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ABSTRACT

Model-based discrete-time output regulator design is proposed for fluid flow systems using a geometric
approach. More specifically, a class of vortex shedding and falling thin film phenomena modelled by com-
plex Ginzburg-Landau equation (CGLE) and Kuramoto-Sivashinsky equation (KSE) are considered. Differ-
ently from a traditional continuous-time controller design, a novel discrete-time modelling technique is
proposed in a general infinite-dimensional state-space setting, which does not pertain any spatial approx-
imation or model reduction, and preserves model intrinsic properties (such as stability, controllability and
observability). Based on the time discretized plant model (CGLE and KSE systems) by the Cayley-Tustin
method, discrete regulator regulation equations are established and facilitated for an output regulator
design to achieve fluid flow control and manipulation. To address model instability, a spectrum analy-
sis is utilized in stabilizing continuous-time CGLE and KSE systems, and a link between discrete- and
continuous-time closed-loop system stabilizing gains is established. Finally, the proposed methodology is
demonstrated through a set of simulation cases, by which the output tracking, disturbance rejection, and
model stabilization are achieved for the considered CGLE and KSE systems.

© 2020 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Flow control and manipulation play an important role in the
realm of aerodynamics and hydrodynamics especially when it
comes to drag reduction, lift enhancement and turbulence sup-
pression. Generally speaking, there are mainly three approaches
to cope with general fluid dynamics problems, namely, theoretical
analysis, numerical simulation, and experimental study. Consider-
ing that experimental study often requires a prohibitive amount
of time and cost, while numerical simulation heavily relies on ad-
vanced computational technology, computing capacity and most
importantly on the availability of accurate, robust and flexible dy-
namic models, this manuscript seeks to propose an computation-
ally efficient, implementable and scalable modelling method for
fluid flow output regulation and manipulation.

Differently from the dynamics of lumped parameter systems,
fluid dynamics often take place in both time and space domains
and their states evolve on infinite-dimensional Hilbert spaces,
which requires relatively complex spatiotemporal modelling tech-
niques. Mathematically stated, most fluid dynamics models are
governed by partial differential equations (PDEs) and/or delay
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equations, leading to general distributed parameter systems (DPSs).
For instance, the complex Ginzburg-Landau equation (CGLE) in-
volves a first-order temporal derivative, and first- and second-order
spatial derivatives with complex model coefficients, which dra-
matically increases the difficulty of accurate modelling and cor-
responding control designs. In addition, one may need to ad-
dress multiple spatial variables (e.g. three spatial components in
the Navier-Stokes equation) and even higher-order derivatives and
nonlinear terms (e.g. fourth-order spatial derivative and nonlinear
multiplication term in the Kuramoto-Sivashinsky equation (KSE)).
Hence, these considerations stated above provide a strong motiva-
tion to seek advanced modelling and control techniques for effec-
tive and implementable flow control of fluid dynamics systems.
Among the aforementioned fluid dynamics processes, vortex
shedding has attracted increasing attention, due to their wide
existence manifested by vortex formation when flows pass sub-
merged obstacles with Reynolds numbers larger than the criti-
cal values. More specifically, a schematic diagram illustrating the
vortex shedding phenomenon in a 2D flow behind a cylinder is
given in Fig. 1, where it clearly shows an unstable vortex shed-
ding and its evolution [1]. Additionally, there is also strong inter-
est in falling thin film phenomena described by the Kuramoto-
Sivashinsky equation, which as a representative PDE flow model
accounts for a wide range of other complex phenomena, such as
unstable flame fronts evolution, phase turbulence in Belousov-
Zhabotinsky reaction-diffusion systems and interfacial instabilities

0947-3580/© 2020 European Control Association. Published by Elsevier Ltd. All rights reserved.
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Fig. 1. Vortex shedding in the 2D flow behind a cylinder [1].
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Fig. 2. Schematic framework of a two-phase annular flow in a vertical pipe mod-
elled by Kuramoto-Sivashinsky Equation [18].

between multiple viscous phases [38,43,53]. As shown in Fig. 2, a
two-phase annular falling flow in a vertical tube is illustrated using
a schematic [18]. For the sake of brevity, this manuscript considers
vortex shedding phenomena and falling thin film processes as two
representative examples, and review some existing work on mod-
elling and control of CGLE and KSE sequentially.

Regarding vortex shedding analysis and suppression, plenty of
studies have been carried out experimentally and using numerical
simulation. From an experimental perspective, it has been revealed
that the laminar Kairman vortex can be suppressed within a cer-
tain range of Reynolds number by several distinct approaches, in-
cluding: external oscillating the cylinder normal to the mean flow
[9], feedback control through suction and blowing treatment on
the surface [27,33,51], and acoustic feedback of signals collected
from hot-wires in the wake of the cylinder [58]. In addition, the
Navier-Stokes equation has been explored to model the dynam-
ics of the cylinder wake theoretically [12,31,47]. However, owing
to the inherent complexity of the Navier-Stokes equation, most of
the related work has been conducted numerically. On the other
hand, the complex Ginzburg-Landau equation with appropriate co-
efficients was suggested as a simplified model to describe vortex
shedding processes in [34]. Along the line of controller designs,
a proportional feedback controller was proposed for Kairman vor-
tex shedding suppression with Reynolds numbers close to the crit-
ical value (Rec ~ 47 based on the cylinder diameter) [52]. In addi-
tion, a non-linear one-dimensional Ginzburg-Landau wake model
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at 20% above the critical Reynolds number was controlled using a
conventional proportional-integral-derivative (PID) controller and a
non-linear fuzzy controller [15]. For feedback boundary control, the
backstepping approach has been extensively utilized for stabiliza-
tion of 1D and 2D CGLE systems [1-4]. The developed controllers
were validated using computational fluid dynamics (CFD) simula-
tions [44,46] and extended to 3D scenarios [45]. A hybrid method
and evolution strategies were deployed to study 2D and 3D vor-
tex evolution of cylinder wakes in [49,50]. From an optimal control
perspective, a model predictive controller (MPC) was proposed to
solve the problem of CGLE stabilization under consideration of in-
put and state constraints [35]. These studies on CGLE are oriented
on stabilizing control while work related to the output regulation
of CGLE is limited, which motivates this contribution.

When it comes to flow control of falling thin film processes
modelled by the Kuramoto-Sivashinsky equation, many control
methods have been developed based on the recent advances in
the area of control of distributed parameter systems. Among these,
one important contribution lies in the stabilization of the KSE
model, including: global stabilization of KSE by in-domain output
feedback control [5,14] and through boundary control [37,39]. A
single-input-single-output (SISO) and multiple-input-single-output
(MISO) boundary model predictive controllers were presented for
KSE stabilization in the presence of input and state constraints us-
ing a truncated modal decomposition [18,19,60]. A zero dynam-
ics inverse design method was proposed for tracking regulation of
a nonlinear KSE with two boundary actuators [11]. For sampled-
data control of KSE, a spatially distributed controller was con-
structed for local stabilization of KSE by using a time-delay ap-
proach and a descriptor method [36]. Recently, a delayed bound-
ary controller was designed for global stabilization of a linear KSE
by means of the spectral decomposition and the Artstein trans-
form [28]. Although these contributions have provided elegant so-
lutions and controller designs to guarantee the exponential stabil-
ity of the closed-loop system, most of them are conducted in a
continuous-time setting, which at the implementation level needs
to be realized in a computationally feasible setting and in addition
brings another layer of complexity and questions to be addressed.
Therefore, a realizable sampled-data servo-control design is needed
for manipulation of various fluid dynamics systems represented
by the complex Ginzburg-Landau equation and the Kuramoto-
Sivashinsky equation. Moreover, the realization of continuous-in-
time designs in the sampled-data setting with finite computa-
tional resources has not been fully addressed since temporal and
spatial approximations (and/or model reduction) need to be per-
formed for control algorithm realization with the hope that ap-
proximate controllers account for the infinite-dimensional nature
of underlying distributed parameter models. Hence, the motivation
behind this work is not to take the path of continuous designs
first, then approximate at the realization level, but to discretize
the model in time by application of structure-preserving Cayley-
Tustin discretization (linear system properties including stability,
controllability and observability are preserved [29,30]) and con-
duct discrete-in-time regulator design for complex fluid flow sys-
tems without any model lumping or spatial approximation. In this
way, both regulator design and control law computation can be ac-
complished in the natural discrete-time (sampled-data) setting of
modern microchips.

Therefore, this manuscript is devoted to the development of ef-
fective, computationally realizable and scalable servo controllers in
the discrete-time setting for fluid flow output regulation of linear
CGLE and KSE systems. In particular, the Cayley-Tustin transform is
deployed for infinite-dimensional model discretization in the time
domain and it does not induce any spectral decomposition or spa-
tial approximation. Then, the internal model principle [21] is revis-
ited and extended to the output regulation of infinite-dimensional
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discrete-time systems. By further establishing a finite-dimensional
discrete-time exogenous system, discrete-time regulator equations
are formulated and utilized for solving a state feedback regula-
tion problem. As for model stabilization, a pole-shifting approach
is employed for continuous PDE models and linked to their dis-
crete counterparts. Additionally, an output feedback regulator de-
sign is completed by the development of finite-dimensional (exo-
system) and infinite-dimensional (fluid flow-plant) observers. Fur-
thermore, we emphasize that proposed design is applicable for a
general class of Riesz-spectral distributed parameter systems, and
can be extended to DPS models other than CGLE and KSE systems.

The remainder of the paper is organized as follows.
Section 2 presents a necessary preliminary, including: general
continuous-time PDE model description, and time discretization
with the aid of the Cayley-Tustin approach. In Section 3, a finite-
dimensional discrete-time exogenous system is provided and a
discrete output regulator design framework is given. To demon-
strate the feasibility and effectiveness of the proposed method,
two representative PDE flow models, i.e. CGLE and KSE systems,
are analyzed in detail. The model formulation, spectrum analysis,
analytic resolvent determination, and simulation studies for two
models are shown in Sections 4 and 5, respectively. Finally, a
conclusion is drawn in Section 6.

2. Preliminary
2.1. Notations

In this manuscript, the following notations are used. Suppose
that X and V are two Hilbert spaces and A: X — V is a linear op-
erator. £(X,V) denotes the set of linear bounded operators from X
to V. If X =V, we simply write £(X). The domain, spectrum, resol-
vent set and resolvent operator of a linear operator A are denoted
by: D(A), o (A), p(A), and R(s,A) = (sI — A)~! with s € p(A), re-
spectively. We denote the space X; as the space D(A) with the
norm ||x||; = ||(BI — A)x||, and the space X_; as the completion of
X with the norm ||z||_; = ||(BI — A)~'z||, where Vx € D(A), Vz e X,
and B € p(A). The constructed spaces are related as follows: X; C
X c X_1, with each inclusion being dense and continuous embed-
ding [55]. The extension of A to X_; is still denoted as A, and C,
represents the A-extension of C, ie., Cxx =1lim,_ _  ACR(A,A)x,
where the domain of C, consists of those elements x € X for which
the limit exists. Additionally, the inner product is denoted by (-, -),
and L%(0,1)™ with a positive integer m denotes a Hilbert space of
a m-dimensional vector of the real functions that are square inte-
grable over [0, ] with a spatial length I.

2.2. Model description

As fluid flow dynamics often take place in both temporal and
spatial domains, the mathematical models are described by partial
differential equations. In general, we consider a continuous-time
infinite-dimensional system having the following abstract form:

%(E, t) = Ax(&,t) + Bu(t) + Ed(t), x(0) = xo (1a)
Ye(t) =Cex(§,t) +Deu(t) + d(t), t =0 (1b)
Ym(t) = Cux (&, t) + Du(t) + Fad(t) (1c)

on a complex Hilbert space X = L2((0,1),C), i.e. the spatial state
x(-,t) e X, where £ €[0,1] and t €[0,00) represent spatial and
temporal variables. We denote the input u(t)eL,ZOC([O, 00),U),

disturbance d(t) eL,zoc([O,oo),D), and the controlled and mea-

sured outputs yc(t), ym(t) € [2 ([0, 00),Y), where U, D and Y are

loc
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assumed to be finite-dimensional Hilbert spaces with dim U =
dim D = dim Y = 1. Additionally, A : D(A) c X — X is an infinites-
imal generator of a Cy—semigroup T4(t) on X. For simplicity, we
consider bounded control operators B € £(U,X), D¢,Dm € L(U,Y)
bounded disturbance operators E € £(D,X), F.,Fp € £(D,Y), and
bounded measured output operator G, € £(X,Y). The controlled
output operator C. € £(Xq,Y) is considered to be unbounded
and assumed to be admissible for T4(t). To account for well-
posedness, one needs to replace C. by Cigmpge With Cpx =
lim; _, |, ACcR(A,A)x, where x € X and A € p(A). Thus this frame-
work leads to a well-posed system [54-56]. For ease of notation,
we will use C; to denote C, in what follows. The transfer functions
can be expressed as:

Ge(s) = CcR(s,A)B + D¢ (2a)
Te(s) = CR(s, A)E + . (2b)
Gm(S) = CGnR(s,A)B + Dy, (2¢)
Tm(s) = GuR(s, A)E + En (2d)

with s e p(A) and R(s,A) = (sI—A)~! is the resolvent operator,
and G.(s) and 7¢:(s) stand for continuous-time transfer functions
from u(t) to y.(t) and from d(t) to y.(t), respectively. Likewise,
Gm(s) and Tp (s) are transfer functions from u(t) to y,(t) and from
d(t) to ym(t).

2.3. Model time-discretization

In order to preserve system properties (such as stability, con-
trollability, and observability) in a discretization process, the
Cayley-Tustin time-discretization approach is facilitated to trans-
form a continuous-time model into its discrete analogue [29,30].
For the considered linear infinite-dimensional continuous-time in-
variant system (1), one deploys the Crank-Nicolson discretization
for a given time discretization interval h as follows:

x(&,kh) —x(&, (k—1)h) %Ax(é‘, kh) +x(&, (k—1)h)
h 2
+ Bu(kh) + Ed (kh) (3a)

x(&,kh) +x(&, (k—1)h)

ye(kh) =~ C. .

+Dcu(kh) + Fd(kh) (3b)

x(§.kh) +x(&, (k—1)h)
2

with x(0) = xg € X, k > 1. Above time discretization admits an im-
plicit mid-point integration rule and is reversible in time (namely:
symmetric) due to the fact that Eq. (3a) stays invariant when one
interchanges x(&, kh) < x(&, (k—1)h) and h < —h, see details in
[29]. Additionally, this time discretization scheme is symplectic in
the sense that it preserves Hamiltonian properties of the system
[29]. Simple algebraic manipulations lead to the following infinite-
dimensional discrete-time state space model:

Ym(kh) ~ Cp + Diu(kh) + Exd(kh) (3c)

X = AgXy_q + Bauy + Eqdy (4a)
Yek = CeaXi—1 + Deqtty + Yeady (4b)
Ymk = Cmdxk—l + Dmduk + dedk (4C)
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with xg € X, k> 1, where x, u, di, Yo and y,, denote the
discrete-time state, input, disturbance, controlled output and mea-
sured output. It is noted that the discrete input is given by the in-
tegration as ”7’% =1 (’ﬁl”hu(t)dt on the interval t e [(k — 1)h, kh],
and it has been shown that the Cayley-Tustin discretization is a
convergent time discretization scheme for input-output stable sys-

tem nodes (with dim U = dim D = dim Y = 1) in the sense that %
converges to u(t) as h — 0%, see [30]. Similar expressions hold for
the approximation of d, ¥ and y,;. The associated discrete-time
operators are given by:

ABE Aq By Eg
CeDcFe | = | Cg Deg Yeq
CmDmFm CmdDdemd

—I4 28R (8,A)v28R (8, A)BV2SR (8, A)E

= | V25C.R(S,A)  G.(8) 7e(8) (5)
V28CaR(8,A)  Gm(8) Tm(8)

where G:(8), 7¢(8), Gm(8), and T, (8) are the transfer functions
Ge(s), Te(s), Gm(s), and Tp(s) respectively with s evaluated at
8 =2/h e p(A). Note that there are feedforward operators D4,
Yc4» Deg and Yy, introduced in the discrete-time setting (4) af-
ter performing the Cayley-Tustin discretization, which are not nec-
essarily present in the continuous model setting (1) (i.e. when
D¢ = F. = Dy = Fy, = 0). Furthermore, we denote the discrete-time
transfer functions from u, to y, and from d, to y. by G4(2) =
Coq(zl —Ag) By + Doy and Ty(z) = Coq(zl — Ag)"1E4 + Yoy respec-
tively, where z € p(A;) \{—1}. Similar definitions hold for transfer
functions G,;,4(z) and T4 (2).

Remark 1. The Cayley-Tustin discretization scheme brings an
obvious technical advantage that enables one to avoid direct
treatment of unbounded operators in the continuous-time setting
by instead dealing with bounded operators in the discrete-time
setting.

Remark 2. It is shown that the continuous- and discrete-time
transfer functions satisfy the following relationship [30]:

2208). T =7 (279). z€ pADN-1)

Gea(2) = gc(m
(6a)

Ge(s) = ch@fz), Te(s) = Tcd@fz), sep(@\{s}  (6b)
which provides a way for finding G.4(z) and 7:4(z) from their con-
tinuous counterparts, and vice versa. Thus, a stable, continuous-
time transfer function is holomorphic and bounded on C* if and
only if the corresponding discrete-time transfer function is holo-
morphic and bounded on D™, see details in [16,48].

Remark 3. For a conservative infinite-dimensional linear system
with a scalar inner transfer function and a zero initial state,
the discrete-time state trajectory converges to the corresponding
continuous-time one in some Hilbert norm sense as the time dis-
cretization interval goes to zero [41]. It was also shown that the
discrete state converges to the continuous one as time increases
for the first-order evolution differential equations (with zero in-
put) in Hilbert space with bounded and unbounded A operators
depending on the smoothness of the initial conditions [6,7,22-24],
which was further extended to the cases of initial values problems
and boundary values problems of second-order evolution differen-
tial equations [25,26,42]. Nevertheless, the state approximation in-
duced by the Cayley-Tustin transformation does not hinder its use
in the output regulation problem since transfer functions from the
input to the output are preserved from the continuous-time model
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to the discrete-time one, which plays a central role in the context
of output regulation.

In order to proceed with the regulator design, the following
concepts are introduced.

Definition 1. A Cy-semigroup T4(t) on the Hilbert space X is ex-
ponentially stable if there exist positive constants M and « such
that:

ITa(O) 1l < Me™®", Vt € [0, 00) (7)

and it is strongly stable if | T4(t)x|| — 0 as t — +oo for all x € X.
Ta(t) is B-exponentially stable if (7) holds for —a < B, i.e,, its sta-
bility margin is at least —f. A; is power stable if there exist posi-
tive constants M and y < 1 such that:

ALl < My*, Vk eN (8)
and Ay is strongly stable if A’éx — 0as k— +oo forall x e X [17].

Definition 2. Assume that A is the infinitesimal generator of the
Co-semigroup Ta(t) on the Hilbert space X, Be L(U,X), Gy e
L(X,Y), where U and Y are finite-dimensional Hilbert spaces. Let
Y (A,B,Cy) denote the state linear system z(t) = Az(t) + Bu(t),
y(t) =Cnz(t), t >0, z(0) = z5 € X, where generating operators A,
B, and C; are defined as above, and state, input and output
spaces are X, U, and Y. If there exist K € £(X,U) and L € L(Y,X)
such that A+ BK and A+ LG, generate exponentially stable Cy-
semigroups Tpi(t) and Tic-(t), then the system X(A,B,Cp) is
exponentially stabilizable and detectable. If Tpg(t) and Tc(t)
are fB-exponentially stable, then the system X(A,B,Cp) is -
exponentially stabilizable and detectable [17].

3. Output regulation

In this section, an output regulator design method is developed
for output regulation of a class of infinite-dimensional systems in
a discrete-time setting. In particular, a discrete-time output regula-
tor design is proposed for self-adjoint Riesz-spectral PDE systems,
based on the discretized distributed parameter flow plant and dis-
crete exogenous system.

3.1. Exogenous system

To construct the disturbance (to be rejected) and the reference
signals (to be tracked), a discrete-time finite-dimensional exoge-
nous system (i.e. exo-system) is introduced as follows:

Gk = Salk-1. Qo =¢q° € C", k>1 (9a)
dy = Fyqy (9b)
Yk = Qko (9c)

where q,, d;, and y,, represent the exogenous state, disturbance,
and reference signals in the discrete-time setting. Moreover, S; de-
notes a discrete-time evolution matrix of state q, and is of n x n
dimension. More specifically, it is assumed that S; has distinct
eigenvalues placed on the boundary of the unit disc, i.e., )Lf =
ARe + Ammj where i=1,....n, j2=—1, Ag €[0,1], Ajy €[0,1] and
Aﬁe + Alzm > 1. Thus, S; accounts for step-like and sinusoid-like sig-
nals. In order to reconstruct the full state information from the
reference single y,, it is assumed that (Sy4, Q4) is observable. Ad-
ditionally, we suppose that F; and Q; have proper dimensions to
generate disturbance and reference signals of interest.
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3.2. State feedback regulator design

The main purpose of output regulation is to realize system sta-
bilization, disturbance rejection and reference tracking. Normally, it
can be mathematically stated as constructing a discrete-time state
feedback regulator of the following form:

U = Kgx_q + Laqi, k=1 (10)

where K; € £L(X,U), Ly € £L(C",U), such that the following condi-
tions are ensured:

(1) The discrete-time closed-loop system operator A; + ByjK; is
strongly stable;

(2) The discrete-time tracking error ey =y — Y — 0 as k —
+o0 for any given Xy € X and ¢° € C".

For this design, all state information of the plant and the exo-
system is assumed to be known in (10), which literally inter-
prets the definition of “state feedback regulator”. Combining the
discrete-time plant and exogenous models, the following theorem
states the necessary and sufficient condition for the discrete-time
state feedback regulator design:

Theorem 1. Suppose that (A,B) is exponentially stabilizable and
o (S4) C p(Ay). The discrete state feedback regulation problem is solv-
able if and only if there exist mappings I1; € £L(C",X) and 'y €
L(C",U) such that the following discrete Sylvester equations hold:

[M4Sq = AgTlg + (Bgl'gq + Py)Sy (11a)

Q4Sd = CeqIlg 4 (DegT'y + O¢g) Sy

where Py =E4F;. O = YegFy. and Ly =Ty — K T14S;" are utilized
to compute the state feedback control law u, in Eq. (10). Here, E4 and
Y4 are defined in Egs. (4),(5).

(11b)

Proof: First, we prove the sufficiency. Substituting Eq. (10) into the
discrete system (4) leads to the closed-loop model as follows:

X = (Ag + BgKg)x_1 + (ByLg + Py gy (12)
By induction, the discrete-time state solution can be found as:
X = (Aq + BgKg)*xo (13)
k
+ Y (Ag + BgKg)™ " (Bala + Py)qics1-m
m=1

By substituting Egs. (9) and (11) into Eq. (13), one obtains:

X — (Aq + BKg)*xo (14)
k
= > " (Aq +ByKg)™ "[By(Tq — KgT14S;") + PalQis1-m

m=1

k
> (Aq + BaKg)™ '[(B4T'q + Py)Sq — ByKaT1g) 1 Gk—m
m=1

k
> (Aq + ByKg)™ ' [T4Sg — (Ag + BaKy) T1g) 1qkm
m=1

k
=Y (Ag + BgK)™ " TyGies1-m
m=1

k+1

— Y " (Ag +BaKg)™ Mgy 1-m

m=2

Then, the last expression further induces:

X = (Aq + BaKg)* (xo — T1aqo) + Maq (15)
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Moreover, the discrete tracking error can be expressed as:

€k =Yk — Yrk
= CeaXk—1 + Deatt + Oca Qi — QG
= (Ceg + DegKy)xk—1 + (Dol + Ocg — Qu) g
= (Ceq + DeaKa) (Aq + B4Kg)* " (X0 — TT4qo)
+ [(Ceq + DegKg) g + (Deala + Ocg — Qu)Saldi—1 (16)

Under the assumption that (A, B) is exponentially stabilizable, it is
shown in [16] that (Ay, By) is strongly stabilizable with a proper
choice of 6 € p(A). Thus we can find K; € £(X,U) such that A; +
B4K; is a strongly stable operator, which indicates (A4 + ByK;)*x —
0 as k — +oo for all x € X. Therefore, x;, converges to I1,q, in Eq.
(15) and the discrete tracking error e, goes to zero as k — +oo
in Eq. (16), which is ensured by the discrete Sylvester Eqs. (11a),
(11b).

Now, we show the proof of the necessity by constructing the
following extended closed-loop system:

X | _ |Ad + BaKa(Balg + P4)Sq | | X1 (17)
Gk 0 Sq Gr-1
It is straightforward to obtain the solution of Eq. (17) by induction
as follows:

X k -

[ "} | o Bikos0 + 3 (Aa+ Bk Bal + Pk | (1
m=

dk Skdo

Given that A, + ByKj is strongly stable, (A4 + BgKy)*xg — 0 as k —
+oo and Eq. (18) indicates that [x;; qi] — [T14q; q,] with k — 400
and I1; € £(C", X). To determine I1;, we can construct the dynam-
ical evolution of wy = [x;; q,] — [T14qy; qi] as the following homo-
geneous difference equation:

[Ad + B (Bal : Pd>sd}wk_1 (19)

where the initial condition is defined as wqy = [xg;qo] —
[T4q0; qol, wo € He with He =X EPC". The first component in
Eq. (19) leads to (A4 + B4K )14+ (ByLy + Py)Sq = T14Sy which is
identical to discrete-time Sylvester Eq. (11a). Furthermore, the
discrete tracking error is described as:

ek =Yck — Yrk
= CeaXk—1 + Deglti + Ogqr — Quqy
= (Coq + DegKy)X—1 + (Degla + Ocg — Qg

X
= [Cea + DegKa (Dealy + Ocq — Qd)sd]|: y 1i|

k-1
= [(Ceg +DeaKi) Ty + (DegLy + Ocg — Qi) Sa)qk—1
(as k — +o0) (20)
To realize perfect tracking, one needs to ensure that

(Coqg + DegK) Ty + (Degly + Oy — Qg)S4 = 0, which can be simpli-
fied as Eq. (11b) with Ly = Ty — K4I14S;". O

By projecting the eigenvalue pair (Af, d)lfi) of S; on the discrete
Sylvester Eq. (11), it is straightforward to determine the discrete
regulator gains (I'y, I1y) as:

Hd‘ﬁid = )‘?()‘?1 —Ag) " (BaT'q +Pd)¢id (21a)

L = [GeaWDI Qs ~ Tea A Ei 19

where G4 (A?) is the discrete transfer function from u; to y., with
z evaluated at z= 4. Similarly, 7;4(A%) is the discrete transfer
function from dj to y, with z evaluated at z = A9

(21b)
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Remark 4. In this design the assumption that kid € o (Sq) Cc p(Ayg)
can be ensured by adjusting the time discretization interval h. To
ensure the solvability of the discrete Sylvester Eq. (11), we need to
further assume that Goq(A%) # 0, VAY € 0/ (Sy). such that Gy (A9) is
invertible in Eq. (21).

Remark 5. The 1-1 correspondence between discrete- and
continuous-time transfer functions shown in Eq. (6) provides a
constructive way in evaluating the discrete transfer functions
(Geg (M), Tog (1)) by using their continuous counterparts.

For the control law (10), what remains is to provide a conve-
nient way to solve for the stabilizing controller gain K;. In order to
address this issue, the following theorem is proposed:

Theorem 2. Suppose that a self-adjoint Riesz-spectral operator A is
an infinitesimal generator of the Cy-semigroup T, (t) on the Hilbert
space X, Be L(C,X). Assume that A has simple eigenvalues and
the spectrum {An,¢n} of A can be decomposed into an unstable
part {Ah .¢n } (with A >0) and a stable part {A;_, ¢; } (with
Ay, <0). Then the discrete stabilizing controller gain K; € £L(X,C)
can be obtained as Ky = — YN _; B (¢, d% ). where g, satisfies

u _ d
|%| <1, with b, = (B, $},) # 0, such that the Cayley-
ny

Tustin discretized system Aq + B4K, is strongly stable, where § = % €
p(A) and h denotes the discretization time interval.

Proof: Given that a self-adjoint Riesz-spectral operator A is an
infinitesimal generator of the Cy-semigroup T,(t) on the Hilbert
space X, it is straightforward to show that A has the following de-
composition:

Ax = Z)\.n (X, ¢n)¢n (22)

n=1

where A, and ¢,, with n e N, are eigenvalues and eigenfunctions
of A, see [17].

For X (A4, By, Cyq) obtained by Cayley-Tustin transform (5) of
3 (A,B,Gp), it is straightforward to obtain operator decomposi-
tions as follows:

Rx = Zoj o (23a)
Z =2 ) (23b)

Byx = :X:: %(Bx, bn)bn (23¢)
CrnaX = Z = A X, Pn)Cinhn (23d)

Now, it is apparent that by the Cayley-Tustin transform one can
map Ap € C~ of the S-plane into the interior section of the unit
disc on the Z-plane (except -1), and vice versa.

Suppose that the spectrum {A;, ¢,} of A can be decomposed
into an unstable part {A} .¢f } (with A >0) and a stable part
{As- #5c} (with A5 < 0). By Eq. (Il.6) in the reference [10], a
bounded stabilizing controller gain K can be chosen as K¢ =
—Zﬁ’uz] B, (@, Ph,) with some positive B, so that the finite set
of countable unstable eigenvalues of A can be shifted to the left
side of the complex plane as follows:
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N
(A+BK)x =Y M (x, ol \ph — Bn, (x. ¢1)B

n,=1

+ ) M9, (24)

ng=N+1

where N denotes the number of possibly unstable eigenvalues and
hence it is the rank of K. Thus, the original continuous-time system
is stabilized, see [17].

Furthermore, one can determine the discrete-time stabilizing
operator Ky =— YN | /3,‘{” (¢, f,) with some design parameter

Bi, as:

N O[8+Al V25
rasmakoe= 3 [ 555 fon, 50 ol ot oo, |
ny=1 ny
+00 5 )\s
> S ) (25)
ng=N+1 ”s

as it can be ensured that (B, ¢} ) = bp, #0forn, =1,2,...,N, itis
straightforward to solve the discrete-time stabilizing gain satisfying
u _ d
|6+}mnu67\/)\‘?ﬁnubnu | <1.0
u
Corollary 1. Under the assumptions in Theorem 2 and Gy € L(X, C),
the discrete stabilizing output injection gain Ly € £L(C,X) can be
obtained as LigCrna® = — Y h,—1 Vi (#.C )bl . where yd satisfies

|M| 1, with ¢y, = (@Y, Ci) £ 0, such that the dis-

cretized system Ay + L14Cpg using Cayley-Tustin method is strongly
stable, where § = % € p(A) and h denotes the discretization time in-
terval.

Proof: It is straightforward to show that this is a dual problem of
Theorem 2. Hence, the proof can be completed if one takes C,,; =
Bj and Lig = K3.0

Remark 6. In general, Theorem 2 and Corollary 1 can be extended
to the case with A being a general Riesz-spectral operator by find-
ing corresponding eigenfunctions of A* operator and the case with
U =CP and Y = C? through complex manipulation.

Based on the series expressions in Eq. (23a) and spectral de-
composition, one can design a stabilizing controller (and/or ob-
server) gain. For the resolvent and the corresponding discrete op-
erators (A4, By, Gyg) given by closed-form expressions, we provide
the following theorem to guarantee the equivalence of the stabil-
ity property of the discretized stabilized system using continuous-
and discrete-time stabilizing gains by following [16].

Theorem 3. Given an infinitesimal generator A of the Cy-semigroup
T4 (t) on the Hilbert space X, B e L(C,X), K € L(X, C) ensuring that
A+ BK is exponentially stable, the continuous- and discrete-time sta-
bilizing controller gains are linked by the following expression:

K; = v25K(8 — A — BK)™! (26)

where § € p(A) N p(A+BK), and K; € L(X,C) is the discrete-time
stabilizing gain in the sense that A; + ByKy is strongly stable, where
A, and B, are the corresponding discrete-time operators of A and B
using the Cayley-Tustin transformation.

Proof: The stability of the closed-loop system in the continuous-
time (Ac =A+ BK) and discrete-time settings (A4 + B4Ky) are re-
lated as follows:

Ag=—-T4+2806 -Ac)7!
=-1+28(8 —A—BK)! (27)
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Age = Aq + BaKy

1 1

[+25(6 —A) <I+ mBKd) (28)
where A, represents the closed-loop system that is first stabilized
in the continuous setting by designing a continuous-time stabiliz-
ing gain K and then subsequently discretized, while A;. denotes
the system that is first discretized in time and then stabilized in
the discrete setting by finding a discrete-time stabilizing gain Kj.
Hence, by holding the equality of A,; and A, expressions, one can
directly calculate the solution of K; in terms of K as follow:

Ky =v28K(8 —A—BK)™! (29)

Hence the proof is completed and it demonstrates the invariance
of the Cayley-Tustin discretization with respect to closed-loop sta-
bilization. OJ

Corollary 2. For an infinitesimal generator A of the Cy-semigroup
Ta(t) on the Hilbert space X, Cn € L(X,C), the continuous- and
discrete-time stabilizing output injection gains can be linked by L4 =
V28(8 —A—LGCy)~ 'L, such that the discretized observer error sys-
tems Agy = Ag + L14Cng and Agg = =14 28(8 — A — LCy)~ ! share the
same stability property by using continuous- and discrete-time output
injection gains L € £(C,X) and L,y € L(C,X) based on the Cayley-
Tustin transformation, where & € p(A) N p(A+ LCp).

Proof: The proof is similar to Theorem 3 and hence can be com-
pleted by taking Cpq = B} and Ly = Kj. O

3.3. Output feedback regulator design

Considering the unavailability and/or potentially prohibitive
costs of installing spatially distributed sensing devices, the imple-
mentation of a state feedback compensator is not realistic. Hence,
the output feedback regulator is more preferred in practical use.
Along this line, the state feedback regulator is extended to an out-
put feedback regulator, which is mathematically described as:

U = KyR_1 + LgG, k> 1 (30)

where K; € £(X,U), Ly € £(C",U), where %,_; and g, denote the
estimated states of the plant and exogenous systems.

Along this line, one can construct Luenberger-type observers for
plant and exo-system respectively as follows:

Ry = AgRi1 + Bty + Eqdy + Lig Wonk — Fiic) (31a)
Ik = Cafic_1 + Dynglie + Tnadly (31b)
Grs1 = Salx + Laa Wk — Vi) (31¢c)
dy = FyGy (31d)
Ve = Qai (31e)

where £ € X, o =4% eC", k> 1.
By direct manipulation of Egs. (30), (31) the following form is
obtained:

pe 0102 se le 0 Ymk
%= [0 03 K1+ 0 Ly || ¥k

U, = [Kd Ld])?[i,]

(32a)

(32b)
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where £ = [&; §i4q], with k> 1, and

01 =Ag — L14Cng + (Bg — L1gDma) Ky
0y = (Eq — L1gVina)Fs + (By — L1gDma)Ly
03 =Sq — LQq

Finally, one can deploy Corollary 1 or Corollary 2 to determine the
stabilizing output injection gain L4 of the plant observer and apply
pole-placement to find a stabilizing observer gain L,; for the exo-
system.

In the ensuing sections, two representative examples (CGLE and
KSE) of fluid flow systems are given to illustrate the feasibility and
applicability of the proposed regulator design method.

Remark 7. In the output regulation problem, there are two com-
ponents in the control laws (10) and (30), including a feedback
control part accounting for (closed-loop) model stabilization and a
feedforward control part ensuring the tracking error converging to
zero as time goes to infinity. In general, one can adopt some exist-
ing feedback techniques to realize model stabilization of nonlinear
distributed parameter systems, e.g., by using interpolants and pro-
jections methods [8,40]. However, the feedforward control is much
more difficult to find since it is determined by a set of nonlinear
partial differential and algebraic equations, which is a nonlinear
counterpart of the regulator equations encountered in the linear
output regulation problems. The difficulties lie in the solvability
of the so-called nonlinear regulator equations. To address that, a
zero dynamics design method can be applied as in [11,59], also see
[32, Chapter 3] for nonlinear lumped parameter systems. Since this
work is focused on the discrete-time linear output regulator design
of fluid flow systems, the nonlinear regulator design will not be
detailed in this manuscript.

Remark 8. The presented Cayley-Tustin transformation is capa-
ble of transforming a continuous-time infinite-dimensional sys-
tems with possible unbounded operators (boundary control and
observation) into a discrete-time infinite-dimensional model with
all bounded operators. However, for the unstable system (e.g.
Ginzburg-Landau equation) considered in this work, the corre-
sponding model stabilization via boundary control could not be
achieved by using traditional methods, and the most common
practice to solve boundary control problem is to use backstepping
methods, which is beyond the manuscript scope. Another possible
approach is to utilize model predictive controller design proposed
in [20]. Since this work is focused on the discrete-time linear out-
put regulator design of fluid flow systems with bounded control
and observation operators, the boundary control and observation
will not be addressed in this manuscript.

4. Complex Ginzburg Landau flow model

In this section, a linearized complex Ginzburg-Landau equation,
which takes form of a complex parabolic partial differential equa-
tion, is considered. More specifically, a discrete-time CGLE model is
generated without spatial approximation or model reduction using
the Cayley-Tustin discretization method. Additionally, a resolvent
operator is found in a closed analytic form and deployed in the
realization of the discrete CGLE model.

4.1. Model description

Based on the model developments from [2,35], a linearized
complex Ginzburg-Landau equation is given as follows:

32x(€, 1) - 0x(E, 1)
852 +a2(§) aé

HEn=a ra@xén (33
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X (0,6) = il(t) (33b)

X (§4,6) =0

where x(£,t) e ¥ is a complex-valued function with spatial
variable E_e [0, E_d] cR, and temporal variable t €[0,00). X =
1% ((0, S_d),tc) denotes a complex Hilbert space. In addition, a,
is a positive constant, and a,(£) and as(£) are two complex
spatial functions. By applying an invertible state transformation

w(,0) =x(€,0)g(&), g(§) = exp(4k- J§ az(1)dn) and spatial scal-

ing &£ = ‘1—’5 the convective term is eliminated as:
d

(33¢)

?w(€.t)

S0 =008 hewen (342)
we (1,8) = u(t) (34b)
we(0,t) =0 (34¢)
with notations:

a
by = é (35a)
ba(6) = 564(6) - 2 B(E) +05(6) (35b)

where w(&,t) € X =12((0,1),C), £ €0, 1], and @} (&) denotes the
spatial derivative of a,(§). Moreover, u(t) is the corresponding in-
put of the scaled system (34).

By [55, Rem. 10.1.6], the boundary actuation can be transformed
into an abstract in-domain control described by a spatial distribu-
tion function B(£) by solving an inner product formula as below:

(Lo, V) = (@, A"Y) + (G, B*Y) (36)

where Y¢ € D(Lo), Vi € D(A*), and Lo := bl% +by(§) with
D(L,) =H'((0,1),C). The boundary control is denoted by G,
namely, G¢ := ¢ (1). By introducing X; = Ker (G), we obtain A =
Lolx, with the same definition as £,, but a different domain as
D(A) ={¢ € X|¢p e H'1((0,1),C) nKer (G)}. It can be found that
A* = by % +by(¢) and D(A*) = D(A). It is straightforward to ob-
tain

(Gop. B*Yr) = P ()Y (1) (37)
where V¢ € D(L,), and Vi € D(A*). Comparing this with the fact
that G¢ = ¢¢ (1), it follows that B(§) = 8(§ —1). For the sake of
simplicity, we deploy the approximation B(£) ~ 2171[%*81517”](5)
in what follows, where 1, ,;(§) denotes the spatial shaping func-
L )1, & ela,b]

tion: 1, (8) = 0, otherwise

Therefore, a standard infinite-dimensional state-space model is
formulated for the considered CGLE model as:

%—Vtv(é,t) = Aw(E, t) + Bu(t) + £d(t) (38a)
Ye(t) = Ccw(&. t) (38b)
Ym(t) =Cnw(§. 1) (38c)
where u(t) € L2 ([0,00).U), d(t) e L2 ([0.00).Uy). and y(t) e

LZ

loc

([0, 00),Y), with U, Uy and Y being finite-dimensional spaces.
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More specifically, we consider dim U = dim U; = dim Y = 1. In ad-
dition, we consider A : D(A) c X — X being an infinitesimal gen-
erator of a Cp—semigroup T(t) on X, a bounded control opera-
tor Be £(U, X), a point observation operator C. € £(X7,Y), and
a bounded disturbance operator & € £(Uy, X). More specifically,
we aim to steer a flow at point &, so the output of interest
is given as: C¢ := fol 8(& —&:)(-)d&, where (£ —&.) denotes the
Dirac delta function. For model well-posedness, we employ Cxx =
AliT CcA (A — A)~1x to replace C¢, where I is an identity operator,
—>+00

xe X, A€ p(A) (see details in [56]). As for observation, we intro-
duce a bounded operator Cp as: Cp = fol %1[$m—v,$m+v](§)(')ds-
The design objective is to realize output reference tracking, distur-
bance rejection, and model stabilization. In order to find the stabi-
lizing controller and observer gains, we provide a spectrum analy-
sis that will be utilized in pole-shifting design.

4.2. Spectrum analysis

It can be shown in several ways that for a constant spatial func-
tion b, (&) the spectrum of A can be found analytically as fol-
lows:

An = b2 - b] n’m? (393)

¢n = V2 cos(nr§) (39b)

with n e N. As for n =0, one has (Ag, ¢) = (b5, 1(§)). However,
for an arbitrary complex spatial function b,(§), it is not simple
to find the spectrum characteristic of A. For simplicity, we take
maximum value (w.r.t. real part) of the spatial function b,(§) as
b, to approximate the original function b, (£), resulting in A :=
by {fs—zz + b,. Then, the spectrum of 4 naturally follows Eq. (39) with

b, replaced by b,, which is given as follows:

A.n = I_)z — b] n27T2 (403)

¢n =~/2cos(nm&)

with n=1,2, ... For n=0, one has (Ag,¢g) = (52, 1(£¢)), which
will be further exploited for the output regulator design in the en-
suing sections.

(40Db)

4.3. Resolvent operator

One of the most important steps in discrete regulator design
is to find the resolvent operator from the continuous model so as
to realize the corresponding discrete-time model. To achieve this,
Laplace transformation is usually performed on the continuous-
time model (38). Considering that the resolvent operator purely
depends on A, one can drop B and £ and directly apply Laplace
transformation leading to:

A lwEs)|_| 01|fwEs)| |0

06 [Ws (55)} - [Sbf’z }[W&‘ (é,s)} [,}JW@*O)

By defining we(§,s) = [w(&,s); we (§,5)], it is straightforward to
obtain the solution of w,(&,s) as follow:

3
We(E.5) = e"Ew, (0. 5) + f eMED Agw(n, 0)dn (41)
0

where

0 01
AO B [_1 }’ M - [szo}
by by
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Table 1
Parameters considered for the CGLE model (where j2 = —1) [35].
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Parameter Numerical value

a 0.01667 . )

ax(§) (0.1697 + 0.04939j)§2_ — (0.1748 +0.06535 )& — 0.09061 + 0.001485 )

as (&) (0.1563 — 0.001352)&4 + (—1590 + 0.6278)&> + (0.3958 — 1.8577j)&2 + (—1.6852 + 1.6759))& + 1.2645 — 0.2489j

After some simple algebraic manipulations, one can obtain eM¢ =
[M;;(§,9)]2x2, with i, j = 1,2, as below

e cosh( S;f’zé) /S 5 sinh(, /% bZE)
eMs —

e sinh( [556)  cosh(,[5226)

Substituting boundary conditions wg (1,s) =0 =wg(0,s) into Eq.
(41), one can solve for w(0, s) so that the resolvent operator is de-
termined in the closed analytic form:

R(s, A) ()
_ Mu@.s) IO o
_b1M21(l,S)/o M2, (1 -n,s)(-)dn bl/o Mz (€ —1,5)()dn
1 £
= =g [y hw &m0
10— D2
h(ws 1
% | cosh(ws(1 _n»(.)an] (42)
where ws = /% b2 . Then, a direct calculation leads to the expres-

sions of (Ay, Bd,Cd, Dy) as:

26 4
Ai()=—-() - ——— inh - Nd
a()=-() b1(87b2)/0 sinh(ws(§ — 1)) (-)dn

28cosh(ws&)

- v/ b1 (8 — bz) Sil‘lh(W(;)

1
fo cosh(wg(1 —1))(-)dn
(43a)

s [1- cosh w6 — 5+ )+
cosh(w(;&)cosh(w,;(éféﬁa))jl é. c [%.b _e. gb T 8]

sinh (wg)
V28 cosh (ws&) cosh (ws (§—&,+€))
28(55 %55t (f/v ==t , otherwise

(43b)

Cea() = / sinh(w; (& — 7)) (-)dn

\/b1(5 bs)
V28cosh(ws&.)

" \/bl (8 — bz)SiHh(W(g)

1
/0 cosh(ws(1 —n))(-)dn
(43c)

cosh (wséc) cosh (ws (§c — §p +€)) £
2&(8 — by) sinh (wy) o

6b2

Dy =

<E-e  (43d)

where wg = . With & < &, — ¢ < 1, we note that

Jim Ge(s) = aliToo Dey(8) =

In a similar fashion, we can obtain analytic expressions of D,,; and
other discrete operators. With &, + v < &, — €, one can further in-
fer that

Jim Te(s) = lim Dyg(8) =0

which implies that the system (38) is a well-posed regular system
[57].

4.4. Simulation study

In the simulation section, the designed discrete-time regulator
is implemented to regulate the real part of the controlled output
of the linearized CGLE model (38). More specifically, sinusoidal sig-
nals generated by the discrete-time exo-system are deployed as
disturbance and reference signals. In addition, the model param-
eters of the considered CGLE model in this work are adopted from
[35,46], and are given in Table 1.

In this case, the disturbance distribution is described by
E(E)=1pp95/(§), and other numerical parameters are taken
as A£=0.00125, h=05, §=15, & =05, § =09, ¢=0.1,
&n=0.1 and v =0.1. Additionally, the initial condition utilized
here is given as: Wy = (v2 — v/2i) x (0.01 x cos(2&) — 0.0003 x
cos(4m€)). By applying Theorem 2 and Corollary 1, K; and
Li4 can be consequently determined. By performing pole place-
ment, the real part of the eigenvalues of (S; — L[,4Qq) are placed
at —0.1. In order to generate sinusoidal signals, we take S, =
[0.9824,0.1868; —0.1868, 0.9824], §° =[-0.4;1.4], E; =[0,0.010],
and Q4 =[0.030, 0], leading to periodic reference and disturbance
signals as: y,, = 0.03 x sin(0.06kwr) and dj, = 0.01 x cos(0.06kr ).
Revisiting Eqs. (21b) and (6), the discrete feedforward gain can be
solved as I'y =[0.0224, 0.0340], which completes the control ac-
tion u.

After simulation of 30 seconds, the closed-loop state and out-
put evolution profiles are depicted in Figs. 3 and 4. It is apparent
that the designed output regulator can stabilize the originally un-
stable system, and the spatiotemporal profile shows the expected
periodic behaviour. From the perspective of output tracking per-
formance, one can clearly see that the real part of the controlled
output follows the desired reference signal and the tracking error
converges to zero quickly, which demonstrates the effectiveness of
the proposed output regulator design.

5. Kuramoto-Sivashinsky Equation

In this section, a continuous-time nonlinear Kuramoto-
Sivashinsky equation (KSE) is introduced to describe the falling
thin film dynamics. For the sake of simplicity, a linear KSE is
achieved by performing linearization. In the same manner, the
Cayley-Tustin transformation is utilized for time discretization for
the linear KSE model. Moreover, an explicit closed-form solution
is obtained for the corresponding resolvent operator, which is ex-
ploited for the discrete-time regulator design.

5.1. KSE model description

In this section, a general nonlinear Kuramoto-Sivashinsky equa-
tion with an in-domain actuation is considered as follows [13]:
%(f’f) +UXepee (8. 8) +Xee (8, 8)

+ X (8. OX(E.t) +B(E)u(t) +E(Z)d(t) =0 (44)
with boundary conditions and initial condition:
x(0,t) =0, x(I,t) =0, x,(0,t) =0, x,(I,t) =0 (45a)

X(¢.0) =x0(%) (45b)
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Fig. 4. Output trajectory of closed-loop CGLE system in the case of regulation of
the real part of the controlled output.

where x describes the thickness of a thin falling flow, as illus-
trated in Fig. 2. t € [0, 00) and ¢ € [0, 1] denote temporal and spa-
tial variables, respectively. The total length of the vertical pipe
is denoted by I. Additionally, x; represents the first-order tempo-
ral derivative of state x, while x;, x;, and x;,,, stand for first-
order, second-order and fourth-order derivatives of state x with
respect to space. u(t) denotes a manipulated variable represent-
ing the angle at which the air front is acting on the film-annulus
separation points, and B(¢) is a spatial function describing the
control action along the vertical pipe. In particular, we consider
B(¢) = 2]71[;,,78,;,,”](5)- d(t) represents a distributed disturbance

characterized by a bounded spatial function E(¢). After linearizing
the KSE (44) around the spatially uniform steady state x(¢) =0,
a linear KSE is attained as follow [60]:

Xe (8 6) +Vxppee (8,8) + %00 (8, 0) +B(Q)u(t) +E(C)d(t) =0

(46)
with:
x(0,t) =0, x(I,t) =0, x,(0,t) =0, x,(1,t) =0 (47a)
X(£.0) =x0(¢) (47b)

10
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Time (s) 10

(b) Imaginary part

State evolution of closed-loop CGLE system in the case of regulation of the real part of the controlled output.

To complete the KSE system, we define a controlled output
ye(t) and a measured output yn, (t) as below:

Ye(t) = Cex (£, 1) (48a)

Ym(t) =CmX(L. 1) (48b)

where C. represents a point observation described by Cc(-) =
fé 8(¢ — &) (-)dg, with §(¢ — &) denoting the Dirac delta function.
In other words, the controlled output extracts state information at
a specific spatial point ¢ of interest, i.e., yc(t) = x(¢c, t). In addi-
tion, a bounded operator Cp, is introduced to describe yn(t) as:
Cm() = fé %lltm—v.qmv]({)(‘)d? In doing so, a continuous-time
KSE system is constructed in the following abstract state-space
form:

%(;‘,t) = AX(Z,t) + Bu(t) + £d(t) (49a)
Ye(t) =Cex(L, ) (49Db)
Ym(t) = Cux(L, 1) (49¢)

24 92

where A := Vi3~ a2 with domain D(A) = {¢(¢) € L(0,D)|¢,

¢{, ¢{§’ ¢{{{ are abs. con., ¢§{{ € LZ(O, l), ¢(0) = 0, ¢(l) = 0,
¢:(0)=0,¢,;(I)=0}. In addition, we have B:=B({) and
& :=E(¢). This standard model structure taking the same form
as Eq. (1) is suitable for model time discretization through the
Cayley-Tustin approach as described previously.

5.2. KSE resolvent

In a similar manner as we solved the resolvent operator of CGLE
model, we aim to determine the resolvent operator of KSE model
in this section. Differently, it needs more complex manipulation to
solve for the KSE resolvent operator R owing to the higher or-
der derivatives in the state evolution operator A := —v% - 33—;2.
By directly applying Laplace transform to the linearized Kuramoto-
Sivashinsky Eq. (46) and ignoring the input and disturbance, one
achieves the following:

1 1
Xeeee (6.8) = —EX(QS) - 17";((9 s)+ DXO(C) (50)
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To utilize boundary conditions for solving the state solution, we
introduce new state derivatives to Eq. (50) as follows:

0x
% = AX + Xo (51)
where X = [X: X;: X¢ i X e | Xo = [0: 0: 0; 2x(£)]. and

0100

0010
A=190001

-50-10
Direct integration of Eq. (51) leads to:

¢
X(Z.5) = €x(0.5) + / ACxo()dn (52)
0

where eA? =[a;j(¢,$)]axs, with i,j=1,2,3,4. Thus, substitut-
ing the boundary conditions x(0,s) =0 and x,(0,s) =0 into Eq.
(52) leads to the following simplification:

X(€.5) | _|a13(£.9)a1a(Z.5) || X¢¢(0.5)
X:(L,9) a23(8,5)024(8.5) || Xe£¢ (0. 5)

+ / ‘ [“”@ - ”’”]xO(n)dn (53)
0

a24(¢ — 1, 9)

Then, the remaining two boundary conditions x(Il,s) =0 and
x¢(I,s) =0 in Eq. (47a) are deployed in Eq. (53) such that X (0,5)
and x;;,(0,s) can be determined as follows:

X;;(O,S) __1 1 ! ais(l—n,5)
[X;;;(O,s)i|_ oM /0 tra(l — 7. 5) |0 DN

where M = [a13(1, S), a14(1, $); ax3 (1, ), a4 (1, s)]. The invertibility of
M must be checked to ensure that Eq. (54) holds.

Finally, one can obtain the solution of x(¢,s) by plugging Eq.
(54) into Eq. (53), which leads to the associated resolvent operator
of the KSE system as follows:

R, A)()
1 ¢
EL a14(§ —n,8)()dn

N a13(¢. )
U[(123 (l, 5)014(1, 5) — a3 (l, 5)024(1, S)]

I
XA[mub—mﬂwﬂhﬂ—GMU—WJWMUJ”(MU
_ aia (¢, $)

v[axs (L, s)ara(l, s) — ars(l, s)az(l, s)]

1
x fo [l — 1.9 (Ls) — @l — 1. $)ass (L. $)](-)dn

where due to the specific structure of A, an analytic expression for
the resolvent operator is found by:

v(w sinh (w¢) — wsinh (w¢))

(54)

(55)

a3(§,s) = N (56a)
_ v(cosh (w§) — cosh (wf))
a3(§,s) = Ny (56b)
oa(C.5) = v(cosh (wg;)_—‘l(s:zsh (w?)) (56¢)
(1 -vT—4s)
a14(L,s) = W\/Tsv) X [(st—l —+/1 —4sv)
x v/2w sinh () + 2svv2w sinh (w¢)] (56d)

1
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Fig. 5. State evolution of the closed-loop KSE system.
where @ = |/ =HI=40 and @ = |/ =I=41=%2 It is observed that,

for a given positive real s, @ stays as a complex number while
w can be a complex or real number with different choices of v.
Due to the existence and multiplication with hyperbolic functions
("sinh” and "cosh”), it is straightforward to check that a;;(¢,s) €
I2((0,]),R), Vs e R, with i, j=1,2,3,4.

The closed-form expressions of discrete-time operators in
Eq. (4) corresponding to the discrete KSE system can be deter-
mined by simply substituting Eqs. (55), (56) back into Eq. (5). By
comparing the order of s in R(¢, A), it can be shown that for given
& =05and én+v<§—¢

SEIPOO Ge(s) = BETDO Deq(8) =0

Jim 7e(s) = 5grpw Dpna(8) =0

which implies that the system (49) is a well-posed regular system
[57].

5.3. Simulation study

In this section, the proposed discrete-time output regulator is
implemented to the KSE system and the results are discussed. To
demonstrate the effectiveness of the developed regulator, we con-
sider an unstable KSE with v = —3. The characteristic equation is

found by vs* +s% = A (or equivalently written as (s + l)z A

v) T v

417 = 0), so the eigenvalue spectrum is roughly given by the range
(—o00, %] [60]. By revisiting Theorem 2 and Corollary 1, K; and L4
can be found.

To achieve asymptotic tracking and disturbance rejection of pe-
riodic signals, we take Sy = [0.9995, 0.0314; —0.0314, 0.9995], 4° =
[-0.2;1.2], F; =[0,0.1], Qg =[0.01,0], £(¢) = 1;9.11(¢), & = 0.98,
&=0.01, {n =0.1, v =0.1, and & = 0.5. The reference and distur-
bance signals are generated as: d; = 0.1 x cos(0.009kx) and y, =
0.01 x sin(0.009km ). Using Eq. (21b) and Eq. (6), the discrete feed-
forward gain is found as I'y = [2640.6559, —23.2574], which leads
to the control law u,. Additionally, pole placement is applied to
move the real part of eigenvalues of (S; — L,;Q,4) to —0.5.

The simulated pipe length is taken as [ = 1m with a spatial in-
terval Al =0.005m. Moreover, a time discretization interval h =
0.1s is chosen with total simulation time of 40 seconds. As shown
in Fig. 5, the state is steered to reject a cosine disturbance and fol-
low a sinusoid wave using the closed-loop control. As for the out-
put tracking performance, it is apparent that the controlled output
rapidly converges to the desired reference and the tracking error
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Fig. 6. Output regulation performance of the closed-loop KSE system.

goes to near zero around 30s, as illustrated in Fig. 6, which further
verifies the feasibility of the proposed regulator design.

6. Conclusion

In this work, discrete-time output regulators are designed for
PDE model-based fluid flow manipulation and regulation. To model
the vortex shedding process and falling thin film dynamics, the
linearized complex Ginzburg-Landau and Kuramoto-Sivashinsky
models are utilized. For realistic implementation of regulators in
digital computer systems, the Cayley-Tustin time discretization
method is utilized for discrete-in-time analysis with system prop-
erties preserved and no spatial approximation. Standard finite-
dimensional continuous-time regulator design framework is ex-
tended to an infinite-dimensional discrete-time setting with appli-
cation to CGLE and KSE systems. As key components for the formu-
lation of a discrete-time model (A4, By, C4, Dy), the resolvent oper-
ators corresponding to CGLE and KSE are found in analytic forms,
which are used to show the well-posedness of CGLE and KSE mod-
els. Simulation results show that the developed design method is
capable of stabilizing the system, tracking the periodic output ref-
erences in the CGLE model and higher-order dynamics in the KSE
case. Undesired periodic disturbance signals are rejected for both
systems. In the future work, the implementation and realization
of the proposed design will be explored experimentally on vortex
shedding and falling thin film control problems.
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