. 11. Distribution of armature impact velocity for 50 cycles via flatnessbased voltage end-control.
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Distribution of armature impact velocity for 50 cycles via
Proportional-Integral current end-control.

6
Simulation (FB)
Actual (FB)
Actual (PI)

4

2

0
1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2
−3

Time (sec)

Fig. 9.

x 10

Simulated and measured current ic .

VIII. C ONCLUSION
The combination of stringent performance requirements and
complex nonlinear dynamics makes solenoid valve motion

control a challenging problem. This paper presents a lumped
parameter solenoid valve simulation model which includes
magnetic saturation and eddy current effects. The parameters
of the model are obtained from experimental data of a prototype actuator. This solenoid valve model accurately predicts
the dynamics of the system when compared to experiment;
hence, the simulation model is a useful tool for control algorithm validation. The proposed flatness-based control allows
for an open-loop design which includes a number of important
motion planning constraints. A flat output is parameterized
using a spline basis, and a nonlinear feasibility problem is
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solved numerically to obtain the suitable open-loop control.
A PI controller is implemented in order to compare its
performance with the flatness-based design. Consistent low
impact performance is demonstrated for the proposed control.
The PI control produced a slightly higher average velocity with
a greater variation.
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A PPENDIX I
ROBUSTNESS OF F LATNESS - BASED C ONTROL L AW
We recall the control law (11) and define the vectors z̃ =
˙ ỹ)
¨ T , z = (y, ẏ, ÿ)T , and zd = (yd , ẏd , ÿd )T . We can
(ỹ, ỹ,
renotate the control (14) as
v(ζ, t) = α(ζ) − β(ζ)K z̃

(29)

for appropriately defined functions α, β of the system state
ζ = (x, ẋ, ic )T and K = (k0 , k1 , k2 ). We can rewrite the
tracking error dynamics as
z̃˙ = Az̃ + Bβ −1 (ζ)(v − α(ζ))

(30)

where (A, B) is in Brunovsky controller form. If we apply
control (29) to this system we have LTI tracking error dynamics
z̃˙ = (A − BK)z̃
(31)
or equivalently (12). However, suppose we compute the control
(14) based on an incorrect model assuming model structure is
known, the resulting control is denoted
v̂(ζ, t) = α̂(ζ) − β̂(ζ)K(ẑ − zd )

(32)

where ˆ· denotes a function based on an incorrect model.
Substituting (32) into (30) gives the perturbed error dynamics
z̃˙ = (A − BK)z̃ + Bδ(z̃, t)

(33)

where

δ(z, t) = β −1 (ζ) α̂(ζ) − α(ζ) + (β(ζ) − β̂(ζ))K z̃

ˆ
(34)
+ β̂(ζ)K(z̃ − z̃)
ζ=ζ(z)

where z̃ˆ = ẑ − zd . Now we can apply a straightforward
modification of [20, Lem. 13.3] which states that for a system
(33) with A − BK Hurwitz and P > 0, the solution to
P (A − BK) + (A − BK)T P = −I
with k ≥ 0 a constant less than 1/(2 kP Bk2 ), then
• if kδ(z̃, t)k ≤ k kz̃k , ∀z̃, t, the origin of (33) is globally
exponential stable,
• if kδ(z̃, t)k ≤ k kz̃k+ǫ, ∀z̃, t, for some ǫ > 0, the tracking
error z̃ will be globally ultimately bounded by ǫc for some
c > 0.
Local stability and ultimate bounded results are also immediate. Hence, provided the norm of the model error term δ can
be linearly bounded, the proposed control will ensure stable
tracking or ultimate boundedness.
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